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Preface to  the  3rd Edition

Modern set theory has grown tremendously since the first edition of this book 
was published in 1978, and even since the second edition appeared in 1984. 
Moreover, many ideas that were then at the forefront of research have become, 
by now, important tools in other branches of mathematics. Thus, for example, 
combinatorial principles, such as Principle Diamond and Martin’s Axiom, are 
indispensable tools in general topology and abstract algebra. Non-well-founded 
sets turned out to be a convenient setting for semantics of artificial as well 
as natural languages. Nonstandard Analysis, which is grounded on structures 
constructed with the help of ultrafilters, has developed into an independent 
methodology with many exciting applications. It seems appropriate to incor­
porate some of the underlying set-theoretic ideas into a textbook intended as a 
general introduction to the subject. We do that in the form of four new chapters 
(Chapters 11-14), expanding on the topics of Chapter 11 in the second edition, 
and containing largely new material. Chapter 11 presents filters and ultrafilters, 
develops the basic properties of closed unbounded and stationary sets, and cul­
minates with the proof of Silver’s Theorem. The first two sections of Chapter 12 
provide an introduction to the partition calculus. The next two sections study 
trees and develop their relationship to Suslin’s Problem. Section 5 of Chapter 
12 is an introduction to combinatorial principles. Chapter 13 is devoted to the 
measure problem and measurable cardinals. The topic of Chapter 14 is a fairly 
detailed study of well-founded and non-well-founded sets.

Chapters 1-10 of the second edition have been thoroughly revised and reor­
ganized. The material on rational and real numbers has been consolidated in 
Chapter 10, so that it does not interrupt the development of set theory proper. 
To preserve continuity, a section on Dedekind cuts has been added to Chapter 4. 
New material (on normal forms and Goodstein sequences) has also been added 
to Chapter 6.

A solid basic course in set theory should cover most of Chapters 1-9. This 
can be supplemented by additional material from Chapters 10-14, which are 
almost completely independent of each other (except that Section 5 in Chapter 
12, and Chapter 13, refer to some concepts introduced in earlier chapters).

Karel Hrbacek 
Thomas Jech





Preface to  th e  2nd Edition

The first version of this textbook was written in Czech in spring 1968 and 
accepted for publication by Academia, Prague under the title Uvod do teorie 
mnoiin. However, we both left Czechoslovakia later that year, and the book 
never appeared. In the following years we taught introductory courses in set 
theory at various universities in the United States, and found it difficult to se­
lect a textbook for use in these courses. Some existing books are based on the 
“naive" approach to set theory rather than the axiomatic one. We consider 
some understanding of set-theoretic “paradoxes” and of undecidable proposi­
tions (such as the Continuum Hypothesis) one of the important goals of such 
a course, but neither topic can be treated honestly with a “naive” approach. 
Moreover, set theory is a natural choice of a field where students can first be­
come acquainted with an axiomatic development of a mathematical discipline. 
On the other hand, all currently available texts presenting set theory from an 
axiomatic point of view heavily stress logic and logical formalism. Most of them 
begin with a virtual minicourse in logic. We found that students often take a 
course in set theory before taking one in logic. More importantly, the emphasis 
on formalization obscures the essence of the axiomatic method. We felt that 
there was a need for a book which would present axiomatic set theory more 
mathematically, at the level of rigor customary in other undergraduate courses 
for math majors. This led us to the decision to rewrite our Czech text. We 
kept the original general plan, but the requirements for a textbook suitable for 
American colleges resulted in the production of a completely new work.

We wish to stress the following features of the book:
1. Set theory is developed axiomatically. The reasons for adopting each 

axiom, as arising both from intuition and mathematical practice, are carefully 
pointed out. A detailed discussion is provided in “controversial” cases, such as 
the Axiom of Choice.

2. The treatment is not formal. Logical apparatus is kept to a minimum 
and logical formalism is completely avoided.

3. We show that axiomatic set theory is powerful enough to serve as an un­
derlying framework for mathematics by developing the beginnings of the theory 
of natural, rational, and real numbers in it. However, we carry the development 
only as far as it is useful to illustrate the general idea and to motivate set- 
theoretic generalizations of some of these concepts (such as the ordinal numbers 
and operations on them). Dreary, repetitive details, such as the proofs of all
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the usual arithmetic laws, are relegated into exercises.
4. A substantial part of the book is devoted to the study of ordinal and 

cardinal numbers.
5. Each section is accompanied by many exercises of varying difficulty.
6. The final chapter is an informal outline of some recent developments in 

set theory and their significance for other areas of mathematics: the Axiom of 
Constructibility, questions of consistency and independence, and large cardi­
nals. No proofs are given, but the exposition is sufficiently detailed to give a 
nonspecialist some idea of the problems arising in the foundations of set theory, 
methods used for their solution, and their effects on mathematics in general.

The first edition of the book has been extensively used as a textbook in un­
dergraduate and first-year graduate courses in set theory. Our own experience, 
that of our many colleagues, and suggestions and criticism by the reviewers led 
us to consider some changes and improvements for the present second edition. 
Those turned out to be much more extensive than we originally intended. As 
a result, the book has been substantially rewritten and expanded. We list the 
main new features below.

1. The development of natural numbers in Chapter 3 has been greatly 
simplified. It is now based on the definition of the set of all natural numbers 
as the least inductive set, and the Principle of Induction. The Introduction of 
transitive sets and a characterization of natural numbers as those transitive sets 
that are well-ordered and inversely well-ordered by €  is postponed until the 
chapter on ordinal numbers (Chapter 7).

2. The material on integers and rational numbers (a separate chapter in 
the first edition) has been condensed into a single section (Section 1 of Chapter 
5). We feel that most students learn this subject in another course (Abstract 
Algebra), where it properly belongs.

3. A series of new sections (Section 3 in Chapter 5, 6, and 9) deals with 
the set-theoretic properties of sets of real numbers (open, closed, and perfect 
sets, etc.), and provides interesting applications of abstract set theory to real 
analysis.

4. A new chapter called “Uncountable Sets” (Chapter 11) has been added. 
It introduces some of the concepts that are fundamental to modern set theory: 
ultrafilters, closed unbounded sets, trees and partitions, and large cardinals. 
These topics can be used to enrich the usual one-semester course (which would 
ordinarily cover most of the material in Chapters 1-10).

5. The study of linear orderings has been expanded and concentrated in one 
place (Section 4 of Chapter 4).

6. Numerous other small additions, changes, and corrections have been made 
throughout.

7. Finally, the discussion of the present state of set theory in Section 3 of 
Chapter 12 has been updated.

Karel Hrbacek 
Thomas Jech
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C h a p te r  1

Sets

1. In troduction  to  Sets
The central concept of this book, that of a set, is, at least on the surface, 
extremely simple. A set is any collection, group, or conglomerate. So we have 
the set of all students registered at the City University of New York in February 
1998, the set of all even natural numbers, the set of all points in the plane % 
exactly 2 inches distant from a given point P, the set of all pink elephants.

Sets are not objects of the real world, like tables or stars; they are created 
by our mind, not by our hands. A heap of potatoes is not a set of potatoes, the 
set of all molecules in a drop of water is not the same object as that drop of 
water. The human mind possesses the ability to abstract, to think of a variety of 
different objects as being bound together by some common property, and thus 
to form a set of objects having that property. The property in question may 
be nothing more than the ability to think of these objects (as being) together. 
Thus there is a set consisting of exactly the numbers 2, 7, 12, 13, 29, 34, and 
11,000, although it is hard to see what binds exactly those numbers together, 
besides the fact that we collected them together in our mind. Georg Cantor, a 
German mathematician who founded set theory in a series of papers published 
over the last three decades of the nineteenth century, expressed it as follows: 
“Unter einer Menge verstehen wir jede Zusammenfassung M von bestimmten 
wohlunterschiedenen Objekten in unserer Anschauung oder unseres Denkens 
(welche die Elemente von M genannt werden) zu einem ganzen.” [A set is 
a collection into a whole of definite, distinct objects of our intuition or our 
thought. The objects are called elements (members) of the set.]

Objects from which a given set is composed are called elements or members 
of that set. We also say that they belong to that set.

In this book, we want to develop the theory of sets as a foundation for other 
mathematical disciplines. Therefore, we are not concerned with sets of people or 
molecules, but only with sets of mathematical objects, such as numbers, points 
of space, functions, or sets. Actually, the first three concepts can be defined in

1
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set theory as sets with particular properties, and we do that in the following 
chapters. So the only objects with which we are concerned from now on are 
sets. For purposes of illustration, we talk about sets of numbers or points even 
before these notions are exactly defined. We do that, however, only in examples, 
exercises and problems, not in the main body of theory. Sets of mathematical 
objects are, for example:

1.1 Example
(a) The set of all prime divisors of 324.
(b) The set of all numbers divisible by 0.
(c) The set of all continuous real-valued functions on the interval [0,1].
(d) The set of all ellipses with major axis 5 and eccentricity 3.
(e) The set of all sets whose elements are natural numbers less than 20.

Examination of these and many other similar examples reveals that sets 
with which mathematicians work are relatively simple. They include the set of 
natural numbers and its various subsets (such as the set of all prime numbers), as 
well as sets of pairs, triples, and in general n-tuples of natural numbers. Integers 
and rational numbers can be defined using only such sets. Real numbers can 
then be defined as sets or sequences of rational numbers. Mathematical analysis 
deals with sets of real numbers and functions on real numbers (sets of ordered 
pairs of real numbers), and in some investigations, sets of functions or even 
sets of sets of functions are considered. But a working mathematician rarely 
encounters objects more complicated than that. Perhaps it is not surprising 
that uncritical usage of “sets” remote from “everyday experience” may lead to 
contradictions.

Consider for example the “set” R  of all those sets which are not elements 
of themselves. In other words, R is a set of all sets x such that r  ^ a; (e reads 
“belongs to," ^ reads “does not belong to”). Let us now ask whether R e  R. 
If R  £ R, then R  is not an element of itself (because no element of R belongs 
to itself), so R £ R; a contradiction. Therefore, necessarily R $ R. But then 
R is a set which is not an element of itself, and all such sets belong to R. We 
conclude that R e R; again, a contradiction.

The argument can be briefly summarized as follows: Define R  by: a: 6 R if 
and only if a: 0 .  Now consider x = R; by definition of R, R  e R  if and only if 
R ^ R; a contradiction.

A few comments on this argument (due to Bertrand Russell) might be help­
ful. First, there is nothing wrong with R  being a set of sets. Many sets whose 
elements are again sets are legitimately employed in mathematics — see Exam­
ple 1.1 — and do not lead to contradictions. Second, it is easy to give examples 
of elements of R; e.g., if x is the set of all natural numbers, then x ^  x  (the set 
of all natural numbers is not a natural number) and so i  G R. Third, it is not 
so easy to give examples of sets which do not belong to R, but this is irrelevant. 
The foregoing argument would result in a contradiction even if there were no 
sets which are elements of themselves. (A plausible candidate for a set which is 
an element of itself would be the “set of all sets” V; clearly V G V. However,



2. PROPERTIES 3

the “set of all sets” leads to contradictions of its own in a more subtle way — 
see Exercises 3.3 and 3.6.)

How can this contradiction be resolved? We assumed that we have a set R 
defined as the set of all sets which are not elements of themselves, and derived 
a contradiction as an immediate consequence of the definition of R. This can 
only mean that there is no set satisfying the definition of R. In other words, 
this argument proves that there exists no set whose members would be precisely 
the sets which are not elements of themselves. The lesson contained in Russell’s 
Paradox and other similar examples is that by merely defining a set we do not 
prove its existence (similarly as by defining a unicorn we do not prove that 
unicorns exist). There are properties which do not define sets; that is, it is not 
possible to collect all objects with those properties into one set. This observation 
leaves set-theorists with a task of determining the properties which do define 
sets. Unfortunately, no way how to do this is known, and some results in logic 
(especially the so-called Incompleteness Theorems discovered by Kurt Godel) 
seem to indicate that a complete answer is not even possible.

Therefore, we attempt a less lofty goal. We formulate some of the relatively 
simple properties of sets used by mathematicians as axioms, and then take care 
to check that all theorems follow logically from the axioms. Since the axioms 
are obviously true and the theorems logically follow from them, the theorems 
are also true (not necessarily obviously). We end up with a body of truths 
about sets which includes, among other things, the basic properties of natural, 
rational, and real numbers, functions, orderings, etc., but as far as is known, 
no contradictions. Experience has shown that practically all notions used in 
coritemporary mathematics can be defined, and their mathematical properties 
derived, in this axiomatic system. In this sense, the axiomatic set theory serves 
as a satisfactory foundation for the other branches of mathematics.

On the other hand, we do not claim that every true fact about sets can be 
derived from the axioms we present. The axiomatic system is not complete in 
this sense, and we return to the discussion of the question of completeness in 
the last chapter.

2. Properties
In the preceding section we introduced sets as collections of objects having 
some property in common. The notion of property merits some analysis. Some 
properties commonly considered in everyday life are so vague that they can 
hardly be admitted in a mathematical theory. Consider, for example, the “set of 
all the great twentieth century American novels.” Different persons' judgments 
as to what constitutes a great literary work differ .so much that there is no 
generally accepted way how to decide whether a given book is or is not an 
element of the “set.”

For an even more startling example, consider the “set of those natural num­
bers which could be written down in decimal notation” (by “could” we mean 
that someone could actually do it with paper and pencil). Clearly, 0 can be so
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written down. If number n can be written down, then surely number n +  1 can 
also be written down (imagine another, somewhat faster writer, or the person 
capable of writing n working a little faster). Therefore, by the familiar principle 
of induction, every natural number n can be written down. But that is plainly 
absurd; to write down say 1010 in decimal notation would require to follow 1 
by 1010 zeros, which would take over 300 years of continuous work at a rate of 
a zero per second.

The problem is caused by the vague meaning of “could.” To avoid similar 
difficulties, we now describe explicitly what we mean by a property. Only clear, 
mathematical properties are allowed; fortunately, these properties are sufficient 
for expression of all mathematical facts.

Our exposition in this section is informal. Readers who would like to see 
how this topic can be studied from a more rigorous point of view can consult 
some book on mathematical logic.

The basic set-theoretic property is the membership property: “ . . .  is an 
element of .. .  ,” which we denote by €. So “X € Y" reads “X  is an element of 
Y" or “X  is a member of Y" or UX  belongs to Y."

The letters X  and Y  in these expressions are variables; they stand for (de­
note) unspecified, arbitrary sets. The proposition “X e Y ” holds or does not 
hold depending on sets (denoted by) X  and Y. We sometimes say “X € Y ” is 
a property of X  and Y. The reader is surely familiar with this informal way of 
speech from other branches of mathematics. For example, “m  is less than n” is 
a property of m  and n. The letters m  and n are variables denoting unspecified 
numbers. Some m  and n  have this property (for example, “2 is less than 4” is 
true) but others do not (for example, “3 is less than 2” is false).

All other set-theoretic properties can be stated in terms of membership with 
the help of logical means: identity, logical connectives, and quantifiers.

We often speak of one and the same set in different contexts and find it 
convenient to denote it by different variables. We use the identity sign “= ” to 
express that two variables denote the same set. So we write X  = Y  if X  is the 
same set as Y  [X is identical with Y  or X  is equal to Y],

In the next example, we list some obvious facts about identity:

2.1 Example
(a) X  = X .
(b) If X =  y , then Y  = X .

(c) If X =  Y  and Y  = Z, then X  = Z.

(d) If X = y  and X e Z, then Y  e Z.

(e) If X = y  and Z e X , then Z e Y .

(X  is identical with X.)
(If X  and y  are identical, then Y 
and X are identical.)
(If X is identical with Y  and Y  is 
identical with Z, then X  is identical 
with Z.)
(If X  and Y  are identical and X 
belongs to Z, then Y  belongs to Z.) 
(If X  and Y  are identical and Z 
belongs to X, then Z  belongs to y .)
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Logical connectives can be used to construct more complicated properties 
from simpler ones. They are expressions like “n o t. . .  ,” “ ... and . . .  ,” “if ... , 
then ,” and “ .. .  if and only if ... .”

2.2 Example
(a) “X e Y  or Y  6 X ” is a property of X and Y.
(b) “Not X G Y and not Y  G X ” or, in more idiomatic English, “X is not an 

element of Y  and Y  is not an element of X ” is also a property of X and Y.
(c) “If X = Y, then X G Z if and only if Y G Z" is a property of X, Y and Z. 
(d) “X is not an element of X ” (or: “not X G X”) is a property of X.
We write X  ^ Y  instead of “not X G Y ” and X  ^  Y  instead of “not X = Y .”

Quantifiers “for all” (“for every”)'and “there is” (“there exists”) provide 
additional logical means. Mathematical practice shows that all mathematical 
facts can be expressed in the very restricted language we just described, but that 
this language does not allow vague expressions like the ones at the beginning of 
the section.

Let us look at some examples of properties which involve quantifiers.

2.3 Example
(a) “There exists Y 6 X .”
(b) “For every Y G X, there is Z  such that Z & X  and Z G Y.”
(c) “There exists Z  such that Z G X and Z ^ Y ."

Truth or falsity of (a) obviously depends on the set (denoted by the variable) 
X. For example, if X is the set of all American presidents after 1789, then (a) 
is true; if X is the set of all American presidents before 1789, (a) becomes false. 
[Generally, (a) is true if X has some element and false if X is empty.] We say 
that (a) is a property of X or that (a) depends on the parameter X . Similarly, 
(b) is a property of X, and (c) is a property of X and Y. Notice also that 
Y  is not a parameter in (a) since it does not make sense to inquire whether 
(a) is true for some particular set Y; we use the letter Y  in the quantifier only 
for convenience and could as well say, “There exists W  G X,” or “There exists 
some element of X .” Similarly, (b) is not a property of Y, or Z, and (c) is not 
a property of Z.

Although precise rules for determining parameters of a given property can 
easily be formulated, we rely on the reader’s common sense, and limit ourselves 
to one last example.

2.4 Example
(a) “Y G X .”
(b) “There is Y G X.”
(c) “For every X, there is Y G X.”

Here (a) is a property of X and Y; it is true for some pairs of sets X, Y 
and false for others, (b) is a property of X (but not of Y), while (c) has no 
parameters, (c) is, therefore, either true or false (it is, in fact, false). Properties
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which have no parameters (and are, therefore, either true or false) are called 
statements-, all mathematical theorems are (true) statements.

We sometimes wish to refer to an arbitrary, unspecified property. We use 
boldface capital letters to denote statements and properties and, if convenient, 
list some or all of their parameters in parentheses. So A(X) stands for any 
property of the parameter X , e.g., (a), (b), or (c) in Example 2.3. E(X, V) is 
a property of parameters X  and Y , e.g., (c) in Example 2.3 or (a) in Example 
2.4 or

(d) UX  e Y  or X  = Y  o rY  e X . ”

In general, P(X, Y,...  ,Z) is a property whose truth or falsity depends on 
parameters X ,Y , . . . ,Z  (and possibly others).

We said repeatedly that all set-theoretic properties can be expressed in our 
restricted language, consisting of membership property and logical means. How­
ever, as the development proceeds and more and more complicated theorems are 
proved, it is practical to give names to various particular properties, i.e., to de­
fine new properties. A new symbol is then introduced (defined) to denote the 
property in question; we can view it as a shorthand for the explicit formulation. 
For example, the property of being a subset is defined by ■

2.5 X C y  if and only if every element of X  is an element of Y.

UX  is a subset of Y" (X  C y ) is a property of X  and Y. We can use it in 
more complicated formulations and, whenever desirable, replace X C Y by its 
definition. For example, the explicit definition of

“If X C Y  and Y  C Z, then X  C Z."

would be

“If every element of X  is an element of Y  and every element of Y  is an 
element of Z, then every element of X  is an element of Z.”

It is clear that mathematics without definitions would be possible, but ex­
ceedingly clumsy.

For another type of definition, consider the property P(X):

“There exists no Y e X .”

We prove in Section 3 that
(a) There exists a set X  such that P(X) (there exists a set X  with no elements).
(b) There exists at most one set X  such that P(X), i.e., if P(X) and P(X '), 

then X  = X ' (if X  has no elements and X ' has no elements, then X  and 
X ' are identical).

(a) and (b) together express the fact that there is a unique set X  with the 
property P(X). We can then give this set a name, say 0 (the empty set), and 
use it in more complicated expressions.
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The full meaning of “0 C Z" is then “the set X  which has no elements is a 
subset of Z.” We occasionally refer to 0 as the constant defined by the property 
P.

For our last example of a definition, consider the property Q(X, Y, Z) of X, 
Y, and Z:

“For every U, U e Z if and only if U e X  and U € Y.”

We see in the next section that
(a) For every X  and Y  there is Z  such that Q(X, Y, Z).
(b) For every X  and Y , if Q(X, Y, Z) and Q(X, Y, Z'), then Z = Z'. [For every 

X  and Y, there exists at most one Z  such that Q(X, Y, Z).]
Conditions (a) and (b) (which have to be proved whenever this type of definition 
is used) guarantee that for every X  and Y  there is a unique set Z  such that 
Q(X, Y, Z). We can then introduce a name, say X A Y, for this unique set Z, 
and call X A Y the intersection of X  and Y. So Q(X, Y, X  AY) holds. We refer 
to A as the operation defined by the property Q.

3. T h e  A xiom s
We now begin to set up our axiomatic system and try to make clear the intuitive 
meaning of each axiom.

The first principle we adopt postulates that our “universe of discourse" is 
not void, i.e., that some sets exist. To be concrete, we postulate the existence 
of a specific set, namely the empty set.

The Axiom of Existence There exists a set which has no elements.
A set with no elements can be variously described intuitively, e.g., as the 

set of all U.S. Presidents before 1789, the set of all real numbers x for which 
x 2 = —1, etc. All examples of this kind describe one and the same set, namely 
the empty, vacuous set. So, intuitively, there is only one empty set. But we 
cannot yet prove this assertion. We need another postulate to express the fact 
that each set is determined by its elements. Let us see another example:

X  is the set consisting exactly of numbers 2, 3, and 5.
Y is the set of all prime numbers greater than 1 and less than 7.
Z  is the set of all solutions of the equation r 3 — lOz2 +  31a: — 30 = 0.

Here X  = Y, X  = Z, and Y  = Z, and we have three different descriptions 
of one and the same set. This leads to the Axiom of Extensionality.

The Axiom of Extensionality If every element of X is an element of Y and 
every element of Y is an element of X, then X = Y.

Briefly, if two sets have the same elements, then they are identical. We can 
now prove Lemma 3.1.
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3.1 Lem m a There exists only one set with no elements.

Proof. Assume that A and B  are sets with no elements. Then every 
element of A  is an element of B  (since A has no elements, the statement “a e A 
implies a & B ” is an implication with a false antecedent, and thus automatically 
true). Similarly, every element of B  is an element of A (since B  has no elements). 
Therefore, A = B, by the Axiom of Extensionality. □

3.2 D efin ition  The (unique) set with no elements is called the empty set and 
is denoted 0.

Notice that the definition of the constant 0 is justified by the Axiom of 
Existence and Lemma 3.1.

Intuitively, sets are collections of objects sharing some common property, so 
we expect to have axioms expressing this fact. But, as demonstrated by the 
paradoxes in Section 1, not every property describes a set; properties “X  ^ X" 
or “X  = X"  are typical examples.

In both cases, the problem seems to be that in order to collect all objects 
having such a property into a set, we already have to be able to perceive all sets. 
The difficulty is avoided if we postulate the existence of a set of all objects with 
a given property only if there already exists some set to which they all belong.

The Axiom Schema of Comprehension Let P (r )  be a property of x. For 
any set A, there is a set B  such that x G B if and only if x E A and P ( i) .

This is a schema of axioms, i.e., for each property P, we have one axiom. 
For example, if P ( i)  is ux = x," the axiom says:

For any set A, there is a set B  such that x e B  if and only if i  e A
and x = x. (In this case, B = A.)

If P (r)  is ux ^  x”, the axiom postulates:

For any set A, there is a set B  such that x  € B  if and only if re e A 
and x x.

Although the supply of axioms is unlimited, this causes no problems, since 
it is easy to recognize whether a particular statement is or is not an axiom and 
since every proof uses only finitely many axioms.

The property P (r) can depend on other parametersp ,...,q ;  the correspond­
ing axiom then postulates that for any sets p ,. . . ,q  and any A, there is a set 
B  (depending on p.......q and, of course, on A) consisting exactly of all those 
x € A for which P (x ,p ,... ,q).

3.3 Exam ple If P  and Q are sets, then there is a set R  such that x E R i f  and 
only if x  G P  and x E Q.
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Proof. Consider the property P (r, Q) of x  and Q-. “x  G Q.” Then, by the 
Comprehension Schema, for every Q and for every P  there is a set R  such that 
x  € R i f  and only if x  & P  and P ( i ,  Q), i.e., if and only if a? G P  and x  e Q. (P 
plays the role of A, Q is a parameter.) □

3.4 Lemma For every A, there is only one set B such that x & B if and only 
if x € A and P(x).

Proof. If B ' is another set such that x  G B 1 if and only if £ G A and P(r), 
then a: G B if and only if x  G B', so B = B', by the Axiom of Extensionality.

□
We are now justified to introduce a name for the uniquely determined set B.

3.5 Definition {r G A | P(r)} is the set of all x € A with the property P (i).

3.6 Example The set from Example 3.3 could be denoted {x e P  \ x G Q}.
Our axiomatic system is not yet very powerful; the only set we proved to 

exist is the empty set, and applications of the Comprehension Schema to the 
empty set produce again the empty set: {a; G 0 | P(r)} = 0 no matter what 
property P  we take. (Prove it.) The next three principles postulate that some 
of the constructions frequently used in mathematics yield sets.

The Axiom of Pair For any A and B, there is a set C such that i  G C if and 
only if x  =  A or x  = B.

So A G C and B e C, and there are no other elements of C. The set C is 
unique (prove it); therefore, we define the unordered pair of A and B  as the set 
having exactly A and B  as its elements and introduce notation {A, B] for the 
unordered pair of A and B. In particular, if A = B, we write {A} instead of 
{A, A}.

3.7 Example
(a) Set A = 0 and B = 0; then {0} = {0,0} is a set for which 0 G {0}, and if 

x G {0}, then i  =  0. So {0} has a unique element 0. Notice that {0} ^  0, 
since 0 G {0}, but 0 ^ 0 .

(b) Let A = 0 and B  =  {0}; then 0 G {0, {0}} and {0} G {0, {0}}, and 0 and 
{0} are the only elements of {0, {0}}.

Note that 0 /  {0, {0}}, {0} /  {0, {0}}.

The Axiom of Union For any set S, there exists a set U such that x G U if 
and only if x G A for some A e S.

Again, the set U is unique (prove it); it is called the union of S  and denoted 
by (J S. We say that S' is a system of sets or a collection of sets when we want 
to stress that elements of S  are sets (of course, this is always true — all our
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objects are sets — and thus the expressions “set” and “system of sets” have the 
same meaning). The union of a system of sets S  is then a set of precisely those 
x which belong to some set from the system S.

3.8 Example
(a) Let S  =  {0, {0}}; i  € IJS  if and only if a; € A for some A e S, i.e., if 

and only if z G 0 or z G {0}. Therefore, z e |J S  if and only if z =  0; 
U-5 =  W -

(b )U 0  = 0-
(c) Let M  and N  be sets; x G U { ^ , X} if and o n iy if % & M  or x & N. 

The set |J{M, ^ }  i® called the union of M  and N  and is denoted M C N .

So we finally introduced one of the simple set-theoretic operations with which 
the reader is surely familiar. The Axiom of Pair and the Axiom of Union are 
necessary to define union of two sets (and the Axiom of Extensionality is needed 
to guarantee that it is unique). The union of two sets has the usual meaning: 
z € M U N if and only if x  e M  or x e N.

3.9 Exam ple {{0}} U {0, {0}} = {0, {0}}.

The Axiom of Union is, of course, much more powerful; it enables us to form 
unions of not just two, but of any, possibly infinite, collection of sets.

If A, B, and C are sets, we can now prove the existence and uniqueness of the 
set P  whose elements are exactly A, B, and C (see Exercise 3.5). P  is denoted 
{A, B, C} and is called an unordered triple of A, B, and C. Analogously, we 
could define an unordered quadruple or 17-tuple.

Before introducing the last axiom of this section, we define another simple 
concept.

3.10 Definition A is a subset of B if and only if every element of A belongs 
to B. In other words, A is a subset of B  if, for every z, z G A implies x  e B.

We write A G B  to denote that A is a subset of B.

3.11 Example
(a) {0}G{0,{0}}and{{0}}G{0,{0}}.
(b) 0 C A and A C A for every set A.
(c) {z G A | P(z)} C A.
(d) If A 6 S, then A G |J5 .

The next axiom postulates that all subsets of a given set can be collected 
into one set.

The Axiom of Power Set For any set S, there exists a set P  such that X  & P 
if and only if X C S.

Since the set P  is again uniquely determined, we call the set of all subsets 
of S  the power set of S  and denote it by PfS).
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3.12 Example
(a) P W  = {0}. .
(b) P({a}) = {0,{a}}.
(c) The elements of P({a, fa}) are 0, {a}, {6}, and {a, fa}.

We conclude this section with another notational convention. Let P(x) be 
a property of x (and, possibly, of other parameters).

If there is a set A such that, for all x, P(x) implies x € A, then {x & A \ 
P(x)} exists, and, moreover, does not depend on A. That means that if A! is 
another set such that for all x, P(x) implies x  e A', then {x € A' \ P(x)} = 
{x e A \ P(x)}. (Prove it.)

We can now define {x | P(x)} to be the set {x e A | P(x)}, where A is any 
set for which P(x) implies x & A (since it does not matter which such set A 
we use), {x | P(x)} is the set of all x with the property P(x). We stress once 
again that this notation can be used only after it has been proved that some A 
contains all x with the property P.

3.13 Example
(a) {x | x € P  and x e Q} exists.

Proof. P(x, P, Q) is the property “x e P  and x e Q"; let A = P. Then 
P(x,P,Q) implies x e A. Therefore, {x | x € P  and x e Q} = {x e P  \ 
x & P and x  e Q} = {x E P  \ x e Q} is the set R  from Example 3.3. □

(b) {x | x = a or x = fa} exists; for a proof put A = {a, 6}; also show that 
{x | x = a or x = fa} =  {a, fa}.

(c) {x | x ^ x} does not exist (because of Russell’s Paradox); thus in this 
instance the notation {x | P(x)} is inadmissible.

Although our list of axioms is not complete, we postpone the introduction 
of the remaining postulates until the need for them arises. Quite a few concepts 
can be introduced and some theorems proved from the postulates we now have 
available. The reader may have noticed that we did not guarantee existence of 
any infinite sets. This deficiency is removed in Chapter 3. Other axioms are 
introduced in Chapters 6 and 8. The complete list of axioms can be found in 
Section 1 of Chapter 15. This axiomatic system was essentially formulated by 
Ernst Zermelo in 1908 and is often referred to as the Zermelo-Fraenkel axiomatic 
system for set theory.

Exercises
3.1 Show that the set of all x  such that x € A and x £ B  exists.
3.2 Replace the Axiom of Existence by the following weaker postulate: 

Weak Axiom of Existence Some set exists.
Prove the Axiom of Existence using the Weak Axiom of Existence and the 
Comprehension Schema. [Hint: Let A be a set known to exist; consider
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3.3 (a) Prove that a “set of all sets” does not exist. [Hint-, if V is a set of 
all sets, consider {x e V  \ x ^  x}.]

(b) Prove that for any set A there is some x ^ A.
3.4 Let A and B  be sets. Show that there exists a unique set C such that 

x e C if and only if either x e A and x £ B or x e B  and x ^ A.
3.5 (a) Given A, B, and C, there is a set P  such that x  e P  if and only if 

x  = A or x  = B  or x = C.
(b) Generalize to four elements.

3.6 Show that P(X) G X is false for any X . In particular, F(X ) A X  for 
any X. This proves again that a “set of all sets” does not exist. [Hint-. 
L e tY  = { u e  X  \u ^ u } - ,Y  e P (X ) but Y  0 X.]

3.7 The Axiom of Pair, the Axiom of Union, and the Axiom of Power Set 
can be replaced by the following weaker versions.
Weak Axiom of Pair For any A and B, there is a set C such that A e C 
and B e C.
Weak Axiom of Union For any S, there exists U such that if X 6 A and 
A e S ,  then X  eU .
Weak Axiom of Power Set For any set S, there exists P  such that X  C S 
implies X  e P.
Prove the Axiom of Pair, the Axiom of Union, and the Axiom of Power 
Set using these weaker versions. [Hint: Use also the Comprehension 
Schema.]

4. E lem entary O perations on Sets
The purpose of this section is to elaborate somewhat on the notions introduced 
in the preceding section. In particular, we introduce simple set-theoretic op­
erations (union, intersection, difference, etc.) and prove some of their basic 
properties. The reader is certainly familiar with them to some extent and we 
leave out most of the details.

Definition 3.10 tells us what it means that A is a subset of B [included in 
B), A C  B. The property G is called inclusion. It is easy to prove that, for any 
sets A, B, and C, 
(a) A C  A.
(b) If A C B  and B C A, then A = B.
(c) If A C B  and B  G C, then A C C .

For example, to verify (c) we have to prove: If t  e 4 , then x e C. But if x e A, 
then x  e B, since A C B. Now, x e B  implies x  e C, since B C C. So x  e A 
implies x e C.

If A C B  and A ^  B ,w e  say that A is a proper subset of B  (A is properly 
contained in B) and write A C B. We also write B C A instead of A C B  and 
B C A instead of A C B.

Most of the forthcoming set-theoretic operations have been mentioned be­
fore. The reader probably knows how they can be visualized using Venn dia­
grams (see Figure 1).
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Figure 1: Venn diagrams, (a) Intersection: The shaded part is A nB . (b) Union: The shaded part is A U B. (c) Difference: The shaded part is A -  B. (d) Sym­
metric difference: The shaded part is A △ B. (e) Distributive law: The shaded part obviously represents both A Cl (B U C) and (A n B) U (A O C).

4.1 Definition The intersection of A and B, A n  B, is the set of all x which belong to both A and B. The union of A and B, AU B, is the set of all x  which belong in either A or B (or both). The difference of A and B, A — B, is the set of all x € A which do not belong to B. The symmetric difference of A and B, X △ B, is defined by A △ B = (A -  B) U (B -  A). (See Examples 3.3 and 3.8 and Exercises 3.1 and 3.4 for proofs of existence and uniqueness.)
As an exercise, the reader can work put proofs of some simple properties of 

these operations.

Commutativity A n B  = B n A
A U B  = B u A

Associativity (A n  B) n C = A n (B n  C)
(A U B) U C = A U (B U C)

So forgetting the parentheses we can write simply A n B  n  C for the intersection
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of sets 4 , B, and C. Similarly, we do not need parentheses for the union and 
for more than three sets.

Distributivity

DeMorganLaws

A n (B U C) = (A A B) U (A A C)
A U (B A C) = (A U B) A {A U C)

C -  (A n  B) = (C -  A)U (C -  B) 
C -  (A u  B) = (C -  A )n (C  -  B)

Some of the properties of the difference and the symmetric difference are

A A (B -  C) = (A A B) -  C
A — B = 0 if and only if A C B
A A A  = 0
A A B = B A A
(A A B )  A C  = A A (B  A C )

Drawing Venn diagrams often helps one discover and prove these and similar 
relationships. For example, Figure 1(e) illustrates the distributive law A A (B U 
C) = (A A B) U (A A C). The rigorous proof proceeds as follows: We have to 
prove that the sets 4  A (B U C) and (4  AB) U (4 A C) have the same elements. 
That requires us to show two facts:
(a) Every element of .4 A (B U C) belongs to (A A B) U (.4 A C).
(b) Every element of (4 A B) U (4 A C) belongs to 4  A (B U C).

To prove (a), let a 6 4 A (BU C). Then a G 4  and also a € B uC . Therefore, 
either a ^ B  or a € C. So a 6 4  and a G B or a G 4  and a e C. This means 
that a G 4 A B o r a G 4 A C ;  hence, finally, a G (4 A B) U (4 A C).

To prove (b), let a G (4 A B) U (4 A C). Then a G 4 A B o r a G 4 A ( 7 .  In 
the first case, a G 4  and a G B, so a G 4  and a & B U C, and a G 4  A (B U C). 
In the second case, a G 4  and a G C, so again a G 4  and a G B u C , and finally, 
aG 4 A (B U C '). □

The exercises should provide sufficient material for practicing similar ele­
mentary arguments about sets.

The union of a system of sets S  was defined in the preceding section. We 
now define the intersection Q 5  of a nonempty system of sets S-. r  G Q S  if and 
only if s  G 4  for all 4  G S. Then intersection of two sets is again a special 
case of the more general operation: A n B  — Q{4, B}. Notice that we do not 
define Q 0; the reason is that every x belongs to all 4  G 0 (since there is no 
such 4), so P |0 would have to be a set of all sets. We postpone more detailed 
investigation of general unions and intersections until Chapter 2, where a more 
wieldy notation becomes available.

Finally, we say that sets 4  and B  are disjoint if A n  B  = 0. More generally, 
5  is a system of mutually disjoint sets if 4  A B  — 0 for all 4 , B  G S  such that 
A ^ B .
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Exercises
4.1 Prove all the displayed formulas in this section and visualize them using 

Venn diagrams.
4.2 Prove:

(a) A C B  if and only if A O B = A  if and only if A  U B = B if and only 
if A -  B  =  0.

(b) A C B n  C if and only if A C B andA C C .
(c) B  U C  C A  if and only if B C A and C C A.
(d) A -  B  = ( A o  B) -  B  = A -  (A o  B).
(e) A o B  = A -  ( A - B ) .
(f) A -  (B -  C} = (A -  B) U (A O C).
(g) A — B  if and only if A △ B =  0.

4.3 For each of the following (false) statements draw a Venn diagram in which 
it fails:
(a) A - B  = B -  A.
(b) A n B  C A.
(c) A C B U C  implies A C B or A C C.
(d) B Q C C  A implies B C A or C C A.

4.4 Let A be a set; show that a “complement” of A  does not exist. (The 
“complement” of A is the set of all x  ^ A.)

4.5 Let S 0  0 and A  be sets.
(a) Set Ti = {Y  Q P(A) \ Y  =  A H X  for some X € 5}, and prove 

A Cl |J  S =  U ^ i (generalized distributive law).
(b) Set T2 = {Y  6 P(A) | V =  A — X for some X  e S}, and prove

^-u^n^
^-n^u^

(generalized De Morgan laws).
4.6 Prove that Q S  exists for all S 0  0. Where is the assumption S 0  0 used 

in the proof?





Chapter 2

Relations, Functions, and 
Orderings

1. O rdered Pairs
In this chapter we begin our program of developing set theory as a foundation 
for mathematics by showing how various general mathematical concepts, such 
as relations, functions, and orderings can be represented by sets.

We begin by introducing the notion of the ordered pair. If a and b are sets, 
then the unordered pair {a, b} is a set whose elements are exactly a and b. The 
“order” in which a and b are put together plays no role; {a,b} = {b,a}. For 
many applications, we need to pair a and 6 in a way making possible to “read 
off” which set comes “first” and which comes “second.” We denote this ordered 
pair of a and b by (a, b); a is the first coordinate of the pair (a, b), b is the second 
coordinate.

As any object of our study, the ordered pair has to be a set. It should be 
defined in such a way that two ordered pairs are equal if and only if their first 
coordinates are equal and their second coordinates are equal. This guarantees 
in particular that (a,b) ^  (b, a) if a 7̂  b. (See Exercise 1.3.)

There are many ways how to define (a, b) so that the foregoing condition is 
satisfied. We give one such definition and refer the reader to Exercise 1.6 for an 
alternative approach.

1.1 Definition (a,6) = {{a},{a,b}}.

If a ^  b, (a^b) has two elements, a singleton {a} and an unordered pair 
{a, fa}. We find the first coordinate by looking at the element of {a}. The 
second coordinate is then the other element of {a,b}. If a = b, then (a, a) = 
{{a}, {a, a}} = {{a}} has only one element. In any case, it seems obvious that 
both coordinates can be uniquely “read off” from the set (a,b). We make this 
statement precise in the following theorem.
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1.2 Theorem (a, 6) = (a', b') if and only if a = a' and b = b'.

Proof. If a = a’ and b = b', then, of course, (a, 6) = {{a}, {a, 6}} = 
{{a'}, {a1, b'}} =  (a1, b1). The other implication is more intricate. Let us assume 
that {{a}, {a, 6}} =  {{a'}, {a', b'}}. If a /  b, {a} = {a'} and {a, b} =  {a',b'}. 
So, first, a = a' and then {a, b} = {a, b'} implies b = b'. If a = b, {{a}, {a, a}} = 
{{a}}. So {a} =  {a'}, {a} = {a', b'}, and we get a = a' = b', so a = a1 and 
b = b' holds in this case, too. □

With ordered pairs at our disposal, we can define ordered triples

(a,b,c) = ((a, b),c),

ordered quadruples
(a,b,c,d) = ((a, b, c), d), 

and so on. Also, we define ordered “one-tuples”

(a) = a.

However, the general definition of ordered n-tuples has to be postponed until 
Chapter 3, where natural numbers are defined.

Exercises
1.1 Prove that (a,b) € P(?({a,b})) and a,b € U(o, b). More generally, if 

a e A and b e A, then (a,b) 6 P(P(A)).
1.2 Prove that (a, b), (a, b, c), and (a, b, c, d) exist for all a, b, c, and d.
1.3 Prove: If (a, b) = (b, a), then a = b.
1.4 Prove that (a, b,c) =  (a',b',d) implies a = a', b = b', and c = d . State 

and prove an analogous property of quadruples.
1.5 Find a, b, and c such that ((a, b), c) ^  (a, (b, c)). Of course, we could use 

the second set to define ordered triples, with equal success.
1.6 To give an alternative definition of ordered pairs, choose two different 

sets □  and △ (for example, □ = 0, △ =  {0}) and define

(a, b) =  {{«>□}, {&,△}}•

State and prove an analogue of Theorem 1.2 for this notion of ordered 
pairs. Define ordered triples and quadruples.

2. Relations
Mathematicians often study relations between mathematical objects. Relations 
between objects of two sorts occur most frequently; we call them binary rela­
tions. For example, let us say that a line I is in relation Ri with a point P  if I 
passes through P. Then Ri is a binary relation between objects called lines and 
objects called points. Similarly, we define a binary relation R2 between positive
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integers and positive integers by saying that a positive integer m  is in relation 
R2 with a positive integer n if m  divides n (without remainder).

Let us now consider the relation R^ between lines and points such that a 
line I is in relation R'x with a point P if P  lies on I. Obviously, a line I is in 
relation /?i to a point P  exactly when I is in relation R{ to P. Although different 
properties were used to describe R^ and R^, we would ordinarily consider R t and R^ to be one and the same relation, i.e., Ri = R^. Similarly, let a positive 
integer m  be in relation /?2 with a positive integer n if n is a multiple of m. 
Again, the same ordered pairs (m, n) are related in R2 as in #2, and we consider 
R2 and R^ to be the same relation.

A binary relation is, therefore, determined by specifying all ordered pairs of 
objects in that relation; it does not matter by what property the set of these 
ordered pairs is described. We are led to the following definition.

2.1 Definition A set /? is a binary relation if all elements of R  are ordered 
pairs, i.e., if for any z e R  there exist x  and y such that z = (x, y).

2.2 Example The relation R2 is simply the set {z | there exist positive integers 
m  and n such that z = (m,n) and m  divides n}. Elements of R2 are ordered 
pairs

(1,1),( 1 ,2),(1,3),...
(2,2), (2,4), (2,6),...
(3,3), (3,6), (3 ,9),...

It is customary to write xRy instead of (x,y) e R. We say that x is in 
relation R with y if xRy  holds.

We now introduce some terminology associated with relations.

2.3 Definition Let R be a binary relation.
(a) The set of all x  which are in relation R  with some y is called the domain of 

R  and denoted by dom A. So dom/? = {a; | there exists y such that xRy}. 
dom/? is the set of all first coordinates of ordered pairs in R.

(b) The set of all y such that, for some x, x  is in relation R  with y is called the 
range of R, denoted by ran R. So ran K = {y | there exists x such that xRy} 
ran R  is the set of all second coordinates of ordered pairs in R. Both dom R 
and ran/? exist for any relation R. (Prove it. See Exercise 2.1).

(c) The set dom R U ran R  is called the field of R and is denoted by field R.
(d) If field/? C X, we say that /? is a relation in X  or that /? is a relation 

between elements of X.

2.4 Example Let R2 be the relation from Example 2.2.

dom /?2 =  {m | there exists n such that m divides n} 
= the set of all positive integers
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because each positive integer m divides some n, e.g., n = m;

ran #2 = {n | there exists m  such that m  divides n} 
=  the set of all positive integers

because each positive integer n is divided by some m, e.g., by m = n;

field Rz =  dom #2 U ran R2 =  the set of all positive integers;

R2 is a relation between positive integers.

We next generalize Definition 2.3.

2.5 Definition
(a) The image of A  under R  is the set of all y from the range of R  related in 

R  to some element of A; it is denoted by U[J4]. So

^ W  = {1/ ^ ran #  | there exists a; e A for which xRy}.

(b) The inverse image of B  under R  is the set of all x  from the domain of R 
related in R  to some element of B; it is denoted # “ 1 [Bj. So

# - 1 [B] = {x e dom # | there exists y e B  for which xRy}.

2.6 Exam ple #2 *[{3,8,9,12}] = {1,2,3,4,6, 8, 9,12}; # 2 [{2}] = the set of all 
even positive integers.

2.7 D efinition Let #  be a binary relation. The inverse of R  is the set

# —1 = {z \ z = (x, y) for some x and y such that (y, x) g #.}.

2.8 Exam ple Again let

#2 =  { ^ |^  = (m,n), m  and n are positive integers, and m  divides n}-, then 
#2 1 =  {w | w = (n,m), and (m, n) e # 2 }

= {w |w  = (n,m), m and n are positive integers, and m  divides n}.

In our description of R2, we use variable m for the first coordinate and 
variable n for the second coordinate; we also state the property describing R2 so 
that the variable m  is mentioned first. It is a customary (though not necessary) 
practice to describe #2 1 in the same way. All we have to do is use letter m 
instead of n, letter n instead of m, and change the wording:

#^"1 = {w | w = (m,n), n  , m  are positive integers, and n divides m}
= {w | w =  (m, n), m  , n are positive integers, and m is a multiple of n}.

Now #2 and #2 1 are described in a parallel way. In this sense, the inverse of 
the relation “divides” is the relation “is a multiple.”

The reader may notice that the symbol # - 1 [B] in Definition 2.5(b) for the 
inverse image of B  under R  now also denotes the image of B  under # - 1 . For­
tunately, these two sets are equal.
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2.9 Lemma The inverse image of B under R is equal to the image of B under 
R - 1.

Proof. Notice first that domR = ran / J 1 (see Exercise 2.4). Now, x G 
domB belongs to the inverse image of B  under R if and only if for some y G B, 
(x,y) G R. But (x,y) G R i f  and only if (y,x) G R~ l . Therefore, x belongs to 
the inverse image of B  under R  if and only if for some y G B, (y,x) € R - 1 , i.e., 
if and only if x belongs to the image of B under R ^ 1 . □

In the rest of the book we often define various relations, i.e., sets of ordered 
pairs having some particular property. To simplify our notation, we introduce 
the following conventions. Instead of

{w \ w = (x,y) for some x and y such that P(r,i/)},
we simply write

{(£,2/) I P^,!/)}-
For example, the inverse of R  could be described in this notation as {(x,y) | 
(y,x) € R}. [As in the general case, use of this notation is admissible only if 
we prove that there exists a set A such that, for all x and y, P(x,y) implies 
{x.y} 6 A.]

2.10 Definition Let R  and S  be binary relations. The composition of R  and 
S  is the relation

S o R = {{x,z) | there exists y for which (x, y) G R  and (y, z) G S}.
So (x,z) G S o R  means that for some y, xRy and ySz. To find objects related 
to x  in S  o R, we first find objects y related to x in R, and then objects related 
to those y in S. Notice that R  is performed first and S  second, but notation 
S  o R  is customary (at least in the case of functions; see Section 3).

Several types of relations are of special interest. We introduce some of them 
in this section and others in the rest of the chapter.

2.11 Definition The membership relation on A is defined by
GA = {(a, b) \ a G A, b G A, and a G b}.

The identity relation on A is defined by
■ Id^ =  {(a, 6) | a 6 A, b G A, and a = b}.

2.12 Definition Let A and B be sets. The set of all ordered pairs whose 
first coordinate is from A and whose second coordinate is from B  is called the 
cartesian product of A and B and denoted A x B. In other words,

A x B  = {(a, b) | a G A and b G B}.
Thus A x B is a relation in which every element of A is related to every element 
of B.
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•It is not completely trivial to show that the set A x B  exists. However, one 
gets from Exercise 1.1 that if a € A and b e B, then (a,b) € P(P(A  U B)). 
Therefore,

A x B  = {(a,b) 6 P (P (A u B )) | a e A and b € B}.

Since P(P(A  U B)) was proved to exist, the existence of A x 5  follows from the 
Axiom Schema of Comprehension. [To be completely explicit, we can write,

A x B =  {w 6 P(P(A  U B)) \ w = (a, b) for some a 6 A and b e B}.]

We denote A x A by A2 . The cartesian product of three sets can be introduced 
readily:

A x  B x C = ( A x  B) x C.

Notice that

A x B x C = {(a, b, c) | a € A, b e B ,  and c € C}

(using an obvious extension of our notational convention). A x A x A is usually 
denoted A3 .

We can also define ternary relations.

2.13 Definition A ternary relation is a set of unordered triples. More explic­
itly, S' is a ternary relation if for every u & S, there exist x, y, and z such that 
u = (x,y ,z). If S C A3 , we say that S is a ternary relation in A. (Note that a 
binary relation B is in A if and only if B C A2 .)

We could extend the concepts of this section to ternary relations and also 
define 4-ary or 17-ary relations. We postpone these matters until Section 5 in 
Chapter 3, where natural numbers become available, and we are able to define 
n-ary relations in general. At this stage we only define, for technical reasons, 
unary relations by specifying that a unary relation is any set. A unary relation 
in A is any subset of A. This agrees with the general conception that a unary 
relation in A should be a set of 1-tuples of elements of A .and with the definition 
of (a;) =  a: in Section 1.

Exercises
2.1 Let B be a binary relation; let A = U(U ^)- Prove that (x,y) € R 

implies a: € A and y e A. Conclude from this that domB and ranB 
exist.

2.2 (a) Show that B - 1  and S o R  exist. [Hint: R " 1 C (ranB) x (domB), 
S  o R Q  (dom R) x  (ran S).]

(b) Show that A x B x C exists.
2.3 Let B be a binary relation and A and B  sets. Prove:

(a) B[AUB] = B[A]UB[B],
(b) B[AnB] CB[A]nB[B].
(c) R [A -B ]  2  B[A] -B [B ],
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(d) Show by an example that C and □ in parts (b) and (c) cannot be replaced by =.
(e) Prove parts (a)-(d) with /?- 1  instead of R.
(f) U- 1 [11[J4]J 3 / n  domU and fl[fl- 1 [B]] 2 B A  ran 7?; give examples where equality does not hold.

2.4 Let R Q X  x Y. Prove:
(a) R[X] = ran R  and R_ 1 [Y] =  dom R.(b) If a ^ dom/?, /?[{a}] = 0; if 6 ^ ran/?, R_ 1 [{1>}] =  0.
(c) dom/? = ran/? - 1 ; ran/? = dom/?- 1 .
(d) (/?- 1 ) - 1 = /? .
(e) R 1 o R D  Iddom R, R °  R  1 2  Idran  R-

2.5 Let X  = {0, {0}}, Y  = P(X). Describe
(a) Gy,
(b) Idy.
Determine the domain, range, and field of both relations.2.6 Prove that for any three binary relations /?, S, and T

T o (S o R )  = (T o S )o R .

(The operation o is associative.)
2.7 Give examples of sets X, Y, and Z such that

(a) X x Y / Y x X .
(b) x  x (y  x z ) ^  (x  x y ) x z .
(c) X 3 /  X x X 2 [i.e., (X x X) x X /  X x (X x X)].

[Hint for part (c): X = {a}.]
2.8 Prove:

(a) X x 5  = 0 if and only if A = 0 or B = 0.
(b) (Aj U A2 ) x B =  (Ai x B) U (A2 x B);

A x (Bi U B2 ) =  (A x B I) U (A x B2 ).
(c) Same as part (b), with U replaced by n, - ,  and △.

3. Functions
Function, as understood in mathematics, is a procedure, a rule, assigning to any object a from the domain of the function a unique object b, the value of the function at a. A function, therefore, represents a special type of relation, a relation where every object a from the domain is related to precisely one object in the range, namely, to the value of the function at a.

3.1 Definition A binary relation F  is called a function (or mapping, corre­spondence) if aFbi and aFb2 imply bi = b2 for any a, bi, and b2. In other words, a binary relation F  is a function if and only if for every a from domF there is exactly one b such that aFb. This unique b is called the value of F at a and is denoted F(a) or Fa . [F(a) is not defined if a ^ domF.] If F  is a function with domF = A and ranF  C B, it is customary to use the notations
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F : A B, (F(a) | a € A}, {Fa \ a e A), {Fa )a^A for the function F. The 
range of the function F  can then be denoted ’{F(a) | a € A} or {Fa }a ^ .

The Axiom of Extensionality can be applied to functions as follows.

3.2 Lemma Let F and G be functions. F  = G if and only if domF  =  domG 
and F(x) = G(x) for all x G dom F.

We leave the proof to the reader. □

Since functions are binary relations, concepts of domain, range, image, in­
verse image, inverse, and composition can be applied to them. We introduce 
several additional definitions.

3.3 D efinition Let F  be a function and A and B  sets.
(a) F  is a function on A if domF = A.
(b) F  is a function into B  if ran F C B.
(c) F  is a function onto B  if ranF  = B.
(d) The restriction of the function F to A is the function

F \ A = {(a,b) e F  \ a e A}.

If G is a restriction of F  to some A, we say that F  is an extension of G.

3.4 Exam ple Let F  = {(r, 1/m2 ) | r ^  0, r  is a real number}. F  is a function: 
If aFbi and aFb2, bi = 1/a2 and b2 = 1/a2 , so &i =  b2-

Slightly stretching our notational conventions, we can also write F  = (1 /m2 | 
a; is a real number, x  /  0). The value of F  at x, F(x), equals 1 /z2 . It is a 
function on A, where A = {z | z is a real number and z / 0 }  = domF. F  is a 
function into the set of all real numbers, but pot onto the set of all real numbers. 
If B = {z | z is a real number and z > 0}, then F  is onto B. If G = {z | 0 < 
x  < 1}, then f[C] =  {z | z > 1} and / - 1 [G] = {z | z < -1  or z >1}.

Let us find the composition f  o f:

f  o f  = {(z,z) | there is y for which (z, y) E f  and (y, z) G f }
= {(z, z) | there is y for which x =f=0, y = 1 /z2 , and y ^  0, z = 1/y2}
— {(x, z) \ x /  0 and z = z4 }
= (z4 | z 7̂  0).

Notice that /  o /  is a function. This is not an accident.

3.5 Theorem  Let f  and g be functions. Then g o f  is a function, g ° f  is 
defined at x  if and only if f  is defined at x and g is defined at f(x ), i.e.,

dom(j o f )  = dom / Q /" '[dom j].

Also, (g o f)(x ) = g(f(x)) for all x  G dom(j o f).
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Proof. We prove first that go f  is a function. If x(g o f ) z i  and x(g o f')z2 , 
there exist pi and 1/2 such that x fy i ,  yigzi, and x f y 2 , y2gz2 . Since /  is a 
function, t/i = y2 . So we get yigzi, yigz2 , and zi =  z2 , because g is also a 
function.

Now we investigate the domain of g o f .  1 e dom(j o f )  if and only if 
there is some z such that x^g o f)z ,  i.e., if and only if there is some z  and 
some y such tha t x f y  and ygz. But this happens if and only if a: G d o m / 
and y = f ix )  G domp. The last statement can be equivalently expressed as 
x  G dom '/ and x  G / ' '[ d o rn j ] .  □

This theorem is used in calculus to find domains of compositions of functions. 
Let us give one typical example.

3.6 Example Let f  =  ( i 2 - l  | x  real), g = {y/x | x > 0 ) .  Find the composition 
9 °  f-

We determine the domain of g a f  first, dom f  is the set of all real numbers 
and domp = {x | 1 >  0}. We find /" '[dom pj =  {1 | f (x )  G domp} =  {x | 
i 2 — 1 > 0} =  {a: | x  > 1 or x  < -1}. Therefore, dom(p o / )  =  (dom /) A 
/ - 1 [domp] = {x | x  > 1 or x  < —1} and g o /  =  {(a;, z) | x > 1 or x < 
— 1 and, for some y, x 2 — 1 = y and ^/y = z} =  (Va:2 — 1 | x > 1 or 1 < -1).

If /  is a function, its inverse / - 1  is a relation, but it may not be a function. 
We say that a function /  is invertible if f ~ x is a function.

It is important to find necessary and sufficient conditions for a function to 
be invertible.

3.7 Definition A function f  is called one-to-one or injective if ai G dom /, 
«2 G d om /, and ai /  02 implies f(a i)  /  f (a 2 ). In other words if aj G dom /, 
a2 £ dom f ,  and f{a i)  =  /(az), then ai = a2 . Thus a one-to-one function attains different values for different elements from its domain.

3.8 Theorem A function is invertible i f  and only i f  it is one-to-one. If f  is 
invertible, then f ~ l is also invertible and ( / - 1 ) - 1  = f .

Proof.
(a) Let f  be invertible; then / —1 is a function. It follows that f ~ 1{f(a)) = a for 

all a G dom /. If 01,02 € d o m / and f (a i)  = f (a 2 ), we get / - 1 ( /(a i))  = 
f ~ 1 (f(a 2 )) and ai =  02- So f  is one-to-one.

(b) Let f  be one-to-one. If a f~ l bi and a f~ 1b2 , we have b ifa  and b2 fa . There­
fore, bi = b2 , and we have proved that / ~ 1 is a function.

(c) We know that (Z- 1 ) ' 1 =  /  by Exercise 2.4(d), so / - 1  is also invertible 
(consequently, / - 1  is also one-to-one).

□
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3.9 Example
(a) Let f  =  (1/x2 | x ^  0); find f ~ \  As f  = {(x, 1/x2 ) | J  /  0}, we get 

/ - 1  =  {(1/I 2 , I ) | i  ^  0}. / - 1  is not a function since (1 ,-1 ) G f ~ \ 
(1,1) G / - 1 . Therefore, f  is not one-to-one; (1,1) G f ,  (—1,1) G f .

(b) Let g =  (2r — 1 | a: real); find g~1 . g is one-to-one: If 2a;i — 1 = 2x2 — 1, 
then 2xi =  2i2 and xi = x2 . g = {(x,y) \ y = 2x -  1, x real}, therefore, 
9~ l  =  {(1/^) I V =  2x -  1, x real}.

As customary when describing functions, we express the second coordinate 
(value) in terms of the first:

S'1 y + 1  i l —r—, y real ).

Finally, it is usual to denote the first (“independent”) variable x  and the second 
(“dependent”) variable y. So we change notation:

-1 \ 1 + 1  il /$ + l9 = <(x,y) y =  —— , x real =  ( —— x real

3.10 Definition
(a) Functions f  and g are called compatible if f(x )  = g(x) for all x  G dom f  n 

domj.
(b) A set of functions F  is called a compatible system of functions if any two 

functions f  and g from F  are compatible.

3.11 Lemma
(a) Functions f  and g are compatible if and only if f  U g is a function. ■
(b) Functions f  and g are compatible if  and only if f  \ (dom f  n  domg) = 

g \ (d o m /n d om j).

We leave the easy proof to the reader, but we prove the following.

3.12 Theorem I f  F  is a compatible system of functions, then [J F  is a function 
with dom((jF) =  |J{dom / | f  G F}. The function [JF extends all f  & F.

Functions from a compatible system can be pieced together to form a single 
function which extends them all.

Proof. Clearly, J f  is a  relation; we now prove that it is a function. If 
(a, l>i) G (J F  and (a, b2 ) G U F, there are functions f i , f z  € F  such that (a, bi) G 
/ i  and (a, b2) G fz- But fa and fa are compatible, and a G dom /i n  dom /2 ; so 
bi = f(a i)  = f(a 2 ) = b2 .

It is trivial to show that x  G dom((J F) if and only if x G dom f  for some 
f e F .  □

3.13 Definition Let A  and B be sets. The set of all functions on A into B  is 
denoted B A . Of course, we have to show that B A  exists; this is done in Exercise 
3.9.
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It is useful to define a more general notion of product of sets in terms of 
functions.

Let S = (Si | i e  I) be a function with domain I. The reader is probably 
familiar mainly with functions possessing numerical values; but for us, the values 
Si are arbitrary sets. We call the function (S, | i € 1} an indexed system of sets, 
whenever we wish to stress that the values of S  are sets.

Now let S = (Si \ i E I) be an indexed system of sets. We define the product 
of the indexed system S  as the set

S = {/ | /  is a function on I  and f, e  Si for all i € I}.

Other notations we occasionally use are

n ^ i^ ^  n 5«’ n^
i e i  -tei

The existence of the product of any indexed system is proved in Exercise 
3.9.

The reader is probably curious to know how this product is related to the 
previously defined notions A x B  and A x B  x C. We return to this technical 
problem in Section 5 of Chapter 3. At this time, we notice only that if the 
indexed system S  is such that Si = B  for all i e  I, then

n ^ = 5 <

The “exponentiation” of sets is related to “multiplication” of sets in the same 
way as similar operations on numbers are related.

We conclude this section with two remarks concerning notation.
(JA and Q A  were defined for any system of sets A (A ^ 0 in case of 

intersection). Often the system A is given as a range of some function, i.e., of 
some indexed system. (See Exercise 3.8 for proof that any system A can be so 
presented, if desired.)

We say that A is indexed by S  if

A = {Si \ i e 1} = ranS,

where 5  is a function on I. It is then customary to write

U A  = U { S i | i € l }  = U ^
iGI

and similarly for intersections. In the future, we use this more descriptive no­
tation.

Let / be a function on a subset of the product A x B. It is customary to 
denote the value of f  at (x,y) e  A x B  by f(x ,y )  rather than f((x ,y)) and 
regard / as a function of two variables x and y.
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Exercises
3.1 Prove: If ran /  C dom^, then dom(j ° f )  = dom /.
3.2 The functions f i ' . i  = 1,2,3 are defined as follows:

/ i  =  (2i — 1 | a: real), 
/2 = {y/x | x  > 0), 
fa = (1/x | x  real, i / 0 ) .

Describe each of the following functions, and determine their domains 
and ranges: / 2 ° / i ,  f i °  fa, fa o f l t  fro  f 3 .

3.3 Prove that the functions / i ,  f 2 , fa from Exercise 3.2 are one-to-one, and 
find the inverse functions. In each case, verify that dom/, = ran (/“ 1), 
ran /j = dom f/f1).

3.4 Prove:
(a) If f  is invertible, / - 1  o /  = Iddo m / ,  f  ° f - 1  = Idran/-
(b) Let /  be a function. If there exists a function g such that g ° f  = 

Iddom/ the n  f  is invertible and / - 1  = g [ ran f .  If there exists a 
function h such that /  o h = Idran /  then f  may fail to be invertible.

3.5 Prove: If f  and g are one-to-one functions, g o f  is also a one-to-one 
function, and (g o f)~ 1 = f - 1 og - 1 .

3.6 The images and inverse images of sets by functions have the properties 
exhibited in Exercise 2.3, but some of the inequalities can now be replaced 
by equalities. Prove:
(a) If /  is a function, J - 1 [A nB] =  J ' 1^ ]  n / - 1 [B].
(b) If /  is a function, f ~ x \A -  B] = J ' 1^ ]  -  / - 1 [B].

3.7 Give an example of a function f  and a set A such that f  n A 2 ^  f  J A.
3.8 Show that every system of sets J4 can be indexed by a function. [Hint: 

- Take I  = A and set Si = i for all i e A]
3.9 (a) Show that the set B A exists. [Hint-. B A C P(A  x B).]

(b) Let (S; | i € I) be an indexed system of sets; show that Hie j Si 
exists. [Hint: n i € j Si C P (I  x (Jie j Si).]

3.10 Show that unions and intersections satisfy the following general form of 
the associative law:

aUg ji CgS â C

n *■•= n t f w aeUS CSS agC
if S is a nonempty system of nonempty sets.

3.11 Other properties of unions and intersections can be generalized similarly. 
De Morgan Laws:

B "  U  f « = F ^ '
aGA aGA

B -  C \ F a  =  \ J ( B -  F a ). 

aGA aGA
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Distributive Laws:

( U ^ ) n ( U G ^  =  U  ^ ^ G^, 
a g A  bEB (a tb)G Ax B

( A ^ ) U ( Q G 5) = Q  ( F 0 U G b ).
a ^ A  b ^B  (a,b)G A x B

3 .12 Let /  be a function. Then

/ [ U f “ I =  U B L

■ Q-G A  aGA

n U ^ ^ U r 1̂
aGA aGA

/ [ A f j c p B ] , 

aGA aGA

H H ^ ^ n r W
aGA aGA

If f  is one-to-one, then C in the third formula can be replaced by =. 3.13 Prove the following form of the distributive law:

r u i x ^  u  ( A ^ w ) . 

a € A  b eB  f € B A a ^ A

assuming that Fa^i 0  Fa ib2 = 0 for all a 6 X and 61,62 6 B, 61 ^ 62. [Hint: Let L  be the set on the left and R  the set on the right. 
F a ,f(a )  £  U^fl-Ri.lii hence Qa g4-Fa./fa) £  PaeA^UbeB ■̂“,1') ~  ^> 8 0 finally, R C L. To prove that L C R, take any x t  L. Put (a, 6) € f if and only if 1 e Fa tb, and prove that /  is a function on A into B  for which x  £ HaSA ^ ,/(a ); so i  € A.]

4. Equivalences and Partitions
Binary relations of several special types enter our considerations more frequently.

4.1 Definition Let H be a binary relation in A.
(a) R  is called reflexive in A if for all a e A, aRa.
(b) R  is called symmetric in A  if for all a,b £ A, aRb implies bRa.(c) R  is called transitive in A if for all a, 6, c € A, aRb and bRc imply aRc.(d) R  is called an equivalence on A if it is reflexive, symmetric, and transitivein A.
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4.2 Exam ple
(a) Let P  be the set of all people living on Earth. We say that a person p is 

equivalent to a person q (p = q) Up and q both live in the same country. 
Trivially, =  is reflexive, symmetric, and transitive in P. Notice that the 
set P  can be broken into classes of mutually equivalent elements; all people 
living in the United States form one class, all people living in France are 
another class, etc. All members of the same class are mutually equivalent; 
members of different classes are never equivalent. The equivalence classes 
correspond exactly to different countries.

(b) Define an equivalence E  on the set Z  of all integers as follows: xEy  if 
and only if x -  y is divisible by 2. (Two numbers are equivalent if their 
difference is even.) The reader should verify 4.1(a)-(c). Again, the set Z 
can be divided into equivalence classes under (or, as is customary to say, 
modulo) the equivalence E. In this case, there are two equivalence classes: 
the set of even integers and the set of odd integers. Any two even integers 
are equivalent; so are any two odd integers. But an even integer cannot be 
equivalent to an odd one.

The situation encountered in the previous examples is quite general. Any 
equivalence on A partitions A into equivalence classes; conversely, given a suit­
able partition of A, there is an equivalence on A  determined by it. The following 
definitions and theorems establish this correspondence.

4.3 D efinition Let E  be an equivalence on A and let a € A. The equivalence 
class of a modulo E  is the set

[O\E = {X G A \ xEa}.

4.4 Lemma Let a,b G A.
(a) a is equivalent to b modulo E  if and only if [O\ E  = [b]E'
(b) a is not equivalent to b modulo E  if and only if [a]E ^  [b]s = 0­

Proof '
(a) (1) Assume that aEb. Let x  6 [O]E , i.e., xEa. By transitivity, xEa  and 

aEb imply xEb, i.e., x  € [bj .̂ Similarly, x G [b]s implies x G [a]g 
(bEa is true because E  is symmetric). So [a]g = [b]E-

(2) Assume that [ajs = [bj^. Since E  is reflexive, aEa, so a e [aj^. But 
then a G [b]E, that is, aEb.

(b) (1) Assume aEb is not true; we have to prove [a]ei~i[b]E = 0. If not, there 
is x € [a|E D [bje; so xEa  and xEb. But then, using first symmetry 
and then transitivity, aEx and xEb, so aEb, a contradiction.

(2) Assume finally that [U]E  n[b]g = 0. If a and b were equivalent modulo 
E, aEb would hold, so a € [&]E . But also a G [O]E , implying [a]s O 
[b]E /  0, a contradiction.
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4.5 Definition A system S  of nonempty sets is called a partition of A if
(a) S is a system of mutually disjoint sets, i.e., if C e S, D E S, and C ^  D, 

then CD D = 0,
(b) the union of S is the whole set A, i.e., [_)S = A.

4.6 Definition Let E  be an equivalence on A. The system of all equivalence 
classes modulo E  is denoted by A/E-, so A /E  =  {[a]e | a € A}.

4.7 Theorem Let E  be an equivalence on A; then A /E  is a partition of A.

Proof. Property (a) follows from Lemma 4.4: If [a]^ /  [&]E , then a and b 
are not ^-equivalent, so [aj^ n  [6]  ̂=  0. To prove (b), notice that ( J 4 / £  = A 
because a 6 [a]e. Notice also that no equivalence class is empty; surely at least 
a € [O\E - □

We now show that, conversely, for each partition there is a corresponding 
equivalence relation. For example, the partition of people by their country of 
residence yields the equivalence from (a) of Example 4.2.

4.8 Definition Let 5  be a partition of A. The relation Es in A is defined by

Es =  {(a, b) E A x  A \ there is C E S such that a E C  and b EC}.

Objects a and b are related by Es if and only if they belong to the same set 
from the partition S.

4.9 Theorem Let S  be a partition of A; then Es is an equivalence on A.

Proof,
(a) Reflexivity. Let a E A-, since A = (JS, there is C E S  for which a e C, so 

(a, a) E Es-
(b) Symmetry. Assume aEsb; then there is C E S for which a E C and b E C. 

Then, of course, b E C and a E C, so bEsa.
(c) Transitivity. Assume aEsb and bEsc: then there are C E S  and D E S 

such that a E C and b E C and b E D and c E D. We see that b E C DD, 
so C n D ^  0. But 5  is a system of mutually disjoint sets, so C = D. Now 
we have a E C, c E C, and so aEsC.

□
The next theorem should further clarify the relationship between equiva­

lences and partitions. We leave its proof to the reader.

4.10 Theorem
(a) If E  is an equivalence on A and S = A /E , then Es = E.
(b) If S  is a partition of A and Es is the corresponding equivalence, then

A /E s  = S.
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So equivalence relations and partitions are two different descriptions of the 
same “mathematical reality.” Every equivalence E  determines a partition S  = 
A /E . The equivalence Es determined by this partition S  is identical with the 
original E. Conversely, each partition S  determines an equivalence Eg; when 
we form equivalence classes modulo Es, we recover the original partition S.

When working with equivalences or partitions, it is often very convenient to 
have a set which contains exactly one “representative” from each equivalence 
class.

4.11 Definition A set X  C A is called a set of representatives for the equiva­
lence Es (or for the partition S  of A) if for every C e S, X  OC = {a} for some 
a e c .

Returning to Example 4.2 we see that in (a) the set X  of all Heads of State 
is a set of representatives for the partition by country of residence. The set 
X  = {0,1} could serve as a set of representatives for the partition of integers 
into even and odd ones.

Does every partition have some set of representatives? Intuitively, the an­
swer may seem to be yes, but it is not possible to prove existence of some such 
set for every partition on the basis of our axioms. We return to this prob­
lem when we discuss the Axiom of Choice. For the moment we just say that 
for many mathematically interesting equivalences a choice of a natural set of 
representatives is both possible and useful.

Exercises
4.1 For each of the following relations, determine whether they are reflexive, 

symmetric, or transitive:
(a) Integer x is greater than integer y.
(b) Integer n divides integer m.
(c) x  ^  y in the set of all natural numbers.
(d) C and C in P(A).
(e) 0 in 0.
(f) 0 in a nonempty set A.

4.2 Let f  be a function on A onto B. Define a relation E  in A by: aEb if 
and only if f(a) = f(b).
(a) Show that E  is an equivalence relation on A.
(b) Define a function ip on A /E  onto B  by <P{{O\E ) = f(a )  (verify that 

^ (H E ) = ^ (M E ) if  WE = M s).
(c) Let j  be the function on A onto A /E  given by j(a) = [a]#. Show 

that y>oj — f .
4.3 Let P  = {(r,7) € R  x R | r > 0}, where R  is the set of all real numbers. 

View elements of P  as polar coordinates of points in the plane, and define 
a relation on P  by: (r,y) ~  (r',y') if and only if r = r' and 7 -  7' is 
an integer multiple of 2TT. Show that ~  is an equivalence relation on 
P. Show that each equivalence class contains a unique pair (r, 7) with 
0 < 7 < 2TT. The set of all such pairs is therefore a set of representatives 
for
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5. Orderings
Orderings are another frequently encountered type of relation.

5.1 Definition A binary relation J? in A is antisymmetric if for all a,b e A, 
aRb and bRa imply a = b.

5.2 Definition A binary relation 2? in A which is reflexive, antisymmetric, and 
transitivp is called a (partial) ordering oi A. The pair (A, R) is called an ordered 
set.

aRb can be read as “a is less than or equal to b" or “b is greater than or 
equal to a” (in the ordering R). So, every element of A is less than or equal to 
itself. If a is less than or equal to b, and, at the same time, b is less than or 
equal to a, then a = b. Finally, if a is less than or equal to b and b is less than 
or equal to c, a has to be less than or equal to c.

5.3 Example
(a) < is an ordering on the set of all (natural, rational, real) numbers.
(b) Define the relation C^ in A as follows: x C^ y if and only if x C y and 

x ,y  e A. Then C^ is an ordering of the set A.
(c) Define the relation ^ A in A  as follows: x 2 A y if and only if x 2  y and 

x ,y  € A. Then 2.4 is also an ordering of the set A.
(d) The relation | defined by: n | m if and only if n divides m is an ordering of 

the set of all positive integers.
(e) The relation Id A is an ordering of A.

The symbols < or =̂ are often used to denote orderings.
A different description of orderings is sometimes convenient. For example, 

instead of the relation < between numbers, we might prefer to use the relation < 
(strictly less). Similarly, we might use C4 (proper subset) instead of C^. Any 
ordering can be described in either one of these two mutually interchangeable 
ways.

5.4 Definition A relation S in A is asymmetric if aSb implies that bSa does 
not hold (for any a, b € A). That is, aSb and bSa can never both be true.

5.5 D efinition A relation S in A is a strict ordering if it is asymmetric and 
transitive.

We now establish relationships between orderings and strict orderings.

5.6 Theorem
(a) Let R be an ordering of A; then the relation S defined in A by

aSb if  and only if aRb and a ^  b

is a strict ordering of A.
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(b) Let S  be a strict ordering of A; then the relation R defined in A by

aRb if and only if aSb or a = b

is an ordering of A.

We say that the strict ordering S corresponds to the ordering R  and vice 
versa.

Proof.
(a) Let us show that S  is asymmetric: Assume that both aSb and bSa hold for 

some a,b G A. Then also aRb and bRa, so a = b (because R  is antisym­
metric). That contradicts the definition of aSb. We leave the verification 
of transitivity of S  to the reader.

(b) Let us show that R  is antisymmetric: Assume that aRb and bRa. Because 
aSb and bSa cannot hold simultaneously (S is asymmetric), we conclude 
that a = b. Reflexivity and transitivity of R  are verified similarly.

□

5.7 Definition Let a,b € A, and let < be an ordering of A. We say that a and 
b are comparable in the ordering < if a < b or b < a. We say that a and b are 
incomparable if they are not comparable (i.e., if neither a < b nor b < a holds). 
Both definitions can be stated equivalently in terms of the corresponding strict 
ordering <; for example, a and b are incomparable in < if a ^  b and neither 
a < b nor b < a holds.

5.8 Example
(a) Any two real numbers are comparable in the ordering <.
(b) 2 and 3 are incomparable in the ordering |.
(c) Any two distinct a,b e A are incomparable in Id^.
(d) If the set A has at least two elements, then there are incomparable elements 

in the ordered set (P(A), CP ^ ) .

5.9 Definition An ordering < (or <) of A is called linear or total if any two 
elements of A are comparable. The pair (A, <) is then called a linearly ordered 
set.

So the ordering < of positive integers is total, while | is not.

5.10 Definition Let R C A ,  where A is ordered by <. B is a chain in A if 
any two elements of B  are comparable.

For example, the set of all powers of 2 (i.e., {2°, 21 ,22 ,23 , ...} )  is a chain in 
the set of all positive integers ordered by |.

A problem that arises quite often is to find a least or greatest element among 
certain elements of an ordered set. Closer scrutiny reveals that there are several 
different notions of “least” and “greatest.”
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5.11 Definition Let < be an ordering of A, and let B C A.
(a) b & B  is the least element of B  in the ordering < if b < x  for every x & B.
(b) b e B  is a minimal element of B  in the ordering < if there exists no x e B 

such that x <b and x ^  b.
(a') Similarly, b & B is the greatest element of B in the ordering < if, for every 

x & B, x  <b.
(b') b e B is a maximal element of B in the ordering < if there exists no x e B 

such that b < x  and x yl b.

5.12 Example Let N  be the set of positive integers ordered by divisibility 
relation |. Then 1 is the least element of N, but N  has no greatest element. 
Let B  be the set of all positive integers greater (in magnitude) than 1, B = 
{2 ,3,4,...} . Then B  does not have a least element in | (e.g., 2 is not the 
least element because 2 | 3 fails), but it has (infinitely) many minimal elements: 
numbers 2, 3, 5, etc. (exactly all prime numbers) are minimal. B has neither 
greatest nor maximal elements.

We list some of the properties of least and minimal elements in Theorem 
5.13. The proof is left as an exercise.

5.13 Theorem Let A be ordered by <, and let B  C A.
(a) B  has at most one least element. .
(b) The least element of B (if it exists) is also minimal.
(c) I f  B  is a chain, then every minimal element of B is also least.

The theorem remains true if the words “least" and “minimal” are replaced 
by “greatest” and “maximal", respectively.

5.14 Definition Let < be an ordering of A, and let B C A
(a) a 6 A is a lower bound of B  in the ordered set (A, <) if a < x for all x € B.
(b) a € A is called an infimum of B  in (A, <) [or the greatest lower bound of 

B in (A, <)] if it is the greatest element of the set of all lower bounds of B 
in (A, <).

Similarly,
(a') a e A is an upper bound of B  in the ordered set (^, <) if x < a for all 

x  & B.
(b') a € A is called a supremum of B  in (A, <) [or the least upper bound of B 

in {A, <)] if it is the least element of the set of all upper bounds of B  in 
(A < ).

Note that the difference between the least element of B  and a lower bound of 
B is that the second notion does not require b e B. A set can have many lower 
bounds. But the set of all lower bounds of B can have at most one greatest 
element, so B  can have at most one infimum.

We now summarize some properties of suprema and infima.
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5.15 Theorem  Let (A, <) be an ordered set and let B C A.
(a) B  has at most one infimum.
(b) I f  b is the least element of B, then b is the infimum of B.
(c) I fb is  the infimum of B  and b z  B, then b is the least element of B.
(d) b e A is an infimum of B  in (A, <) if and only if

(i) b < x  for all x  e B.
(ii) If b' < x for all x  E B, then b' < b.

The theorem remains true if the words “least” and “infimum” are replaced 
by the words “greatest” and “supremum" and “< ” is replaced by “> ” in (i) and 
(H).

Proof.
(a) We proved this in the remark preceding the theorem.
(b) The least element b of B is certainly a lower bound of B. If b' is any lower 

bound of B, b' < b because b e B. So 6 is the greatest element of the set 
of all lower bounds of B.

(c) This is obvious.
(d) This is only a reformulation of the definition of infimum.

□

We use notations inf(B) and sup(B) for the infimum of B  and the supremum 
of B, if they exist. If B is linearly ordered, we also use min(B) and max(B) to 
denote the minimal (least) and the maximal (greatest) elements of B, if they 
exist.

5.16 Exam ple Let < be the usual ordering of the set of real numbers; let 
Bi = {x | 0 < x < 1}, Bz = {x | 0 < x < 1}, B$ = {x | x > 0}, and 
B4 = {x \ x < 0}. Then Bi has no least element and no greatest element, but 
any b < 0 is a lower bound of Bj, so 0 is the greatest lower bound of Bi; i.e., 
0 =  inf(B). Similarly, any b > 1 is an upper bound of Bi, so 1 = sup(Bi). 
The set Bz has a least element; so 0 = min(B2) =  inf(B2 ); it does not have a 
greatest element. Nevertheless, sup(B2 ) = 1. The set B3 has neither a greatest 
element nor a supremum (actually B3 has no upper bound in <); of course, 
inf (S3) =  0. Similarly, Bi has no lower bounds, hence no infimum.

5.17 D efinition An isomorphism between two ordered sets (P, <) and (Q, -<) 
is a one-to-one function h with domain P  and range Q such that for all pi ,pz £ P

Pl < P2 if and only if h(pi) -< h(p2).

If an isomorphism exists between (P, <) and (Q, ^), then (P, <) and (Q, —() are 
isomorphic.

We study isomorphisms in a more general setting in Chapter 3. At this 
point, let us make the following observation.
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5.18 Lemma Let (P, <) and (Q, ~<) be linearly ordered sets, and let h be a one- 
to-one function with domain P and range Q such that hfpi) -< h(p?) whenever 
Pi <P2- Then h is an isomorphism between {P, <) and, (Q, ^).

Proof. We have to verify that if pi,p2 e P  are such that h(pi) -< h(p2 ), 
then pi < P2- But if pi is not less than p2, then, because < is a linear ordering 
of P, either pi = p2 or p2 < pi- If pi = p2 , then h(pi) = h(p2 ), and if p2 < pi, 
then h(p2 ) -< h(pi), by the assumption. Either case contradicts h(pi) -< h ^ Y 

□

Exercises
5.1 (a) Let R  be an ordering of A, S  be the corresponding strict ordering of 

A, and R* be the ordering corresponding to S. Show that R* = R.
(b) Let S  be a strict ordering of A, R  be the corresponding ordering, 

and S* be the strict ordering corresponding to R. Then S* = S.
5.2 State the definitions of incomparable elements, maximal, minimal, great­

est, and least elements and suprema and infima in terms of strict order­
ings. ...

5.3 Let R be an ordering of A. Prove that R~* is also an ordering of A, and 
for B C A,
(a) a is the least element of B in B - 1  if and only if a is the greatest 

element of B  in R;
(b) similarly for (minimal and maximal) and (supremum and infimum).

5.4 Let R  be an ordering of A and let B C A. Show that R o  B 2 is an 
ordering of B.

5.5 Give examples of a finite ordered set (A, <) and a subset B of A so that
(a) B has no greatest element.
(b) B has no least element.
(c) B has no greatest element, but B  has a supremum.
(d) B has no supremum.

5.6 (a) Let (A, <) be a strictly ordered set and b ^ A. Define a relation -< 
in B = AU {5} as follows:

x ^  y if and only if (x,y e A and x < y) or (x e A and y = b).

Show that ^  is a strict ordering of B  and -< Cl A2 =<. (Intuitively, 
—< keeps A ordered in the same way as < and makes b greater than 
every element of A.)

(b) Generalize part (a): Let (A i,<i) and (A2 , < 2) be strict orderings, 
Ai n A2 = 0. Define a relation -< on B =  Ai U A2 as follows:

x  ~t y if and only if x ,y  e Ai and x <i y 
or x ,y  e A2 and x <2 y 
or x e Ai and y € A2 .
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Show that -< is a strict ordering of B  and —< oAj = < i, -< nA^ = < 2 . 
(Intuitively, -< puts every element of 41 before every element of 42 
and coincides with the original orderings of 4 i  and 42.)

5.7 Let Ji be a reflexive and transitive relation in A (R is called a preordering 
of A). Define H in 4  by

aEb if and only if aRb and bRa.

Show th a t'S  is an equivalence relation on 4 . Define the relation R /E  in 
4 /H  by

[O]E R /E  [b]s if and only if aRb.
Show that the definition does not depend on the choice of representatives 
for [a]s and [6]#. Prove that R /E  is an ordering of A/E .

5.8 Let 4  = P (X ), X ^  0. Prove:
(a) Any 5 C 4  has a supremum in the ordering C4; sup 5  = |J5 .
(b) Any S C 4  has an infimum in C ^; inf S  = Q S  if S  /  0; inf 0 = X.

5.9 Let Fn(X, 7 ) be the set of all functions mapping a subset of X into Y 
[i.e., Fn(X, Y) = U zcx  Y Z ]- Define a relation < in Fn(X, F) by

f  < g  if and only if f  Gg.

(a) Prove that < is an ordering of Fn(X, F).
(b) Let F  C Fn(X, Y). Show that supF  exists if and only if F  is a 

compatible system of functions; then sup F  = (J F.
5.10 Let A ^  0; let Pt(4) be the set of all partitions of 4. Define a relation 

=$ in Pt(4) by

5i ^  52 if and only if for every C € 5i there is D € 52 such that C G D.

(We say that the partition 5i is a refinement of the partition 52 if 5i ^  S% 
holds.)
(a) Show that ^  is an ordering.
(b) Let 51,52 € Pt(4). Show that {51,52} has an infimum. [Hint: 

Define 5 =  {C O D | C e 5i and D e 52}.] How is the equivalence 
relation Es related to the equivalences Es, and Es2 ?

(c) Let T  C Pt(4). Show that inf T exists.
(d) Let T  C Pt(4). Show that supT exists. [Hint: Let T 1 be the set of 

all partitions 5  with the property that every partition from T is a 
refinement of 5. Show that supT' =  inf T.]

5.11 Show that if (P, <) and (Q, —<) are isomorphic strictly ordered sets and 
< is a linear ordering, then -< is a linear ordering.

5.12 The identity function on P  is an isomorphism between (P, <) and (P, <).
5.13 If h, is isomorphism between (P, <) and (<?,-<), then h r 1 is an isomor­

phism between (Q, —<) and (P, <).
5.14 If f  is an isomorphism between (Pi, <1) and (F*2. <2). and if g is an 

isomorphism between (P2, <2) and (P3 , <3), then g o f is  an isomorphism 
between (Pi, <1) and (P3, <3).



C h a p te r  3

N atural N um bers

1. In troduction  to  N atural N um bers
In order to develop mathematics within the framework of the axiomatic set 
theory, it is necessary to define natural numbers. We all know natural numbers 
intuitively: 0, 1, 2, 3, . . .  , 17, . . .  , 324, etc., and we can easily give examples of 
sets having zero, one, two, or three elements:

0 has 0 elements.
{0} or, in general, {a} for any a, has one element.
{0, {0}}, or {{{0}}, {{{0}}}}> or, in general, {a, b} where a ^  b, has two 
elements, etc.

The purpose of the investigations in this section is to supplement this intuitive 
understanding by a rigorous definition.

To define number 0, we choose a representative of all sets having no elements. 
But this is easy, since there is only one such set. We define 0 =  0. Let us proceed 
to sets having one element (singletons): {0}, {{0}}, {{0, {0}}}; in general, {x}. 
How should we choose a representative? Since we already defined one particular 
object, namely 0, a natural choice is {0}. So we define

1 = {0} =  {0}.

Next we consider sets with two elements: {0, {0}}, {{0}, {0, {0}}}, {{0}, {{0}}}, 
etc. By now, we have defined 0 and 1, and 0 / 1 .  We single out a particular 
two-element set, the set whose elements are the previously defined numbers 0 
and 1:

2 = {O,1} =  {0,{0}}.
It should begin to be obvious how the process continues:

3 = {O,1,2} =  {0,{0},{0,{0}}}
4 = {0,1,2, 3} =  {0, {0}, {0, {0}}, {0, {0}, {0, {0}}}}
5 =  {0,1,2,3,4} etc.

39
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The idea is simply to define a natural number n as the set of all smaller 
natural numbers: {0 ,1 ,..., n -  1}. In this way, n is a particular set of n 
elements.

This idea still has a fundamental deficiency. We have defined 0, 1, 2, 3, 4, 
and 5 and could easily define 17 and—not so easily—324. But no list of such 
definitions tells us what a natural number is in general. We need a statement 
of the form: A set n is a natural number, if . . . .  We cannot just say that a set n 
is a natural number if its elements are all the smaller natural numbers, because 
such a “definition” would involve the very concept being defined.

Let us observe the construction of the first few numbers again. We defined 
2 =  {0,1}. To get 3, we had to adjoin a third element to 2, namely, 2 itself:

3 = 2 U {2} = {0,1} U {2}.

Similarly,

4 = 3 U {3} = {0,1, 2} U {3},
5 =  4U{4},etc.

Given a natural number n, we get the “next” number by adjoining one more 
element to n, namely, n itself. The procedure works even for 1 and 2: 1 = 0U{0}, 
2 = 1 U {1}, but, of course, not for 0, the least natural number.

These considerations suggest the following.

1.1 Definition The successor oi a set x is the set S(x) = xU  {a;}.

Intuitively, the successor S(n) of a natural number n is the “one bigger” 
number n+1. We use the more suggestive notation n+1 for S(n) in what follows. 
We later define addition of natural numbers (using the notion of successor) in 
such a way that n + 1 indeed equals the sum of n and 1. Until then, it is just a 
notation, and no properties of addition are assumed or implied by it.

We can now summarize the intuitive understanding of natural numbers as 
follows:
(a) 0 is a natural number.
(b) If n is a natural number, then its successor n + 1 is also a natural number, 
(c) All natural numbers are obtained by application of (a) and (b), i.e., by 

starting with 0 and repeatedly applying the successor operation: 0, 0 + 1 = 
1, 1 + 1 = 2, 2 + 1 = 3, 3 + 1 = 4, 4 + 1 =  5, .. .  etc.

1.2 Definition A set I  is called inductive if
(a) 0 e 7.
(b) If n e I , then (n + 1) e I.

An inductive set contains 0 and, with each element, also its successor. Ac­
cording to (c), an inductive set should contain all natural numbers. The precise 
meaning of (c) is that the set of natural numbers is an inductive set which con­
tains no other elements but natural numbers, i.e., it is the smallest inductive 
set. This leads to the following definition.



1. INTRODUCTION TO NATURAL NUMBERS 41

1.3 Definition The set of all natural numbers is the set

N  = (x | x G I  for every inductive set I}.
The elements of N  are called natural numbers. Thus a set 1 is a natural number 
if and only if it belongs to every inductive set.

We have to justify the existence of N  on the basis of the Axiom of Com­
prehension (see the remarks following Example 3.12 in Chapter 1), but that is 
easy. Let A be any particular inductive set; then clearly

N  = {x € A | x G I  for every inductive set I}.
The only remaining question is whether there are any inductive sets at all. The 
intuitive answer is, of course, yes: the set of natural numbers is a prime example. 
But a careful look at the axioms we have adopted so far indicates that existence 
of infinite sets (such as N )  cannot be proved from them. Roughly, the reason 
is that these axioms have a general form:

“For every set X, there exists a set Y  such that . •. ,"
where, if the set X  is finite, the set Y  is also finite. Since the only set whose 
existence we postulated outright is 0, which is finite, all the other sets whose 
existence is required by the axioms are also finite. (See Section 2 of Chapter 4 
for a more rigorous elaboration of these remarks.) The point is that we need 
another axiom.

The Axiom of Infinity. An inductive set exists.
Some mathematicians object to the Axiom of Infinity on the grounds that a 

collection of objects produced by an infinite process (such as N )  should not be 
treated as a completed entity. However, most people with some mathematical 
training have no difficulty visualizing the collection of natural numbers in that 
way. Infinite sets are basic tools of modern mathematics and the essence of set 
theory. No contradiction resulting from their use has ever been discovered in 
spite of the enormous body of research founded on them. Therefore, we treat 
the Axiom of Infinity on a par with our other axioms.

We now have the set of natural numbers TV at our disposal. Before proceed­
ing further, let us check that the set TV is indeed inductive.

1.4 Lemma TV is inductive. If I  is any inductive set, then N C I .

Proof. 0 G N  because 0 € I  for any inductive I.
If n G N ,  then n G I  for any inductive I, so (n + 1) G I  for any inductive 

I, and consequently (n 4-1) G N . This shows that N  is inductive. The second 
part of the Lemma follows immediately from the definition of N . □

The next step is to define the ordering of natural numbers by size. As it 
is our guiding idea to define each natural number as a set of smaller natural 
numbers, we are led to the following.
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1.5 Definition The relation < on IV is defined by: m < n  if and only if m € n.

It is of course necessary to prove that < is indeed a linear ordering and 
that the ordered set (N , <) actually has the properties that we expect natural 
numbers to have. The needed theory is developed in the rest of this chapter.

Exercises ,
1.1 x  C S(x) and there is no z such that x  C z G S(x).

2. P roperties of N atural N um bers
In the preceding section we defined the set N  of natural numbers to be the 
least set such that (a) 0 € N  and (b) if n € N ,  then (n +  1) € N .  We also 
defined m < n to mean m e n .  It is the goal of this section to show that the 
above-mentioned concepts really behave in the familiar ways.

We begin with a fundamental tool for study of natural numbers, the well- 
known principle of proof by mathematical induction.

The Induction Principle. Let P(x) be a property (possibly with parameters). 
Assume that
(a) P(0) holds.
(b) For all n e  N ,  P(n) implies P(n + 1).
Then P  holds for all natural numbers n.

Proof. This is an immediate consequence of our definition of N .  The 
assumptions (a) and (b) simply say that the set A = {n e N  | P(n)} is 
inductive. N G A  follows. □

The following lemma establishes two simple properties of natural numbers 
and gives an example of a simple proof by induction.

2.1 Lemma
(i) 0 < n for all n  e N .

(ii) For all k ,n  e N , k < n + 1 if and only if k < n or k = n.

Proof. (i) We let P(^) to be the property “0 < x” and proceed to establish 
the assumptions of the Induction Principle.
(a) P(0) holds. P(0) is the statement “0 < 0,” which is certainly true (0 =  0).
(b) P(n) implies P(n  + 1). Let us assume that P(n) holds, i.e., 0 < n. This 

means, by definition of <, that 0 =  n or 0 € n. In either case, 0 e  nU{n} = 
n + 1, so 0 < (n + 1) and P(n + 1) holds.

Having proved (a) and (b) we use the Induction Principle to conclude that 
P(n) holds for all n e  N ,  i.e., 0 < n for all n € N .

(ii) This part does not require induction. It suffices to observe that k e 
n U {n} if and only if k e n or k = n. □
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The proof of the next theorem provides several other, somewhat more com­
plicated examples of inductive proofs.

2 .2 Theorem  (N , <) is a linearly ordered set.

Proof.
(i) The relation < is transitive on N .
We have to prove that for all k,m ,n  € N , k < m  and m < n imply 

k < n. We proceed by induction on n; i.e., we use as P (r) the property “for all 
k,m  & N , tf k < m  and m < x, then k < x.”
(a) P(0) holds. P(0) asserts: for all k,m  e N , if k < m  and m < 0, then 

k < 0. By Lemma 2.1(i), there is no m € N  such that m < 0 , so P(0) is 
trivially true.

(b) Assume P(n), i.e., assume that for all k,m  e N , if k < m  and m < n, then 
k < n. We have to prove P(n  + 1), i.e., we have to show that k < m and 
m < (n + 1) imply k < (n + 1). But if k < m  and m < (n + 1), then by 
Lemma 2.1(h) m < n or m = n. If m < n, we get k < n by the inductive 
assumption P(n). If m = n, we have k < n from k < m. In either case, 
k < n + 1 by Lemma 2.1(h). This establishes P(n  +  1).

The Induction Principle now asserts the validity of P(n) for all n € N \ this is 
precisely the statement of transitivity of (N , <).

(ii) The relation < is asymmetric on N .
Assume that n < k and k < n. By transitivity, this implies n < n. So 

we only have to show that the latter is impossible. We proceed by induction. 
Clearly, 0 < 0 is impossible (it would mean that 0 6 0). Let us assume that 
n < n is false and prove that (n + 1) < (n + 1) is false. If (n + 1) < (n + 1) 
were true, we would have either n + 1 < n or n  + 1 = n [Lemma 2.1(h)]. 
Since n < n + 1 holds by Lemma 2.1(ii) and we have proved transitivity of < 
previously, we conclude that n < n, thus contradicting our inductive assumption (to wit, that n < n is false). We have now established both (a) and (b) in the 
Induction Principle [with P(x) being "x < x is false”]. We can conclude that 
n < n is impossible for any n e N . We now know that < is a (strict) ordering 
of N .

It remains to prove
(hi) < is a linear ordering of N .
We have to prove that for all m ,n e N  either m < n or m  = n or n < m. 

We proceed by induction on n.
(a) For all m e N ,  either m < 0 or m = 0 or 0 < m. This follows immediately 

from Lemma 2.1(i).
(b) Assume that for all m e N ,  either m < n or m = n or n < m. We have 

to prove an analogous statement with (n + 1) in place of n. If m  < n, then 
m < (n + 1) by Lemma 2.1(ii) and transitivity. Similarly, if m = n then 
m < (n + 1). Finally, if n < m, we would like to conclude that n + 1 < m. 
This would show that, for all m € N ,  either m < (n + 1) or m = (n + 1) or 
(n + 1) < m, establishing (b), and completing the proof. So we prove that 
if n < m, then (n + 1) < m holds for all m € W by induction on m [n is
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a parameter; that is, we are going to apply the Induction Principle to the 
property P(x): “If n < x, then n +  1 < z ”]. Ifm  =  0, the statement “if 
n < 0, then n + 1 < 0” is true (since its assumption must be false). Assume 
P(m), i.e., if n < m, then (n +1) < m. To prove P(m  + 1), assume that 
n < m + 1; then n < m or n = m. If n < m, n + 1 < m by the inductive 
assumption, and so n + 1 < m 4-1. If n = m  then of course n + 1 =  m 4-1. 
In either case P(m + 1) is proved. We conclude that P(m) holds for all 
m G  N , as needed.

Finally, we finish the proof of (iii) by observing that the assumptions (a) 
and (b) of the Induction Principle have now been established. □

The reader should study the preceding proof carefully for its varied appli­
cations of the Induction Principle. In particular, the proof of part (iii) is an 
example of “double induction”: In order to prove a statement depending on 
two variables, m  and n, we proceed by induction on one of them (n); the proof 
of the induction assumption (b) then in itself requires induction on the other 
variable m  (for fixed n). See Exercise 2.13.

Before proceeding further, we state and prove another version of the Induc­
tion Principle that is often more convenient.

The Induction Principle, Second Version. Let P(r) be a property (possibly 
with parameters). Assume that, for all n G N ,

(*) If P(fc) holds for all k < n , then P(n).

Then P  holds for all natural numbers n.

In other words, in order to prove P(n) for all n G N ,  it suffices to prove 
P(n) (for all n G N )  under the assumption that it holds for all smaller natural 
numbers.

Proof. Assume that (*) is true. Consider the property Q(n): P(fc) holds 
for all k < n. Clearly Q(0) is true (there are no k < 0). If Q(n) holds, then 
Q(n + 1) holds: If Q(n) holds, then P(/c) holds for all k < n, and consequently 
also for k = n [by (*)]. Lemma 2.1(ii) enables us to conclude that P(A) holds 
for all fc < n + 1, and therefore Q(n + 1) holds. By the Induction Principle, 
Q(n) is true for all n G N-, since fo r k G N  there is some n >  k (e.g., n = fc + 1), 
we have P(fc) true for all k G N , as desired. □

The ordering of natural numbers by size has an additional important prop­
erty that distinguishes it from, say, ordering of integers or rational numbers by 
size.

2.3 Definition A linear ordering -< of a set A is a well-ordering if every 
nonempty subset of A has a least element. The ordered set (^ ,4 )  is then 
called a well-ordered set.
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Well-ordered sets form a backbone of set theory and we study them exten­
sively in Chapter 6. At this point, we prove only.

2.4 Theorem (N ,< ) is a well-ordered set.

Proof. Let X be a nonempty subset of N \  we have to show that X  has 
a least element. So let us assume that X  does not have a least element and let 
us consider N  -  X . The crucial step is to observe that if k e N  — X  for all 
k < n, then n e  N  — X t otherwise, n would be the least element of X . By the 
second version of the Induction Principle we conclude that n & N  — X  holds for 
all natural numbers n [P(x) is the property “x e N  — X"] and therefore that 
X = 0, contradicting our initial assumption. □

We conclude this section with another property of the ordering <.

2.5 Theorem I f  a nonempty set of natural numbers has an upper bound in the 
ordering <, then it has a greatest element.

Proof. Let A C N , A ^  0 be given; let B = {k e N \k  is an upper bound 
of A}; we assume that B ^  0.

By Theorem 2.4, B  has a least element n, so n = sup(A). The proof is 
completed by showing that n e A. [See Theorem 5.15(c) in Chapter 2, with 
“supremum” in place of “infimum,” etc.] Trivial induction proves that either 
n = 0 or n = k + 1 for some k € N  (see Exercise 2.4). Assume that n ^ A; we 
then have n > m for all m e A. Since A /  0, it means that n ^  Q. Therefore, 
n = fc + 1 for some k e N ,  which gives k > m for all m e A [Lemma 2.1(h) 
again!]. Thus k is an upper bound of A and k < n, a. contradiction. □

Exercises
2.1 Let n e N . Prove that there is no A: € TV such that n < k < n + 1.
2.2 Use Exercise 2.1 to prove for all m ,n  & N: if m < n, then m + 1 < n. 

Conclude that m < n implies m + 1 < n + 1 and that therefore the 
successor S(n) = n + 1 defines a one-to-one function on N .

2.3 Prove that there is a one-to-one mapping of AT onto a proper subset of 
N .  [Hint: Use Exercise 2.2.]

2.4 For every n G N ,  n /  0, there is a unique k e N  such that n = k + 1.
2.5 For every n 6 N , n /  0,1, there is a unique k e N  such that n = 

(fc + l) + l.
2.6 Prove that each natural number is the set of all smaller natural numbers, 

i.e.,
n = {m 6 N  | m < n}.

[Hint: Use induction to prove that all elements of a natural number are 
natural numbers.]

2.7 For all m ,n e  N

m < n if and only if m e n .
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2.8 Prove that there is no function f  : N  —̂ N  such that for all n € TV, 
f(n )  > / (n  +  1). (There is no infinite decreasing sequence of natural 
numbers.)

2.9 If X  C TV, then (X, < DX 2) is well-ordered.
2.10 In Exercise 5.6 of Chapter 2, let A = TV, b = TV. Prove that -< as defined 

there is a well-ordering of B = N  U {TV}. Notice that x -< y if and only 
if x  6 y holds for all x ,y  e B.

2.11 Let P (r) be a property. Assume that fc e TV and
(a) P(fc) holds.
(b) For all n > fc, if P(n) then P(n + 1).
Then P(n) holds for all n >  k.

2.12 (Finite Induction Principle) Let P(z) be a property. Assume that fc e TV 
and
(a) P(0).
(b) For all n < k, P(n) implies P(n + 1).
Then P(n) holds for all n < k.

2.13 (Double Induction) Let P(r,t/) be a property. Assume
(**) If P(fc, I) holds for all k,l Q N  such that k < m or (k = m  and 

I < n), then P(m, n) holds.
Conclude that.P(m ,n) holds for all m ,n  e N .

3. The Recursion Theorem
Our next task is to show how to define addition, multiplication, and other 
familiar operations of arithmetic. To facilitate this, we develop an important 
general method for defining functions on TV.

We begin with some new terminology. A sequence is a function whose domain 
is either a natural number or TV. A sequence whose domain is some natural 
number n  € TV is called a finite sequence of length n and is denoted

(a, | i < n) or (ay | i = 0 ,1 ,... , n -  1) or (a0 , a j , ... , an - i) .

In particular, ()( =  0) is the unique sequence of length 0, the empty sequence. 
Seq(A) =  UneTV ^ n  denotes the set of all finite sequences of elements of A. 
(Prove that it exists!) If the domain of a sequence is TV, we call it an infinite 
sequence and denote it

(a, | i € TV) or ( a j  i = 0 ,1 ,2 ...)  or (a»)“ 0 .

So infinite sequences of elements of A are just members of A N . The notation 
simply specifies a function with an appropriate domain, whose value at i is a*. 
We also use the notation {a; | i £ TV}, {«i}“ 0 , etc., for the range of the 
sequence (a, | i 6 N}. Similarly, {a, | i < n} or {a0 , a i , ... , an - i}  denotes the 
range of (a; | * < n )-

Let us now consider two examples of infinite sequences.
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(a) The sequence s : N  —> N  is defined by

so = 1;
sn + i = n2 for all n € N .

(b) The sequence f  : N  —> N  is defined by

/o = i;
fn+i = A  X (n + 1) for all n e  N .

The two definitions, in spite of superficial similarity, exhibit a crucial differ­
ence. The definition of s gives explicit instructions how to compute sx  for any 
x e N . More precisely, it enables us to formulate a property P  such that

sx  = y if and only if P (i, y)-,

namely, let P  be “either x = 0 and y = 1 or, for some n e N , x = n + 1 
and y = n2 ." The existence and uniqueness of a sequence s satisfying (a) then 
immediately follows from our axioms:

s = {(x,y) e N  x N  \ P(x,y)}.

In contrast, the instructions supplied by the definition of f  tell us only how 
to compute f x  provided that the value of f  for some smaller number (namely, 
i  — 1) was already computed. It is not immediately obvious how to formulate 
a property P, not involving the function f  being defined, such that

f x = y  if and only if P(x, y).

We might view the definition (b) as giving conditions the sequence f  ought 
to satisfy: “f  is a function on IV to IV which satisfies the ‘initial condition’: 
/o = 1, and the ‘recursive condition’: for all n e N , f n+ 1  = f n  x (n + 1).”

Such definitions are widely used in mathematics; the reader might wish 
to draw a parallel, e.g., with the implicit definitions of functions in calculus. 
However, a definition of this kind is justified only if it is possible to show that 
there exists some function satisfying the required conditions, and that there do 
not exist two or more such functions. In calculus, this is provided for by the 
Implicit Function Theorem. We now state and prove an analogous result for 
our situation.

The Recursion Theorem For any set A, any a e A, and any function g : 
A x N  —y A, there exists a unique infinite sequence f  : N  ^  A such that
(a) /o =  a;
(b) /n+i = 9(fn,n) for all n e N .

In Example (b), we had A = N , a = 1, and g(u, v) = u x (v + 1). The set a 
is the “initial value” of f .  The role of g is to provide instructions for computing 
/ n + i assuming f n  has been already computed.
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The proof of the Recursion Theorem consists of devising an explicit definition 
of f .  Consider again Example (b); then f n  is the n-factorial; and an explicit 
definition of f  can be readily written down:

fo = 1 and / m  =  l x 2 x - - - x ( m - l ) x m i f m ^ 0  and m e  N .

The problem is in making “• • ■ ” precise. It can be resolved by stating that f m 
is the result of a computation

1
1 x 1
[1 x 1] x 2
[1 x 1 x 2] x 3

[1 x 1 x 2 x ■ ■ • x (m — 1)] x m.

A computation is a finite sequence starting with the “initial value” of f  and 
repeatedly applying g. In the example above, the m-step computation i is a finite 
sequence that is of length m +1 where to =  1 and tk+i = tk  x (k+ 1) = g(tk ,k) 
for 3.11 k < m, k > 0. The rigorous explicit definition of f  then is:

fm = tm where t is an m-step computation (based on a = 1 and g).

The problem of the existence and uniqueness of f  is reduced to the problem of 
showing that there is precisely one m-step computation for each m e N .

We now proceed with the formal proof of the Recursion Theorem. As this 
theorem and its generalizations are among the most important methods of set 
theory, the reader should study the preceding intuitive example and the proof 
itself carefully.

Proof. The existence of f .  A function t : (m +1) —» A is called an m-step 
computation based on a and g if to = a, and, for all k such that 0 < k < m, 
tk + i = g(tk} k). Notice that t C N  x A. Let

F = {t e P (N  x A) | t is an m-step computation for some natural number m}.

L e t /  =  U F .

3.1 Claim f  is a function.

It suffices to show that the system of functions F  is compatible—see Theorem 
3.12 in Chapter 2. So let t ,u  e F, domt = n e N , domu = m e N .  Assume, 
e.g., n < m; then n Q m, and it suffices to show that th = uk for all k < n. 
This can be done by induction (in the form stated in Exercise 2.12). Surely, 
t0 = a = UQ. Next let k be such that H l  < n, and assume tk = uk . Then 
tk + i = g(tk,k) = g(uk ,k) = uk + 1 . Thus tk  = uk  for all k < n .
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3.2 Claim dom f  = N ;  ran /  C A.

We know immediately that dom / C N  and ran f  Q A. To show that 
dom /  =  N , it suffices to prove that for each n & N  there is an n-step com­
putation t. We use the Induction Principle. Clearly, t = {(0,a)} is a 0-step 
computation.

Assume that t is an n-step computation. Then the following function t + on 
(n + 1) + 1 is an (n +  l)-step computation:

t^  = tk ii k < n;
^n+i =  d ^ n ^ n ) .

We conclude that each n G N  is in the domain of some computation t € F, 
so N  C User dom i =  dom / .

3.3 Claim /  satisfies conditions (a) and (b).

Clearly, fo = a since to = a for all t e F. To show that / n + i = g(fn ,n) for 
any n G N ,  let t be an (n + l)-step computation; then t^ = fk for all k G domt, 
80 fn+l =  n̂+1 =  g(tn>n ) =  g(.fnin )-

The existence of a function /  with properties required by the Recursion 
Theorem follows from Claims 3.1, 3.2, and 3.3.

The uniqueness of f .  Let h : IV —> A be such that 
(a’) ho = a', 
(b’) hn+i = g(hn ,n) for all n e  N .
We show that / n  = hn  for all n e N ,  again using induction. Certainly fo = 
a = h0 . If f n  = hn , then / n +i = g(fn ,n) = g(hn ,n) = hn + i; therefore, f  = h, 
as claimed. □

As a typical example of the use of the Recursion Theorem, we prove that the 
properties of the ordering of natural numbers by size established in the previous 
section uniquely characterize the ordered set {N, <).

3.4 Theorem Let {A, -<) be a nonempty linearly ordered set with the properties: 
(a) For every p & A, there is q e A such that q y  p.
(b) Every nonempty subset of A has a -<-least element.
(c) Every nonempty subset of A that has an upper bound has a ^-greatest 

element.
Then (A, -0 is isomorphic to (N , <).

Proof. We construct the isomorphism f  using the Recursion Theorem. 
Let a be the least element of A and let g(x, n) be the least element of A greater 
than x  (for any n). Then a & A and p is a function on A x TV into A; notice 
that g(x,n) is defined for any x & A because of assumptions (a) and (b) in 
Theorem 3.4, and does not depend on n. The Recursion Theorem guarantees 
the existence of a function f  : N  -* A such that
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(i) f Q = a = the least element of A.
(ii) f n + i = g(fn> n) =  the least element of A greater than f n .

It is obvious that f n  ^  / n + 1  for each n e N . By induction, we get / n  -< f m 
whenever n < m  (see Exercise 3.1). Consequently, /  is a one-to-one function. 
It remains to show that the range of f  is A.

If not, A -  ran f  ^  9; let p be the least element of 4  -  ran f .  The set 
B = { q ^ A \ q ~ < p }  has an upper bound p, and is nonempty (otherwise, 
p would be the least element of A, but then p = /o). Let q be the greatest 
element of B  [it exists by assumption (c) in Theorem 3.4]. Since q -<p, we have 
q = f m  for some m € N . However, it is now easily seen that p is the least 
element of A greater than q. Therefore, p = fm+i by the recursive condition 
(ii). Consequently, p € ran /, a contradiction. □

In some recursive definitions, the value of / n + 1  depends not only on / n , but 
also on fk for other k < h. A typical example is the Fibonacci sequence:

1, 1, 2, 3, 5, 8, 13, 21, .. .  .

Here / 0 =  1, / i  =  1, and f n +i = / n  + f n - i  for n > 0. The following theorem 
formalizes this apparently more general recursive construction.

3.5 Theorem  For any set S and any function g : Seq(S) —> S there exists a 
unique sequence f  : N  —* S such that

fn = g ( f  F «) = ff((fo, ■■■ , fn -i))  for all n e  N .

Notice that, in particular, f 0 = g (f [ 0) = g(()) = g(9f To obtain the 
Fibonacci sequence, we let

J 1 if t is a finite sequence of length 0 or 1;
[ tn _i + tn -2 if t is a finite sequence of length n > 1.

Proof. The idea is to use the Recursion Theorem to define the sequence 
(Fn |n G  N ) =  ( / [ n |n G  IV).

So let us define

Fo =  ();
F„+ i = F n U{(n,s(Fn ))} for all n e  N .

The existence of the sequence (Fn  | n G N} follows from the Recursion Theorem 
with A = Seq(S), a = (), and G : A x  N  -^ A defined by

J t U {(n, g(t))} if i is a sequence of length n;
G(t,n) = < ,

I otherwise.

It is easy to prove by induction that each Fn  belongs to S n  and that Fn  C 
Fn + i for all n e N . Therefore (see Exercise 3.1), {Fn | n G N }  is a compatible
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system of functions. Let f  =  Un 6 ^  Fn i then clearly f  : N  —> S  and f  \ n = Fn for all n e N \  we conclude that f n  = Fn + i(n) = g(Fn ) = g (f  f n), as needed.

Further examples on the use of this version of the Recursion Theorem can 
be found in Chapter 4. At present, we state yet another, “parametric,” version 
that allows us to use recursion to define functions of two variables.

3.6 Theorem  Let a : P  —> A and g : P x A x N  —t A be functions. There 
exists a unique function f  : P  x N  —> A such that
(a) f(P> 0) = alp) f o r  aU P e  ?!
(b) f(.P,n  + 1) =  9(P’ f(.P,n )>n ) f o r  all n G N  and p e P.

The reader may prefer the notation f p$ in place of f(p,0), etc.

Proof. This is just a “parametric” version of the proof of the Recursion 
Theorem. Define an m-step computation to be a function t : P  x (m + 1) —* A 
such that, for all p & P,

t(p,0) = a(p) and t(p,k + E) = g(pl t(p,k'Lk)

for all k such that 0 < k < m. Then follow the steps in the proof of the 
Recursion Theorem, always carrying p along. Alternatively, one can deduce the 
parametric version directly from the Recursion Theorem (see Exercise 3.4).

We now have all the machinery needed to define addition of natural numbers, 
as well as other arithmetic operations. We do so in the next Section.

Exercises
3.1 Let f  be an infinite sequence of elements of A, where A is ordered by 

-t. Assume that f n  -< / n +i for all n e N . Prove that n < m  implies 
fn ^  fm for all n ,m  E N . [Hint: Use induction on m  in the form of 
Exercise 2.11, with fc =  n + 1.]

3.2 Let (A, -<) be a linearly ordered set and p,q G A. We say that g is a 
successor of p if p ^  q and there is no r e A such that p ~< r ^  q. Note 
that each p e A can have at most one successor. Assume that (A, -A) is 
nonempty and has the following properties:
(a) Every p e A has a successor.
(b) Every nonempty subset of A has a —<-least element.
(c) If p 6 A is not the -(-least element of A, then p is a successor of 

some q & A.
Prove that (A,-() is isomorphic to (TV, <). Show that the conclusion 
need not hold if one of the conditions (a)-(c) is omitted.

3.3 Give a direct proof of Theorem 3.5 in a way analogous to the proof of 
the Recursion Theorem.
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3.4 Derive the “parametric” version of the Recursion Theorem (Theorem 3.6) 
from the Recursion Theorem.
[Hint: Define F : N  A p  by recursion:

FQ = a 6 A p

Fn+i = G(Fn , n)

where G : A p  x N  —> A p  is defined by G(x,n)(p) = g(p,x(p),n) for 
x  € A p , n & N .  Then set f(p ,n) =  Fn (j>).|

3.5 Prove the following version of the Recursion Theorem:
Let j  be a function on a subset of /I x IV into A, a & A. Then there is a 
unique sequence f  of elements of A such that
(a) f 0 =  a;
(b) / n + i = g(Jn , n) for all n  e N  such that (n + 1) € dom f;
(c) f  is either an infinite sequence or /  is a finite sequence of length 

H l  and g(fk, k) is undefined.
[Hint: Let 4  =  J4U  {a} where a ^  A. Define g : A x  N  -^ A as follows:

_, n) if defined;
I a otherwise.

Use the Recursion Theorem to get the corresponding infinite sequence f .
If f t = a for some I € TV, consider /  f 1 for the least such 1.]

3.6 Prove: If X  C N ,  then there is a one-to-one (finite or infinite) sequence 
f  such that ran /  = X . [Hint: Use Exercise 3.5.]

4. Arithmetic of Natural Numbers
As an application of the Recursion Theorem we now show how to define addition 
of natural numbers, and we use Induction to prove basic properties of addition. 
In similar fashion, one can introduce other arithmetic operations (see Exercises).

4.1 Theorem  There is a unique function + : N  x N  -+ N  such that
(a) +(m, Q) = m for all m  e N ;
(b) + (m ,n + 1) = +(m,n) + 1 for all m ,n  e N .

Proof. In the parametric version of the Recursion Theorem let A = P = 
N , a(p) = p for all p 6 IV and g[p, x ,n) = x + 1 for all p ,x ,n  e N . □

Notice that letting n =  0 in (b) leads to +(m ,0 + 1) = +(m,0) + 1; but 
+(m,0) = m by (a) and 0 + 1 = S(0) = 1 by the definition of the number 1. 
Thus we have +(m, 1) =  m + 1 =  S(m) and, as we claimed earlier, the successor 
of m € N  is really the sum of m  and 1, justifying our notation for it. Of course, 
we write m + n instead of +(m,n) in the sequel.

The defining properties of addition can now be restated as
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4.2 m + O = m.

4.3 m + (n + 1) =  (m + n) + 1.

. Properties of recursively defined functions are typically established by in­
duction. As an example, we prove the commutative law of addition.

4.4 Theorem Addition is commutative; i.e., for all m ,n  Q IN,

(4-5) m + n = n + m.

Proof. Let us say that n commutes if (4.5) holds for all m  e N . We prove 
that every n G N  commutes, by induction on n.

To show that 0 commutes, it suffices to show that 0 + m = m  for all m 
[because then 0 + m = m + 0by 4.2], Clearly, 0 + 0 = 0, and if 0 + m = m, then 
0 + (m + 1) = (0 + m) + 1 = m + 1, so the claim follows by induction (on m).

Let us now assume that n commutes, and let us show that n + 1 commutes. 
We prove, by induction on m, that

(4.6) m + (n + 1) = (n + 1) + m for all m G N .

If m =  0, then (4.6) holds, as we have already shown. Thus let us assume that 
(4.6) holds for m, and let us prove that

(4.7) (m + 1) + (n + 1) = (n + 1) + (m + 1).

We derive (4.7) as follows:

(m + 1) + (n +  1) =  ((m + 1) + n) + 1 
= (n + (m + 1)) + 1
=  ((n + m) + 1) + 1 
= (fm  + n) + 1) + 1
= (m + (n + 1)) + 1 
= ((n + 1) + m) + 1
= (n + 1) + (m + 1)

[by 4.3]
[since n commutes]
[by 4.3]
[since n commutes]
[by 4.3]
[since (4.6) holds for m]
[by 4.3],

Detailed development of the arithmetic of natural numbers is beyond the 
scope of this book. Readers who are so inclined may continue in it by work­
ing the exercises at the end of this section, and thus convince themselves that 
axiomatic set theory has the power to establish rigorously all of the usual laws 
of arithmetic. From there one can proceed to define such notions as divisibility 
and prime numbers and prove fundamental results of elementary number theory, 
such as the existence and uniqueness of a decomposition of each natural number 
into a product of prime numbers.
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Having established the natural numbers and their arithmetic, one can pro­
ceed to define rigorously, first, the set Z  of integers, then the set Q of rational 
numbersi and derive their corresponding arithmetic laws. These constructions 
are well known from algebra, and most readers probably encountered them 
there. For completeness, we describe them in some detail in Section 1 of Chap­
ter 10, which can be studied at this point. In any case, we view the arithmetic 
of integers and rationals as rigorously established from now on.

We conclude this section with a remark about axiomatic arithmetic of nat­
ural numbers. The theory of arithmetic of natural numbers can be developed 
axiomatically. The accepted system of axioms is due to Giuseppe Peano. The 
undefined notions of Peano arithmetic are the constant 0, the unary operation 
S, and the binary operations + and ■. The axioms of Peano arithmetic are the 
following:
(Pl) If S(n) = S(m), then n = m.
(P2) S(n) /  0.
(P3) n + 0 = n.
(P4) n + S(m) = S(n + m).
(P5) n • 0 =  0.
(P6) n • S(m) = (n ■ m) + n.
(P7) If n ^  0, then n = S(k) for some k.
(P8) The Induction Schema. Let A be an arithmetical property (i.e., a property 

expressible in terms of +, •, S, 0). If 0 has the property A and if A(k) 
implies A(S(k)) for every k, then every number has the property A.

It is not difficult to verify that natural numbers and arithmetic operations, 
as we defined them, satisfy all of the Peano axioms (Exercise 4.8). Most of the 
needed facts have been proved already.

Exercises
4.1 Prove the associative law of addition:

(k +,m) + n = k + (m + n) for all k ,m ,n e  N .

4.2 If m ,n ,k  e N ,  then m < n i t  and only if m + k < n + k.
4.3 If m ,n  € N  .then m < n if and only if there exists k e N  such that 

n = m + k. This k is unique, so we can denote it n -  m, the difference 
of n and m. This is how subtraction of natural numbers is defined.

4.4 There is a unique function • (multiplication) from N  x N  to N  such that

m 0 = 0 for all m 6 IV;
m -(n  + l) = m -n  + m for all m ,n  6 N .

4.5 Prove that multiplication is commutative, associative, and distributive 
over addition.

4.6 If m ,n ,k  6 N  and k > 0, then m < n i t  and only if m • k < n ■ k.
4.7 Define exponentiation of natural numbers as follows:

m° = 1 for all m  e N  (in particular, 0° = 1);

mn+ 1  = m n  ■ m  for all m ,n e N  (in particular, 0" = 0 for n > 0).
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Prove the usual laws of exponents.
4.8 Verify the axioms of Peano arithmetic. The needed results can be found 

in the text and exercises.
4.9 For each finite sequence (A, | 0 < i < n) of natural numbers define 

^ { k i  | 0 < i < n) (more usually denoted So< «n  ^  o r  S ^ Q1 ki) s o  that

£ 0  =  0;

£ (k o )  =  fc0 ;

^ ( k 0 , . . .  ,kn) = ^ { 1 ^ , . . .  ,kn - i ) + k n  f o r n > l .

5. O perations and S tructures
The functions +, ■, etc., are usually referred to as operations. The aim of this 
section is to define the general concept of operation and to study its properties.

Each of the aforementioned operations assigns to a pair of objects (numbers, 
sets) a third object of the same kind (their sum, difference, union, etc.). The 
order may make a difference, e.g., 7 — 2 and 2 — 7 are two different objects. We 
therefore submit the following definition.

5.1 Definition A binary operation on S is a function mapping a subset of S 2 
into S.

Nonletter symbols such as +, x, *, △, etc., are often used to denote opera­
tions, The value (result) of the operation * at (x, y) is then denoted x* y  rather 
than *(x,y).

There are also operations, such as square root or derivative, which are applied 
to one object rather than to a pair of objects. We introduce the following 
definitions.

5.2 Definition A unary operation on 5 is a function mapping a subset of S 
into S. A ternary operation on 5 is a function on a subset of S 3 into S.

5.3 Definition Let /  be a binary operation on S  and A C S .  A is closed under 
the operation f  if for every x ,y  e A such that f{x, y) is defined, f(x , y) € A.

One can give similar definitions in the case of unary or ternary operations.

5.4 Example
(a) Let + be the operation of addition on the set of all real numbers. Then 

+  is defined for all real numbers a and b. The set of all real numbers, as 
well as the set of all rational numbers and the set of all integers, are closed 
under +. The set of even natural numbers is closed under +, but the set 
of odd natural numbers is not.
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(b) Let -r be the operation of division on the set of all real numbers, = is not 
defined for (a,b) where 5 = 0. The set of all rational numbers is closed 
under -r, but the set of all integers is not.

(c) Let 5  be a set; define binary operations Us and Os on 5  as follows:
(i) If x ,y  & S  and x U y  e S, then x U sy  = xU y.
(ii) If x ,y  e S  and x O y  e S, then x Q s y  = %Cy.
If we take S = P(A) for some A, Ug and Cg are defined for every pair 

(x,y) € S 2 .

When developing a particular branch of mathematics, we are usually inter­

ested in sets of objects together with some relations between them and opera­
tions on them. For example, in number theory or analysis, we study the set of 

all (natural or real) numbers together with operations of addition and multipli­

cation, relation of less than, etc. In geometry, we study the set of all points and 
lines with relations of incidence and between and operation of intersection, etc. 
We introduce the notion of structure to describe this situation abstractly.

In general, a structure consists of a set A and of several relations and oper­
ations on A. For example, we consider structures with two binary relations and 

two operations, say a unary operation and a binary operation. Let A be a set, 
let Ri and Rz be binary relations in A, and let /  be a unary operation and g a 
binary operation on A. We make use of the five-tuple (A, Ri,R?, f ,  g) to denote 

the structure thus defined.

5.5 Example
(a) Every ordered set is a structure with one binary relation.
(b) (A iU yi,^, £4) is a structure with two binary operations and one binary 

relation.
(c) Let R  be the set of all real numbers. (R, +, -  , x, 4-) is a structure with 

four binary operations.

We now proceed to give a general definition of a structure. In Chapter 2, 

we introduced unary (1-ary), binary (2-ary), and ternary (3-ary) relations. The 

reason we did not talk about n-ary relations for arbitrary n is simply that we 

could not then handle arbitrary natural numbers. This obstacle is now removed, 
and the present section gives precise definitions of n-tuples, n-ary relations and 
operations, and n-fold cartesian products, for all natural numbers n.

We start with the definition of an ordered n-tuple. Recall that ordered 

pair (aoi ai) has been defined in Section 1 of Chapter 2 as a set that uniquely 

determines its two coordinates, ao and aj; i.e.,

(ao,ai) =  (b0 ,bi) if and only if ao =  bo and ai = 61.

We called ao the first coordinate of (ao,ai), and ai its second coordinate. In 
analogy, an n-tuple (ao,ai',... , an _j) should be a set that uniquely determines 
its n coordinates, ao, ai, ... , an _i; that is, we want

(*)
(ao,. . . .  «n - i)  =  (bo, • ■ • > bn - i)  ii and only if a, = bi for all i = 0 ,... , n -  1.
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But we already introduced a notion that satisfies (*): it is the sequence of 
length n, {ao, ai, . . . ,  an _i). The statement that

(ao....... an - i)  (ho,. . . .  bn - i)  if and only if di =  bj for all i =  0 ,.. .  , n — 1
is just a reformulation of equality of functions, as in Lemma 3.2 in Chapter 2.

We therefore define n-tuples as sequences of length n. For each i, 0 < i < n, 
a{ is called the (i + l)st coordinate of (ao ,a i,... , an -i)- So ao is the first 
coordinate, ai is the second coordinate,... , an _i is the n-th coordinate. [Really, 
a more consistent terminology would be zeroth, first, ... , (n — l)st coordinate, 
but the custom is to talk about the first and second coordinates of points in the 
plane, etc.]

We notice that the only 0-tuple is the empty sequence () = 0, having no coor­
dinates. 1-tuples are sequences of the form (ao) [i.e., sets of the form {(0, ao)}]; 
it usually causes no confusion if one does not distinguish between a 1-tuple (ao) 
and an element ao.

If {Ai [ 0 < i < n) is a finite sequence of sets, then the n-fold cartesian 
product Hoesen ^ ’’ a s  defined in Section 3 of Chapter 2, is just the set of all 
n-tuples a =  (ao,ai,. . .  , an _i) such that ao € Ao, ai G Ai, .. .  , an _j 6 An _i. 
If Ai =  A for all i, 0 < i < n, then no<i<n Ai =  A n  ’s the s e t  °f a ^ n-tuples 
with all coordinates from A.

We note that A0 = {()} and A1 can be identified with A. An n-ary 
relation R in A is a subset of A n . We then write R (ao ,a i,... , an _i) in­
stead of (ao ,a i,... ,a n _i) € R. Similarly, an n-ary operation F on A is a 
function on a subset of A" into A; we write F (ao ,a i,... , an _i) instead of 
F((ao, a i , . .. , an -i)). Finally, we generalize the notation already introduced in 
the case of pairs and triples. If P(io,a:1 , . . .  , zn - i)  is a property with parame­
ters io, 371, .. .  , In-1, We write

{(ao,.. .  , an - i)  | ao € Ao, ■ • • , an - i  G An - i  and P (ao ,.. .  , an -i)} 

to denote the set

{a G A, | for some a0 ) . .. ,a n _i, a = (a0 , ... ,a n _i)and P (a0 , . . .  ,a n _i)}. 
0<t<n

We note that 1-ary relations need not be distinguished from subsets of A, 
and l-ary operations can be identified with functions on a subset of A into A, 0- 
ary relations (0 and {()} do not have much use, but nonempty 0-ary operations 
are quite useful. They are objects of the form {((),a)} where a € A. We call 
them constants and in the sequel identify them with elements of A [i.e., we do 
not distinguish between {((),a)} and a].

The exercises at the end of this section contain further information about 
these and related concepts.

The problem with this approach is that the ordered pair from Chapter 2, 
(ao,ai) = {{ao}, {ao, ai}}, is generally a different set from the just-defined 
2-tuple (ao,ai) = {(0, ao), (1, aj)}. Consequently, we have two definitions of
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cartesian product, yig x Ai and IJo<i<2^' two definitions of binary relations 
and operations, etc. However, there is a canonical one-to-one correspondence 
between ordered pairs and 2-tuples that preserves first and second coordinates. 
Define <5((ao,Oi)) =  (ao,ai); then ^ is a one-to-one mapping on .Ao x Ai onto 
no<*<2^' and 1  *s  a  first (second, respectively) coordinate of (ao, aj) if and 
only if s  is a first (second, respectively) coordinate of (ao,ai). For almost all 
practical purposes, it makes no difference which definition one uses, Therefore, 
we do not distinguish between ordered pairs and 2-tuples from now on. Similar 
remarks hold about the relationships between triples and 3-tuples, etc. In fact, 
it is possible to define n-tuples for any natural number n along the lines of 
Chapter 2. The idea is to proceed recursively and let

(ao) =  uo;
(ao .a i,. . .  ,a n ) =  ((ao,ai,. • • , an - i ) ,a n ) for all n € N , n >  1.

However, making this precise involves certain technical problems. We do not yet 
have a Recursion Theorem sufficiently general to cover this type of definition 
(but see Exercise 4.2 in Chapter 6). As we have no need for an alternative 
definition of n-tuples, we refer the interested reader to Exercise 5.17. We use 
notations (ao,. . .  , a n-i} and (ao,.. .  , an _i) interchangeably from now on.

We continue this section by generalizing the notion of a structure. First, a 
type r  is an ordered pair ((ro,.. .  , rm -i), (/o, • • ■ , /n -i))  of finite sequences of 
natural numbers, where rj > 0 for all i < m  — 1, i > 0; A structure of type r  is 
a triple

21 = (A, (Ro,... , Rm - i) , (Fo , . . . ,F n -i))

where Ri is an ri-ary relation on A for each i < m — 1 and Fj is an /,-ary 
operation on A for each j  < n — 1; in addition, we require Fj /  0 if f j  = 0. 
Note that if f j  = 0, Fj is a 0-ary operation on A. Following our earlier remarks, 
Fj is a constant, i.e., just a distinguished element of A. For example, 01 =  (N , 
(<), (0, +, •)) is a structure of type ((2), (0,2,2)); it carries one binary relation, 
one constant, and two binary operations. JR = (it, (), (0,1, + , - ,  x, -r)) is a 
structure of type ((), (0,0,2,2,2,2)), etc. We often present the structure as 
a (1 + m + n)-tuple, for example ( N , <, 0, +, •), when it is understood which 
symbols represent relations and which operations. We call A the universe of 
the structure 21.

We now introduce a notion that is of crucial importance in the theory of 
structures. (In the special case of ordered sets, compare with Definition 5.17 in 
Chapter 2.)

5.6 Definition An isomorphism between structures 21 and 21' = (A1, (R'o , ... , 
^m-i)> (^o, ■ • • > ^n-i)) °f th® same type r  is a one-to-one mapping h on A 
onto A' such that
(a) Ri(ao,. . . ,a r<- i)  if and only if R'i(h(ao), • • • ,h(a r j _i)) holds for all ao ,.. .  , 

ar i _i € A and i < m — 1.
(b) h(Fj(aO t. . .  ,a/,— i)) = F'j(h(ao),. . .  .^ (a ^ - i) )  holds for all a0 , . . .  . a ^ - i  € 

A and all j  < n — 1 provided that either side is defined.
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For example, let (A ,R i,R 2, f,g )  and ( A ^ R ^ R ^ , / '^ 1) be structures with 
two binary relations and one unary and one binary operation. Then h is an 
isomorphism of (A, R i, R2, f,  g) and (A', R{, R^, f ' , g') if all of the following 
requirements hold:
(a) h is a one-to-one function on A onto A '.
(b) For all a,b ^  A, aR^b if and only if h^R ^h^b).
(c) For all a,b e A, aR2b if and only if h(a)R2 h(b).
(d) For all a € A, f(a) is defined if and only if f'(h(a)) is defined and h(f(a)) = 

m a ) ) .
(e) For all a, 6 € A  g(a, b) is defined if and only if g'{h(a), h(b)) is defined and 

h{g(a,b)) = g\h{a),h(b)).
The structures are called isomorphic if there is an isomorphism between 

them.

5.7 Example Let A be the set of all real numbers, <4 be the usual ordering of 
real numbers, and + be the operation of addition on A. Let A' be the set of all 
positive real numbers, <4/ be the usual ordering of positive real numbers, and x 
be the operation of multiplication on A1. We show that the structures (A, <4 , +) 
and (A, <4', x) are isomorphic. To that purpose, let h be the function

h(x) = ex for x e A.

We prove that h is an isomorphism of {A, <4, +) and (A, <4/, x). We have to 
prove:
(a) h is a one-to-one function on A onto A'. But clearly h is a function, dom h = 

A, and ranh = A . If J i  /  12, then e®1 /  e®2 , so h is one-to-one. (In this 
example, we assume knowledge of some facts from elementary calculus.)

(b) Let ^1,3:2 G A-, then £1 <4 X2 if and only if h{x\) <4/ h(x2 ). But the 
function e® is increasing, so £1 < £2 if and only if e®1 < e®2 is indeed true.

(c) Let £1, £2 G A\ then £1 + x2 is defined if and only if h(xi) x h(x2) is defined 
and h(xj. + x 2 ) = hfxi) x h(x2)- First, notice that both + on A and x on 
A' are defined for all ordered pairs. Now, h(xi +X2) = e®1 + ®2 = e®1 x e®2 = 
h(xi) x h(x2). □

The significance of establishing an isomorphism between two structures lies 
in the fact that the isomorphic structures have exactly the same properties as 
far as the relations and operations on the structures are concerned. Therefore, 
if the properties of these relations and operations are our only interest, it does 
not make any difference which of the isomorphic structures we study.

5.8 Example Let (A-R) and (B ,S) be isomorphic (R and S  are binary rela­
tions) . 7? is an ordering of A if and only if S  is an ordering of B. A has a least 
element in R if and only if B  has a least element in S.

Proof. Let h be an isomorphism of (A R) and (B, S). Assume that R  is an 
ordering of A. We prove that S  is an ordering of B. Hence, let 61,62, ba € B  and 
biSb2 , b2Sba. Since h is onto B, there exist 01,02,03 € A such that hi = h(ai),
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b2 = h(̂ a2 ), and b2 =  ^(03)- Because aiRa2 holds if and only if h(ai)Sh(a2 ) 
holds, i.e., if and only if b^Sb? holds, we conclude that a!Ra2 and similarly 
a2Ra2 . But R  is transitive in A, so a^Ra^. But then h^a^Sh^as), i.e., biSb2 . 
We leave the proof of reflexivity and antisymmetry to the reader. Similarly, one 
proves that if S  is an ordering of B, then R  is an ordering of A. Now let /I 
have a least element. We claim that B  has a least element. Let a be the least 
element of A, i.e, aRx holds for all x & A. Then h(a) is the least element of B, 
as the following consideration shows. If y e B, then y = h(x) for some x  £ A 
(h is onto B). But, for this x, aRx holds. Correspondingly, h(a)Sh(x) holds; 
and we see that h(a)Sy holds for all y & B. Thus h(a) is the least element of 
B. □

An isomorphism between a structure 21 and itself is called an automorphism 
of 21. The identity mapping on the universe of 21 is trivially an automorphism 
of 21. The reader can easily verify that the structure (N , <) has no other auto­
morphisms. On the other hand, the structure (Z, <), where Z  is the set of all 
integers, has nontrivial automorphisms. In fact, they are precisely the functions 
fh, h & Z , where fh(x) = x + h. Some further properties of automorphisms are 
listed in Exercise 5.12.

Consider a fixed structure 21 =  (A, (RQ, . . .  , R m _i), (Fo, ... , Fn -i)). A set 
B C A is called closed if the result of applying any operation to elements of B is 
again in B, i.e., if for all J < n —1 and all a0 , .. .  , a /._ i 6 B, Fj(a0 , . . .  , a^._i) € 
B provided that it is defined. In particular, all constants of 21 belong to B. Let 
C C A; the closure of C, to be denoted C, is the least closed set containing all 
elements of C\

C = Q {B  C A | C C B and B  is closed}.

Notice that A is a closed set containing C, so the system whose intersection 
defines C is nonempty. It is trivial to check that C is closed; by definition, then, 
C  is indeed the least closed set containing C.

5.9 Example
(a) Every set B C A is closed if 21 has no operations.
(b) Let R  be the set of all real numbers and let C  = {0}. The set of all 

natural numbers N  is the closure of C in the structure (B, f )  where f  is 
the successor function defined by

f(x} = ir + 1 for all real numbers x.

(c) Let C — {0,1}; the set of all integers Z  is the closure of C in the structure 
(B, +, - )  or in (B, +, - ,  x).

(d) The set of all rationals Q is the closure of 0 in (B, 0,1, +, —, x , 4-).

The notion of closure is important in algebra, logic, and other areas of math­
ematics. The next theorem shows how to construct the closure of a set “from

below.”
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5.10 Theorem  Let 21 = (A,{R0 , . . .  ,R m ^i),(Fo, ■.. ,Fn - i))  be a structure 
and let C C A. If the sequence (Ci | i e TV) is defined recursively by

C0  = C-,
Ci+ 1  = CiU F0 [C*’] U • • • U ^ i l ^ - 1],

th e n C = \J ^ C i .  •

Of course, the notation AoU" -UAn _i is a shorthand for Uo<i<n ^»- Observe 
that Ci C Ci+ i for all i, so the sequence (Ct | i 6 N )  is nondecreasing (see 
Exercise 3.1). .

Proof. Let C — USo Ci- We have to prove that C Q C. This in turn 
follows if we show that C is closed, because C ZO Co = C. So let j  < n 
and ao,.. • ,«/., -!  G C. From the definition of union we get that each ar  [for 
0 < r  < /y — 1] belongs to some Ci\ let ir  be the least i ^ N  such that aT 6 Ci.

The range of the finite sequence (ir  | 0 < r < /)• -  1) of natural numbers 
contains a greatest element I (this is a fact easily proved by induction; see 
Exercise 5.13). Since (Q | i 6 TV) is nondecreasing, we have ar  G Cir C Cr for 
all r < f j  -  1, r > 0. We conclude that if Ffiao, • • • , ay — i) is defined, then it 
belongs to FfiC^} C Ci+i C C, so C is closed.

It remains to prove the opposite inclusion C C C. Clearly, Co = C C C . If 
Ci C C, then FfiC/1] C C for each j  < n ~ l  because C is closed, and therefore 
also G+i C C. We conclude using the Induction Principle that Ci Q C for all 
i g N  and, finally, C = USo Ci C C, as required. □

We close this section with a theorem that is often used to prove that all 
elements of a closure have some property P. It can be viewed as a generalization 
of the Induction Principle, which is its special case for the structure (TV, S) 
(S is the successor operation) and C =  {0}.

5.11 Theorem  Let P ( i)  be a property. Assume that
(a) P(a) holds for all a e C.
(b) For each j  < n — 1, ifP(ao), ... , P(ay._i) hold and Fj(ao,... , a /.- f)  is 

defined, thenP(Fj(ao, ■ ■ ■ ,0^-1)) holds.
Then P(x) holds for all x e C.

Proof. The assumptions (a) and (b) postulate that the set B = {x 6 A | 
P(a:)} is closed and C C B. □

Exercises
5.1 Which of the following sets are closed under operations of addition, sub­

traction, multiplication, and division of real numbers?
(a) The set of all positive integers.
(b) The set of all integers.
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(c) The set of all rational numbers.
(d) The set of all negative rational numbers.
(e) The empty set.

5.2 Let * be a binary operation on A.
(a) * is called commutative if, for all a,b e A, whenever a * b is defined, 

then b * a is also defined and a * b = b * a.
(b) * is called associative if, for all a, b, c € A, (a*b)*c= a*(b* c) holds 

whenever the expression on one side of the equality sign is defined 
(the other expression then must also be defined).

Which of the operations mentioned in this section are commutative or 
associative?

5.3 Let * and △ be operations in A. We say that * is distributive over △ if 
a * (fc △ c) =  (a * h) △ (a * c) for all a,b,cG A  for which the expression on 
one (and then also on the other) side is defined. For example, multipli­
cation of real numbers is distributive over addition, but addition is not 
distributive over multiplication.

5.4 Let A ^  0, B = P(A). Show that (BJUB ^ B) and (B,DB ,UB ) are 
isomorphic structures. [Hint: Set h(x) = B — x; notice that Us in the 
first structure corresponds to HB in the second structure and vice versa.]

5.5 Refer to Example 5.7 for notation.
(a) There is a real number a e A such that a + a = a (namely, a = 0). 

Prove from this that there is a' e A 1 such that a' x a' = a1. Find 
this a'.

(b) For every a G A there is b € A  such that a + b = 0. Show that for 
every a' e A' there is b1 e A' such that a' x b' = 1. Find this b'.

5.6 Let Z ^  and Z~  be, respectively, the sets of all positive and negative 
integers. Show that (Z + , <, +) is isomorphic to (Z~,> , +) (where < is 
the usual ordering of integers).

5.7 Let R be a set all elements of which are n-tuples. Prove that R  is an 
n-ary relation in A  for some A.

5.8 For every n-ary operation F  on A there is a unique (n + l)-ary relation 
R in A such that F[ao,.. .  , an - i)  = “n if and only if R(ao,.. .  , an -i> an ) 
holds.

5.9 Let B  = no< i<n^ 'i tlie projection of B  onto its (i + l)-st coordinate set 
is the function TTj : B —> Aj defined by vr^a) - at . Prove that 7Ti is onto 
Ai and that a =  (TTo(a),.. .  ,7rn _i(a)). More generally,
(a) For any f  : C -* B, let fa = itt o f ,  0 < i < n. Then f a : C ^ A i 

and f(c) = ( f o f c ) , , f n -i(c)}.
(b) Given fa : C —> Ai, 0 < i < n, define f  : C -> B by f(c) = 

(fo(c),... , /n-i(c)). Then f i - ^ i Q  f .
5'10 []Q<i<n Af /  0if and only if A* ^  0 for all i > 0, i < n. [Hint: Induction.]
5.11 L e tB  = Seq(A); the function length : B  ~+ N ,  and operations head, 

tail, * (concatenation), and conv (converse) are defined on B as follows: 
length((ao,... ,a m - i))  = m;
head((ao>■•• , ®m-i)) = <>o (if m  > 1);
tail((a0 , ,a m - i))  = (a i ,... .a m - i)  (if m >  1);
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(ao, • ■ • »̂ m—1) * (bo, •■• i ^n—1) — (co, • ■ • , Cm+n—i} where Cj — dj for 
0 < i < m  and Ci = bi_m  for m < i < m  + n — 1;
conv( (ag, . . .  , am — 1)) =  (bo,. . .  i bm — 1) where b̂  =  tz^—{_i for 0 ^ 
i < m  — 1.

Prove that for those a,b,c e  B where the appropriate operations are 
defined

length(a * b) =  length(a) +  length(b);
length (tail (a)) = length(a) — 1;
a = head(a) * tail(a);
head(a * b) =  head(a);
tail(a * b) =  tail(a) * b;
a * (b * c) =  (a * b) * c;
conv(conv(a)) =  a;
conv(a) =  conv(tail(a)) * head(a).

5.12 Let 21, SB, and £ be structures of type T . Prove that
(a) 21 is isomorphic to 21.
(b) If 21 is isomorphic to ® then SB is isomorphic to 21.
(c) If 21 is isomorphic to *B and IB is isomorphic to £, then 21 is isomor­

phic to C.
Prove further that
(d) The identity function on the universe of 21 is an automorphism of 21.
(e) If f  and g are automorphisms of 21, then fog  is also an automorphism 

of 21.
(f) If f  is an automorphism of 21, then / " ’ is also an automorphism of 

21.
5.13 Let (fco,■ ■ • , ^ - i )  be a finite sequence of natural numbers of length n  >

1. Then its range {fco,. . .  , fcn - i}  has a greatest element (in the standard 
ordering of natural numbers by size). [Hint: Use induction on the length 
of the sequence.]

5.14 Construct the sets Co , Cj, C2 , and C3 in Theorem 5.10 for
(a) 2 l= (H ,S )  and <7 = {0J.
(b) 21 = ( # , + , - )  and C =  {0,1}.

5.15 Let R C A2 be a binary relation. Define a binary operation FR on X2 by

FR ((ai,a2 ), (bi,b2 )) =  (“ b ^ )  if a2 = bj (and is undefined otherwise).

Show that the closure of R  in (A2 , FR) is a transitive relation. Show that 
if R  is reflexive and symmetric, then its closure is an equivalence relation.

5.16 Let B  = Seq(A) where A = {a, b ,c ,. . .  ,x ,y ,z }  is the set of all letters 
in the English alphabet. Refer to Exercise 5.11. Identify sequences of 
length 1 with elements of /I, so that A C B. Now let F  be a binary 
operation defined as follows:

if x ,y e B  and y & A (i.e., it has length 1), then F (x ,y) = y * x * y
(F  is undefined otherwise).

Let C  be the closure of A in the structure (B, F). Prove that c =  conv(c)
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for all c e C. (The elements of C are called palindromes.) [Hint: Use 
Theorem 5.11.]

5.17 Define n-tuples so that
(a) (ao) =  ao.
(b) (a0 , a i , .. .  ,an ) =  ((a0 , . . .  ,on _]),an) for all n  > 1.
[Hint: Say that a is an n-tuple if there exist finite sequences f  and 
(ao,.•- > fln-i) of length n  such that
(i) /o = ao-

(ii) A+i =  (fi> ®<+i) for alU < n -  1, i > 0.
(iii) a = / n _i.
Show that for each n-tuple a there is a unique pair of finite sequences f , 
{ao, ■ • • , an - i)  of length n such that (i), (ii), and (iii) hold; we then write 
a =  (ao, ■ • • , an-i). Show that for every finite sequence (ao, • • • , an _i) 
of length n there is a unique n-tuple a =  (ao,. . .  , an - i) . Then prove (a) 
and (b).]



C h a p te r  4

Finite, Countable, and 
Uncountable Sets

1. C ardinality of Sets
From the point of view of pure set theory, the most basic question about a set 
is: How many elements does it have? It is a fundamental observation that we 
can define the statement “sets 4  and B  have the same number of elements” 
without knowing anything about numbers.

To see how that is done, consider the problem of determining whether the 
set of all patrons of some theater performance has the same number of elements 
as the set of all seats. To find the answer, the ushers need not count the patrons 
or the seats. It is enough if they check that each patron sits in one, and only 
one, seat, and each seat is occupied by one, and only one, theatergoer.

1.1 Definition Sets A and B are equipotent (have the same cardinality) if 
there is a one-to-one function f  with domain A and range B. We denote this 
by Ml = M|.

1.2 Example
(a) {0, {0}} and {{{0}}, {{{0}}}} are equipotent; let f ^ )  = {{0}}, /({0}) = 

{{{0}}}.
(b) {0} and {0, {0}} are not equipotent.
(c) The set of all positive real numbers is equipotent with the set of all negative 

real numbers; set f(x )  = —x  for all positive real numbers x.

1.3 Theorem
(a) A is equipotent to A.
(b) I f  A is equipotent to B, then B  is equipotent to A.
(c) I f  A is equipotent to B and B is equipotent to C, then A is equipotent to 

C.

65
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Proof.
(a) MA is a one-to-one mapping of A onto A.
(b) If /  is a one-to-one mapping of A onto B, f - 1  is a one-to-one mapping of 

B  onto A.
(c) If /  is a one-to-one mapping of A onto B  and g is a one-to-one mapping of 

B  onto C, then g o f  is a. one-to-one mapping of /I onto C.
□

Similarly, the following definition is very intuitive.

1.4 Definition The cardinality of A is less than or equal to the cardinality of 
B  (notation: |A| < |B|) if there is a one-to-one mapping of A into B.

Notice that |Z| < |B| means that |X| = |C| for some subset C of B. We 
also write |Aj < |B| to mean that |A| < |B| and not |X| = |B|, i.e., that there 
is a one-to-one mapping of A onto a subset of B, but there is no one-to-one 
mapping of >1 onto B. Notice that this is not the same thing as saying that 
there exists a one-to-one mapping of A onto a proper subset of B; for example, 
there exists a one-to-one mapping of the set N  onto its proper subset (Exercise 
2.3 in Chapter 3), while of course |1V| = |IV|.

Theorem 1.3 shows that the property |X| = |B| behaves like an equivalence 
relation: it is reflexive, symmetric, and transitive. We show next that the 
property |4 | < |B| behaves like an ordering on the “equivalence classes” under 
equipotence.

1.5 Lemma
(a) If\A \ < |B| and\A\ = |C|, then \C\ < |B|.
(b) If\A \ < \B\ and \B\ = |C|, then |^j < |C|.
^  \A\ < |A|.
(d) If\A \ < |B| and |B| < |C|, then \A\ < |C|.

Proof. Exercise 1.1. □

We see that < is reflexive and transitive. It remains to establish antisym­
metry. Unlike the other properties, this is a major theorem.

1.6 Cantor-Bernstein Theorem Z/|X| < |y | and |y | < |X|, then \X\ =

Proof. If |X| < |y |, then there is a one-to-one function f  that maps X 
into Y', if |K| < [X|, then there is a one-to-one function g that maps Y  into X. 
To show that |X| =  |y | we have to exhibit a one-to-one function which maps 
X  onto y.

Let us apply first f  and then g\ the function g o f  maps X  into X  and is 
one-to-one. Clearly, g[/[X]] C g[y] C X; moreover, since f  and g are one-to- 
one, we have |X| =  |g[/[X]]| and |y | = |j[y]|. Thus the theorem follows from 
the next Lemma 1.7. (Let A = X , B  — g[Y], A\ = g[f[X]].) □



1. CARDINALITY OF SETS 67

1.7 Lemma If Ai Q B Q A and |Ai| = |A|, then \B\ = |A|. 

The proof can be followed with the help of this diagram:

Proof. Let /  be a one-to-one mapping of A onto Ai. By recursion, we 
define two sequences of sets:

Ao, A i,... , An , ...

and
Bo, B i , . .. , Bn , ...

(In the diagram, then An ’s are the squares and the B n ’s are the disks.)
Let

Ao = A, Bo = B,
and for each n,

(*) An + 1  = /[An ], B„+ 1 = /[B n ].

Since Ao 2 BQ 2  Ai, it follows from (*),by induction, that for each n, A„ 2 
An + i. We let, for each n,

En =  An  — B n ,
and

oo

C = U  Cn , D = A - C .
71 =  0

(C is the shaded part of the diagram.) By (*), we have /[Cn ] = Cn + 1 , so
OO

/ M  =  J  cn.
n = l

Now we are ready to define a one-to-one mapping 5 of A onto B:

. ( f{x) if x G C;
9 ^  =  nlx  if x e D.
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Both g \ C and g \ D are one-to-one functions, and their ranges are disjoint. 
Thus g is a one-to-one function and maps A onto f[C]UD = B. □

We now see that < has all the attributes of an ordering. A natural question 
to ask is whether it is linear, i.e., whether
(e) |A| < |B| or |B| < |A| holds for all A and B.

It is known that the proof of (e) requires the Axiom of Choice. We return to 
this subject in Chapter 8; in the meantime, we refrain from using (e) in any 
proofs.

By now, we have established the basic properties of cardinalities, without 
actually defining what cardinalities are. In principle, it is possible to continue 
the study of the properties |A| = |B| and |A| < |B| in this vein, without ever 
defining |A|; one can view |A| = |B| simply as shorthand for the property “A is 
equipotent to B,” etc. However, it is both conceptually and notationally useful 
to define |A|, “the number of elements of the set A," as an actual object of set 
theory, i.e., a set. We therefore make the following assumption.

1.8 Assumption There are sets called cardinal numbers (or cardinals') with 
the property that for every set X  there is a unique cardinal |X| (the cardinal 
number o fX , the cardinality of X) and sets X  and Y  are equipotent if and only 
if |X| is equal to |y |.

In effect, we are assuming existence of a unique “representative” for each 
class of mutually equipotent sets. The Assumption is harmless in the sense that 
we only use it for convenience, and could formulate and prove all our theorems 
without it. The Assumption can actually be proved with the help of the Axiom 
of Choice, and we do that in Chapter 8. Moreover, for certain classes of sets, 
cardinal numbers can be defined, and the Assumption proved, even without the 
Axiom of Choice. The most important case is that of finite sets.

We study finite sets and their cardinal numbers in detail in the next section.

Exercises
1.1 Prove Lemma 1.5.
1.2 Prove:

(a) If |A| < |B| and |B| < |C|, then |A| < |C|.
(b) If |A| < |B| and |B| < |C|, then |A| < |C|.

1.3 If A C B, then |A| < |B|.
1.4 Prove:

(a) |A x B| = |B x A|.
(b) |(A x B) x C| = |A x (B x C)|.
(c) |A| < |A x B| if B /  0.

1.5 Show that |S| < |P(S)|. [Hint: [S[ =  |{{a} | a € S}|.]
1.6 Show that |A| < |AS | for any A and any S  ^ty. [Hint: Consider constant 

functions.]
1.7 If 5  C T, then (As | < \AT \-, in particular, |An | < |Am | if n < m. [Hint: 

Consider functions that have a fixed constant value on T -  S.]
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1.8 |T| < |ST | if |S| > 2. [Hint: Pick u ,v  e S, u ^  v, and, for each t e T, 
consider f t  : T  —* S  such that f t (t) = u, /fix') = v otherwise.]

1.9 If |A| < |B| and if A is nonempty then there exists a mapping f  of B 
onto A.

It is somewhat peculiar that the proof of a fundamental, general result, like 
the Cantor-Bernstein Theorem, should require the use of such specific sets as 
natural numbers. In fact, it does not. The following sequence of exercises 
leads to an alternative proof, and in the process, acquaints the reader with the 
fixed-point property of monotone functions, an important result in itself.

Let F  be a function on P(A) into P{A). A set X C A is called a fixed point 
of F  if F(X) = X . The function F  is called monotone if X  Q Y  C A implies 
F(X) C F(Y).

1.10 Let F : P{A) —> P(A) be monotone. Then F has a fixed point. [Hint: 
Let T = {X_C A | F(X) Q X}. Notice th a tT  ^_0. Let X = Q T and 
prove that X  e T ,  F(X) e T. Therefore, F(X) C X  is impossible.]

1.11 Use Exercise 1.10 to give an alternative proof of the Cantor-Bernstein 
Theorem. [Hint: Prove Lemma 1.7 as follows: let F : P(A) —> P(A) be 
defined by F(X) =  (A — H) U /[X]. Show that F  is monotone. Let C be 
a fixed point of F, i.e., C = (A -  B) U /[C], and let D = A — C. Define 
g as in the original proof and show that it is one-to-one and onto B.]

1.12 Prove that X in Exercise 1.10 is the least fixed point of F, i.e., if F(X) = 
X for some X C A, then X C X.

The remaining exercises show that the two proofs are not that different, after 
all.

A function F : P(A) —» P(A) is continuous if F(U i€ W  Nt) = [Ji e N  FiXf) 
holds for any nondecreasing sequence of subsets of A. ({Xt | i e N )  is nonde­
creasing if Xi C X j holds whenever i < j.)

1.13 Prove that F  used in Exercise 1.11 is continuous. [Hint: See Exercise
3.12 in Chapter 2.]

1.14 Prove that if X is the least fixed point of a monotone continuous function 
F : P(A) —> P(A), then X  = UigN ^  where we. define recursively 
Xo = 0, A,+ i = F(Xi).

The reader should compare the proof of Lemma 1.7 with the construction of 
the least fixed point for F (X ) = (A — B)U f[X] in Exercise 1.14.

2. Finite Sets
Finite sets can be defined as those sets whose size is a natural number.

2.1 Definition A set S  is finite if it is equipotent to some natural number 
n 6 N . We then define |S| = n and say that S has n elements. A set is infinite 
if it is not finite.
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By our definition, cardinal numbers of finite sets are the natural numbers. 
Obviously, natural numbers are themselves finite sets, and |n| =  n for all n  e N . 
However, we have to verify that the cardinal number of a finite set is unique. 
This follows from Lemma 2.2

2.2 Lemma I fn  € N , then there is no one-to-one mapping o fn  onto a proper 
subset X  G n.

Proof. By induction on n. For n = 0, the assertion is trivially true. 
Assuming that it is true for n, let us prove it for n + 1. If the assertion is false 
for n + 1, then there is a one-to-one mapping f  of n + 1 onto some X  C n + 1. 
There are two possible cases: Either n e X  or n X . If n X , then X  G n, 
and f  f n maps n  onto a proper subset X  — {f(n)} of n, a contradiction. If 
n E X , then n = f(k )  for some k < n. We consider the function g oiin  defined 
as follows:

/ \ J /(*) for alH 0  fc, i < n;
lf(n )  if t = k < n.

The function g is one-to-one and maps n  onto X  — {n}, a proper subset of n, a
contradiction.

2.3 Corollary
(a) I f n ^ m ,  then there is no one-to-one mapping o fn  onto m.
(b) I f  \S\ = n and |S| = m, then n = m.
(c) N  is infinite.

Proof.
(a) If n ^  m, then either n G m or m C n, by Exercise 2.7 in Chapter 3, so 

there is no one-to-one mapping of n onto m.
(b) Immediate from (a).
(c) By Exercise 2.3 in Chapter 3, the successor function is a one-to-one mapping 

of IV onto its proper subset N  — {0}.
□

Another noteworthy observation is that if m ,n  e N  and m < n (in the 
usual ordering of natural numbers by size defined in Chapter 3), then m e n , 
so m  = \m\ < |n| =  n, where < is the ordering of cardinal numbers defined in 
the preceding section. Hence there is no need to distinguish between the two 
orderings, and we denote both by <.

The rest of the section studies properties of finite sets and their cardinals in 
more detail.

2.4 Theorem If X  is a finite set and Y  G X , then Y  is finite. Moreover, 
in  < in -
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Proof. We may assume that X  =  {x0 , ■ • ■ ,z n _i}, where (z0 , . . .  , xn - i )  is 
a one-to-one sequence, and that Y is not empty. To show that Y  is finite, we 
construct a one-to-one finite sequence whose range is Y. We use the Recursion 
Theorem in the version from Exercise 3.5 in Chapter 3. Let

fco =  the least k such that z* € Y;
ki+ i = the least k such that k > ki, k < n, and Xk & Y  (if such k exists).

We leave it to the reader to verify that this definition fits the pattern of 
Exercise 3.5 in Chapter 3. [Hint: A = n = {0 ,1 ,... , n — 1); a = min{fc 6 n | 
Xk 6 Y}; g(t,i) =  min{fc € n | fc > t and Xk € Y} if such k exists; undefined 
otherwise.] This defines a sequence (fco, • ■ • , km _f). When we let yi = x ^  for 
all i < m, then Y  = {yt \ i < m }. The reader should verify that m < n  (by 
induction, ki > i whenever defined, so especially m — 1 < km - i  <  n  -  1). □

2.5 T heorem  I f  X  is a finite set and f  is a function, then f[X] is finite. 
Moreover, |/[X ]| < |X |.

Proof. Let X  =  {zo, -- , z n _i}. Again, we use recursion to construct 
a finite one-to-one sequence whose range is f[X], Actually, here we use the 
version with f ( n  + 1) =  g ( f  ( n). We ask the reader to supply the details; the 
construction goes as follows:

fco =  0,
fcj+ l =  the least k > ki such that k < n and f(x k )  ^  f ^ k ^  for all j  < i

(if it exists), and yi = f ( x k , f  Then /[X] =  {y0 , . . .  ,y m - i }  for some m  < n .
□

As a consequence, if (a, | i < n) is any finite sequence (with or without 
repetition), then the set {ai | i < n} is finite.

All the constructions made possible by the Axioms of Comprehension when 
applied to finite sets yield finite sets. We now show that if X  is finite, then 
P {X ) is finite, and if X is a finite collection of finite sets, then (JX  is finite. 
Hence addition of the Axiom of Infinity is necessary in order to obtain infinite 
sets.

2.6 L em m a If X  a n d Y  are finite, t h e n X u Y  is finite. Moreover, |X U Y | < 
|X | +  |Y|, and if  X  and Y  are disjoint, then |X U Y| = |X | + |Y|.

Proof. If X =  {zo, • • • ,z n - i}  and if Y = {y0 , ■ • ■ ,ym - i} , where (z0 , • ■ • , 
z n - i )  and (yo,'- - >ym-i) are one-to-one finite sequences, consider the finite 
sequence z = (ZQ, . . . ,z n _i, y0 , . . .  ,ym - i )  of length n + m. (Precisely, define 
z = {zt I 0 < i < n + m} by

Zi = Xi for 0 < i < n, Zi = y,_n  for n < i < n +  m.)
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Clearly, z maps n  + m  onto X  (J Y, so X  U Y  is finite and |X u y | < n + m by 
Theorem 2.5. If X  and Y  are disjoint, z is one-to-one and |X U Y| = n + m.

2.7 Theorem  I f  S  is finite and if every X  e S  is finite, then (_)S is finite.

Proof. We proceed by induction on the number of elements of S. The 
statement is true if |S| = 0. Thus assume that it is true for all S  with |S| =  n, 
and let S = {X Q, . .. , Xn _i,X„} be a set with n +  1 elements, each Xi e S 
being a finite set. By the induction hypothesis, U^TQ1 %-i is finite, and we have

Us -
'n —1 \

LM  uxn,
J = 0  /

which is, therefore, finite by Lemma 2.6.

2.8 Theorem  If X  is finite, then P(X) is finite.

Proof. By induction on |X|. If |X| = 0, i.e., X = 0, then P (X )  =  {0} 
is finite. Assume that P^X) is finite whenever |X| = n, and let Y be a set 
with n + 1 elements: Y = {yo,• • • ,yn}- Let X  = {yo,• ■ • ,yn-i}- We note 
that P(Y) = P (X ) U U, where t/ = {u | u C Y and yn  6 u}. We further 
note that |[7| = ^ (X )) because there is a one-to-one mapping of U onto P(X); 
f(u ) = u — {yn } for all u e  U. Hence P(Y) is a union of two finite sets and, 
consequently, finite. □

The final theorem of the section shows that infinite sets really have more 
elements than finite sets.

2.9 Theorem  I f  X  is infinite, then \X\ > n for all n e  N .

Proof. It suffices to show that |X| > n for all n e N . This can be done by 
induction. Certainly 0 < |X|. Assume that |X| > n: then there is.a one-to-one 
function f  : n  -* X . Since X  is infinite, there exists x e (X  -  ranf). Define 
g = f  u  {(n,o;)}; g is a one-to-one function on n + 1 into X . We conclude that 
|X| > n  +  l. □

To conclude this section, we briefly discuss another approach to finiteness. 
The following definition of finite sets does not use natural numbers: A set X  is 
finite if and only if there exists a relation -< such that
(a) -< is a linear ordering of X .
(b) Every nonempty subset of X  has a least and a greatest element in -< 
Note that this notion of finiteness agrees with the one we defined using finite 
sequences: If X = {zo,--- ^ n - i} , then x0 ^  ■ • • ^  x n - i  describes a linear 
ordering of X with the foregoing properties. On the other hand, if (X, -<) 
satisfies (a) and (b), we construct, by recursion, a sequence (/o>/i>--), as
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in Theorem 3.4 in Chapter 3. As in that theorem, the sequence exhausts all 
elements of X , but the construction must come to a halt after a finite number 
of steps. Otherwise, the infinite set {/oi /i> /a, ■ • • } has no greatest element in 
(X ,^).

We mention another definition of finiteness that does not involve natural 
numbers. We say that X  is finite if every nonempty family of subsets of X 
has a C-maximal element; i.e., if 0 /1 7  C P(X), then there exists z E U such 
that for no y & U, z C y . Exercise 2.6 shows equivalence of this definition with 
Definition 2.1.

Finally, let us consider yet another possible approach to finiteness. It follows 
from Lemma 2.2 that if X is a finite set, then there is no one-to-one mapping 
of X  onto its proper subset. On the other hand, infinite sets, such as the set 
of all natural numbers N ,  have one-to-one mappings onto a proper subset [e.g., 
f(n )  = n + 1]. One might attempt to define finite sets as those sets which 
are not equipotent to any of their proper subsets. However, it is impossible to 
prove equivalence of this definition with Definition 2.1 without using the Axiom 
of Choice (see Exercise 1.9 in Chapter 8).

Exercises

2.1 If 5 = {X Q, ... , Xn _i} and the elements of S  are mutually disjoint, then 
IU S| = Z X o W

2.2 If X and Y  are finite, then X x V is finite, and |X x Y] = |X| ■ |Y|.
2.3 If X is finite, then |P(X)| = 2lx l
2.4 If X and Y  are finite, then X Y  has |Xpy l elements.
2.5 If |X| = n > k = |Y|, then the number of one-to-one functions f  : Y  —> X 

is n • (n — 1 ).(n -  k + 1).
2.6 X is finite if and only if every nonempty system of subsets of X has 

a C-maximal element. [Hint: If X is finite, |X| = n for some n. If 
U C P(X), let m  be the greatest number in {|Y| | Y  € 17). If Y € U 
and |Y| =  m, then Y is maximal. On the other hand, if X is infinite, let 
U = {Y C X | Y is finite}.]

2.7 Use Lemma 2.6 and Exercises 2.2 and 2.4 to give easy proofs of com­
mutativity and associativity for addition and multiplication of natural 
numbers, distributivity of multiplication over addition, and the usual 
arithmetic properties of exponentiation. [Hint: To prove, e.g., the com­
mutativity of multiplication, pick X and Y  such that |X| = m, \Y\ = n. 
By Exercise 2.2, m -n  = \X x Y \, n-m  = \Y x X|. But X x Y and Y  x X 
are equipotent.]

2.8 If A, B are finite and X  C A x B, then |X| =  ^ag/i ^a where ka = 
|X n ({ 0 } x B ) |.
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3. C ountable Sets
The Axiom of Infinity provides us with an example of an infinite set — the set 
N  of all natural numbers. In this section, we investigate the cardinality of N ; 
that is, we are interested in sets that are equipotent to the set N .

3.1 Definition A set S  is countable if |S| =  |N |. A set S  is at most countable 
if |5| < IM

Thus a set S  is countable if there is a one-to-one mapping of N  onto S, that 
is, if S  is the range of an infinite one-to-one sequence.

3.2 Theorem An infinite subset of a countable set is countable.

Proof. Let A be a countable set, and let B C A be infinite. There is an 
infinite one-to-one sequence (an )£T0 , whose range is A. We let bg = ak„, where 
kg is the least k such that ak € B. Having constructed bn , we let bn + i = afcn + 1 , 
where kn +i is the least k such that a* € B  and ak ^  bi for every i < n. 
Such k exists since B  is infinite. The existence of the sequence (tB )“  0 follows 
easily from the Recursion Theorem stated as Theorem 3.5 in Chapter 3. It is 
easily seen that B = {bn  | n € IV} and that (bn )£T0 is one-to-one. Thus B  is 
countable. □

If a set S  is at most countable then it is equipotent to a subset of a countable 
set; by Theorem 3.2, this is either finite or countable. Thus we have Corollary 
3.3.

3.3 Corollary A set is at most countable if  and only if it is either finite or 
countable.

The range of an infinite one-to-one sequence is countable. If (an )^L0 is an 
infinite sequence which is not one-to-one, then the set {an } ^ o  may be finite 
(e.g., this happens if it is a constant sequence). However, if the range is infinite, 
then it is countable.

3.4 Theorem The range of an infinite sequence (an )^L0 is at most countable, 
i.e., either finite or countable. (In other words, the image of a countable set 
under any mapping is at most countable.)

Proof. By recursion, we construct a sequence (bn ) (with either finite or 
infinite domain) which is one-to-one and has the same range as (an )£T0 . We 
let bo =  a o> and, having constructed bn , we let bn + i =  ak„+ 1 , where fcn + i is the 
least k such that ak /  bi for all i < n. (If no such k exists, then we consider the 
finite sequence (b< | i < n).) The sequence (b*) thus constructed is one-to-one 
and its range is {an }n=0 - □

One should realize that not all properties of size carry over from finite sets 
to the infinite case, For instance, a countable set S  can be decomposed into two
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disjoint parts, A and B, such that |A| = |B| =  ^ l; that is inconceivable if S  is 
finite (unless S = 0).

Namely, consider the set E  =  {2k | fc G TV} of all even numbers, and the set O =  {2k +  1 | k G N }  of all odd numbers. Both E  and O are infinite, hence countable; thus we have |TV| = |E| = |O| while N  = E  U O and E  QO — ft.
We can do even better. Let pn  denote the nth prime number (i.e., po = 2, 

pi =  3, etc.). Let

50 =  {2fc | k G TV}, 5r =  {3f c |kGTV}, ... , 5n  =  {p^|kGTV}, .. .  .
The sets Sn  (n G N )  are mutually disjoint countable subsets of TV. Thus we 
have N  2  U ^o  ^>  where |Sn | = |TV| and the S„'s are mutually disjoint.

The following two theorems show that simple operations applied to countable 
sets yield countable sets.

3.5 Theorem The union of two countable sets is a countable set.

Proof. Let A =  {an  | n € N }  and B = {bn  | n G N }  be countable. We construct a sequence (cn )“= 0  as follows:

C2k = o-k and c2fc+i = bk for all k G TV.
Then A U B  = {cn  | n  G TV} and since it is infinite, it is countable. □

3.6 Corollary The union of a finite system of countable sets is countable.

Proof. Corollary 3.6 can be proved by induction (on the size of the system).
□

One might be tempted to conclude that the union of a countable system of countable sets in countable. However, this can be proved only if one uses the Axiom of Choice (see Theorem 1.7 in Chapter 8). Without the Axiom of Choice, one cannot even prove the following “evident” theorem: If 5  =  {An  | n G TV} 
and |An | = 2 for each n, then U^to ^n  is countable!

The difficulty is in choosing for each n & N  a unique sequence enumerating An - If such a choice can be made, the result holds, as is shown by Theorem 3.9. 
But first we need another important result.

3.7 Theorem  If A and B  are countable, then A x B  is countable.

Proof. It suffices to show that |2V x TV| = |TV|, i.e., to construct either a one-to-one mapping of TV x TV onto TV or a one-to-one sequence with range TV x TV. [See Exercise 3.1(b).] 
(a) Consider the function

f(k , n) = 2k ■ (2n + 1) — 1.
We leave it to the reader to verify that f  is one-to-one and that the range 
of f  is TV. □
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(b) Here is another proof: Construct a sequence of elements of TV x TV in the 
manner prescribed by the diagram.

We have yet another proof:

(0 ,0 )— >(0,1)

(1,0) — (1,1) (1,2)

(2 ,0) — (2,1) <----- (2,2)

□

3.8 Corollary The cartesian product of a finite number of countable sets is 

countable. Consequently, N m  is countable, for every m >  0.

Proof. Corollary 3.8 can be proved by induction. □

3.9 Theorem  Let {An  | n  €  TV) be a countable system o f at most countable 
sets, and let {an  | n  6  N ) be a system of enumerations of A n ; i.e., for each n  G 

N , an  = (an (k) | k G TV) is an infinite sequence, and A n  = {an (k) | k G N } . 

Then U ”=o ^ n  is nt most countable.

Proof. Define f  : N  x  N  -̂ > U "_ o  An by f (n ,h )  =  an (^)- f  maps N  x  N 

°nto U^=o An, so the latter is at most countable by Theorems 3.4 and 3.7. □

As a corollary of this result we can now prove
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3.10 T heorem  I f  A is countable, then the set Seq(4) of all finite sequences of 
elements of A is countable.

Proof. It is enough to prove the theorem for A = N .  As Seq(TV) = 
Un= o N n , the theorem follows from Theorem 3.9, if we can produce a sequence 
(an  | n  > 1) of enumerations of N n . We do th a t by recursion.

Let p be a one-to-one mapping of N  onto N  x N .  Define recursively

01 (i) =  (i) for all i e N ;
an + l (i) =  (b0 , • • • ,tn-i,«2) where g(i) =  ( i i ,i2) and

(bo, ■ • • , bn ~i) =  an (ii), for all i 6 N .

The idea is to let a ^ i f i )  be the (n + l)-tuple resulting from the concatenation 
of the (ii)th  n-tuple (in the previously constructed enumeration of n-tuples, 
an ) with i2 . An easy proof by induction shows that an  is onto N n , for all 
n > 1, and therefore ^ ” *s  countable. Since N °  = {()}, U X o ^ ” is also 
countable. □

3.11 C orollary The set of all finite subsets of a countable set is countable.

Proof. The function F  defined by F ((a O l . . .  ,u n - i ) )  =  {«o> ■ ■ ■ , an - i} 
maps the countable set Seq(A) onto the set of all finite subsets of A. The 
conclusion follows from Theorem 3.4. □

Other useful results about countable sets are the following.

3.12 T heorem  The set of all integers Z  and the set of all rational numbers Q 
are countable.

Proof. Z  is countable because it is the union of two countable sets:

Z  = { 0 , l ,2 ,3 , . . .} U { - l , - 2 , - 3 , . . . } .

Q is countable because the function f  : Z  x (Z  — {0}) —> Q defined by f(p , q) = 
p/q  maps a countable set onto Q. □

3.13 T heorem  An equivalence relation on a countable set has at most count­
ably many equivalence classes.

Proof. Let E  be an equivalence relation on a countable set A. The function 
F  defined by F(a) = [O\E maps the countable set A onto the set A /E . By 
Theorem 3.4, A /E  is at most countable. n

3.14  T heorem  Let 21 be a structure with the universe A, and let C C. A be at 
most countable. Then C, the closure of C, is also at most countable.
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Proof. Theorem 5.10 in Chapter 3 shows that C  =  U^=o Ci, where Co =  C 
and Ci+ i = CiU Fo[C{°] U ■ • • U Fn _ i[c /”- 1 ]. It therefore suffices to produce a 
system of enumerations of {Ci | i € N ) .

Let {c{k) | k 6 N )  be an enumeration of C, and let j  be a mapping of N 
onto the countable set (n + 1) x TV x N^° x ■ • • x N f "~*. We define a system 
of enumerations (a, | i € N )  recursively as follows:

ao(k) = c{k) for all A: G N;
\ F p(a i(r p ) ,- - - ,a A ^ ^  i f 0 < p < n - l ;
[ai{q) n p  = n,

where ^(/c) = {p,q, {r^,... ,r o
f a ~1) , . . .  ,r£'_~i~1)).

The definition of a,+ i is designed so as to make it transparent that if a; enu­
merates Ci, ai+i enumerates Ci+i (with many repetitions). By induction, a,i 
enumerates Ci for each i& N ,a s  required. □

We conclude this section with the definition of the cardinal number of count­
able sets.

3.15 Definition |X| =  N  for all countable sets A.

We use the symbol Ro (aleph-naught) to denote the cardinal number of 
countable sets (i.e., the set of natural numbers, when it is used as a cardinal 
number).

Here is a reformulation of some of the results of this section in terms of the 
new notation.

3.16 (a) Ro > n for all n e N-,
if No > K for some cardinal number K, then K = Ro or K = n for some 

n G N  (this is Corollary 3.3).
(b) If |A| =  RQ, |B| =  Ro, then |A U B| = Ro, |A x B| = Ro (Theorems 

3.5 and 3.7).
(c) If |A| =  Ro, then | Seq(A)| =  Ro (Theorem 3.10).

Exercises
3.1 Let |Ai| = |Aj|, |Bi| = |B2 |. Prove:

(a) If Ai f*l Ai =  0, Bi D B% =  0, then |Ai U A21 = |Bi U Bi|.
(b) |^ i  x A2 | = |Bi x B2 |.
(c) |Seq(Ai)| =  |Seq(A2 )|.

3.2 The union of a finite set and a countable set is countable.
3.3 If X 5A 0 is finite and B  is countable, then A x B is countable.
3.4 If A ?̂  0 is finite, then Seq(A) is countable.
3.5 Let A be countable. The set [A]n  =  {S C 4  | |S| =  n} is countable for 

all n  6 N ,  n /  0.
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3.6 A sequence (sn )„_o of natural numbers is eventually constant if there is 
ng € N , s e N  such that sn  = s for all n > no- Show that the set of 
eventually constant sequences of natural numbers is countable.

3.7 A sequence (sn )” 0 of natural numbers is (eventually) periodic if there 
are no,p e N , p > 1, such that for all n > no, sn + p  = sn . Show that the 
set of all periodic sequences of natural numbers is countable.

3.8 A sequence (sn ) ^ o  of natural numbers is called an arithmetic progression 
if there is d e N  such that sn + i = sn  + d for all n £ N .  Prove that the 
set of all arithmetic progressions is countable.

3.9 For every s = (s0 , . . .  , sn - i)  € Seq(AI -  {0}), let f(s )  = p^0 • ■ -P n ^ 
where Pi is the ith prime number. Show that f  is one-to-one and use this 
fact to give another proof of | Seq(IV)| =  Ro.

3.10 Let {S, <) be a linearly ordered set and let (An  | n £ N )  be an infinite 
sequence of finite subsets of S. Then U^Lo ^  ‘s  a t  m o s t  countable. 
[Hint-. For every n & N  consider the unique enumeration (an (fc) | k < 
|An |) of An  in the increasing order.]

3.11 Any partition of an at most countable set has a set of representatives.

4. L inear O rd e rin g s
In the preceding section we proved countability of various familiar sets, such as 
the set of all integers Z  and the set of all rational numbers Q. The important 
point we want to make is that we cannot distinguish among the sets N , Z, and 
Q solely on the basis of their cardinality; nevertheless, the three sets “look” 
quite different (visualize them as subsets of the real line!). In order to capture 
this difference, we have to consider the way they are ordered. Then it becomes 
apparent that the ordering of N  by size is quite different from the usual ordering 
of Z  (for example, IN has a least element and Z  does not), and both are quite 
different from the usual ordering of Q (for example, between any two distinct 
rational numbers lie infinitely many rationals, while between any two distinct 
integers lie only finitely many integers). Linear orderings are an important tool 
for deeper study of properties of sets; therefore, we devote this section to the 
theory of linearly ordered sets, using countable sets for illustration.

4.1 Definition Linearly ordered sets (A,<) and (5 ,^ )  are similar {have the 
same order type) if they are isomorphic, i.e., if there is a one-to-one mapping f  on 
A onto B such that for all aj, aj £ A, ai < aa holds if and only if f(a,\) -< /(a?) 
holds. (See Definition 5.17 in Chapter 2 and the subsequent Lemma.)

Similar ordered sets “look alike"; their orderings have the same properties 
[see Example 5.8 in Chapter 3]. It follows that (IV, <) and (Z, <) are not 
similar; likewise, (Z, <) and (Q, <) are not similar, and neither are {N , <) and 
(Q, <). (Here, < is the usual ordering of numbers.)

It is trivial to show that the property of similarity behaves like an equivalence
relation:
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(a) (A, <) is similar to (A, <).
(b) If (A, <) is similar to (B, —<), then (B, -<) is similar to (A, <).
(c) If (Ai, < i) is similar to (A2, <2), and (A2, <2) is similar to (A3 , <3), then 

(A i, <1) is similar to (A3, <3),
Just as in the case of cardinal numbers, it is possible to assume that with 

each linearly ordered set there is associated an object called its order type so 
that similar ordered sets have the same order type. To avoid technical problems 
connected with a formal definition of order types, we use them only as a figure 
of speech, which can be avoided by talking about similar sets instead. We define 
order types of well-ordered sets (the most important special case) rigorously in 
Chapter 6.

We begin our study of linear orderings by establishing that a finite set can 
be linearly ordered in only one way, up to isomorphism.

4.2 Lemma Every linear ordering on a finite set is a well-ordering.

Proof. We prove that every nonempty finite subset B  of a linearly ordered 
set (A, <) has a least element by induction on the number of elements of B . If B 
has 1 element, the claim is clearly true, Assume that it is true for all n-element 
sets and let B  have n + 1  elements. Then B  =  {b} U B ' where B ' has n elements 
and b  ̂ B '. By the inductive assumption, B 1 has a least element b'. If b' < b, 
then b' is the least element of B; otherwise, b is the least element of B. In either 
case, B  has a least element. □

4.3 Theorem If(A i, <1) and (A2, <2) are linearly ordered sets and |Ai| =  |Aa| 
is finite, then (A i,< i)  and (A2 ,<2) are similar.

Proof. We proceed by induction on n = |A[| = (Aal- If n = 0, then 
A] = A2 = 0 and (A i,< i), (A2,<2) are clearly isomorphic. Assume that the 
claim is true for all linear orderings of n-element sets. Let |Ai| = IA2I = 71 + 1. 
We proved that <1 and <2 are well-orderings, so let ai («2, respectively) be 
the least element of (Ai, <1) [(A2, <2), respectively]. Now |Ai -  {ai}| = |Aa - 
{a2 }| =  n, so by the inductive assumption, there is an isomorphism g between 
(Ai -  {ai}, <1 n(Ai -  {ai})2 ) and (Aj -  {02}, <2 D(A2 -  {a2 })2 )- Define 
f  : A i -> A 2 by

f(a i)  = a2 ;
,f(a )= g (a )  for a e A i -  {ai}.

It is easy to check that f  is an isomorphism between (Ai, <1) and (A2 , <2)- 
□

We conclude that for finite sets, order types correspond to cardinal numbers. 
As the examples at the beginning of this section show, linear orderings of infinite 
sets are much more interesting. We next look at some ways of producing linear 
orderings that will be useful later.



4. LINEAR ORDERINGS 81

4 .4  L em m a I f  {A, <) is a linear ordering, then {A, < x ) is also a linear or­
dering­

Proof. Left to the reader (see Exercise 5.3 in Chapter 2). □

For example, the inverse of the ordering (N ,< )  is the ordering (IV, < - 1 ): 
■••4 < - 1  3 < —1 2 < —1 1 < —1 0; notice that it is similar to the ordering of 
negative integers by size:

-------4 < - 3  < - 2  < -1 

and that it is not a well-ordering.

4.5  L em m a Let (A i, < i) and (A2, <2) be linearly ordered sets and A1QA2 =  0. 
The relation < on A = A i U A2 defined by

a < b i f  and only i f  a,b e Ai and a <1 b
or a,b e A2 and a <2 6
or a E A i, b € A2

is a linear ordering.

Proof. This is Exercise 5.6 in Chapter 2, so again we leave it to the reader.

The set A is ordered by putting all elements of 4 i  before all elements of A2. 
We say that the linearly ordered set (A, <) is the sum of the linearly ordered 
sets (Ai, <1) and (A2 ,<2)-

Notice that the order type of the sum does not depend on the particular 
orderings (41, <1) and (A2, <2), only on their types (see Exercise 4.1). As an 
example, the linearly ordered set (Z , <) of all integers is similar to the sum of 
the linearly ordered sets (N ,  < ” ')  and (N , <) (< denotes the usual ordering of 
numbers by size).

Next, let us consider ways to order cartesian product.

4.6 Lem m a Let (A i, <1) and ( ^ ,< 2 )  be linearly ordered sets. The relation < 
on A = A i x A2 defined by

(01,02) < (61,62) i f  and only if ai <1 bi or (ai = bi and 02 <2 62) 

is a linear ordering.

Proof. Transitivity. If (o i,a 2 ) < (61,62) and (61,b2 ) < (01,02), we have 
either Oi <1 61 or (ai =  bi and 02 <2 62).

In the first case a i <1 61 and 61 <1 ci gives ai <1 cp In the second case, 
either bi <1 ci and 01 <1 ci again, or bi = ci and 62 <2 C2, so that a i = ci and 
02 <2 C2- In either case we conclude that (01,02) < (ci,C2).

Asymmetry. This follows immediately from asymmetry of <1 and < 2 .
Linearity: Given (01,02) and (6p 62), one of the following cases has to occur:
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(a) ai < i bt [so (a-i, o2 ) < G>1,M-
(b) 6i < i  a i [so (6i,62 ) <  (o i,o 2 )].
(c) aj =  61 and 02 <2 62 [so (01,02) < (61,62)].
(d) Oi =  61 and 62 <2 02 [so (61,62 ) <  ( a i ,a 2 )].
(e) ai =  61 and a2 =  62 [so (a i,a 2 ) =  (61,62)].

In each case (01,02) and (61,62) are comparable in <. □
We call < the lexicographic ordering (lexicographic product) of A i x A 2 ; the 

terminology comes from the observation that if A i =  A 2 =  {a, 6 , . . .  , z}  is the 
set of all letters and < i= < 2 is the alphabetic ordering o <1 6 <1 c <1 • • • <1 z,
then < orders elements of A i x A 2 ( “two-letter words” ) as they would be in a 
dictionary.

One can easily generalize the notion of lexicographic ordering to a product 
of any finite or infinite sequence of linearly ordered sets.

4 .7  T h e o re m  Let ((Ai, <i) \ i  £ I) be an indexed system of linearly ordered 
sets, where I  C  N .  The relation -< on H ie/ ^ i defined by

f  ^ g  if  and only i f  d iff(f,g) =  {i e  I  [ f i  /  g i } ^  9 and f iu  < iu gia 

where io is the least element of diff (fig ) 

(in the usual ordering < of natural numbers)

is a linear ordering o fY [ i e J A, (it is called its lexicographic ordering/

Proof. Transitivity: Assume that f  -< g and g -< h and let io [jo, respec­
tively] be the least element of diff (/,<?) [diff(g,6), respectively]. If io < jo, we 
have fi„ < gi„ and gi0 =  hit, , so f iu < h,„ and io is the least element of diff (/, h). 
We conclude that f  -t h. The cases io =  jo  and io >  jo are similar.

Asymmetry: f  ^  g and g -< f  is impossible because it would mean that 
fio < 9ia a n d  Sia < fin f o r  *o =  the least element of diff(/,g) =  diff(g, f ) .

Linearity: If diff(/, 5) =  0, we have f  =  g. Otherwise, if io is the least 
element of diff(/,p), either fi„  < gin or f,„ >  gia holds and, consequently, either 
f  -̂  g or f  ^ g. □

In particular, if (Ai, <i) =  (A, <) for all i  e I  =  N ,  -< is the lexicographic 
ordering of the set A N  of all infinite sequences of elements of A.

One can also choose to compare second coordinates before comparing the 
first coordinates and so define the antilexicographic ordering ^ of A i x A 2 :

(01,02) -< (61,62 ) if and only if a2  <2 62 or (a2 =  62 and a i <1 61).

The proof that -X is a linear ordering is entirely analogous to the lexicographic 
case. The two orderings are generally quite different; compare, for example, 
the lexicographic and antilexicographic products of A i =  N  =  { 0 ,1 ,2 ,. . .  } and 
A 2 =  {0 ,1} (both ordered by size):
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(0,1) (1,1) (2,1) (3,1)
ordered lexicographically:

(0,0) (1,0) (2,0) (3,0)

ordered antilexicographically: 
(0,1) —  (1,1) -> (2 ,1 ) -> (3 ,1 )

(0,0) - >  (1,0) ->  (2,0) ->  (3,0)

The first ordering is similar to (IV, <) and the second is not [it is the sum of 
two copies of (N , <)].

The previous results show that there is a rich variety of types of linear 
orderings on countable sets. It is thus rather surprising to learn that there 
is a universal linear ordering of countable sets, i.e., such that every countable 
linearly ordered set is similar to one of its subsets. The rest of this section is 
devoted to the proof of this important result.

4.8 Definition An ordered set (X, <) is dense if it has at least two elements 
and if for all a, 6 € X, a < 6 implies that there exists x S X  such that a < x  < b.

Let us call the least and the greatest elements of a linearly ordered set (if 
they exist) the endpoints of the set.

The most important example of a countable dense linearly ordered set is the 
set Q of all rational numbers, ordered by size. The ordering is dense because, 
if r, s are rational numbers and r < s, then x  = (r +  s)/2 is also a rational 
number, and r < x  < s. Moreover, (Q ,<) has no endpoints (if r G Q then 
r  +  l , r  — 1 6 Q and r — l < r < r  + l). Other examples of countable dense 
linearly ordered sets are in Exercises 4.6 and 4.7. However, we prove that all 
countable linearly ordered sets without endpoints have the same order type.

4.9 Theorem  Let (P ,-^  and (Q,<) be countable dense linearly ordered sets 
without endpoints. Then (P, —<) and (Q, <) are similar.

Proof. Let (pn  | n G N )  be a one-to-one sequence such that P = {pn  | n G 
TV}, and let (qn  \ n e N )  be a one-to-one sequence such that Q = {qn  | n G N }. 
A function ft on a subset of P  into Q is called a partial isomorphism from P to 
Q if p ^ p '  if and only if h(p) < h(p') holds for all p,p' G domh.

We need the following claim: If ft is a partial isomorphism from P to Q such 
that dom h is finite, and if p G P  and q & Q, then there is a partial isomorphism 
hP ,q 5  ft such that p G domftp>Q, and q G ranhP:q.
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Proof of the claim. Let h = {(p^, q^), ■ ■ ■ , (Pik N iJ}  where p^ x  piz -< 

• '' ^  Pik, “ ^ thus also q^ < qi2 < ■ ■ ■ < qik . If p ^ dom h, we have either 
p -! p^ or Pi, ^  p ^  Pi„+1 for some 1 < e <  k, or pik -< p. Take the least 
natural number n such that qn  is in the same relationship to g^, . . .  , g^ as p is 

to pfj, . . .  , pik ; more precisely, qn  is such that:
if p -( p ^ , then qn  < q^;
if Pi, -<p-< pi r + l , then qil: < qn  < qill+1', and
if Pik -< P, then qik  < qn .
The possibility of doing this is guaranteed by the fact that (Q, <) is a dense 

linear ordering without endpoints. It is clear that h' =  hU {(p, q ^ }  is a partial 

isomorphism. If g G ranh', then we are done. If g ^ ranh', then by the same 

argument as before (with the roles of P  and Q reversed), there is pm  £ P  such 

that h' U.{(pm > g)} is a  partial isomorphism, and we take the least such m, and 

let hPiq = h' O {(.Pm, g)}. The claim is now proved. □
We next construct a sequence of compatible partial isomorphisms by recur­

sion:

ho = 0, 
hn+l = (hn)p„,q„

where (,hn )p„„q„ is the extension of hn (as provided by the claim) such that 

pn  G dom(hn )p„,q„, gn  e ran(/in )p„,,„. Let h =  U ne/v^- 11 is  t r i v i a l  to verify 
that h : P  —> Q is an isomorphism between (P, -<) and (Q, <). □

4.10 Theorem  Every countable linearly ordered set can be mapped isomorphi­

cally into any countable dense linearly ordered set without endpoints.

Proof. Theorem 4.10 requires a one-sided version of the previous proof. 
Let (P, -<) be a countable linearly ordered set and let {Q, <) be a countable 
dense linearly ordered set without endpoints. For every partial isomorphism h 
from the ordered set (P, -<) into Q and for every p G P, we define a partial 
isomorphism hp D h such that p e domhp . Then we use recursion again. □

Exercises
4.1 Assume that (A i,< i) is similar to (Bi,-<i) and (^ ,< 2 )  is similar to 

(B2, ^2).
(a) The sum of (Ai, <1) and (A2, <2) is similar to the sum of (Bi, -(1) 

and (B2 , ^2). assuming that Ai D A2 = 0 = Bi n B 2 .
(b) The lexicographic product of (Ai, <1) and (A2, <2) is similar to the 

lexicographic product of (Bi, —<1) and (B2, -<2).
4.2 Give an example of linear orderings (A i,< i) and (A2,<2) such that 

the sum of (A i,< i) and (A2,<2) does not have the same order type 
as the sum of (A2 ,<2) and (A i,< i) ( “addition of order types is not 
commutative”). Do the same thing for lexicographic product.

4.3 Prove that the sum and the lexicographic product of two well-orderings 
are well-orderings.
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4.4 If {Ai | i G N )  is an infinite sequence of linearly ordered sets of natural 
numbers and |Ai| > 2 for all i G N ,  then the lexicographic ordering of 
n>eN^> *s  n °t a  well-ordering.

4.5 Let ((^,, <,) | i G I) be an indexed system of mutually disjoint linearly 
ordered sets, I  C N . The relation -X on Uie/ Ai defined by: a ~< b if and 
only if either a,b e At and a <i b for some i e I  or a e Ai, b e Aj and 
i < j  (in the usual ordering of natural numbers) is a linear ordering. If 
all <i are well-orderings, so is -!.

4.6 Let {Z, <) be the set of all integers with the usual linear ordering. Let -! 
be the lexicographic ordering of Z N  as defined in Theorem 4.7. Finally, 
let F S  C Z N  be the set of all eventually constant elements of Z N : 
i.e., (a, | i e N }  G F S  if and only if there exist no £ N , a £ Z  such 
that at = a for all i > no (compare with Exercise 3.6). Prove that F S 
is countable and {FS, -! nF S 2 ) is a dense linearly ordered set without 
endpoints.

4.7 Let -< be the lexicographic ordering of N N  (where N  is assumed to be 
ordered in the usual way) and let P  C N N  be the set of all eventually 
periodic, but not eventually constant, sequences of natural numbers (see 
Exercises 3.6 and 3.7 for definitions of these concepts). Show that (P, -< 
n F 2) is a countable dense linearly ordered set without endpoints.

4.8 Let ( / ,  <) be linearly ordered. Define -< on Seq(A) by: (do,.. .  , am - i)  -< 
{bo,... , bn - i)  if and only if there is k < n such that dj = bi for all i < A: 
and either ah < bk or ak is undefined (i.e., k = m < n). Prove that -< 
is a linear ordering. If (A, <) is well-ordered, (Seq(A), -0 is also well- 
ordered. (In this ordering, if a finite sequence extends a shorter sequence, 
the shorter one comes before the longer one.)

4.9 Let (A, <) be linearly ordered. Define -< on Seq(A) by: (do, • • • , am - i)  ^ 
(&o, • ■ ■ , bn ~i) if and only if there is k < m such that ai = bi for all i < A: 
and either ak < bk or bk is undefined (i.e., k = n < m). Prove that -< is a 
linear ordering. If |A| > 2, it is not a well-ordering. (In this ordering, if 
a finite sequence extends a shorter one, the longer one comes before the 
shorter one.) If A =  IV and < is the usual ordering of natural numbers, 
-< is called the Brouwer-Kleene ordering of Seq(N); it is a dense linear 
ordering with no least element and a greatest element 0.

4.10 Let (A, <) be a linearly ordered set without endpoints, A ^  0. A closed 
interval [a,b] is defined for d, b G A by [d, b] = {x G A ( d < x < b}. 
Assume that each closed interval [d,b], a, b G A, has a finite number of 
elements. Then (A, <) is similar to the set Z  of all integers in the usual 
ordering.

4.11 Let (A, <) be a dense linearly ordered set. Show that for all d,b G A, 
a < b, the closed interval [a, b], as defined in Exercise 4.10, has infinitely 
many elements.

4.12 Show that all countable dense linearly ordered sets with both endpoints 
are similar.

4.13 Let {Q, <) be the set of all rational numbers in the usual ordering. Find 
subsets of Q similar to
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(a) the sum of two copies of (N , <);
(b) the sum of (N , <) and (N , <- 1 );
(c) the lexicographic product of (N , <) with (N , <).

5. Complete Linear Orderings
We have seen in the preceding section that the usual ordering < of the set Q 
of all rational numbers is universal among countable linear orderings (Theorem 
4.10). However, when arithmetic operations on Q are considered, it becomes 
apparent that something is missing. For example, there is no rational number x 
such that x2  =  2 (Exercise 5.1). Another example of this phenomenon appears 
when one considers decimal representations of rational numbers. Every rational 
number has a decimal expansion that is either finite (e.g., 1/4 =  0.25) or infinite 
but periodic from some place on (e.g., 1/6 = 0.1666 • • •) (see Section 10.1). 
Although it is possible to write down decimal expansions 0,aia2a3 • • • where 
(ai)^! is an arbitrary sequence of integers between 0 and 9, unless the sequence 
is finite or eventually periodic, there is no rational number x  such that x = 
0.aiO2®3'". (As a specific example, consider 0.1010010001 ••■.) It is clear 
from these considerations that the ordered set (Q, <) has gaps.

The notion of a gap can be formulated in terms involving only the linear 
ordering.

5.1 Definition Let (P, <) be a linearly ordered set. A gap is a pair (A, B) of 
sets such that
(a) A and B are nonempty disjoint subsets of P  and A u  B = P.
(b) If a € A and b e  B, then a <b.
(c) A does not have a greatest element and B  does not have a least element.

For example, let B = {x € Q | x > 0 and x 2 > 2} and A = Q — B = { x e 
Q | x < 0 or (x > 0 and x 2 < 2)}. It is not difficult to check that (A, B) is a 
gap in Q  (Exercise 5.2). Similarly, an infinite decimal expansion which is not 
eventually periodic gives rise to a gap (Exercise 5.3).

At this point, we ask the reader to recall the notions of upper and lowei- 
bound, and supremum and infimum, that were introduced in Chapter 2. We 
call a nonempty subset of a linearly ordered set P bounded if it has both lower 
and upper bounds. A set is bounded from above (from below) if it has an upper 
(lower) bound.

Let (A, B) be a gap in a linearly ordered set. The set A is bounded from 
above because any b e B is its upper bound. We claim that A does not have a 
supremum. For if c were a supremum of A  then either c would be the greatest 
element of A or the least element of B, as one can easily verify.

On the other hand, let S be a nonempty set, bounded from above. Let

A = {a: | a: < s for some s e S}, 
B = {x | x > s for every s e S}.
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The reader is asked to verify that the pair {A, B) satisfies the first two properties 
(a) and (b) in the definition of a gap. Now assume that S  does not have a 
supremum. Then (A ,B) is a gap, because the greatest element of A, or the 
least element of B, would be the supremum of S.

We notice that the existence of gaps is closely related to the existence, or 
rather nonexistence, of suprema of bounded sets. Thus we are led to the defini­
tion of a complete ordered set.

5.2 Definition Let (P ,< )  be a dense linearly ordered set. P  is complete if 
every nonempty S C P  bounded from above has a supremum. Note that (P, <) 
is complete if and only if it does not have any gaps.

As we have seen, dense linearly ordered sets are not necessarily complete. 
However, every dense linearly ordered set can be completed by “filling the gaps,” 
and the result is essentially uniquely determined. This is the content of the 
following important theorem.

5.3 Theorem Let (P, <) be a dense linearly ordered set without endpoints. 
Then there exists a complete linearly ordered set (C, -() such that 
(a) P C C .
(b) Ifp, q £ P, then p < q if and only if p ~< q (^ coincides with < on P).
(c) P  is dense in C, i.e., for any p,q e P  such that p < q, there is c & C  with 

p ^ c ~i q. .
(d) C  does not have endpoints.

Moreover, this complete linearly ordered set (C, -<) is unique up to isomorphism 
over P. In other words, if (C*,^*) is a complete linearly ordered set which 
satisfies (a)-(d), then there is an isomorphism h between (C, ^) and (C *,-<*) 
such that h(x) = x for each x & P. The linearly ordered set (C, -<) is called the 
completion of (P, <).

As is usual in theorems of this type, the uniqueness part of the theorem is 
easier to prove. For that reason, we do it first.

Proof of Uniqueness of Completion. Let (C, -<) and (C*, ^*) be two complete 
linearly ordered sets satisfying (a)-(d). We show that there is an isomorphism 
h oi C  onto C* such that h(x) = x  for each x € P.

If c € C, let Sc = {p € P  | p =< c}. Similarly, let Sc * = {p € P  \ p =̂ * c*} for 
c* & C *. If S' is a nonempty subset of P  bounded from above, let sup S be the 
supremum of S  in (C, —<) and sup* S  be the supremum of S  in (C*, -<*). Note 
that sup Sc  = c, sup* Sc * = c*.

We define the mapping h as follows: h(c) =  sup* S c .
Clearly, h is a mapping of C  into C*; we have to show that the mapping is 

onto and that
(a) If c A d, then h(c) -<* h(d).
(b) h(x) = x for each x & P.
To show that h is onto, let c* 6 C* be arbitrary. Then c* = sup*Sc -, and 
if we let c = sup5c- then Sc = Sc - and c* = h(c). If c -< d, then (since P
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is dense in (7) there is p € P  such that c -< p -< d. It is readily seen that 
sup* S c -C p -<* sup* Sd and hence h(c) -C h(d). From this we conclude that 
h is an isomorphism using Lemma 5.18 from Chapter 2. Finally, if x e P, then 
x  = sup Sx  =  sup* Sx  and so h(x) = x. . □

To prove the existence of a completion, we introduce the notion of a Dedekind 
cut.

5.4 Definition A cut is a pair (A,B) of sets such that
(a) A and B  are disjoint nonempty subsets of P  and A O B  = P.
(b) If a € A and b £ B, then a < b.

We recall that a cut is a gap if, in addition, A  does not have a greatest 
element and B  does not have a least element. Notice that since P  is dense, it 
is not possible that both A has a greatest element and B  has a least element. 
Thus the remaining possibilities are that either B has a least element and A 
does not have a greatest element, or A has a greatest element and B  does not 
have a least element. In either case, the supremum of A exists: In the first case, 
the supremum is the least element of B, and in the other case, the supremum is 
the greatest element of A. Hence, we consider only the first case and disregard 
the cuts where A has the greatest element.

5.5 Definition A cut (A, B) is a Dedekind cut if A does not have a greatest 
element.

We have two types of Dedekind cuts (A, B):
(a) Those where B = {x € P  \ x > p} for some p s  P; we denote (A, B) = [p]. 
(b) Gaps.
Now we consider the set C of all Dedekind cuts (A, B) in (P, <) and order C  as 
follows:

(A, B) =̂ (A', B 1) if and only if AC A1.

We leave it to the reader to verify that (C, ^) is a linearly ordered set.
If p,q e P  are such that p < q, then we have [p] -< [q]. Thus the linearly 

ordered set (P',-<), where P' = {[p] | p € P}, is isomorphic to (P, <). We 
intend to show that (C, -<) is a completion of (P', -C). Since (P, <) and (P', —<) 
are isomorphic, it follows that (P, <) has a completion.

It suffices to prove
(c') P' is dense in (C, -<),
(d') C does not have endpoints, 
and, of course,
(e) (C, -<) is complete.

To show that P' is dense in C, let c, d € C be such that c -< d; i.e., c = (A, B), 
d =  (A', B 1), and A C A'. Let p e P  be such that p ^  A' and p ^  A. Moreover, 
we can assume that p is not the least element of B. Then (A, B) -< [p] ■< (A', B 1) 
and hence P ' is dense in C. [This also shows that (C, -<) is a densely ordered 
set.] -
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Similarly, if (A, B) € C, then there is p € B that is not the least element of 
B, and we have (A,B) -< [p]. Hence C does not have a greatest element. For 
analogous reasons, it does not have a least element.

To show that C is complete, let 5  be a nonempty subset of C, bounded from 
above. Therefore, there is (Ao, Bo) € C such that A C Ao whenever (A, B) g S. 
To find the supremum of S, let

As  =  J { A  | (A, B) € B} and Bs  = P  -  As  =  Q {B  | (A, B) e S}.

It is easy to verify that (As, Bs) is a cut. (Note that Bs is nonempty because 
B Q C Bs-) In fact, (A s,Bs) is a Dedekind cut: As does not have a greatest 
element since none of the A’s does.

Since As 3  A for each (A,B) e S, (As,B$) is an upper bound of S'; let us 
show that (A s,B s) is the least upper bound of S. If (A, B) is any upper bound 
of S, then A C A for all (A,B) e S, and, so, As =  (J{A | (A, B) 6 5} C A; 
hence (A s,B s) ^  (A,B). Thus (As, Bs) is the supremum of S. □

Theorem 5.3 is now proved. In particular, the ordered set (Q, <) of rationals 
has a unique completion (up to isomorphism); this is the ordered set of real 
numbers. As the ordering of real numbers coincides with < on Q, it is customary 
to use the symbol < (rather than -<) for it as well.

5.6 Definition The completion of (Q, <) is denoted [R, <); the elements of R 
are the real numbers.

We get immediately the following characterization of (H, <).

5.7 Theorem (H, <) is the unique (up to isomorphism) complete linearly or­
dered set without endpoints that has a countable subset dense in it.

\
Proof. Let (C, -<) be a complete linearly ordered set without endpoints, 

and let P  be a countable subset of C dense in C. Then (P, -<) is isomorphic to 
(Q, <) and by the uniqueness of completion (Theorem 5.3), (C, -<) is isomorphic 
to the completion of (Q, <), i.e., to (R, <). □

It remains to define algebraic operations on R  and show that they satisfy 
the usual laws of algebra and that on rational numbers they agree with their 
previous definitions. As this topic is of more interest to algebra and real analysis 
than set theory, we do not pursue it here. The reader interested in learning how 
the arithmetic of real numbers can be rigorously established can at this point 
read Section 10.2.

Exercises
5.1 Prove that there is no z € Q for which x 2 = 2. [Hint: Write x = p/q 

where p,q G Z  are relatively prime, and use p2 = 2q2 to show that 2 has 
to divide both p and q.]
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5.2 Show that (A,B), where j4 =  { i e Q | a : < 0 o r ( i > 0  and z 2 < 2)}, 
B = { x e Q \ x > 0  and z 2 > 2}, is a gap in (Q, <). [Hint: To prove 
that A  does not have a greatest element, given z > 0, z 2 < 2, find a 
rational r  > 0 such that (z + e)2 < 2. It suffices to take e < x  such that 
z 2 +  3xe < 2.]

5.3 Let O.aia2<23 • ■ • be an infinite, but not periodic, decimal expansion. Let 
A = {x e Q \ x  < O.aia2 ■ ■ - ak for some k e  N  -  {0}}, B  = {x e Q \ 
x > 0.0102 • • • at for all fc e N  — {0}}. Show that (A, B) is a gap in 
($ ,< )•

5.4 Show that a dense linearly ordered set (P, <) is complete if and only if 
every nonempty S  C P  bounded from below has an infimum.

5.5 Let D be dense in (P, <), and let E  be dense in (D, <). Show that E  is 
dense in (P, <).

5.6 Let F  be the set of all rational numbers that have a decimal expansion 
with only a finite number of nonzero digits. Show that F  is dense in Q.

5.7 Let D (the dyadic rationals) be the set of all numbers m /2" where m  is 
an integer and n is a natural number. Show that D is dense in Q.

5.8 Prove that the set R  — Q of all irrational numbers is dense in R. [Hint; 
Given a < 6, let z  =  (a + b)/2 if it is irrational, z = (a+  6)/V2 otherwise. 
Use Exercise 5.1.]

6. U ncountable Sets
All infinite sets whose cardinalities we have determined up to this point turned 
out to be countable. Naturally, a question arises whether perhaps all infinite sets 
are countable. If it were so, this book might end with the preceding section. It 
was a great discovery of Georg Cantor that uncountable sets, in fact, exist. This 
discovery provided an impetus for the development of set theory and became a 
source of its depth and richness.

6.1 Theorem The set R  of all real numbers is uncountable.

Proof. (R, <) is a dense linear ordering without endpoints. If R  were 
countable, (P , <) would be isomorphic to (Q, <) by Theorem 4.9. But this is 
not possible because (R, <) is complete and (Q, <) is not. □

The proof above relies on the theory of linear orderings developed in Section 
4. Cantor’s original proof used his famous “diagonalization argument." We give 
it below.

Cantor’s Proof of Theorem 6.1. Assume that R  is countable, i.e., R  is the 
range of some infinite sequence (rn )^!- Let a ^ . a ^ a ^ a ^  ■ • • be the decimal 
expansion of rn . (We assume that a decimal expansion does not contain only the 
digit 9 from some place on, so each real number has a unique decimal expansion. 
See Section 10.1.) Let 6n  =  1 if a ^  = 0, bn  = 0 otherwise; and let r be the



6. UNCOUNTABLE SETS 91

real number whose decimal expansion is O.bib2b3 • • • • We have bn  A a n \  hence 
r ^  rn , for all n = 1, 2, 3 , . . . ,  a contradiction. □

The combinatorial heart of the diagonal argument (quite similar to Russell’s 
Paradox, which is of later origin) becomes even clearer in the next theorem.

6.2 Theorem  The set of all sets of natural numbers is uncountable; in fact, 
\P(N)\ > \N\.

Proof. The function f  : N  —> P (N )  defined by f(n ) = {n} is one-to-one, 
so |JV| < IPITV),. We prove that for every sequence {Sn  | n e N ) of subsets of 
N  there is some S  C N  such that S  ^  Sn  for all n G N . This shows that there 
is no mapping of N  onto P IN ), and hence |7V| < |P(1V)|.

We define the set S C TV as follows: S =  {n € IV | n  ^ Sn }. The number 
n is used to distinguish S  from Sn : If n e Sn , then n £ S, and if n ^ Sn , then 
n e S. In either case, S ^  Sn , as required. □

Detailed study of uncountable sets is the subject of Chapter 5 (and subse­
quent chapters). Here we only prove that the set 2N  = {0,1}N  of all infinite 
sequences of O’s and Ts is also uncountable, and, in fact, has the same cardi­
nality as P (N )  and R.

6.3 Theorem  |P(7V)| =  |2N | =  |R|.

Proof. For each S C N  define the characteristic function of S , x s  '■ N  ^> 
{0,1}, as follows:

X s H  =
0 if n  G S;
1 i f n ^ S .

It is easy to check that the correspondence between sets and their characteristic 
functions is a one-to-one mapping of P (N )  onto {0,1}^.

To complete the proof, we show that |J?| < ^(JV)! and also (2^1 < |R| and 
use the Cantor-Bernstein Theorem.
(a) We have constructed real numbers as cuts in the set Q of all rational 

numbers. The function that assigns to each real number r  = (A, B) 
the set A C Q is a one-to-one mapping of R  into P(Q}- Therefore 
|R) < |F(Q)|. As |Q| = |1V|, we have |P(Q)| =  |P(IV)| (Exercise 6.3). 
Hence |B| < |'P(.ZV)|.

(b) To prove 12̂ 1 < |H| we use the decimal representation of real numbers. The 
function that assigns to each infinite sequence (an )^L0  of O’s and l ’s the 
unique real number whose decimal expansion is O.aoaiai • • • is a one-to-one 
mapping of 2N  into R . Therefore we have 12^1 < |U|.

□
We introduced Ho as a notation for the cardinal of N . Due to Theorem 

6.3, the cardinal number of R  is usually denoted 2N a. The set R  of all real
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numbers is also referred to as “the continuum”; for this reason, 2N° is called the 
cardinality of the continuum. In this notation, Theorem 6.2 says that No < 2K".

Exercises
6.1 Use the diagonal argument to show that N N  is uncountable. [Hint: 

Consider (an  | n G TV) where an  = (an k | k G N ). Define d G N N  by 
dn =  O'nn + 1-]

6.2 Show that |TVN | =  2M°. [Hint: 2W  C TV™ C P (N  x TV).]
6.3 Show that |X| = |B| implies |?(A)| =  |P(B)|.



C hapter 5

C ardinal N um bers

1. C ardinal A rithm etic
Cardinal numbers have been introduced in Chapter 4. The present chapter is 
devoted to the study of their general properties, with the particular emphasis 
on the cardinality of the continuum, 2N". In this section we set out to define 
arithmetic operations (addition, multiplication, and exponentiation) on cardinal 
numbers and investigate the properties of these operations.

To define the sum K + A of two cardinals, we use the analogy with finite sets: 
If a set X has a elements, a set B has b elements, and if A and B  are disjoint, 
then AU B  has a + b elements.

1.1 Definition K + A = |X U B| where |X| = K, |B| = A, and A n B =  0.
In order to make this definition legitimate, we have to show that K + A does 

not depend on the choice of the sets A and B. This is the content of the following 
lemma.

1.2 Lemma If A, B, A', B 1 are such that \A\ = |X'|, |B| = |B'|, and A r B  = 
9 = A 1 O B ', th en \A u B \ = \A’ UB'\.

Proof. Let f  and g be, respectively, a one-to-one mapping of A onto A 1 
and of B  onto B '. Then /  U p is a one-to-one mapping of X U B onto X' U B'.

□
Not only does addition of cardinals coincide with the ordinary addition of 

numbers in case of finite cardinals, but many of the usual laws of addition 
remain valid. For example, addition of cardinal numbers is commutative and 
associative:
(a) K +  A = A + K.
(b) K + (A + /r) = (K + A) + /i.
These laws follow directly from the definition. Similarly, the following inequal­
ities are easily established:
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(c) K < K + A.
(d) If Ki < «2 and Ai < A2, then «i + Ai < «2 + A2.
However, not all laws of addition of numbers hold also for addition of cardinals. 
In particular, strict inequalities in formulas are rare in case of infinite cardinals 
and, as is discussed later (Konig’s Theorem), those that hold are quite difficult 
to establish. As an example, take the simple fact that if n ^  0, then n + n >  n. 
If K  is infinite, then this is no longer true: We have seen that Ho + Ho = HQ [see 
3.16(b) in Chapter 4], and the Axiom of Choice implies that K +  K =  « for every 
infinite K .

The multiplication of cardinals is again motivated by properties of multipli­
cation of numbers. If A and B  are sets of a and b elements, respectively, then 
the product A x  B  has a • b elements.

1.3 Definition K • A =  |A x B|, where |A| = K  and |B| = A.

The legitimacy of this definition follows from Lemma 1.4.

1.4 Lemma I f  A, B, A', B ' are such that\A\ =  |A'|, |B| =  |B '|, then |A xB | = 
[A1 x B '\ .

Proof. Let f  : A -> A ', g : B -> B' be mappings. We define h : A x B ~̂> 
A' x B ' as follows:

h(.a,b) = (f(a),g(b)).

Clearly, if f  and g are one-to-one and onto, so is h. □

Again, multiplication has some expected properties; in particular, it is com­
mutative and associative. Moreover, the distributive law holds.
(e) K • A = A • K.
(f) « • (A • /r) =  (K • A) • //.
(g) K • (A + /1) =  K ■ A + re • p.

The last property is a consequence of the equality .

A x (B U C) = (A x B) U (A x C),

that holds for any sets A, B, and C. We also have:
(h) « < K ■ A if A > 0.
(i) If «i < «2 and Ai < A2, then «i • Ai < K2 • A2.

To make the analogy between multiplication of cardinals and multiplication of 
numbers even more complete, let us prove
(j) K + K = 2 ■ K.

Proof. If |A| = K , then 2 • K is the cardinal of {0,1} x A. We note that 
{0,1} x A = ({0} x A) U ({1} x A), that |{0} x A| =  |{1} X A| = K, and that 
the two summands are disjoint. Hence 2 ■ K  =  K  +  K . □

As a consequence of (j), we have
(k) K  +  K  <  K  ■ K , whenever K > 2 .
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As in the case of addition, multiplication of infinite cardinals has some properties 
different from those valid for finite numbers. For example, No • Ro = No [see 
3.16(b) in Chapter 4]. (And the Axiom of Choice implies that K • K — K for all 
infinite cardinals.)

To define exponentiation of cardinal numbers, we note that if A and B  are 
finite sets, with a and b elements respectively, then ab is the number of all 
functions from B to A.

1.5 Definition KX =  |AB |, where |A| = K and |B| =  A.

The definition of KA does not depend on the choice of A and B.

1.6 Lemma If\A \ = |A'| and \B\ = |B'|, then \AB \ = \A, B  |.

Proof. Let f  : A —̂ A' and g : B -+ B' be one-to-one and onto. Let 
F : A B  —» A 'B  be defined as follows: If fc e A B , let F(k) = h, where h e A lB 
is such that h(g(b)) = f(k(b)) for all b E B, i.e., h = f  a ka  g- 1 .

B ----- - — * B'

k h = Ftfe)

A  f  * A

Then F  is one-to-one and maps A B onto A ,B  . □

It is easily seen from the definition of exponentiation that
(1) /t < «A if A > 0.

(m) A < «/ if K > 1.
(n) If Ki < «2 and Ai < A2, then «A1 < K^’ - •
We also have
(o) K • K =  K2 .

To prove (o), it suffices to have a one-to-one correspondence between A x  A, the 
set of all pairs (a, b) with a,b e A, and the set of all functions from {0,1} into 
A. This correspondence has been established in Section 5 of Chapter 3.

The next theorem gives further properties of exponentiation.

1.7 Theorem
(a) K ^  = KX ■ K .̂
(b) {K^  = ^ ’̂ .
(c) ^ - X y  = ^ - X ^ .

Proof. Let K = \K\, X = |L|, p, = \M\. To show (a), assume that L and M 
are disjoint. We construct a one-to-one mapping F of K L  x K M  onto K L u M .
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If {f, g) € K L  x K M , we let F (f, g) = f  \Jg. We note that /  Up is a function, 
in fact a member of K ^ M , and every h € K ^ M js  equal to F (f,g ) for some 
{fi 9} € K L  x K M  (namely, f  = h \ L, g = h \ M). It is easily seen that F  is 
one-to-one.

To prove (b), we look for a one-to-one map F  of K L *M  onto (K L )M . A 
typical element of K L^M is a function f  : L x M  -+ K. We let F  assign to f 
the function g : M  —> K L  defined as follows: for all m E M, g(m) = h G K L 
where h(l) = f{l,m ) (for all I G L). We leave it to the reader to verify that F 
is one-to-one and onto.

For a proof of (c) we need a one-to-one mapping F  of K M  x L M  onto 
(K  x L)M . For each ( /b / 2) t  K M  x L M , let F ^ f o )  = g : M  {K x L) 
where g{m) = {fi{m), fifm )), for all m  G M. It is routine to check that F  is 
one-to-one and onto. □

We now have a collection of useful general properties of cardinals, but the 
only specific cardinal numbers encountered so far are natural numbers, Ro, and 
2N". We show next that, in fact, there exist many other cardinalities. The fun­
damental result in this direction is the general Cantor’s Theorem (see Theorem 
6.2 in Chapter 4 for a special case).

1.8 Cantor’s Theorem  |X| < |P(X )|, for every set X .

Proof. The proof is a straightforward generalization of the proof of The­
orem 6.2 in Chapter 4. Its heart is an abstract form of the diagonalization 
argument.

First, the function f  : X  -^ P{X) defined by f(x ) = {v} is clearly one-to- 
one, and so |X| < |?(X )|. It remains to be proven that there is no mapping 
of X  onto V{X). So let /  be a mapping of X  into P{X). Consider the set 
S  = {x e X  \ x £ f { ^ } -  We claim that S is not in the range of f .  Suppose 
that S = f{z) for some z G X. By definition of S, z G S if and only if z ^ f{z)\ 
so we have z G S if and only if z ^ 5, a contradiction. This shows that f  is not 
onto P{X), and the proof of |X| < |?(X )| is complete. □

The first half of Theorem 6.3 of Chapter 4 also generalizes to arbitrary sets.

1.9 Theorem  |P(X)| = 2^1, for every set X .

Proof. Replace IV by X in the proof of |P (N )| = 2^1 in Theorem 6.3 in 
Chapter 4. □

Cantor’s Theorem can now be restated in terms of cardinal numbers as 
follows:

K < 2K for every cardinal number n.

We conclude this section with an observation that for any set of cardinal 
numbers, there exists a cardinal number greater than all of them.
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1 1.10 Corollary For any system of sets S  there is a set Y  such that \Y\ > |X|
holds for all X  & S .

Proof. Let Y  = BdJB). By Cantor’s Theorem, |Y| > | (J5 |, and clearly 
|U S | > |X| for all X  G 5 (because X  C (J 5  if X  e S). □

Exercises

1.1 Prove properties (a)-(n) of cardinal arithmetic stated in the text of this 
section.

1.2 Show that K° =  1 and K1 = K for all K .
1.3 Show that 1" = 1 for all K  and 0  ̂ = 0 for all « > 0.
1.4 Prove that K K  < 2K^.
1.5 If |A| < |B| and if A 7̂  0, then there is a mapping of B  onto A. We 

later show, with the help of the Axiom of Choice, that the converse is 
also true: If there is a mapping of B  onto A, then |A| < |B|.

1.6 If there is a mapping of B onto A, then 2''41 < 2 ^ .  [Hint-. Given g 
mapping B  onto A, let f (X )  = g~l [X], for all X  C A.]

1.7 Use Cantor’s Theorem to show that the “set of all sets" does not exist.
1.8 Let X  be a set and let /  be a one-to-one mapping of X  into itself such 

that /[X] C X . Then X  is infinite.

Call a set X  Dedekind infinite if there is a one-to-one mapping of X  onto 
its proper subset. A Dedekind finite set is a set that is not Dedekind infinite. 
The remaining exercises investigate properties of Dedekind finite and Dedekind 
infinite sets.

1.9 Every countable set is Dedekind infinite.
1.10 if X  contains a countable subset, then X is Dedekind infinite.
1.11 If X  is Dedekind infinite, then it contains a countable subset. [Hint: Let 

x  e X -  /[X]; define zo = x, n  = f ( x o fi ... , xn+ 1  = f ( x n ), . . . .  The 
set {rn  | n € N }  is countable.]

Thus Dedekind infinite sets are exactly those that have a countable subset. 
Later, using the Axiom of Choice, we show that every infinite set has a countable 
subset; thus Dedekind infinite =  infinite.

1.12 If A and B  are Dedekind finite, then A U B is Dedekind finite. [Hint: 
Use Exercise 1.11.]

1.13 If A and B are Dedekind finite, then A x B is Dedekind finite. [Hint: 
Use Exercise 1.11.]

1.14 If A is infinite, then PlfPlA'f) is Dedekind infinite. [Hint: Foreachne W, 
let Bn = {X C A | ]X| = n}. The set {Sn  | n G N }  is a countable subset 
o fW A )) - ]
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2. The Cardinality of the Continuum
We are by now well acquainted with the properties of the cardinal number No, 
the cardinality of countable sets. We summarize them here for reference, using 
the concepts of cardinal arithmetic introduced in the preceding section.
(a) K < No if and only if K e N .
(b) n +  No =  No + No = Ro (n 6 N ).
(c) n ■ No =  No • No = No (n e N , n > 0).
(d) N̂  =  No (n e JV, n > 0).

In the present section we study the second most important infinite cardinal 
number, the cardinality of the continuum, 2N°. To begin with, we recall that 
2^" is indeed the cardinality of the set R  of all real numbers.

2.1 Theorem  |K| = 2 N".

Proof. This is the second half of Theorem 6.3 in Chapter 4. □

The next theorem summarizes arithmetic properties of the cardinality of the 
continuum.

2.2 Theorem
(a) n + 2N° = No + 2H" =  2N" + 2K" =  2R° ( n e N ) .
(b) n • 2K" =  No • 2*° =  2^’ • 2R° =  2N° (n e  N , n >  0 /
(a) (2No)n  = (2K")N" = nN" = N^’ = 2K" ( n e N , n >  Of

Proof.
(a) This follows from the obvious sequence of inequalities

2̂ 0 < n  +  2K« < NO + 2H" < 2H" + 2N" = 2 • 2R" =  21+N" = 2N°

by the Cantor-Bernstein Theorem.
(b) Similarly, we have

2N° < n • 2N“ < No • 2N° < 2K" ■ 2R " = 2R|>+N" = 2N".

(c) We have both
2̂ 0 < (2R")n  < (2R")R" = 2R" = 2R"

and
2N° < n N°

□

It is interesting to notice that Theorem 2.2, although an easy corollary of 
laws of cardinal arithmetic and the Cantor-Bernstein Theorem, has some rather 
unexpected consequences. For example, 2N" • 2R° =  2R° means that |H x Jl| = 
|R|; however, the set R  x R  of all pairs of real numbers is in a one-to-one 
correspondence with the set of all points in the plane (via a cartesian coordinate 
system). Thus we see that there exists a one-to-one mapping of a straight line

< NQ" < (2R°)R“ =  2R" = 2R".
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R  onto a plane R x R  (and similarly, onto a three-dimensional space R x  R x 
R, etc.). These results (due to Cantor) astonished his contemporaries; they 
seem rather counterintuitive, and the reader may find it helpful to actually 
construct such a mapping (see Exercise 2.7). The next theorem shows that 
several important sets have the cardinality of the continuum.

2 .3 Theorem
(a) The set of all points in the n-dimensional space R n  has cardinality 2N".
(b) The set of all complex numbers has cardinality 2K".
(c) The set of all infinite sequences of natural numbers has cardinality 2N°.
(d) The set of all infinite sequences of real numbers has cardinality 2No.

Proof.
(a) |R n | =  (2No)" by definition of cardinal exponentiation; (2N")n  = 2H" by 

Theorem 2.2(c).
(b) Complex numbers are represented by pairs of reals (see Exercise 2.6 in 

Chapter 10), so the cardinality of the set of all complex numbers is |f ix l i | = 
(2Nn)2 = 2Ho.

(c) The set of all infinite sequences of natural numbers is N N  and |1VN | = 
Hj’ = 2N".

(d) l-R^ = (2N")HO =  2N<’.
□

The next theorem helps to establish further results of this sort.

2.4 Theorem If A is a countable subset o fB  and \B\ = 2N“, then \B—A\ = 2K“.
(Here we remark that using the Axiom of Choice, we are able to show in 

general that if |A| < |B|, then |B — A| = |B|.)

Proof. We can assume without loss of generality that B = R  x R.

Let P  =  dom A:
P = {x € R  \ (x,y) E A for some y}.

Since |A| = No, we have |P | < No. Thus there is XQ € R  such that ro ^ P' 
Consequently, the set X  =  (io ) x K is disjoint from A, so X  C (R  x R) -  A. 
Clearly, |X| = |ll| = 2K°, and we have |(U x J?) -  A| > 2Nn. □
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2.5 Theorem
(a) The set of all irrational numbers has cardinality 2H".
(b) The set of all infinite sets of natural numbers has cardinality 2H°.
(c) The set of all one-to-one mappings of N  onto N  has cardinality 2N“.

Proof.
(a) The set of all rationals Q is countable, hence the set R  — Q of all irrational 

numbers has cardinality 2N° by Theorem 2.4.
(b) The set of all subsets of TV, P (N ), has cardinality 2N°, and the set of all 

finite subsets of N  is countable (see Corollary 3.11 in Chapter 4), hence 
the set of all infinite subsets of TV has the cardinality of the continuum.

(c) Let P  be the set of all one-to-one mappings of TV onto TV; as P  C N N  , 
clearly |P | < 2Ko. Let E  and O, respectively, be the sets of all even and 
odd natural numbers. If X C E is infinite, define a mapping f x ' N - ^ N 
as follows:

f x ^ k )  = the fcth element of X (k e N)\

fx (2 k  + 1) = the fcth element of TV — X (k e N f

Notice that TV -  X D O is infinite, so f x  is a one-to-one mapping of TV 
onto TV. Moreover, it is easy to show that Xi ^  X2 implies fx i  ^  f x 2 • We 
thus have a one-to-one correspondence between infinite subsets of E  and 
certain elements of P. Since there are 2K° infinite subsets of E  by Theorem 
2.5(b), we get |P | > 2N" as needed. □

Yet other similar results are provided by the next theorem. The definitions 
and basic properties of open sets and continuous functions can be found in 
Section 3, Chapter 10.

2.6 Theorem
(a) The set of all continuous functions on R  to R  has cardinality 2N".
(b) The set of all open sets of reals has cardinality 2N“.

Proof.
(a) We use the fact (proved in Theorem 3.11, Chapter 10) that every continuous 

function on J? is determined by its values on a dense set, in particular by 
its values at rational arguments: If f  and g are two continuous functions 
on R , and if f(q) = g(q) for every rational number q, then f  = g. Thus 
let C be the set of all continuous real-valued functions on R, Let F  be a 
mapping of C  into R ^  defined by F (f)  = f  \ Q. By the fact above, F 
is one-to-one, so |C| < |P ^ | = (2N,,)N" = 2N". On the other hand, clearly 
|C| > 2K° (consider the constant functions).

(b) Every open set is a union of a system of open intervals with rational end­
points (see Lemma 3.14 in Chapter 10). There are No open intervals with 
rational endpoints (each such interval is determined by an ordered pair of
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rationals), and hence 2Nn such systems. This shows that there are at most 
2N° open sets. On the other hand, if a, b G R, a ^  b, then (a, oo) ^  (6, oo), 
so there are at least 2^" open sets.

□
The results of this section demonstrate the importance of the cardinal num­

ber 2N". It should not be surprising that the problem of determining the mag­
nitude of 2H" is of fundamental significance. We know that 2Ko is greater than 
No, but how much greater? Cantor conjectured that 2N" is the next cardinal 
number after NQ. This is the famous Continuum Hypothesis.

The Continuum Hypothesis There is no uncountable cardinal number K such 
that K < 2^".

In words, the Continuum Hypothesis asserts that every set of real numbers is 
either finite or countable, or else it is equipotent to the set of all real numbers. 
There are no cardinalities in between. In 1900, David Hilbert included the 
Continuum Problem in his famous list of open problems in mathematics (as 
Problem 1). It is still not fully resolved today. In 1939, Kurt Gddel showed that 
the Continuum Hypothesis is consistent with the axioms of set theory. That 
is, using the axioms of Zermelo-Fraenkel set theory (including the Axiom of 
Choice), one cannot refute the Continuum Hypothesis. In 1963, Paul Cohen 
proved that the Continuum Hypothesis is independent of the axioms. This 
means that one cannot prove the Continuum Hypothesis from the axioms. We 
discuss these questions in more detail in Chapter 15.

We conclude this section with an example of a set that has cardinality greater 
than the continuum.

2.7 Lem m a The set of all real-valued functions on real numbers has cardinality 
22M° > 2K".

Proof. The cardinal number of R R  is (Z '̂1)2”0 = 2NO'2N" = 22K" . □

Exercises
2.1 Prove that the set of all finite sets of reals has cardinality 2No. We remark 

here that the set of all countable sets of reals also has cardinality 2N", 
but the proof of this requires the Axiom of Choice.

2.2 A real number x  is algebraic if it is a solution of some equation

(*) an xn  + an-ix" - 1 -|------ |-aiz  + a0 = 0,

where ao,.. .  , an  are integers. If x is not algebraic, it is called transcen­
dental. Show that the set of all algebraic numbers is countable and hence 
the set of all transcendental numbers has cardinality 2W”.

2.3 If a linearly ordered set P  has a countable dense subset, then |P | < 2K".
2.4 The set of all closed subsets of reals has cardinality 2R°.
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2.5 Show that, for n  > 0, n • 22*H =  No ■ 22N" =  2N° • 22”0 =  22N" • 22N° = 
“ ' 2N° ̂ H” _  22N°

2.6 The cardinality of the set of all discontinuous functions is 22 0 . [Hint: 
Using Exercise 2.5, show that |H R  -  C| =  2 2*0 whenever |C | < 2K°.]

2.7 Construct a one-to-one mapping of R  x R  onto R. [Hint: If a, 6 € [0,1] 
have decimal expansions 0.010203 ■ • • and 0.616263 • ■ •, map the ordered 
pair (a, 6) onto 0.016102620363 ■• • € [0,1]. Make adjustments to avoid 
sequences where the digit 9 appears from some place onward.]



C h a p te r  6

O rdinal N um bers

1. W ell-O rdered  Sets
When we introduced natural numbers, we were motivated by the need to for­
malize the process of “counting”: the natural numbers start with 0 and are 
generated by successively increasing the number by one unit: 0, 1, 2, 3, .. .  , 
and so on. We defined the operation of successor by S(x) = z U {x} and intro­
duced natural numbers as elements of the smallest set containing 0 and closed 
under S.

It is desirable to be able to continue the process of counting beyond natural 
numbers. The idea is that we can imagine an infinite number w that comes 
"after” all natural numbers and then continue the counting process into the 
transfinite: ui,u + l, (w + 1) + 1, and so on. ,

In the present chapter we formalize the process of transfinite counting, and 
introduce ordinal numbers as a generalization of natural numbers. As is usual 
in any meaningful generalization, the resulting concept shares many features of 
natural numbers. Most important, the theorems on induction and recursion are 
generalized to theorems on transfinite induction and transfinite recursion.

As a starting point, we use the fact that each natural number is identified 
with the set of all smaller natural numbers: n =  {m G IV | m < n}. (See 
Exercise 2.6 in Chapter 3.) By analogy, we let w, the least transfinite number, 
to be the set N  of all natural numbers: w = JV  =  { 0 ,l,2 ,...} .

It is easy to continue the process after this “limit” step is made: The oper­
ation of successor can be used to produce numbers following w in the same way 
we used it to produce numbers following 0:

S(w) =  w U {w} = {0,1,2,... , w},
S(S(w)) = S(w)U{S(w)} = {0,1,2,... ,w,S(w)}> etc.

We use the suggestive notation

S(w) =  w + 1, S(5(w)) = (w + 1) + 1 = w + 2, etc.

103
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In this fashion, we can generate greater and greater “numbers”: w, w + 1, 
w + 2, . .. , w 4- n, . . .  , for all n € N .  A number following all tv 4- n can again 
be conceived of as a set of all smaller numbers:

a /• 2 =  tv 4- tv = {0,1,2,... ,w ,u -|-l,w  +  2 ,...} .

The reader may wish to introduce still greater numbers; e.g.,

iv * 2 4" 1 = tv 4- tv 4- 1 = {0,1,2,... , tv,(v 4  l,tv 4  2 ,.. .  , tv 4  tv}, 

tv * 3 = tv 4  iv 4  w
= {0,1 ,2 ,... ,tv ,tv41 ,w 4  2 ,. . .  ,iv 4 iv ,w 4 (v 4 -l,...{ ,

tv • tv =  {0,1 ,2 ,... ,tv,tv 4-1 ,... ,cv • 2, w • 2 4- 1 ,... ,w • 3 ,... ,tv • 4 ,.. .  }.

The sets we generate behave very much like natural numbers, in this respect: 
they are linearly ordered by e , and every nonempty subset has a least element. 
We called linear orderings with this property well-orderings (see Definition 2.3 
in Chapter 3). As the concept of well-ordering is, along with cardinality, one of 
the most important ideas in abstract set theory, let us recall the definition:

1.1 Definition A set W  is well-ordered by the relation < if
(a) (W, <) is a linearly ordered set.
(b) Every nonempty subset of W  has a least element.

The sets generated above are all examples of sets well-ordered by the relation 
e. Later in this chapter we show that all well-orderings can be represented by 
such sets and we introduce ordinal numbers to serve as order types of well- 
ordered sets. More examples of well-ordered sets can be found in the exercises 
at the end of this section.

The fundamental property of well-orderings is that they can be compared 
by their “lengths.” The precise meaning of this is given in Theorem 1.3.

Let (L, <) be a linearly ordered set. A set 5  C L is called an initial segment 
of L  if S  is a proper subset of L (i.e., S ^  L) and if for every a 6 S, all x  < a 
are also elements of S. (For instance, both the set of all negative reals and the 
set of all nonpositive reals are initial segments of the set of all real numbers.)

1.2 Lemma I f  (W, <) is a well-ordered set and if S is an initial segment of 
(W, <), then there exists a £ W such that S = { x & W \ x <  a}.

Proof. Let X  = W  — S be the complement of S. As S is a proper subset 
of W, X  is nonempty, and so it has a least element in the well-ordering <. Let a 
be the least element of X. If a: < a, then x cannot belong to X, as a is its least 
member, so x  belongs to S. If i  > a, then x  cannot be in S  because otherwise a 
would also be in 5  as 5  is an initial segment. Thus S  = {x e W  \ x < a}. □

If a is an element of a well-ordered set (W, <), we call the set

W[a] = { i G W | a; < a}
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the initial segment of W given by a. (Note that if a is the least element of W, 
then W[a] is empty.) By Lemma 1.2, each initial segment of a well-ordered set 
is of the form W[a] for some a e W. Of course, IV[a] is also well-ordered by 
< (more precisely, by < OlV[a]2); we usually do not mention the well-ordering 
relation explicitly when it is understood from the context.

1.3 Theorem If(W i, < i) and (W2, <2) are well-ordered sets, then exactly one 
of the following holds:
(a) either Wi and W2 are isomorphic, or
(b) Wi is isomorphic to an initial segment ofWz, or
(c) W2 is isomorphic to an initial segment ofWy.

In each case, the isomorphism is unique.

This theorem provides the method of comparison for well-orderings men­
tioned above: we say that Wi has smaller order type than W2 if Wi is isomorphic 
to W2[a] for some a G W2.

Before we prove Theorem 1.3, we prove the following lemma and state some 
of its corollaries. A function / on a linearly ordered set (L, <) into L is increasing 
if xi < X2 implies f(x i)  < fix?). Note that an increasing function is one-to-one, 
and is an isomorphism of (L, <) and (ran/, <).

1.4 Lemma If (W, <) is a well-ordered set and if f  :W  —> W is an increasing 
function, then f(x) > x for all x GW .

Proof. If the set A  = {x G W \ fix') < x} is nonempty, it has a least 
element a. But then /(a) < a, and f(f(a )) < f(a) because f  is increasing. This 
means that /(a) € X , which is a contradiction because a is least in X . □

1.5 Corollary
(a) No well-ordered set is isomorphic to an initial segment of itself.
(b) Each well-ordered set has only one automorphism, the identity.
(c) IfW i and W2 are isomorphic well-ordered sets, then the isomorphism be­

tween Wi and W2 is unique. -

Proof.
(a) Assume that f  is an isomorphism between W  and W[a] for some a G W. 

Then f(a) 6 W[a] and therefore fla ) < a, contrary to the lemma, as / is 
an increasing function.

(b) Let / be an automorphism of W. Both f  and / ” ' are increasing functions 
and so for all x G W, f(x) > x and f - 1 ^ ) > x, therefore x > f(x). It 
follows that f(x) = x  for all a; € W.

(c) Let /  and g be isomorphisms between TV; and W2. Then f  o p- 1  is an 
automorphism of W2 and hence is the identity map. It follows that f  =  g.

□

1.6 Proof of Theorem 1.3 Let Wi and W2 be well-ordered sets. It is a 
consequence of Lemma 1.4 that the three cases (a), (b), and (c) are mutually



106 CHAPTER 6. ORDINAL NUMBERS

exclusive: For example, if Wi were isomorphic to W ^^] for some a2 G W2 and 
at the same time W2 were isomorphic to Wi[ai] for some ai G Wi, then the 
composition of the two isomorphisms would be an isomorphism of a well-ordered 
set onto its own initial segment.

Also, the uniqueness of the isomorphism in each case follows from Corollary 
1.5; thus, we only have to show that one of the three cases (a), (b), and (c) 
always holds. We define a set of pairs /  C Wi x W2 and show that either f  or 
/ - 1  is an isomorphism attesting to (a), (b), or (c). Let

f  = {(x,y) E Wi x W2 \ Wi[x] is isomorphic to W2 [y]}.

First, it follows from Corollary 1.5 (a) that /  is a one-to-one function: If Wi[z] 
is isomorphic both to W2 [y] and to W^b'], then y = y' because otherwise W2 \y] 
would be an initial segment of W2 [y'] (or vice versa) while they are isomorphic, 
and that is impossible. Hence (x,yj G f  and (x,y') G f  imply y = y'. A  similar 
argument shows that ( x ^ )  G f  and (x',y) G f  imply x = x'.

Second, x  < x' implies f(x ) < fix '):  If h is the isomorphism between Wi{x'] 
and ^ [ / ( z ') ] ,  then the restriction h f Wifi] is an isomorphism between W^a:] 
and ^ [/[ (r )] , so f(x )  = h(x) and f(x ) < f(x ').

Hence f  is an isomorphism between its domain, a subset of Wi, and its 
range, a subset of W2 . If the domain of /  is Wi and the range of f  is W2 , then 
Wi is isomorphic to W2 . We show now that if the domain of f  is not all of Wj 
then it is its initial segment, and the range of /  is all of W2 . (This is enough to 
complete the proof as the remaining case is obtained by interchanging the role 
of Wi and W2 .)

So assume that dom /  /  Wi. We note that the set S  = dom f  is an initial 
segment of Wi: If x  G S  and z < x, let h be the isomorphism between Wi[x] 
and W2 [/(a;)]; then h [ Wj[z] is an isomorphism between Wi[z] and W2 [h(z)], 
so z G S. To show that the set T  = ran f  = W2 , we assume otherwise and, 
by a similar argument as above, show that T  is an initial segment of W2. But 
then dom /  =  Wi[a] for some a G Wi, and ran/  = W2 [&] for some b 6 W2 . In 
other words, f  is an isomorphism between Wi[a] and W2 [6). This means, by 
the definition of / ,  that (a,6) G / ,  so a G dom / = Wi[a], that is, a < a, a 
contradiction. □

Exercises
1.1 Give an example of a linearly ordered set (L, <) and an initial segment 

S  of L which is not of the form {x | 1 < a}, for any a G L.
1.2 w +  1 is not isomorphic to w (in the well-ordering by G).
1.3 There exist 2Mo well-orderings of the set of all natural numbers.
1.4 For every infinite subset A of N , (A, <) is isomorphic to (N , <).
1.5 Let (Wi, <1) and (W2 ,< 2 ) be disjoint well-ordered sets, each isomorphic 

to (N , <). Show that the sum of the two linearly ordered sets (as defined 
in Lemma 4.5 in Chapter 4) is a well-ordering, and is isomorphic to the 
ordinal number w + w = {0,1,2,... , w, w + 1, w + 2 ,... }.

1.6 Show that the lexicographic product (N  x N ,  <) (see Lemma 4.6 in 
Chapter 4) is isomorphic to w • w.
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1.7 Let (W, <) be a well-ordered set, and let a ^ W. Extend < to W' = 
W  U {a} by making a greater than all a; e W. Then W  has smaller order 
type than W '.

1.8 The sets W = N  x {0,1} and W  = {0,1} x N , ordered lexicographically, 
are nonisomorphic well-ordered sets. (See the remark following Theorem 
4.7 in Chapter 4.)

2. O rd in a l N u m b ers
In Chapter 3 we introduced the natural numbers to represent both the cardi­
nality and the order type of finite sets and used them to prove theorems on 
induction and recursion. We now generalize this definition by introducing ordi­
nal numbers.

Ordinal numbers continue the procedure of generating larger numbers into 
transfinite. As was the case with natural numbers, ordinal numbers are de­
fined in such a way that each is well-ordered by the e relation. Moreover, the 
collection of all ordinal numbers (which as we shall see is not a set) is itself well- 
ordered by e, and contains the natural numbers as an initial segment. And most 
significantly, ordinal numbers are representatives for all well-ordered sets: every 
well-ordered set is isomorphic to an ordinal number. Thus ordinal numbers can 
be viewed as order types of well-ordered sets.

2.1 Definition A set T  is transitive if every element of T is a subset of T.
In other words, a transitive set has the property that u & v e T  implies 

u & T. For more on transitive sets we refer the reader to the exercises in this 
section, and to Chapter 14.

2.2 Definition A set a  is an ordinal number if
(a) a is transitive.
(b) a  is well-ordered by Ga .

It is a standard practice to use lowercase Greek letters to denote ordinal num­
bers. Also, the term ordinal is often used for ordinal number.

For every natural number m, if k e I e m  (i.e., k < I < m), then k e m. 
Hence every natural number is a transitive set. Also, every natural number is 
well-ordered by the e relation (because every n G IV is a subset of N  and N  is 
well-ordered by G). Thus

2.3 Theorem Every natural number is an ordinal.

The set N  of all natural numbers is easily seen to be transitive, and is also 
well-ordered by G. Thus N  is an ordinal number.

2.4 Definition w = N .

We have just given the set N  a new name w.
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2.5 Lemma I f  a  is an ordinal number, then S(a) is also an ordinal number.

Proof. S(a) =  aU{a} is a transitive set. Moreover, aU{a} is well-ordered 
by £, a  being its greatest element, and a  C a  U {a} being the initial segment 
given by a. So S(a) is an ordinal number. □

We denote the successor of a  by a  + 1:

a  + 1 = S{a) = a  U {a}.

An ordinal number a  is called a successor ordinal if a = P + 1 for some 
P. Otherwise, it is called a limit ordinal. For all ordinals a  and P, we define 
a < P if and only if a € P, thus extending the definition of ordering of natural 
numbers from Chapter 3. The next theorem shows that < does indeed have all 
the properties of a linear ordering, in fact, of a well-ordering.

2.6 Theorem  Let a, P, and 7 be ordinal numbers.
(a) If a  < P and P < y, then a  < 7.
(b) a  < P and P < a cannot both hold.
(c) Either a  < P or a  = P or P < a holds.
(d) Every nonempty set of ordinal numbers has a <-least element. Conse­

quently, every set of ordinal numbers is well-ordered by <.
(e) For every set of ordinal numbers X , there is an ordinal number a ^ X . (In 

other words, “the set of all ordinal numbers" does not exist.)

The proof uses the following lemmas.

2.7 Lemm a I f  a  is an ordinal number, then a ^ a.

None of the axioms of set theory we have considered excludes the existence 
of sets X  such that X  G X . However, the sets which arise in mathematical 
practice do not have this peculiar property.

Proof. If a G a  then the linearly ordered set (a,Ga ) has an element 1 = a 
such that x  G x, contrary to asymmetry of 6a . □

2.8 Lemma Every element of an ordinal number is an ordinal number.

Proof. Let a  be an ordinal and let a: e a. First we prove that x is 
transitive. Let u and v be such that u € D € i ;  we wish to show that u G x. 
Since a is transitive and a: e a, we have v & a  and therefore, also u G 01. Thus 
u, v, and x  are all elements of a  and u Gv G x. Since € a  linearly orders a, we 
conclude that u G x.

Second, we prove that Gx  is a well-ordering of x. But by transitivity of a 
we have x  Q a  and therefore, the relation e® is a restriction of the relation €a . 
Since £a  is a well-ordering, so is e^. □
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2.9 Lemma If a  and 0 are ordinal numbers such that a C 0, then a G 0.

Proof. Let a C 0. Then 0 — a is a nonempty subset of 0, and hence 
has a least element 7 in the ordering Gp. Notice that 7 C a: If not, then any 
<5 G 7 — a  would be an element of 0 — a  smaller than 7 (by transitivity of 0). 
The proof is complete if we show that a  C 7 (and so a = y e 0).

Let 5 6 a; we show that <5 € 7. If not, then either 7 G <5 or 7 =  <5 (both <5 
and 7 belong to 0, which is linearly ordered by G). But this implies that 7 € a, 
since a  is transitive. That contradicts the choice of y  G 0 — a. □

Proof of Theorem 2.6
(a) If a € 0  and 0 G y, then a  G 7 because 7 is transitive.
(b) Assume that a G 0  and 0 e  a. By transitivity, a G a, contradicting 

Lemma 2.7.
(c) If a  and 0 are ordinals, a  n /3 is also an ordinal (check properties (a) and 

(b) from the definition) and a O 0  C a, a O 0 C 0 .  If a  n  0  = a, then 
a C 0 and so a G 0 or a  = 0 by Lemma 2.9. Similarly, a O 0  = 0  implies 
0 G a or 0  = a. The only remaining case, aH 0 C a and aO 0 C 0, cannot 
occur, because then a(~\0 G a and a(~]0 G 0, leading to a  0 0 G aO 0  and 
a contradiction with Lemma 2.7.

(d) Let A be a nonempty set of ordinals. Take a  G A, and consider the set 
aO  A. If a b  X = 0, a  is the least element of A. If a Q A ^  0, a  fl A C a 
has a least element 0  in the ordering GQ . Then 0 is the least element of A 
in the ordering <.

(e) Let X be a set of ordinal numbers. Since all elements of X  are transitive 
sets, (JX  is also a transitive set (see Exercise 2.5). It immediately follows 
from part (d) of this theorem that 6 well-orders (J X ; consequently, (J X 
is an ordinal number. Now let a  = S((JX); a  is an ordinal number and 
a ^  X. [Otherwise, we get a  C (J X and, by Lemma 2.9, either a  = (JX 
or a  G U ^ - In  both cases, a: G S((JX) = a, contradicting Lemma 2.7.]

□
The ordinal number (J X used in the proof of (e) is called the supremum of 

X  and is denoted supX. This is justified by observing that (J XC is the least 
ordinal greater than or equal to all elements of X:
(a) I f a G X , th e n a C |J X ,s o a < U X .
(b) If a  < 7 for all a  G X, then a  C 7 for all a  G X and so (JX  C 7, i.e., 

U ^ < 7 .
If the set X has a greatest element 0 in the ordering <, then supX = 0. 

Otherwise, supX > 7 for all 7 6 X  (and it is the least such ordinal). We see 
that every set of ordinals has a supremum (in the ordering <).

The last theorem of this section restates the fact that ordinals are a gener­
alization of the natural numbers:
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2.10 Theorem  The natural numbers are exactly the finite ordinal numbers.

Proof. We already know (from Theorem 2.3) that every natural number 
is an ordinal, and of course, every natural number is a finite set. So we only 
have to prove that all ordinals that are not natural numbers are infinite sets. If 
a  is an ordinal and a $ N ,  then by Theorem 2.6(b) it must be the case that 
a  > a> (because a  ^  w), so a  3  w because a  is transitive. So a has an infinite 
subset and hence is infinite. □

Every ordinal is a well-ordered set, under the well-ordering £. If a  and ft 
are distinct ordinals, then they are not isomorphic as well-ordered sets because 
one is an initial segment of the other. We also prove that any well-ordered set 
is isomorphic to an ordinal number. This, however, requires an introduction of 
another axiom, and is done in the next section.

One final comment. Lemma 2.8 establishes that each ordinal number a  has 
the property that

a = {fi | {} is an ordinal and fi < a}.

If we view a  as a set of ordinals, then if a  is a successor, say /3 + 1, then it 
has a greatest element, namely fi. If a  is a limit ordinal, then it does not have 
a greatest element, and a  =  sup{^ | /? < a}.

Note also that by definition, 0 is a limit ordinal, and sup0 = 0.

Exercises
2.1 A set X  is transitive if and only if X C P(X).
2.2 A set X  is transitive if and only if |J X  C X.
2.3 Are the following sets transitive?

(a) {0,{0},{{0}}},
(b) {0,{0}.{{0}},{0,{0}}},
(c) {0,{{0}}}-

2.4 Which of the following statements are true?
(a) If X  and Y  are transitive, then X U y  is transitive.
(b) If X and Y  are transitive, then X n y  is transitive.
(c) If X e y  and Y  is transitive, then X is transitive.
(d) If X C y  and Y  is transitive, then X is transitive.
(e) If y  is transitive and S  C P(Y), then y  U S is transitive.

2.5 If every X G 5  is transitive, then (JS is  transitive.
2.6 An ordinal a  is a natural number if and only if every nonempty subset 

of a  has a greatest element.
2.7 If a set of ordinals X  does not have a greatest element, then supX is a 

limit ordinal.
2.8 If X is a nonempty set of ordinals, then fl X is an ordinal. Moreover, 

Q X  is the least element of X.
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3. The Axiom of Replacement
As we indicated at the end of Section 2, well-ordered sets can be represented 
by ordinal numbers. The following theorem states precisely what we mean by 
“representation.”

3.1 Theorem Every well-ordered set is isomorphic to a unique ordinal number.

We give a proof of this theorem below. Although the reader may find the 
proof entirely acceptable, it nevertheless has a deficiency: it uses an assump­
tion which, however plausible, does not follow from the axioms that we have 
introduced so far. For that reason it is necessary to introduce an additional 
axiom. .

Proof. Let (W, <) be a well-ordered set. Let A be the set of all those 
a G W for which W[a] is isomorphic to some ordinal number. As no two 
distinct ordinals can be isomorphic (one is an initial segment of the other), this 
ordinal number is uniquely determined, and we denote it by a o .

Now suppose that there exists a set S  such that S = {aa \ a g A}. The set 
S  is well-ordered by G as it is a set of ordinals. It is also transitive, because if 
7 G a a G 5, let p  be the isomorphism between W[a] and aa and let c = ^ - 1 (7); 
it is easy to see that 92 f c is an isomorphism between W[c] and 7 and so 7 € S.

Therefore, S is an ordinal number, S = a.
A similar argument shows that a e A, b < a imply b G A: let ip be the 

isomorphism of W[a] and aa . Then <p ( W[b] is an isomorphism of W[b] and 
an initial segment I  of aa . By Lemma 1.2, there exists 0 < aa such that 
I  =  {7 G a a | 7 < Z?} = Z?; he., 0  = Qb. This shows that b e A and ai, < aa . 
We conclude that either A =  W or A = W[c] for some c e W  (Lemma 1.2 
again).

We now define a function f  : A —̂ S = a by f  (a) = cta - From the definition 
of S  and the fact that b < a implies ai, < aa it is obvious that f  is an isomor­
phism of (A, <) and a. If A = W[c], we would thus have c G A, a contradiction. 
Therefore A = W, and f  is an isomorphism of (W, <) and the ordinal a.

This would complete the proof of Theorem 3.1, if we were justified to make 
the assumption that the set S  exists. The elements of S  are certainly well 
specified, but there is no reason why the existence of such a set should formally 
follow from the axioms that were considered so far.

To further illustrate the problem involved, consider two other examples:
To construct a sequence

(0,{0},{{0}},{{W}},...)>

we might define

ao =  0,
an + 1  = {an } for all n e N ,
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following the general pattern of recursive definitions. The difficulty here is that 
to apply the Recursion Theorem we need a set A, given in advance, such that 
g : N  x  A —> A  defined by g(n,x) = {x} can be used to compute the (n +  l)st 
term of the sequence from its nth term. But it is not obvious how to prove from 
our axioms that any set A  such that

0€A {0 } G A  { {0 } } G A  { { {0 } } } S A . . .

exists. It seems as if the definition of A  itself required recursion.
Let us consider another example. In Chapter 3, we have postulated existence 

of w; from it, the sets w + 1 = ull{w}, w +  2 = (w +  l)U{w + l}, etc., can easily 
be obtained by repeated use of operations union and unordered pair. In the 
introductory remarks in Section 1, we “defined” w + w as the union of w and the 
set of all w + n for all n € w, and passed over the question of existence of this 
set. Although intuitively it is hardly any more questionable than the existence 
of w, the existence of w +w cannot be proved from the axioms we accepted so 
far. We know that, to each n € w, there corresponds a unique set w + n; as yet, 
we do not have any axiom that would allow us to collect all these u> + n into 
one set. The next axiom schema removes this shortcoming.

The Axiom Schema of Replacement Let P (z, y) be a property such that for 
every x  there is a unique y for which P(x,y) holds.

For every set A, there is a set B  such that, for every x G A, there is y G B 
for which P ( i, y) holds.

We hope that the following comments provide additional motivation for the 
schema.

3.2 Let F  be the operation defined by the property P; that is, let F(x) denote 
the unique y for which P ( i ,  y). (See Section 2 of Chapter 1.) The corresponding 
Axiom of Replacement can then be stated as follows:

For every set A there is a set B such that for all x € A, F(x) € B.

Of course, B  may also contain elements not of the form F(x) for any a: e A; 
however, an application of the Axiom Schema of Comprehension shows that

{y G B \ y = F(x) for some x G A} = {y G B \ P(x, y) holds for some x  G A} 
= {y | P(m, y) holds for some x G A}

exists. We call this set the image of A by F  and denote it {F(x') | x  G A} or 
simply F[A],

3.3 Further intuitive justification for the Axiom Schema of Replacement can 
be given by comparing it with the Axiom Schema of Comprehension. The latter 
allows us to go through elements of a given set A, check for each x G A whether 
or not it has the property P(a:), and collect those x  which do into a set. In
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an entirely analogous way, the Axiom Schema of Replacement allows us to go 
through elements of A, take for each x G A the corresponding unique y having 
the property P(x,y), and collect all such y into a set. It is intuitively obvious 
that the set F[A] is “no larger than” the set A. In contrast, all known examples 
of “paradoxical sets” are “large,” on the order of the “set of all sets.”

3.4 Let F  be again the operation defined by P, as in (3.2). The Axiom of 
Replacement then implies that the operation F  on elements of a given set A can 
be represented, “replaced,” by a function, i.e., a set of ordered pairs. Precisely:

For every set A, there is a function f  such that dom f  = A and 
f(x} = F(x) for all x G A.

We simply let f  = {(a;, y) G A x B | P (i, y)}, where B  is the set provided by 
the Axiom of Replacement. We use notation F  f A for this uniquely determined 
function f .  Notice that ran(F f A) = F[A],

We can now complete the proof of Theorem 3.1:
We have concluded earlier that in order to prove the theorem, we only have 

to guarantee the existence of the set S = {aa  | a. € W }, where for each a G W, 
aa is the unique ordinal number isomorphic to W[a],

Let P(s, y) be the property:

Either x G W  and y is the unique ordinal isomorphic to W[x], 
or x  0 W  and y = 0.

Applying the Axiom of Replacement [with P(x,y) as above] we conclude that 
(for A = W) there exists a set B such that for all a G W there is a  G B for 
which P (a ,a) holds. Then we let

5  = {a G B.| P(a, a) holds for some a G W} = F[W]

where F  is the operation defined by P. □
Using Theorem 3.1, we have:

3.5 Definition If W  is a well-ordered set, then the order type of W  is the 
unique ordinal number isomorphic to W.

And what about the examples mentioned above? It turns out that we need 
a more general Recursion Theorem. Compare the following theorem with the 
Recursion Theorem proved in Chapter 3:

3.6 The Recursion Theorem Let G be an operation. For any set a there 
is a unique infinite sequence (an  | n G N} such that 
(a) O,Q = a.
(b) an + i = G(an ,n) for all n G N .
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With this theorem, the existence of the sequence (0, {0}, {{0}},...) and of 
w +  w follows (see Exercise 3.2). We prove this Recursion Theorem, as well as 
the more general Transfinite Recursion Theorem, in the next section.

Exercises
3.1 Let P(x, y) be a property such that for every x there is at most one y for 

which P(x,y) holds. Then for every set A there is a set B such that, for 
all x G A, if P(x, y) holds for some y, then P ( i, y) holds for some y £ B.

3.2 Use Theorem 3.6 to prove the existence of
(a) Theset{0,{0},{{0}},{{{0}}},..,}.
(b) Theset {W,P(1V),P(P(1V)),...}.
(c) The set w + w = w U {w, w + 1, (w + 1) +  1 ,...} .

3.3 Use Theorem 3.6 to define •

Vo = 0;
K + i= P (V n ) (n ew );

K, = U  K- 
ngw

3.4 (a) Every x  G Vu  is finite.
(b) Vu  is transitive.
(c) Vu  is an inductive set.

The elements of Vu  are called hereditarily finite sets.
3.5 (a) If x G Vw and y G K>, then {x,y} G K,.

(b) If X G K,, then U ^  6 K, and P(X) G K,.
(c) If A G K> and /  is a function on A  such that /(x) G Vu  for each 

x G A, then /[X] G Vu .
(d) If X is a finite subset of Vu , then X G K,.

4. Transfinite Induction and Recursion
The Induction Principle and the Recursion Theorem are the main tools for 
proving theorems about natural numbers and for constructing functions with 
domain TV. We used them both extensively in the previous chapters. In this 
section, we show how these results generalize to ordinal numbers.

4.1 The Transfinite Induction Principle Let P(x) be a property (possibly 
with parameters). Assume that, for all ordinal numbers a:

(4.2) IfP (fi) holds for all (3 < a, then P(cr).

Then P (a) holds for all ordinals a.

Proof. Suppose that some ordinal number 7 fails to have property P , and 
let S  be the set of all ordinal numbers ^  < 7 that do not have property P. The
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set S  has a least element a. Since every 0 < a  has property P, it follows by 
(4.2) that P(a) holds, a contradiction. □

It is sometimes convenient to use the Transfinite Induction Principle in a 
form which resembles more closely the usual formulation of the Induction Prin­
ciple for N .  We do it by treating successor and limit ordinals separately.

4.3 The Second Version of the Transfinite Induction Principle Let 
P(x) be a property. Assume that
(a) P(0) holds.
(b) P(a) implies P(a + 1) for all ordinals a.
(c)' For all limit ordinals a  ^  0, ifP (0) holds for all 0 < a, then P(a) holds. 
Then P(a) holds for all ordinals a.

Proof. It suffices to show that the assumptions (a), (b), and (c) imply 
(4.2). So let a  be an ordinal such that P(/3) for all 0 < a. If a  = 0, then P(a) 
holds by (a). If a  is a successor, i.e., if there is /I < a  such that a  = /? + 1, we 
know that P(^) holds, so P(a) holds by (b). If a  /  0 is limit, we have P(a) by 
(c). □

We proceed to generalize the Recursion Theorem. Functions whose domain 
is an ordinal a  are called transfinite sequences of length a.

4.4 Theorem Let LI be an ordinal number, A a set, and S  = Ua <n ^ “ ^ e  s e t 
of all transfinite sequences of elements of A of length less than LI. Let g : S  —> A 
be a function. Then there exists a unique function f  : LI -^ A such that

f(a )  = g(J r a) for all a < LI.

The reader might try to prove this theorem in a way entirely analogous 
to the proof of the Recursion Theorem in Chapter 3. We do not go into the 
details since this theorem follows from the subsequent more general Transfinite 
Recursion Theorem.

If i9 is an ordinal and /  is a transfinite sequence of length i9, we use the 
notation

/  =  (aa  | a  < i?).

Theorem 4.4 states that if 5 is a function on the set of all transfinite sequences 
of elements of A of length less than Q with values in A, then there is a transfinite 
sequence (aa  \ a < LI) such that for all a < LI, aa  = g({a^ | £ < a)).

4.5 The Transfinite Recursion Theorem Let G be an operation; then the 
property P stated in (4-6) defines an operation F  such that F(a) = G (F \ a) 
for all ordinals a.

Proof. We call t a computation of length a based on G? if t is a function, 
domt = a  + 1 and for all 0 < a, t(0) = G(t \ 0).
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Let P(x,y) be the property

(4-6)
a; is an ordinal number and y = t(x) for some computation t of length x

< based on G,
or x  is not an ordinal number and y = 0.

We prove first that P  defines an operation.
We have to show that for each x  there is a unique y such that P(x, y). This 

is obvious if x  is not an ordinal. To prove it for ordinals, it suffices to show, 
by transfinite induction: For every ordinal a  there is a unique computation of 
length a;.

We make the inductive assumption that for all /3 < a  there is a unique 
computation of length /?, and endeavor to prove the existence and uniqueness 
of a computation of length a.
Existence: According to the Axiom Schema of Replacement applied to the prop­
erty “y is a computation of length x” and the set a, there is a set

T = {t 11 is a computation of length P for some 0 < a}.

Moreover, the inductive assumption implies that for every /3 < a  there is a 
unique t e T  such that the length of t is /3.

T is a system of functions; let t  =  J T .  Finally, let r  = t U {(a, G(t))}. We 
prove that r  is a computation of length a.

4.7 Claim r  is a function and domr = a + 1.

We see immediately that domt =  U( € T domt =  U^eQ(^ + 1) ~  a > conse­
quently, dom r = domt U {a} = a  + 1.

Next, since a  ^ domt, it is enough to prove that t is a function. This follows 
from the fact that T  is a compatible system of functions.

Indeed, let ti and t2 € T  be arbitrary, and let domti = f t ,  domig =  f t. 
Assume that, e.g., f t  < f t;  then f t  C f t ,  and it suffices to show that <1(7) = 
<2(7) f<?r  a ll 7 < f t .  We do that by transfinite induction. So assume that 
7 < f t  and ti(5) =  t2(ft for all <5 < 7. Then ii f 7 = t2 T 7, and we have 
<1(7) = G(ti T 7) = G(t2 r 7) = <2(7). We conclude that <1(7) = <2(7) for all 
7 < f t .  This completes the proof of Claim 4.7.

4.8 Claim T {/3) = G(T  \ /I) for all (3 < a.

This is clear if /? =  a, as r(a ) = G(t) = G(r \ a). If /3 < a, pick t e T  such 
that /3 e domt. We have r ( f t  = t(J3) = G(t f (3) = G (r f f t  because t is a 
computation, and t C r.

Claims 4.7 and 4.8 together prove that r  is a computation of length a.
Uniqueness: Let a be another computation of length a; we prove r = a. As 
r and cr are functions and domr = a  + 1 = dom<7, it suffices to prove by 
transfinite induction that 7(7) =  <7(7) for all 7 < a.
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Assume that r(<5) =  a(J) for all <5 < 7. Then T(7) = G(r [ 7) =  G(a \ 7) = 
<7(7). The assertion follows.

This concludes the proof that the property P  defines an operation F. Notice 
that for any computation t, F  \ domt = t. This is because for any p  e domt, 
tp = t f (P +1) is obviously a computation of length P, and so, by the definition 
o fF ,F (J 3 )= t0 (P)=t(P). '

To prove that F(a) = G (F  f a) for all a, let t be the unique computation 
of length a; we have F(a) =  t(a) = G(t \ a) = G (F [ op. □

We need again a parametric version of the Transfinite Recursion Theorem. 
If F (z,x)  is an operation in two variables, we write F z (x) in place of F{z,x).

Notice that, for any fixed z, F z  is an operation in one variable. If F  is 
defined by Q (z,x,y), the notations F Z[A] and F z  i A thus have meaning:

F Z [A] = {y | Q (z,x,y) for some x € A}-, 
F z  f A =  {(x, y) | Q(z,x, y) for some x e A}.

We can now state a parametric version of Theorem 4.5.

4.9 The Transfinite R ecursion Theorem , Param etric  Version Let G 
be an operation. The property Q stated in (4'10) defines an operation F  such 
that F (z, a) = G(z, F z  \ a) for all ordinals a  and all sets z.

Proof. Call t a computation of length a based on G and z if t is a function, 
domt = a  + 1, and, for all p < a, t(P) = G{z,t f P).

Let Q (z,x ,y) be the property

(4.10)

(
x is an ordinal number and y = t(x) for some computation t of length x 

based on G and z, or
x  is not an ordinal number and y = 0.

Then carry z as a parameter through the rest of the proof in an obvious way.
□

It is sometimes necessary to distinguish between successor ordinals and limit 
ordinals in our constructions. It is convenient to reformulate the Transfinite 
Recursion Theorem with this distinction in mind.

4.11 Theorem  Let Gi, G2, and G3 be operations, and let G be the operation 
defined in (4-12) below. Then the property P  stated in (4-6) (based onG ) defines 
an operation F  such that

F(0) = G 1^ ) ,
F (a  + 1) = Gz(F(a)) for all a,

F(a) — G3(F r a) for all limit a ^ 0 .
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Proof. Define an operation G by

(4.12)
G(x) = y if and only if either

■ (a) T  = 0 and y =  Gi(0), or
< (b) a; is a function, doma; =  a  + 1 for an ordinal a  and y = G2(i(a)), or

(c) a; is a function, doma: = a  for a limit ordinal a  ^  0 and y = G^^x), or

(d) a: is none of the above and y = 0.

Let P  be the property stated in (4.6) in the proof of the Transfinite Recursion 
Theorem (based on G). The operation F  defined by P  then satisfies F (a) = 
G (F  T a) for all a. Using our definition of G, it is easy to verify that F  has 
the required properties. □

A parametric version of Theorem 4.11 is straightforward and we leave it to 
the reader.

We conclude this section with the proofs of Theorems 3.6 and 4.4.

Proof of Theorem 3.6. Let G  be an operation. We want to find, for every 
set a, a sequence {an  | n € w) such that ao = a and an +i = G(an ,n) for all 
n e  N .

By the parametric version of the Transfinite Recursion Theorem 4.11, there 
is an operation F  such that F(0) = a and F(n + 1) =  G(F(n),n) for all n e N . 
Now we apply the Axiom of Replacement: There exists a sequence (an  \ n  e  w) 
that is equal to J? [ w, and the Theorem follows. □

Proof of Theorem 4-4- Define an operation G  by

otherwise.

The Transfinite Recursion Theorem provides an operation F  such that F(a) = 
G (F  f a) holds for all ordinals a. Let f  = F  [ ft. □

Exercises
4.1 Prove a more general Transfinite Recursion Theorem (Double Recursion 

Theorem): Let G be an operation in two variables. Then there is an 
operation F  such that F(0,a) = G (F  f (0 x a)) for all ordinals 0  and 
a. [Hint: Computations are functions on (/3 + 1) x (a + 1).]

4.2 Using the Recursion Theorem 4.9 show that there is a binary operation 
F  such that
(a) F(x, 1) = 0 for all x.
(b) F(x, n +1) = 0 if and only if there exist y and z such that a; = (y, z) 

and F(y,n) = 0.
We say that x  is an n-tuple (where n e w, n > 0) if F(x, n) = 0. Prove 
that this definition of n-tuples coincides with the one given in Exercise 
5.17 in Chapter 3.
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5. Ordinal A rithm etic
We now use the Transfinite Recursion Theorem of the preceding section to 
define addition, multiplication, and exponentiation of ordinal numbers. These 
definitions are straightforward generalizations of the corresponding definitions 
for natural numbers.

5.1 Definition — Addition of Ordinal Numbers For all ordinals {3,
(a) P + 0 = P-
(b) P + (a + 1) = (J3 + a) + 1 for all a.
(c) P + a = sup{/3 + 7 | 7 < a} for all limit a ^  0.

If we let a  =  0 in (b), we have the equality /? + 1 = /? + 1; the left-hand 
side denotes the sum of ordinal numbers P and 1 while the right-hand side is 
the successor of p.

To see how Definition 5.1 conforms with the formal version of the Trans­
finite Recursion Theorem, let us consider operations Gi, G2, and G3 where 
G i(z,x) = z, G i(z,x) = x + 1, and Gj{z,x) = sup(ranx) if a: is a function 
(and Gs(z,x) = 0  otherwise).

The parametric form of Theorem 4.11 then provides an operation F  such 
that for all z

(5-2)
' F(z,0) = 0 ^ , 0 )  = z.

F(z, a  + 1) = G 2 (z, F z (a)) = F(z, a) + 1 for all a.
F (z,a ) = G ^ z ,F z  ( a) = sup(ran(F2 f a)) = sup({F(z,7) | 7 < a}) 
for limit a  /  0.

If P and a are ordinals, then we write P + a instead of F{P, a) and see that the 
conditions (5.2) are exactly the clauses (a), (b), and (c) from Definition 5.1.

In the subsequent applications of the Transfinite Recursion Theorem, we 
use the abbreviated form as in Definition 5.1, without explicitly formulating the 
defining operations Gi, G 2 , and G3 to conform with Theorem 4.11.

One consequence of (5.1) is that for all P,

(P + 1) + 1 = P + 2,
(P + 2) + l=  P + 3,

etc. Also, we have (if a = P = w):

w + w = sup{w + n \ n < CJ} ,

and similarly,
(w + w) + u = sup{(u + u) + n | n < ix}.

In contrast to these examples, let us consider the sum m + w for m < w. We 
have m + UJ = sup{m + n \ n < co} = co, because, if m is a natural number,
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m  + n Is also a natural number. We see that m + a> ^  w + m-, the addition of 
ordinals is not commutative. One should also notice that, while 1 /  2, we have 
1 + w =  2 +  w. Thus cancellations, on the right in equations and inequalities are 
not allowed. However, addition of ordinal numbers is associative and allows left 
cancellations. (Lemma 5.4.)

In Chapter 4 we defined the sum of linearly ordered sets. We now prove that 
the ordinal sum defined in 5.1 agrees with the earlier more general definition.

5.3 Theorem Let (W i,< i) and ^W2 ,< 2 ) be well-ordered sets, isomorphic to 
ordinals a j  and a 2 , respectively, and let (W, <) be the sum of (W i, < i) and 
(W2 , <2)- Then (W, <) is isomorphic to the ordinal on +  a 2 .

Proof. We assume that Wi and W2 are disjoint, that W =  Wi U W 2 , and 
that each element in H i precedes in < each element of W2 , while <  agrees with 
<1 and with <2 on both Wi and W2 . We prove the theorem by induction on 
012 •

If «2 =  0 then W2 =  0, W =  Wi, and Qi +  a 2 =  Oi.
If a 2 = /J +  1 then W2 has a greatest element a, and W[a] is isomorphic to 

Qi +  0; the isomorphism extends to an isomorphism between W  and a i  +  o 2 = 
(on +  /?) + !.

Let a 2 be a limit ordinal. For each /3 < a 2 there is an isomorphism fp 
of a i  + /3 onto W[ag] where ap € W2 ; moreover, fp  is unique, ap is the /3th 
element of W2 , and if ^  < 7 then fp  C f y . Let f  =  Up<Q2 fp- As a i  +  a 2 = 
U/?<a j (a i +  P)< ^  follows that f  is an isomorphism of Oi + 02 onto W. □

5.4 Lemma
(a) I f  a i, a 2 , and (3 are ordinals, then a i < a 2 i f  and only if 0  + a i < [3 + a 2 . 
(b) For all ordinals a i, a 2 , and (3, (3 + ai = (3 + a 2 i f  and only if a i  = o 2 .
(c) (a  + /J) +  7 =  a  + (/3 + 7) for all ordinals a, 0, and 7.

Proof.
(a) We first use transfinite induction on a 2 to show that ai < a 2 implies 

(3 + a i < 0  + a 2 . Let us then assume that a 2 is an ordinal greater than a j 
and that op < <5 implies /3 + a i < [3 +  <5 for all 6 < a 2 . If <*2 is a successor 
ordinal, then a 2 =  6 +  1 where i  > op. By the inductive assumption in case 
<5 > a i ,  and trivially in case <5 =  a i ,  we obtain B + a\ < 0+8 < (J3+8) + l = 
0 + (8 +  1) =  /3 +  a 2 . If a 2 is a limit ordinal, then a i  +  1 < a 2 and we have 
f3 + a i < (/3 +  a i)  +  1 =  /3 +  (op +  1) < sup{/3 +  6 | 6 < 02} = 0  + a 2 
To prove the converse we assume that (3 + a i < [3 + a 2 . If a 2 < <*i> the 
implication already proved would show ^ + Q2 < (3 + &i- Since a 2 =  a i  is 
also impossible (it implies (3 + a 2 = (3 + a i), we conclude from linearity of 
< that a i  <  a 2 -

(b) This follows immediately from (a): If 07 /  a 2 , then either a i  < o 2 or 
a 2 < a i  and, consequently, either /3 + ai < (3 + a 2 or (3 + o 2 < (3 +  Oi. If 
a i  =  o 2 , then (3 + a i = [3 + a 2 holds trivially.
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(c) We proceed by transfinite induction on 7. If 7 =  0, then (a + ^ )  + 0  = 
a  + 0 = a  + (0 + 0). Let us assume that the equality holds for 7, and let 
us prove it for 7 4-1:

(a + 0) + (7 + 1) =  [(a + 0) + 7] + 1 = [a + (0 + 7)] + 1 
' =  a  +  [(^ + 7) + 1] = a  + [/3 + (7 + 1)]

(we have used the inductive assumption in the second step, and the second 
clause from the definition of addition in the other steps).
Finally, let 7 be a limit ordinal, 7 /  0. Then (a + 0')+y = sup{(a + /?) + 5 | 
5 < 7} = sup{a + (/3 +  i) | 6 < 7}. We observe that sup{/3 + 5 | 5 < 7} = 
0 + y  (the third clause in the definition of addition) and that ^ +  7 is 
a limit ordinal (if £ < 0 + y  then £ < /? + 5 for some 5 < 7 and so 
^ + l < ( 0  + 5) + l = 0 + ( 6 + l ' ) < 0  + y  because 7 is limit). It remains 
to notice that sup{a +  (^ +  <5) | i  < 7) =  sup{a +  £ | £ < /? + 7} (because 
0 + y = sup{d + 5 | <5 < 7}), and so we have (a + /3) + 7 =  sup{a + (  | (  < 
/? + 7} =  a  + (^ + 7), again by the third clause in Definition 5.1.

The following lemma shows that it is possible to define subtraction of ordinal 
numbers:

5.5 Lemma l f a < 0  then there is a unique ordinal number^ such that a  + ( = 
0 ­

Proof. As a  is an initial segment of the well-ordered set 0 (or a  = 0), 
Theorem 5.3 implies that 0 = a + ^  where £ is the order type of the set 0 — a = 
{v \ a  < v < 0}. By Lemma 5.4(b), the ordinal £ is unique. □

Next, we give a definition of ordinal multiplication:

5.6 Definition —  M ultiplication o f Ordinal Num bers For all ordinals 
0,
(a) 0 -0  = 0.
(b) 0 - (a+  l ) = 0 - a  + 0 for all a.
(c) 0 ■ a = sup{/3 • 7 | 7 < a} for all limit a  ^ 0 .

5.7 Examples
(a) 0 -1  = 0 - (O + l) = 0 -O + 0  = O + 0 = 0.
(b) 0  ■ 2 = 0 ■ {1 + 1) = 0 ■ 1 + 0 = 0 + 0\ in particular, co ■ 2 = co +10.
(c) 0 -3  = 0 -(2  + l)=  0 -2  + 0 = 0 + 0 + 0, etc.
(d) 0 -a) = sup{/3 • n | n e w} =  sup{/3,0 + 0 ,0  + 0 + 0 ,. . .  }.
(e) 1 ■ a = a  for all a, but this requires an inductive proof:

TO = 0; 1 ■ (a +  1) = 1 -n  +  l = a  + 1;
1 ■ a  = sup{l • 7 | 7 < a} = sup{7 | 7 < a} =  a  if a  is limit, a  /  0.

(f) 2 • w = sup{2 ■ n \ n e 10} = w. Since w-2 =  w + w /w ,  we conclude that 
multiplication of ordinals is generally not commutative.
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For more properties of ordinal products, see Exercises 5.1, 5.2 and 5.7.

Ordinal multiplication as defined in 5.6 also agrees with the general definition 
of products of linearly ordered sets as defined in Chapter 4:

5.8 Theorem Let a  and 0 be ordinal numbers. Both the lexicographic and the 
antilexicographic orderings of the product a x 0 are well-orderings. The order 
type of the antilexicographic ordering of a  x  0  is a  ■ 0, while the lexicographic 
ordering of a x 0 has order type 0 ■ a.

Proof. Let -< denote the antilexicographic ordering of a x  0. We define an 
isomorphism between (a x 0, -<) and a ■ 0  as follows; for £ < a  and T) < 0, let 
f ^ , p )  = a -p  + C The range of f  is the set { a • p + £ | r) < 0 and £ < a} — a '0 
and f  is an isomorphism (we leave the details — proved by induction — to the 
reader; see also Exercises 5.1, 5.2, 5.7, and 5.8). □

5.9 Definition —  Exponentiation of Ordinal Numbers For all 0, 
^ ^  = 1.
(b) 0a + 1  = 0 a  ■ 0  for all a.
(c) 0 a  = sup{/37  | 7 < a} for all limit a ^  0.

5.10 Example
(a) 0 ^ = 0 , 02 = 0 -0 , 03 = 02 -0 = 0 - 0 '0 ,  etc.
(b) 0“ =  sup{^n  | n e w}; in particular,

1“ = 1,
2“ =  w, 3" =  w, .. .  , n" = w for any n € w, 
w" = sup{wn  | n e w} > w.

It should be pointed out that ordinal arithmetic differs substantially from 
arithmetic of cardinals. Thus, for instance, 2" = w and w" are countable 
ordinals, while 2K° =  Hj" is uncountable.

One can use arithmetic operations to generate larger and larger ordinals: 
0, 1, 2, 3, .. .  , u>t LU + 1, LU + 2, .. .  , cu • 2, nJ • 2 d- 1, . . .  , m • 3, ... , w • 4, ... , 
w • w = w2 , w2 + 1, . . .  , w2 • 2, . . .  , w3 , . . .  , w4 , . . .  , ww , ww + 1, .. .  , w“ • 2, 
. . . , U>“ • W = Ww + 1 , . . . , Ww 2 , . . . , W"3 , . .W"", . . . , W ^

The process can easily be continued. We define e =  sup{w, ̂ , ^  ^ ^  , . . .} 
One can then form e + 1, e + w, e^, ee , £e , etc.

Exercises
5.1 Prove the associative law (a ■ 0) ■ y = a ■ (0 ■ y).
5.2 Prove the distributive law a ■ (0 + y) = a ■ 0 + a ■ y.
5.3 Simplify:

(a) (w + 1) + w.
(b) w + w2 .
(c) (w + 1) • w2 .
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5.4 For every ordinal a, there is a unique limit ordinal & and a unique natural 
number n such that a = 0 + rt,. [Hint'. (3 = sup{7 < a  | 7 is limit}.]

5.5 Let a < 0. The equation £ + a = 0  may have 0, 1, or infinitely many 
solutions.

5.6 Find the least a  > w such that £ + a  = a  for all £ < a.
5.7 (a) If a i, a 2 , and 0  are ordinals and 0 ^ 0 ,  then a j < 0:2 if and only if 

0 ■ a x < 0 ■ a 2 .
(b) For all ordinals 07, 02, and 0 =£ 0, 0 ■ ai — 0 ■ a 2 if and only if 

a j =  a 2 .
5.8 Let a, 0, and 7 be ordinals, and let a < 0. Then

(a) a  + 7 < ^  + 7,
(b) a - y < 0 - y
and < cannot be replaced by < in either inequality.

5.9 Show that the following rules do not hold for all ordinals a , 0, and 7:
(a) If a  + 7 = /3 + 7, then a = 0.
(b) If 7 > 0 and a ■ y  = 0 ■ y, then a = 0.
(c) (0 + y) ■ a = 0  ■ a + y  ■ a.

5.10 An ordinal a  is a limit ordinal if and only if a  =  w ■ 0  for some 0.
5.11 Find a set A of rational numbers such that (A, < Q ) is isomorphic to 

(a, <) where
(a) a  = w + 1,
(b) a  = w • 2, 
(c) a  = w • 3, 
(d) a  = ai", 
(e) a = E.
[Hint: {n -  1/m | m ,n  G IV — {0}} is isomorphic to w2 , etc.]

5.12 Show that (w • 2)2 /  w2 ■ 22 .
5.13 (a) a ^ 7  = a13 ■ a 1.

(b) (Q
0 )7 = a ^ .

5.14 (a) If a  < ^ then a 7  < 0"*.
(b) If a  > 1 and if ^  < 7, then a0  < a 1.

5.15 Find the least £ such that
(a) w + £ = £.
(b) w ■ £= £ ,£  ^  0.
(c) w£ =£.

[Hint for part (a): Let £0 =  0, £n + i = w + £n , £ =  sup{£n  | n G w}.]
5.16 (Characterization of Ordinal Exponentiation) Let a  and 0 be ordinals. 

For /  : /3 -  a , let s tf)  = {£ < 0 \ /(£) /  0}. Let S(0,a) = { f  \ f  : 0 ^ 
a and s(J) is finite}. Define -< on S(0,a) as follows: f  ~( g if and only 
if there is £0 < 0 such that /(£0 ) < p(£0 ) and /(£) = p(£) for all £ > £0 . 
Show that (S(^, a), -<) is isomorphic to (a0 , <).
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6. The Normal Form
Using exponentiation, one can represent ordinal numbers in a way similar to 
decimal expansion of integers. Ordinal numbers can be expressed uniquely in 
normal form, to be made precise in the theorem below. We apply the nor­
mal form to prove an interesting result about so-called Goodstein sequences of 
integers.

First we observe that the ordinal functions a+ 0 ,a -0 , and a 13 are continuous 
in the second variable: If 7 is a limit ordinal and (3 = supv < 7 0v , then

(6. 1) a  +  j8 =  sup(a +  A,), a  ■ 0 = sup(a ■ 0V), a^ = sup oP". v<y v<y v<y

This follows directly from Definitions 5.1, 5.6, and 5.9. As a consequence, we 
have:

6.2 Lemma
(a) I fO < a < y  then there is a greatest ordinal ft such that a  - 0  < y.
(b) I f l < a < y  then there is a greatest ordinal 0 such that aP < 7.

Proof. Since a  • (7 + 1) > 7 + 1 > 7, there exists a <5 such that a ■ 5 > y. 
Similarly, because a7 + 1  > 7 +1 > 7, there is a 5 with a a > 7. The least 6 such 
that a  • <5 > 7 (or that a a > 7) must be a successor ordinal because of (6.1), say 
4 =  ^ + 1 , Then 0 is greatest such that a- 0 < y  (respectively, a^ < y). □

The following lemma is the analogue of division of integers:

6.3 Lemma I f  y is an arbitrary ordinal and if a  ^ 0 ,  then there exists a unique 
ordinal 0  and a unique p < a  such that y  = a ■ 0  + p.

Proof. Let 0  be the greatest ordinal such that a ■ 0 < y (if a  > y  then 
0 = 0), and let p be the unique p (by Lemma 5.5) such that a  ■ 0 + p = y. The 
ordinal p is less than a, because otherwise we would have a • (3 +1) = a-0  + a < 
a ■ 0 + p = y, contrary to the maximality of 0.

To prove uniqueness, \e ty  = a-0 i+ pi = a-02 + P2 with pi,p2 < a. Assume 
that 0i <02- Then0i + l < 02 and we have <*• 0i + (a+p2 ) = a -(0 i+ l)+ p 2 < 
a-0 2 + p2 = a-01+pi, and by Lemma 5.4(a), p\ > a + p2 > a, a contradiction. 
Thus 0i =02, and p\ = p2 follows by Lemma 5.5. □

The normal form is analogous to decimal expansion of integers, with the 
base for exponentiation being the ordinal w:

6.4 Theorem Every ordinal a > 0 can be expressed uniquely as

a = w^1 ■ ki + aP2 ■ k2 + ---- F w^” • kn ,

where 0i > 02 > ■ ■ • > 0n, and ki > 0, k2 > 0, ... , kn  > 0 are finite.



6. THE NORMAL FORM 125

We remark that it is possible to have a = wa , see Exercise 6.1.

Proof. We first prove the existence of the normal form, by induction on 
a. The ordinal a  = 1 can be expressed as 1 =  w° • 1.

Now let a  > 0 be arbitrary. By Lemma 6.2(b) there exists a greatest 0  such 
that w3 < a  (if a  < w then /3 =  0). Then by Lemma 6.3 there exist unique i 
and p such that p < w^ and a  = w ^-6 + p. As w^ < a , we have 5 > 0 and p < a. 
We claim that 5 is finite. If <5 were infinite, then a  > iN3 ■ 5 > uA3 ■ w = w^+ 1 , 
contradicting the maximality of /3. Thus let 0i = 0  and ki = 6.

If p =  0 then a  = of31 • ki is in normal form. If p > 0 then by the induction 
hypothesis,

p =  uA  • k2 + ---- 1- u A  ■ kn

for some 02 > • • • >  0n and finite k2 , . . .  , kn  > 0. As p < w^1 , we have 
w132 < P < w^1 and so 0\ > 02- It follows that a  =  w^1 -ki+w 0 2 -k2 -\------Yw0 n -kn 
is expressed in normal form.

To prove uniqueness, we first observe that if /3 < 7, then uA3 • k < up for 
every finite k: this is because w0  ■ k < w0  ■ w = w0 * 1 < w7 . From this it easily 
follows that if a  =  uA ■&! +  ••• +  w0 ” • kn  is in normal form and 7 > 0i, then 
a < w7 .

We prove the uniqueness of normal form by induction on a . For a  =  1, 
the expansion 1 =  w° • 1 is clearly unique. So let a  =  aA  ■ ki +  • ■ • a A  • kn  = 
w71 - 6  + ••• + w7m  ■ l m . The preceding observation implies that 0\ =71. If we 
let <5 =  uA  =  w7 1 , p =  oA  -k2^------ 1- nA' ■ kn  and a =  w73 A 2 d------ 1- w7"1 • £m ,
we have a  = S -k \+ p  = 5 - ii  + cr, and since p < 6 and a < 6, Lemma 6.3 implies 
that ki =  £1 and p = a. By the induction hypothesis, the normal form for p is 
unique, and so m = n, 02 = 72, ■ ■ ■ , 0n =  7n, k2 = £2, . . .  , kn  = Ln . If follows 
that the normal form expansion for a  is unique. □

We use the normal form to prove an interesting result on Goodstein se­
quences. Let us first recall that for every natural number a > 2, every natural 
number m  can be written in base a, i.e., as a sum of powers of a:

pr>= A  A id -------1-abn ■ kn ,

with bi > ■ ■ ■ > bn  and 0 < ki < a, i = 1 ,.. .  ,n. For instance, the number 324 
can be written as 44 +  43 +  4 in base 4 and 72 • 6 +  7 • 4 +  2 in base 7. A weak 
Goodstein sequence starting at m > 0 is a sequence mo, mi, m a,. . .  of natural 
numbers defined as follows:

First, let mo =  m, and write mo in base 2:

m 0 =  261 +  ••• +  2b".

To obtain m i, increase the base by 1 (from 2 to 3) and then subtract 1:

m i = 3 61 + ••• + 36" -  1.
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In general, to obtain mk+i from mk (as long as mk ^  0), write mb in base 
k + 2, increase the base by 1 (to A: + 3) and subtract 1. For example, the weak 
Goodstein sequence starting at m =  21 is as follows:

m0 = 21 = 24 + 22 + 1

mi =  34 + 32 = 90
m 2 = 44 + 42 -  1 = 44 + 4 • 3 + 3 = 271

m 3 =  54 + 5 • 3 + 2 =  642

m4 = 64 + 6 ■ 3 + 1 = 1315

m B =  74 + 7 • 3 = 2422

m6 = 84 + 8- 2 + 7 =  4119

m7 =  94 + 9- 2 + 6 = 6585

m s  =  104 + 10-2 + 5 =  10025
etc.

Even though weak Goodstein sequences increase rapidly at first, we have

6.5 Theorem  For each m > 0, the weak Goodstein sequence starting at m 
eventually terminates with m n  = 0 for some n.

Proof. We use the normal form for ordinals. Let m > 0 and mo, mi, m 2 ,... 
be the weak Goodstein sequence starting at m. Its a th  term is written in base 

a + 2:

(6.6) m a = (a + 2)61A1 + --- + (a + 2)6"A:n .

Consider the ordinal
aa =w bl ■ ki-\------ 1- wbn • kn

obtained by replacing base a + 2 by w in (6.6). It is easily seen that ao > Qi > 
0-2 > • • ■ > cxa > • • • is a decreasing sequence of ordinals, necessarily finite. 
Therefore, there exists some n such that a n  = 0. But clearly m a < a o for every 
a =  0 ,1 ,2 ,... ,n. Hence m n =0. □

Remark For the weak Goodstein sequence mo, mi, m2, • • • starting at m = 21 
displayed above, the corresponding ordinal numbers are w4 + w2 + 1, w4 + w2 , 
w4 + w • 3 + 3, w4 + w ■ 3 + 2, w4 + w ■ 3 + 1, w4 +  w-3, w4 + w • 2 + 7, . . .  .

We shall now outline an even stronger result. A number m is written in pure 
base a > 2 if it is first written in base a, then so are the exponents and the 
exponents of exponents, etc. For instance, the number 324 written in pure base 
3 is 33+ 2  + 33 + 1 .

The Goodstein sequence starting at m > 0 is a sequence m o,m i,m 2,... 
obtained as follows: Let mo = m and write mo in pure base 2. To define mi, 
replace each 2 by 3, and then subtract 1. In general, to get mk+i, write m^ in
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pure base k + 2, replace each fc + 2 by fc + 3, and subtract 1. For example, the
Goodstein sequence starting at m =  21 is as follows:

m 0 =  21 =  22’ +  22 +  1

m i =  S3'  +  33 ~  7.6 x 1012

m 2 = 44" + 44 -  1 =  44" +  43 ■ 3 +  42 • 3 +  4 ■ 3 + 3 ~  1.3 x 10154

m 3 =  S5'  4- 53 ■ 3 +  52 • 3 +  5 ■ 3 + 2 ~  1.9 x 102184

m 4 = 66° + 63 • 3 +  62 • 3 +  6 • 3 + 1 ~  2.6 x 1036305

etc.

Goodstein sequences initially grow even more rapidly than weak Goodstein 
sequences. But still:

6.7  T heorem  For eachm > 0, the Goodstein sequence starting a tm  eventually 
terminates with m n  =  0 for some n.

Proof. Again, we define a (finite) sequence of ordinals no > «i > • ■ ■ > 
a a  > • ■ • as follows: When m a  is written in pure base a + 2, we get a 0 by 
replacing each a +  2 by w. For instance, in the example above, the ordinals are 
w^ P w ^P l^w ^  -l-cu ,̂ u+ +w 3 • 34-cu2 *3 Feu - 3 +  3, cû  +cv3 -3+u , 2 ’3+cu*3 +  2, 
w^u  + w 3 ■ 3 + ui2 - 3 + w  - 3 +  1, etc. The ordinals a a are in normal form, and 
again, it can be shown that they form a (finite) decreasing sequence. Therefore 
a n  =  0 for some n, and since m a < a a for all a, we have m n  = 0 . □

Exercises
6.1 Show that w£ = e.
6.2 Find the first few terms of the Goodstein sequence starting at m = 28.





Chapter 7

Alephs

1. Initial Ordinals
In Chapter 5 we started the investigation of cardinalities of infinite sets. Al­
though we proved several results involving the concept of |X|, the cardinality 
of a set X, we have not defined |X| itself, except in the case when X is finite or 
countable.

In the present chapter we consider the question of finding “representatives” 
of cardinalities. Natural numbers play this role satisfactorily for finite sets. 
We generalized the concept of natural number and showed that the resulting 
ordinal numbers have many properties of natural numbers, in particular, induc­
tive proofs and recursive constructions on them are possible. However, ordinal 
numbers do not represent cardinalities, instead, they represent types of well­
orderings. Since any infinite set can be well-ordered in many different ways (if 
at all) (see Exercise 1.1), there are many ordinal numbers of the same cardi­
nality; w, w + 1 , w + 2, .. .  , w + w, ... , W’W, W'w + 1, .. .  are all countable 
ordinal numbers; that is, |w| =  |u> + 1| = |w +  w| =  • • • =  NQ. An explanation of 
the good behavior of ordinal numbers of finite cardinalities — that is, natural 
numbers — is provided by Theorem 4.3 in Chapter 4: All linear orderings of a 
finite set are isomorphic, and they are well-orderings. So for any finite set X, 
there is precisely one ordinal number n such that |n| =  |X|. We have called this 
n the cardinal number of X.

In spite of these difficulties, it is now rather easy to get representatives for 
cardinalities of infinite (well-orderable) sets; we simply take the least ordinal 
number of any given cardinality as the representative of that cardinality.

1.1 Definition An ordinal number a  is called an initial ordinal if it is not 
equipotent to any (3 < a.

1.2 Exam ple Every natural number is an initial ordinal, u  is an initial ordinal, 
because w is not equipotent to any natural number, w +1 is not initial, because 
|w | =  |w + 1|. Similarly, none of w + 2, w + 3, ui + w, OJ • w, w", ... , is initial.
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1.3 Theorem  Each well-orderable set X  is equipotent to a unique initial ordi­
nal number.

Proof. By Theorem 3.1 in Chapter 6, X  is equipotent to some ordinal 
a. Let ao be the least ordinal equipotent to X . Then do is an initial ordinal, 
because |ao| =  101 for some 0 < ao would imply |X| = |/j, a contradiction.

If ao /  a i are initial ordinals, they cannot be equipotent, because |a0 1 =  |a i | 
and, say, ao < “ i, would violate the fact that a i  is initial. This proves the 
uniqueness. □

1.4 Definition If X is a well-orderable set, then the cardinal number of X, 
denoted |X|, is the unique initial ordinal equipotent to X. In particular, |X| = w 
for any countable set X  and |X| = n for any finite set of n  elements, in agreement 
with our previous definitions.

According to Theorem 1.3, the cardinal numbers of well-orderable sets are 
precisely the initial ordinal numbers. A natural question is whether there are 
any other initial ordinals besides the natural numbers and w. The next theo­
rem shows that there are arbitrarily large initial ordinals. Actually, we prove 
something more general. Let A be any set; A may not be well-orderable itself, 
but it certainly has some well-orderable subsets; for example, all finite subsets 
of A are well-orderable.

1.5 Definition For any A, let h(A) be the least ordinal number which is not 
equipotent to any subset of A. h(A) is called the Hartogs number oi A.

By definition, h(A) is the least ordinal a  such that |a| ^  |A|.

1.6 Lemma For any A, h(A) is an initial ordinal number.

Proof. Assume that |/J| = |/i(A)| for some 0 < h(A). Then 0  is equipotent 
to a subset of A, and (5 is equipotent to h(A). We conclude that h(A) is 
equipotent to a subset of A, i.e., h(A) < h(A), a contradiction. □

So far, we have evaded the main difficulty: How do we know that the Hartogs 
number of A exists? If all infinite ordinals were countable, h(u>) would consist 
of all ordinals!

1.7 Lemma The Hartogs number of A exists for all A.

Proof. By Theorem 3.1 in Chapter 6, for every well-ordered set (W, R) 
where W  C A, there is a unique ordinal a  such that (a, <) is isomorphic to 
(W,R). The Axiom Schema of Replacement implies that there exists a set H 
such that, for every well-ordering R  6 P(A  x A), the ordinal a  isomorphic to 
it is in H. We claim that H  contains all ordinals equipotent to a subset of A. 
Indeed, if /  is a one-to-one function mapping a  into A, we set W = ran /  and 
R = {{f(0), f ^ ) )  \ 0  < y  < a}. R C A x A is then a well-ordering isomorphic
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to a  (by the isomorphism f) . These considerations show that h(A) = {a e H \ 
a  is an ordinal equipotent to a subset of X}, and justify the existence of h(A) 
by the Axiom Schema of Comprehension. □

The preceding developments allow us to define a “scale” of larger and larger 
initial ordinal numbers by transfinite recursion.

1.8 Definition

WQ - w;
WQ+I =  fi(wa ) for all a;

wa  = sup{w0 | ^  < a} if a  is a limit ordinal, a / 0 .

The remark following Definition 1.5 shows that jwQ + i| > |wQ |, for each a, and 
so |wo | < IW/J I whenever a < 0.

1.9 Theorem
(a) u>a  is an infinite initial ordinal number for each a.
(b) If Cl is an infinite initial ordinal number, then Cl = wa  for some a.

Proof.
(a) The proof is by induction on a. The only nontrivial case is when a  is a 

limit ordinal. Suppose that |wa | = |7| for some 7 < w^; then there is 
0 < a  such that 7 < w  ̂ (by the definition of supremum). But this implies 
|wQ | = |7| < |w/j| < |wa | and yields a contradiction.

(b) First, an easy induction show that a  < wQ for all a. Therefore, for every 
infinite initial ordinal ft, there is an ordinal a  such that ft < wo  (for 
example, a  = fl + 1). Thus it suffices to prove the following claim: For 
every infinite initial ordinal ft < wa , there is some 7 < a  such that ft = w7 . 
The proof proceeds by induction on a. The claim is trivially true for a  = 0. 
If a  = 0 + 1, ft < wQ = h(up) implies that |ft| < |wj|, so either ft = w  ̂ and 
we can let 7 = /3, or ft < w  ̂ and existence of 7 < 0 < a follows from the 
inductive assumption.. If a  is a limit ordinal, Cl < uia  = sup{w^ | ^  < 0} 
implies that Cl < cop for some 0 < a. The inductive assumption again 
guarantees the existence of some 7 < d such that ft = w7 .

□
The conclusion of this section is that every well-orderable set is equipotent to 

a unique initial ordinal number and that infinite initial ordinal numbers form a 
transfinite sequence coa  with a  ranging over all ordinal numbers. Infinite initial 
ordinals are, by definition, the cardinalities of infinite well-orderable sets. It is 
customary to call these cardinal numbers alephs-, thus we define

-  WQ

for each a.
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The cardinal number of a well-orderable set is thus either a natural number 
or an aleph. In particular, |JV| =  No in agreement with our previous usage; The 
reader should also note that the ordering of cardinal numbers by size defined in 
Chapter 4 agrees with the ordering of natural numbers and alephs as ordinals 
by < (i.e., g): If |X| = Na  and [K] = N#, then |X| < |F | holds if and only if 
^  < ^  (i.e., wQ € W/j) and a similar equivalence holds if one or both of |X| 
and |y | are natural numbers.

In Chapter 5 we defined addition, multiplication, and exponentiation of car­
dinal numbers; these operations agree with the corresponding ordinal addition, 
multiplication, and exponentiation, as defined in Chapter 6, as long as the 
ordinals involved are natural numbers but they may differ for infinite ordi­
nals. For example, wo + WQ 0  WQ if + stands for the ordinal addition, but 
Wo + Wo = WQ if +  stands for the cardinal addition. The addition of cardi­
nal numbers is commutative, but the addition of ordinal numbers is not. To 
avoid confusion, we employ the convention of using the w-symbolism when the 
ordinal operations are involved, and the aleph-symbolism for the cardinal op­
erations. Thus u>o -I- wo and 2"G indicate ordinal addition and exponentiation 
(wo + wo = sup{w -|- n | n  < wo} > wo, 2“° = sup{2n  | n  < wo} =  wo), while 
No + No and 2K“ are cardinal operations (No + No =  No, 2N° is uncountable).

Exercises

1.1 If X  is an infinite well-orderable set, then X has nonisomorphic well­
orderings.

1.2 If a  and 0  are at most countable ordinals then a + 0, a  ■ 0, and oP are 
at most countable. [Hint-. Use the representation of ordinal operations 
from Theorems 5.3 and 5.8 and Exercise 5.16 in Chapter 6. Another 
possibility is a proof by transfinite induction.]

1.3 For any set A, there is a mapping of P(A  x A) onto h(A). [Hint: Define 
f(R )  =  the ordinal isomorphic to R, if R  C A  x A is a well-ordering of 
its field; f(R )  =  0 otherwise.]

1.4 |A| < |A| + h(A) for all A.
1.5 |h(A)| < \P(P(A x A))| for all A. [Hint: Prove that |P(h(A))| < 

{^(^(A x A))| by assigning to each X € P(h(A)) the set of all well­
orderings R  C A x A for which the ordinal isomorphic to R  belongs to

1,6 Let h ^A )  be the least ordinal a  such that there exists no function with 
domain A and range a. Prove:
(a) If a  > h*(A), then there is no function with domain A and range a.
(b) h*(A) is an initial ordinal.
(c) h(A) < h*(A).
(d) If A is1 well-orderable, then h(A) = h*{A).
(e) h*(A) exists for all A.
[Hint for part (e): Show that a  e h*(A) if and only if a  =  0 or a  =  the 
ordinal isomorphic to R, where H is a well-ordering of some partition of 
A into equivalence classes.]
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2. A ddition and M ultiplication of Alephs
Let us recall the definitions of cardinal addition and multiplication: Let K and A 
be cardinal numbers. We have defined K + A as the cardinality of the set X U V, 
where |X| = K, |7 | = A, and X  and Y  are disjoint:

|X | +  |y | =  | x u y |  i f x n y  = p.

As we have shown, this definition does not depend on the choice of X  and Y. 
The product K ■ A has been defined as the cardinality of the cartesian product 
X  x Y ,  where X  and Y  are any two sets of respective cardinalities K  and A:

|X | ■ |y | =  |x  x y | ;

and again, this definition is independent of the choice of X  and Y. We verified 
that addition and multiplication of cardinal numbers satisfy various arithmetic 
laws such as commutativity, associativity, and distributivity:

K I  A = A l  K, 
K • A = A • K, 

K + (A + /z) = (K + A) + p,, 
K ■ (A ■ g) = (K ■ A) • iU, 

K ■ (A + /z) = K ■ X + K • /J..

Also, if K and A are finite cardinals (i.e., natural numbers), then the operations 
K + A and « • A coincide with the ordinary arithmetic operations.

The arithmetic of infinite numbers differs substantially from the arithmetic 
of finite numbers and in fact, the rules for addition and multiplication of alephs 
are very simple. For instance:

No + n =  No

for every natural number n. (If we add n elements to a countable set, the result 
is a countable set.) We even have

No + No = Ng, 

since, for example, we can view the set of all natural numbers as the union of 
two disjoint countable sets: the set of even numbers and the set of odd numbers. 
We also recall that

NQ • No =  NQ.

(The set of all pairs of natural numbers is countable.) We now prove a general 
theorem that determines completely the result of addition and multiplication of 
alephs.
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2.1 T h eorem  Ho -Ha  =  Ha , for every a.

Before proving the theorem, let us look at its consequences for addition and 
multiplication of cardinal numbers.

2.2 C orollary For every a  and /3 such that a  < P, we have

Ha  ’ H  ̂=  H .̂

Also,
7"i * H a  "  H a , 

for every positive natural number n.

Proof. If a  < 0, then on the one hand, we have H  ̂ = 1 ■ H/j < Ha  • H ,̂ 
and on the other hand, Theorem 2.1 gives Ha  • H# < H  ̂• H  ̂ =  Ĥ j. Thus by the 
Cantor-Bernstein Theorem Ha  • H  ̂ =  H .̂

The equality n  • Ha  =  Ha  is proved similarly. □

2.3 C orollary For every a  and P such that a  < p, we have

Ha +  H# =  H .̂

Also, 
n + Ha  =  Ha

for all natural numbers n.

Proof. I f  a  < P, then H  ̂ < Ha  + H  ̂ < H# +  Ĥ  =  2 ■ Ha =  H#, and the 
assertion follows. The second part is proved similarly. □

Proof of Theorem 2.1. We prove the theorem by transfinite induction. For 
every a , we construct a certain well-ordering -( of the set wa  x uia , and show, 
using the induction hypothesis H  ̂ • H  ̂ < H  ̂ for all P < a, that the order­
type of the well-ordered set (wQ x u)a , -x) is at most wa . Then it follows that 
Ha  • HQ < Ha, and since Ha  • Ha  > HQ , we have Ha  ■ Ha  =  HQ -

We construct the well-ordering -< of wQ x wQ uniformly for all wQ ; that is, 
we define a property -< of pairs of ordinals and show that -; well-orders wQ x w» 
for every u)a .

We let (0:1,02) -< (PhPi) if and only if:
either m ax { a i,a 2 } < m ax{^i,^2 }, or m ax {a i,a 2 } = m ax { ft,ft}  and 01 < 
Pl, or max{«j,O2} =  n iax { ft,ft} , a i  =  Pi and 02 < Pi'

We now show that -< is a well-ordering (of any set of pairs of ordinals).
First, we show that —< is transitive. Let a i ,  o 2 , Ph P2, 7 i, 72 be such 

that ( a i ,o 2 ) ^  (PhPi} and (01,02) -X (71,72). It follows from the definition 
of -( that m ax{o i,o 2 } < max{/3i,^2 } < max{7i,72 }; hence m ax{o i,a2 } < 
m ax{7i,72 }. If m ax {a i,a 2 } < max{7i,72 } then (01,02) -X (71,72)- Thus 
assume that m ax{a i,o 2 } =  m ax{^i,^2 } = max{7i,72}. Then we have 01 <
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01 <71, “ d s o  Q i <71- If a i < 71, th e n  (01,02) -< (71,72); otherwise, we have 
a^ = 0\ = 7i- In this last case, max{a1 , a 2 } =  max{/?i,^2} =  max{7i,72 }, 
and a i  = 0i =  71, so, necessarily, a 2 < ^2 < 72, and it follows again that 
( a i , a 2 ) -< (71,72).

Next we verify that for any a i,a 2 ,0 i,0 2 , either (07, a 2 ) -< (01,0z) or 
(01,02) ^  ( o i ,a 2 ) or ( a i , a 2 ) =  (01,02} (and that these three cases are mu­
tually exclusive). This follows directly from the definition: Given ( a i ,a 2 ) and 
(01,02), w e first compare the ordinals m ax {a i,a2 } and max{ft,/32 }, then the 
ordinals a j  and 0x, and last the ordinals a 2 and 02-

We now show that -X is a well-ordering. Let X be a nonempty set of pairs of 
ordinals; we find the -X-least element of X. Let 8 be the least maximum of the 
pairs in X; i.e., let 8 be the least element of the set {max{a,^} | (a ,0) E X}. 
Further, let

Y  = {(a ,0) E X | max{a,/?} =  <5}.

The set K is a nonempty subset of X , and for every (a ,0) E Y  we have 
m ax{a,/?} =  <1; moreover, 8 < max{a',/3'} for any (a ',0 1) E X  -  Y , and 
hence (a ,0) -X (a ',0 ')  whenever (a,0) E Y  and (a ',0 ') E X  —Y . Therefore, 
the least element of Y , if it exists, is also the least element of X. Now let QQ be 
the least ordinal in the set {a | (a, 0) E Y  for some 0}, and let

Z  = { ( a ,0 ) E Y \ a  = a Q}.

The set 2  is a nonempty subset of Y , and we have (a ,0) -X (a 1, 0') whenever 
(a, 0) E Z  a,nd (a ',0 ') E Y  -  Z.

Finally, let 0O be the least ordinal in the set {0 | (ao ,0 ) E Z}. Clearly, 
(ao, 0o) is the least element of Z, and it follows that (QQ, 0O) is the least element 
o fX .

Having shown that -X is a well-ordering of <J Q  x wa  for every a, we use this 
well-ordering to prove, by transfinite induction on a, that |u>a  x wa | < RQ , that 
I®, ^a ‘ î Q — f̂ ck*

We have already proved that No • No =  No, and so our assertion is true for 
a  =  0. So let a  > 0, and let us assume that N̂  ■ R  ̂ < Rp for all ,5 < a. We prove 
that |wQ x wa | < Ra . If suffices to show that the order-type of the well-ordered 
set (wa  x wm  -x) is at most wa . If the order-type of u>a  x uja  were greater than 
u Q , then there would exist (01,02) G u a  x wa  such that the cardinality of the 
set

X =  {(€1,^2) 6 w a xw a | (6  ,€2) -< (0:1,02)}
is at least Ra . Thus it suffices to prove that for any (oi, a 2 ) G wQ x wa , we have 
|X | < Na .

Let 0  =  m ax { a i,a 2 } +  1. Then 0 G wa , and, for every (£1,^2) € X , we 
have m ax{fi,^2 } < m ax{o i,a2 } < /?, so 1̂ E 0  and £2 G 0. In other words, 
X  C 0 x 0 .

Let 7 < a  be such that |/3| < R7 . Then |X | < \0 x 0 \  = |/3| • 1̂ 1 < R7  -R7 , and 
by the induction hypothesis, R7  ■ R7  < R7 . Hence, |X | < R7 , and so |X | < Ra 
as claimed.
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Now it follows that |wa  x wQ | < Ra . Thus we have proved, by transfinite 
induction on a ,  that Ra  ■ Ra < Ra  for all a. Since Ra  < Ra  ■ Ro , we have 
Ra • Ra =  Na , and the proof of Theorem 2.1 is complete. □

Exercises
2.1 Give a direct proof of Ra  + Ra =  Ra by expressing wo  as a disjoint union 

of two sets of cardinality Ra .
2.2 Give a direct proof of n ■ RQ =  Ra  by constructing a one-to-one mapping 

of wa  onto n  x Wa (where n  is a  positive natural number).
2.3 Show that

(a) R" =  Ra, for all positive natural numbers n.
(b) ][Ra]” | =  Ra, where [Ra ]n  is the set of all n-element subsets of Ra , 

for all n  > 0.
(c) |[R«]<W | =  Ra, where [Ra]< w  is the set of all finite subsets of Ro . 
[Hint: Use Theorem 2.1 and induction; for (c), proceed as in the proof 
of Theorem 3.10 in Chapter 4, and use Ro • Ra =  Ra-]

2.4 If a  and /3 are ordinals and |a | <  R7  and |^ | < R7 , then |a  + /3| <  R7 , 
|a -^ | < R7 , |a^ | < R7  (where a+/3, a -0 , and a 13 are ordinal operations).

2.5 If X  is the image of wa  by some function f ,  then |X | < Ra - [Hint: 
Construct a one-to-one mapping g of X  into wa  by letting g[x) =  the 
least element of the inverse image of {x} by /.]

2.6 If X  is a subset of wQ such that |X | <  Ra , then |wa  -  X | =  Ra .



C hapter 8

The Axiom of Choice

1. The Axiom of Choice and its Equivalents
In the preceding chapter, we left unanswered a fundamental question: Which 
sets can be well-ordered? Interestingly, the question was posed in this form only 
at a later stage in the development of set theory. Cantor considered it quite 
obvious that every set can be well-ordered. Here is a fairly intuitive “proof” of 
this “fact.” In order to well-order a set A, it suffices to construct a one-to-one 
mapping of some ordinal A onto A. We proceed by transfinite recursion. Let a 
be any set not in A. Define

/(0) -  | s o m e  element of A if A /  0,
1 a otherwise,

y 2̂) — / s o m e  e 'e m e n t  of A -  {/(0)} if A -  {/(0)} /  0,
1 a otherwise,

etc. Generally,

j  some element of A — ran(/ fa )  if A — ran(/ [a ) 0,
1 a otherwise.

Intuitively, /  lists the elements of A, one by one, as long as they are available; 
when A is exhausted, f  has value a.

We first notice that A does get exhausted at some stage A < h(A), the 
Hartogs number of A. The reason is that, for a < 0, if f(0 ) ^  a, then f(0 ) € 
A -  ran(/ f (3), f(a )  € ran(/ [ 0), and thus /(a )  /  f(0 ). If f(a ) ^  a 
were to hold for all a < h(A), f  would be a one-to-one mapping of h(A) into 
A, contradicting the definition of h{A) as the least ordinal which cannot be 
mapped into A by a one-to-one function.

Let A be the least a < h(A) such that f(a ) = a. The considerations of the 
previous paragraph immediately show that f  f A is one-to-one. The “proof"
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is complete if we show that ran(/ f A) = A  Clearly ran(/ 1 A) C X; if 
ran(/ j A) C X, X — ran(/ f A) ^  0 and /(A) ^  a, contradicting our definition 
of A.

Our use of quotation marks indicates that something is wrong with this 
argument, but it may not be obvious precisely what it is. However, if one tries 
to justify this transfinite recursion by the Recursion Theorem, say in the form 
stated in Theorem 4.5 in Chapter 6, one discovers a need for a function G such 
that f  can be defined by f(a )  = G (f j a). Such a function G should have the 
following properties:

G (f \ a) e A -  ran(/ fa )  if X -  ran(/ f a) /  0,
G (f f a) =  a otherwise.

If X were well-orderable, some such G could easily be defined; e.g.:

] the -(-least element of X -  ra n i if x is a function and X -  ra n i ^  0, o i l )  =  <
la  otherwise,

where -< is some well-ordering of X. But in the absence of well-orderings on X, 
no property which could be used to define such a function G is obvious.

More specifically, let 5  be a system of sets. A function g defined on S  is 
called a choice function for S  if g(X) € X  for all nonempty X  € S.

It we now assume that there is a choice function g for P (A \  we are able to 
fill the gap in the previous proof by defining

g (  j _  19 ^  — r a n l ) if x is a function and X — ra n i /  0, 
l a  otherwise.

We proved the difficult half of the following theorem, essentially due to Ernst 
Zermelo:

1.1 Theorem A set A can be well-ordered if and only if the set PIA) of all 
subsets of A has a choice function.

Proof. The proof of the second half is easy. If -< well-orders X, we define 
a choice function g on P(A) by

J the least element of x  in the well-ordering -< if x /  0, ’ w “ t 0  l f I = 0.

□

The problem of well-ordering the set X is now reduced to an equivalent 
question, that of finding a choice function for P(A). We first notice Theorem
1.2 .
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1.2 Theorem Every finite system of sets has a choice function.

Proof. Proceed by induction. Let us assume that every system with n 
elements has a choice function, and let |S| =  n + 1. Fix X  e S; the set 
S — {X }  has n elements, and, consequently, a choice function gx- If X = 0, 
g = g x ^  {(X, 0)} is a choice function for S. If X ^  0, gx  = gxO  {(X, a;)} is a 
choice function for S  (for any r € X ) .  □

The reader might be well advised to analyze the reasons why this proof 
cannot be generalized to show that every countable system of sets has a choice 
function. Also, while it is easy to find a choice function for P (N )  or P(Q) 
(why?), no such function for P(R) suggests itself.

Although choice functions for infinite systems of sets of real numbers have 
been tacitly used by analysts at least since the end of the nineteenth century, it 
took some time to realize that the assumption of their existence is not entirely 
trivial. The following axiom was formulated by Zermelo in 1904.

Axiom of Choice There exists a choice function for every system of sets.

Sixty years later, in 1963, Paul Cohen showed that the Axiom of Choice 
cannot be proved from the axioms of Zermelo-Fraenkel set theory (more on this 
in Chapter 15). The Axiom of Choice is thus a new principle of set formation; 
it differs from the other set forming principles in that it is not effective. That is, 
the Axiom of Choice asserts that certain sets (the choice functions) exist with­
out describing those sets as collections of objects having a particular property. 
Because of this, and because of some of its counterintuitive consequences (see 
Section 2), some mathematicians raised objections to its use.

We next examine several equivalent formulations of the Axiom of Choice and 
some of the consequences it has in set theory and in mathematics. Following 
that, at the end of Section 2, we resume discussion of its justification. To 
keep track of the use of the Axiom of Choice in this chapter, we denote the 
theorems whose proofs depend on it, and exercises in which it has to be used, 
by an asterisk. In later chapters, we use the Axiom of Choice without explicitly 
pointing it out each time.

1.3 Theorem The following statements are equivalent:
(a) (The Axiom of Choice) There exists a choice function for every system of 

sets.
(b) Every partition has a set of representatives.
(c) I f  (X{ \ i e I) is an indexed system of nonempty sets, then there is a 

function f  such that f(i)  e Xi for all i e I.

We remind the reader that a partition of a set A is a system of mutually 
disjoint nonempty sets whose union equals A. We call X  C A a set of represen­
tatives for a partition 5 of A if, for every C s  S, X  DC  has a unique element. 
(See Section 4 of Chapter 2 for these definitions.)
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The statement (c) in Theorem 1.3 can be equivalently formulated as follows 
(compare with Exercise 5.10 in Chapter 3):
(d) If Xi ^  0 for all i 6 I, then [Jig j %i ^  0­

Proof. (a) implies (b). Let /  be a choice function for the partition S; 
then X  =  r a n /  is a set of representatives for S. Notice that for any C e S, 
f(C )  G XO C , but f(D )  ^ X nC for D ^  C  [because f(D )  G D and DOC  =  0], 
So X n C = {/(C)} for any C e S.

(b) implies (c). Let Ci =  {i} x Xi. Since i ^  i1 implies Ci n C^ = 0, 
S  =  {Ci | i € 7} is a partition. If /  is a set of representatives for S, /  is a set of 
ordered pairs, and for each i e I, there is a unique x  such that (i,x) € f  n Ci. 
But this means that /  is a function on I  and f ( i)  6 Xi for all i G I.

(c) implies (a). Let S be a system of sets; set 7 = 5  -  {0}, X c  = C  for 
all C e l .  Then (Xc | C € I) is an indexed system of nonempty sets. If 
f  €  l ic e /  X ° '  /  *s  a  choice function for S  if 0 ^ S. If 0 G S, then /  U {(0,0)} 
is a choice function for S. □

Theorem 1.3 gives several equivalent formulations of the Axiom of Choice. 
Many other statements are known to be equivalent to the Axiom, and we use 
some in the applications. The most frequently used equivalent is the Well­
Ordering Theorem, which states that every set can be well-ordered (its equiv­
alence with the Axiom follows from Theorem 1.1). Another frequently used 
version (Zorn’s Lemma) is given in Theorem 1.13.

But first we present some consequences of the Axiom of Choice.

1.4 Theorem * Every infinite set has a countable subset.

Proof. Let A  be an infinite set. A can be well-ordered, dr equivalently, 
arranged in a transfinite one-to-one sequence (aa  | a  < Q) whose length fl is an 
infinite ordinal. The range C = {aa  | a  < w} of the initial segment (aa  | a  < w) 
of this sequence is a countable subset of A. □

1.5 Theorem* For every infinite set S  there exists a unique aleph KQ such 
that \S\ =  Ka .

Proof. As S  can be well-ordered, it is equipotent to some infinite ordinal, 
and hence to a unique initial ordinal number wa . □

Thus in the set theory with the Axiom of Choice, we can define for any set X 
its cardinal number |X| as the initial ordinal equipotent to X . Sets X  and Y  are 
equipotent if and only if |X| is the same ordinal as |K| (i.e., |X| =  |Y|). Also, 
the ordering < of cardinal numbers by size agrees with the ordering of ordinals 
by G: |X| < |Y| if and only if |X| G |Y|. These considerations rigorously justify 
Assumption 1.7 in Chapter 4:

There are sets called cardinals with the property that for every set X  there 
is a unique cardinal |X |, and sets X  and Y  are equipotent if and only if |X| is 
equal to |y |.
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As 6 is a linear ordering (actually a well-ordering) on any set of ordinal 
numbers, we have the following theorem.

1.6 Theorem* For any sets A and B either \A\ < |B| or \B\ < |A|.

1.7 Theorem* The union of a countable collection of countable sets is count­
able.

Proof. (Compare with Theorem 3.9 in Chapter 4.) Let 5  be a countable 
set whose every element is countable, and let A =  [JS. We show that A is 
countable.

As S  is countable, there is a one-to-one sequence (An  | n € N )  such that 
S  = {An  | n 6 N }. For each n € N ,  the set An  is countable, so there exists a 
sequence whose range is An .

By the Axiom of Choice, we can choose one such sequence for each n. [That 
is: For each n, let Sn  be the set of all sequences whose range is An . Let F  be a 
choice function on {Sn  | n e N }, and let sn  = F(Sn ) for each n.]

Having chosen one sn  = {an {k) | k € N )  for each n, we obtain a mapping f 
of N  x N  onto A by letting f(n , k) = an (k). Since N  x N  is countable and A 
is its image under f ,  A is also countable. □

1.8 Corollary* The set of all real numbers is not the union of countably many 
countable sets.

Proof. The set R  is uncountable. □

1.9 Corollary* The ordinal u>i is not the supremum of a countable set of count­
able ordinals.

Proof. If {an  | n e N }  is a set of countable ordinals, then its supremum

a = sup{on  | n 6 N }  = | J  a n 
n^N

is a countable set, and hence a  < uj.

1.10 Theorem* 2R" > Ni-

Proof. This follows from Theorem 1.5 and the fact that 2Rn > HQ. □
As a result, the Continuum Hypothesis can be reformulated as a conjecture 

that
2R" = Nr,

the least uncountable cardinal number.
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1.11 Theorem* If f  is a function and A is a set, then \f[A]\ < |A|.

Proof. For each b € f[A], let Xb = / “ x ({b}). Note that Xs /  0 and 
X bl O X b t = 9  if &i /  bz. Take g € fUg/M  x b', then g : f[A] -» A and bi /  b2 
implies g(b{) € X b l , g(bi) € Xb2 , so g(bi) /  g(b2 ). We conclude that g is a 
one-to-one mapping of f[A] into A, and consequently |/[A]| < |A|. □

1.12 Theorem* If \S\ < Ra  and, for all A e  S, \A\ < Ra , then |U ^ | < k„.

Proof. This is a generalization of Theorem 1.7. We assume that 5 / 0  and 
all A € 5  are nonempty, write S = {X„ | p < Ra } and for each p < RQ , choose 
a transfinite sequence A v  = (av {&) | K < Ra ) such that A v  = { ^ ( K) | K < Ra). 
(Cf. Exercise 1.9 in Chapter 4.) We define a mapping /  on Ra  x Ra  onto (J 5 
by f(.f<K ) = ^ (« )- By Theorem 1.11,

|U s |  < |RQ x Ra | = RQ

(the last step is Theorem 2.1 in Chapter 7). □

We next derive Zorn’s Lemma, another important version of the Axiom of 
Choice.

1.13 Theorem The following statements are eguivalent:
(a) (The Axiom of Choice) There exists a choice function for every system of 

sets.
(b) (The Well-Ordering Principle) Every set can be well-ordered.
(c) (Zorn’s Lemma) I f  every chain in a partially ordered set has an upper bound, 

then the partially ordered set has a maximal element.

We remind the reader that a chain is a linearly ordered subset of a partially 
ordered set (see Section 5 of Chapter 2 for this definition, as well as the defini­
tions of “ordered set,” “upper bound,” “maximal element,” and other concepts 
related to orderings).

Proof. Equivalence of (a) and (b) follows immediately from Theorem 1.1; 
therefore, it is enough to show that (a) implies (c) and (c) implies (a).

(a) implies (c). Let (A, <) be a (partially) ordered set in which every chain 
has an upper bound. Our strategy is to search for a maximal element of (A, <) 
by constructing a ^-increasing transfinite sequence of elements of A.

We fix some b ^ A and a choice function g for P(A), and define (aa  | a < 
h(A)) by transfinite recursion. Given (a  ̂ | £ < a), we consider two cases. If 
b ^  a^ for all £ < a  and Aa  = {a e A | a  ̂ -< a holds for all £ < a} /  0, we let 
aa  = s(Aa ); otherwise we let aa  = b.

We leave to the reader the easy task of justifying this definition by Theorem 
4.4 in Chapter 7. We note that aa  = b for some a < h(A)\ otherwise, (a£ | £ < 
h(A)) would be a one-to-one mapping of h(A) into A. Let A be the least a  for
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which aa  = b. Then the set C = {aj | £ < A} is a chain in (A, =̂ ) and so it 
has an upper bound c e A. If c ■< a for some a 6 A, we have a e Ax A $ and 
ax = g(Ax) A ^ J &  contradiction. So c is a maximal element of A. (It is easy to 
see that, in fact, A = ^ + 1 and c =  ap.)

(c) implies (a). It suffices if we show that every system of nonempty sets 
S  has some choice function. Let F be the system of all functions f  for which 
dom / C S  and f (X )  € X  holds for any X  e S. The set F  is ordered by 
inclusion C, Moreover, if FQ is a linearly ordered subset of (F, C) (i.e., either 
f  C g or g C f  holds for any f, g € FQ), / O = U ̂ b is a function. (See Theorem 
3.12 in Chapter 2.) It is easy to check that fo & F  and /o is an upper bound 
on FQ in (F, C).

The assumptions of Zorn’s Lemma being satisfied, we conclude that (F, C) 
has a maximal element f .  The proof is complete if we show that dom /  = S. If 
not, select some X  e S — dom /  and x e X. Clearly, f  = f  U {(X ,x)}  6 F  and 
/  □ / ,  contradicting the maximality of / .  □

We conclude this section with a theorem needed in Chapter 11.

1.14 Theorem* I f  {A, ^ )  is a linear ordering such that \{y 6 A | y ^  i ) |  < H7 for all x & A, then \A\ < N7 .

Proof. Exactly as in the proof of Zorn’s Lemma, we construct an increasing 
sequence (a^ | £ < A) of elements of A for which AA = 0, i.e., there is no a 6 A 
such that a$ ^  a holds for all £ € A. As (A, ^) is linearly ordered, this means 
that, for every a Z A, a .̂ a  ̂ for some £ € A. (We say that the sequence 
(aj | £ < A) is cofinal in (A, =$).)

We have A = U$<A(1/ € A \ y A a^}, \{y & A \ y A aj}| < N7  by assumption, 
and A < N7  (otherwise, w7  < A and (a  ̂ | £ < w7 ) is a one-to-one mapping of 
N7  into {y e A | y ^  au J ,  contradicting the assumption). By Theorem 1.12, 
|A| < N7 . □

Exercises
1.1 Prove: If a set A can be linearly ordered, then every system of finite 

subsets of A has a choice function. (It does not follow from the Zermelo- 
Fraenkel axioms that every set can be linearly ordered.)

1.2 If A can be well-ordered, then F(A) can be linearly ordered. [Hint: Let 
< be a well-ordering of A; for X ,Y  C A define X  ^  Y  if and only if the 
<-least element of X △ F  belongs to X.]

1.3 * Let (A, <) be an ordered set in which every chain has an upper bound. 
Then for every a € A, there is a <-maximal element x of A such that 
a < x.

1.4 Prove that Zorn’s Lemma is equivalent to the statement: For all (A, <), 
the set of all chains of (A, <) has an C-maximal element.

1.5 Prove that Zorn’s Lemma is equivalent to the statement: If A is a system 
of sets such that, for each B C A which is linearly ordered by C, (J B € A, 
then A has an C-maximal element.
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1.6 A system of sets A  has finite character if X G A if and only if every finite 
subset of X  belongs to A. Prove that Zorn’s Lemma is equivalent to the 
following (Tukey’s Lemma): Every system of sets of finite character has 
an C-maximal element. [Hint: Use Exercise 1.5.]

1.7 * Let E  be a binary relation on a set A. Show that there exists a function 
/  : A —» A such that for all i  £ A, (x ,f(x)) e  E  if and only if there is 
some y € A  such that (i, y) G E.

1.8 * Prove that every uncountable set has a subset of cardinality Ni-
1.9 * Every infinite set is equipotent to some of its proper subsets. Equiva­

lently, Dedekind finite sets are precisely the finite sets.
1.10 * Let (A, <) be a linearly ordered set. A sequence (a„ | n G w) of elements 

of A is decreasing if a„+i < an for all n G w. Prove that (A, <) is a well­
ordering if and only if there exists no infinite decreasing sequence in A.

1.11 * Prove the following distributive laws (see Exercise 3.13 in Chapter 2).

A < U ^ )  =  U  ( A A / N ).
te T  ses JEST  t e r

U  ( A  ^ ' ^  =  A  ( U  A t T ( ^ - 

t^ T  s&s f e s T  t e r

1.12 * Prove that for every ordering < on A, there is a linear ordering < on A 
such that a < 6 implies a < b for all a, b G A (i.e., every partial ordering 
can be extended to a linear ordering).

1.13 * (Principle of Dependent Choices) If 2? is a binary relation on M  /  0 
such that for each x  e M  there is y € M  for which xRy, then there is a 
sequence {xn  | n G w) such that xn Rxn +i holds for all n G w.

1.14 Assuming only the Principle of Dependent Choices, prove that every 
countable system of sets has a choice function (the Axiom of Countable 
Choice).

1.15 If every set is equipotent to an ordinal number, then the Axiom of Choice 
holds.

1.16 If for any sets A and B either |A| < |B| or |E| < |A|, then the Axiom of 
Choice holds, [flint: Compare A and B = h[A).[

1.17 * If B  is an infinite set and A is a subset of B  such that |A| < |B|, then
|B - A M B |.

2. The Use of the Axiom of Choice in Mathe­
matics

In this section we present several examples of the use of the Axiom of Choice 
in mathematics. We have chosen examples which illustrate the variety of roles 
the Axiom of Choice plays in mathematics, but which do not require extensive 
background outside of set theory. Other applications of the Axiom of Choice can 
be found in the exercises and in most textbooks of general topology, abstract



2. THE USE OF THE AXIOM OF CHOICE IN MATHEMATICS 145 

algebra, and functional analysis. The examples are followed by some discussion 
of importance and soundness of the Axiom of Choice.

2.1 Example. Closure Points. According to the usual definition, a sequence 
of real numbers (xn  | n € N )  converges to a G f l i f  for every positive real 
number £ there exists ne e N  such that j in  — a\ < e holds for all natural 
numbers n >  ne . (In this example, |i | denotes the absolute value of x, and not 
the cardinality of x.)

Let A be a set of real numbers. Advanced calculus textbooks commonly 
characterize closure points of A  in either (or both) of the following ways: 
(a) a 6 J? is a closure point of A if and only if there exists a sequence {xn  |

n G N }  with values in A, which converges to a.
(b) a 6 R  is a closure point of A if and only if for every positive real number 

£ there exists x ^ A such that |x — a| < e.
It is then necessary to prove that (a) and (b) are equivalent.

(a) implies (b). Given £ > 0, there is n£ € N  such that |r n  -  a| < e for all 
n > ne . In particular, |r n , -  a| < £ and x nc G A.

(b) implies (a). The usual proof proceeds as follows: Let Xn  =  {r E 4  | 
|a: -  a| < 1/n}. By (b), Xn  /  0 for all n e N . Let {xn  | n G N )  be a sequence 
such that xn  G X n  for all n G IV. Then each x n  e A and (rn  | n  G N )  converges 
to a. □

The question usually passed over is, What reasons do we have to assume 
that any such sequence {xn  | n G N )  exists? Notice that we do not give any 
property P(x, y) such that P(n,y) holds if and only if y = xn  (for all n G N ). 
Such a property can be exhibited in special cases (e.g., if A is open — see 
Exercise 2.1); however, it has been shown that the equivalence of (a) and (b) 
for all A C f l  cannot be proved from the axioms of Zermelo-Fraenkel set theory 
alone. Of course, if we do assume the Axiom of Choice, the fact that Xn  /  0 
for all n G IV immediately implies that [IneN ^ n  /  ®-

2.2 Example. Continuity of a Function. The standard definition of conti­
nuity of a real-valued function of a real variable is as follows:
(a) f  : R  —> R  is continuous at a G H if and only if for every £ > 0 there is 

5 > 0 such that | / ( i )  — /(a ) | < £ for all x such that | i  — a| < <5.
Continuity is also characterized by the following property:

(b) /  : i? —> H is continuous at a G R  if and only if for every sequence 
(a:n  | n  G N )  which converges to a, the sequence (/( in ) | n G IV) converges 
to f(a).

It is easy to see that (a) implies (b): If {xn  | n G IV) converges to a and 
if £ > 0 is given, then first we find <5 > 0 as in (a), and because ( in  | n G IV) 
converges, there exists ns such that |r n  — a| < <5 whenever n > ng. Clearly, 
|/(x n ) — /(a ) | < £  for all such n.

If we assume the Axiom of Choice, then (b) also implies (a), and hence (a) 
and (b) are two equivalent definitions of continuity. Suppose that (a) fails, then 
there exists £ > 0 such that for each <5 > 0 there exists an x  such that | r - a |  < 5
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but | / ( i ) - / ( a ) |  > e. In particular, for each fc =  1 ,2 ,3 ,..., we can choose some 
Xk such that [x/c — a| < 1/k  and \f{xk) -  /(a )| > £• The sequence ( i t  | fc6 N ) 
converges to a, but the sequence (f(xk) I k € N )  does not converge to /(a ), so 
(b) fails as well. □

As in Example 2.1, it can be shown that the equivalence of (a) and (b) 
cannot be proved from the axioms of Zermelo-Fraenkel set theory alone.

2.3 Example. Basis of a  Vector Space. We assume that the reader is fa­
miliar with the notion of a vector space over a field (e.g., over the field of real 
numbers). Definitions and basic algebraic properties of vector spaces can be 
found in any text on linear algebra.

A set A of vectors is linearly independent if no finite linear combination 
ajU ii----- IctnVn of elements Ui,. . .  ,vn ofA  with nonzero coefficients a i , . . .  ,a n 
from the field is equal to the zero vector. A basis of a vector space V  is a maximal 
(in the ordering by inclusion) linearly independent subset of V.

One of the fundamental facts about vector spaces is

2.4 Theorem * Every vector space has a basis.

Proof. The theorem is a straightforward application of Zorn’s Lemma: 
If C is a C-chain of independent subsets of the given vector space, then the 
union of C is also an independent set. Consequently, a maximal independent 
set exists. [For more details, see the special case in the next example.] □

This theorem cannot be proved in Zermelo-Fraenkel set theory alone, without 
using the Axiom of Choice.

2.5 Example. Ham el Basis. Consider the set of all real numbers as a vector 
space over the field of rational numbers. By Theorem 2.4 this vector space has 
a basis, called a Hamel basis for R.

In other words, a set X  C R  is a Hamel basis for R  if every x e R  can be 
expressed in a unique way as

x = ri ■ Xi + ■ ■ ■ + rn  ■ xn

for some mutually distinct i i , . . .  ,xn  € X  and some nonzero rational num­
bers r ^ ,. .. ,rn . Below we give a detailed argument that a set X  with the last 
mentioned property exists.

A set of real numbers X  is called dependent if there are mutually distinct 
x i , . . .  ,x n  e X  and n ....... rn  & Q such that

r^ -x i A------ f- rn  • xn  = 0

and at least one of the coefficients r j ....... rn  is not zero. A set which is not 
dependent is called independent. Let A be the system of all independent sets 
of real numbers. We use Zorn’s Lemma to show that A has a maximal element
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in the ordering by C; the argument is then completed by showing that any 
C-maximal independent set is a Hamel basis.

To verify the assumptions of Zorn’s Lemma, consider Ao C A linearly or­
dered by C. Let Xo = LMo; Xo is an upper bound of Ao in (A, C) if Xo € A, 
i.e., if Xo is independent. But this is true: Suppose there were x i , . . .  , xn  € Xo 
and H , . . . ,r n  € Q, not all zero, such that Fx • xi + • • • +  rn  ■ xn  = 0. Then 
there would be X i ,.. .  , Xn  e Ao such that xi € X i , ... , xn  € X n . Since Ao 
is linearly ordered by C, the finite subset {X i,... , Xn } of Ao would have a 
C-greatest element, say X,. But then x i , . . .  , xn  G Xi, so Xi would not be 
independent.

By Zorn's Lemma, we conclude that (A, C) has a maximal element X. It 
remains to be shown that X is a Hamel basis.

Suppose that x G R  cannot be expressed as FJ • xi + • • • + rn  ■ xn  for any 
’’i, • • • Tn € Q and x i , .. .  ,x n  e X. Then x ^ X (otherwise x =  1 • x), so 
X  U {x} 2  X, and X U {x} is dependent (remember that X is a maximal 
independent set). Thus there are x i , . . .  , xn  € X U {x} and s i , . . . , s n  e Q, 
not all zero, such that si • Xi + • • • + sn  • xn  = 0 . Since X is independent, 
x € { x i,... , xn }; say, x = Xi, and the corresponding coefficient Sj /  0. But 
then

X — Xi

=  I -------I ’ X ] +  ■■■ + ------------ I • X i-1  +  I ------------ I ■ Xt+1 +  ■ • • +  I --------- I ■ x n , 
\  ^ i  /  \  Si /  \  Si /  \  Sj_ J

where x i , . . .  , X i-i , x,+ i , . . .  , xn  € X, and the coefficients are rational numbers. 
This contradicts the assumption on x.

Suppose now that some x G R  can be expressed in two ways: x =  r j - 
xi + ■ ■ ■ + rn  ■ xn  = si ■ yi +■■■ + sk ■ yk , where X i,... ,x n , y i , .. .  ,y k G X , 
ri,-- - ,rn , s i , . . .  ,s k G Q -  {0}. Then

(2.6) ri • xi + • ■ ■ + rn  ■ xn  -  si • y i -------- sk -yk =0.
If {x i,.. .  ,x n } /  {yi,... ,y k } (say, xi 0 { i/i,... ,?A }), (2.6) can be written as 
a combination of distinct elements from X with at least one nonzero coefficient 
(namely, n ) ,  contradicting independence of X. We can conclude that n = k and 
xi = yix , ■ • ■ ,x n  = yi„. for some one-to-one mapping ( i i , .. .  , in ) between indices 
1 ,2 ,... ,n. We can thus write (2.6) in the form (ri-S jJ-X id-----H rn -Si„)'Xn  = 
0. Since X i,... ,xn  are mutually distinct elements of X, we conclude that 
ri -  s^ = 0 ,... ,Fn  -  Si„ = 0, i.e., that ri = si t , . . .  ,rn  = s ^ .

These arguments show that each x G R  has a unique expression in the 
desired form and so X is a Hamel basis.

The existence of a Hamel basis cannot be proved in Zermelo-Fraenkel set 
theory alone; it is necessary to use the Axiom of Choice.

2.7 Example. Additive Functions. A function f  : R  ^> R is  called additive 
if f ( x  + y) = f(x ) + f(y )  for all x ,y  G R. An example of an additive function 
if provided by f a where faix) = a ■ x for all x G R, and a G R  is fixed.
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Easy computations indicate that any additive function looks much like f a 
for some a G R . More precisely, let /  be additive, and let us set / ( I )  =; a. We 
then have

/(2) =  /( I )  +  / ( l )  =  a • 2, /(3) =  /(2) +  / ( I )  = a ■ 3,

and, by induction, f(b) = a-b for all b G IV— {0}. Since /(0)4-/(0) =  /(04-0) = 
/(0), we get /(0) =  0. Next, f ( -b )  + f(b) = /(0) = 0, so f ( -b )  = - f(b )  = 
a ■ (—b) for b G N .  To compute f ( l /n ) ,  notice that

a = 7(1) = / ( l /n ) 4 - '- - 4 - / ( l /n )  =  n ■ /(1 /n);
n times

consequently, /(1 /n ) = aA /n . Continuing along these lines, we can easily prove 
that f{x) = a -x  for all rational numbers x. It is now natural to conjecture that 
f(x )  = a ■ x  holds for all real numbers a; in other words, that every additive 
function is of the form f a for some a G R. It turns out that this conjecture 
cannot be disproved in Zermelo-Fraenkel set theory, but that it is false if we 
assume the Axiom of Choice. We prove the following theorem.

2.8 Theorem * There exists an additive function f :  R —t R  such that f  ^  f a 
for all a G R.

Proof. Let X be a Hamel basis for R. Choose a fixed x  G X . Define

. \r i  if x =  n  • i i  4- F ri ■ Xi 4- • • • 4- r n  • xn  and x,. = x, 
f W  =  \  o ■10 otherwise.

It is easy to check that /  is additive. Notice also that 0 ^ X  and X  is 
infinite (actually, |X | = 2H"). We have f(x )  = 1 (because x = 1 • x is the basis 
representation of x), while f{x) = 0 for any x G X , x  ^ x  (because x does not 
occur in the basis representation of x =  1 ■ x of i) . If f  = f a were to hold for 
some a G R , we would have f(x )  = 1 = a -x , showing a ^  0, and, on the other 
hand, /(x) = 0 = a • x, showing a = 0. □

2.9 Example. Hahn-Banach Theorem . A function f  defined on a vector 
space V over the field R  of real numbers and with values in R  is called a linear 
functional on V  if

f (a  -u + P-v) = a  - f(u) 4- P • f(v)

holds for all u,v G V and a ,^  G R. ■
A function p defined on V  and with values in R  is called a sublinear functional 

on V if
p(u + v) < p(u) 4- p(v) for all u ,v  GV

and
p(a -u) = a ■ p(u) for all u € V and a  > 0.
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The following theorem, due to Hans Hahn and Stefan Banach, is one of the 
cornerstones of functional analysis.

2.10 Theorem* Letp be a sublinear functional on the vector space V , and let 
f 0 be a linear functional defined on a subspace Vo o fV  such that fo(v) < p(y) 
for all v & V Q . Then there is a linear functional f  defined on V such that f  D fo 
and fly ) < p(y) for all v & V.

Proof. Let F  be the set of all linear functionals g defined on some subspace 
TV of V and such that

fo Q g and g(v) < pfu) for all u G W.

We obtain the desired linear functional /  as a maximal element of (F,C). To 
verify the assumptions of Zorn’s Lemma, consider a nonempty FQ C F  linearly 
ordered by C. If g0 = U Fb, go is an C-upper bound on Fo provided #0 G F. 
Clearly, go is a function with values in R  and g o ^  fo- Since the union of a set of 
subspaces of V  linearly ordered by C is a subspace of V, dom go = UgeF„ dom g is 
a subspace of V. To show that go is linear consider u,v e dom go and a ,0  & R. 
Then there are g,g' G FQ such that u G dom# and v G dom#'. Since FQ 
is linearly ordered by C, we have either g Q g1 or g' C g. In the first case, 
u,v,a-u+/3-v G dom#' and go(a-u+f)-v) = g'(a-u+/3-v) = a-g'^uj+fl-g^v) = 
a • go(u) + 0 ■ go(v); the second case is analogous. Finally, go(u) = g(u) < p(u) 
for any u G dom#o and g & Fo such that u G dom#. This completes the check 
of g0 & F.

By Zorn's Lemma, (F,C) has a maximal element f .  It remains to be shown 
that dom /  = V. We prove that dom /  C V implies that f  is not maximal. Fix 
u e V — dom f-, let W  be the subspace of V  spanned by dom f  and u. Since 
every w G W can be uniquely expressed as w = ,x + a ■ u for some x G dom f 
and a £ R, the function f c defined by

fc(™) = f(x )  + a -c

is a linear functional on W  and f c D f .  The proof is complete if we show that 
c e  R  can be chosen so that

(2.11) f c (x + a -u )  = f(x )  + a -c <  p(x + a ■ u)

for all x  G dom f  and a £ R.
The properties of f  immediately guarantee (2.11) for a  = 0. So we have to 

choose c so as to satisfy two requirements:
(a) For all a  > 0 and a; G dom f ,  f(x ) + a ■ c<  p(x + a - u).
(b) For all a  > 0 and y G dom /, f(y )  + ( -a )  ■ c < p(y + ( -a )  • u).

Equivalently,

f(y ) -  p(y -  a -u )  < a -c  <p(x + a -u )  -  f(x)
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and then

(2.12) /  ^  • y) / i  A Z1
— p I —  y ~ u ] < c < p  —■x + u 

( a  J \ a  .

should hold for all x ,y  e dom / and a  > 0. But, for all v,t € dom /,

f(y ) + f(t)  = f(y  + 1) < p(v + t) < p(v -  u) + p(t + u)

and thus

fly} -  p(y -  «) < p(t + u) -  f(t).

If X = su p { f(v )-p (v -u )  | v 6 dom/} and B  = inf{p(t + u ) - / ( t )  I t £ dom/}, 
we have A < B. By choosing c such that A < c < B, we can make the identity 
(2.12) hold. □

2.13 Example. The Measure Problem. An important problem in analysis 
is to extend the notion of length of an interval to more complicated sets of real 
numbers. Ideally, one would like to have a function p defined on P(R), with 
values in [0, oo) U {oo}, and having the following properties:

0) g([a, b]) = b -  a for any a,b & R , a < b.

i) p(^) = 0, p(R) = co.

ii) If {An }“_0 is a collection of mutually disjoint subsets of R, then

/  OO \  oo

H  U  ^ J =  £ M(4 )- 
\n = 0  /  n = 0  r

(This property is called countable additivity or a-additivity of p.)

hi) If a € R , A C R, and A + a =  {i + a | a : e  A}, then p(A  + a) = p(A) 
(translation invariance of p). .

Several additional properties of p follow immediately from 0)-iii) (Exercise 
2.3):

iv) If A n B = 0 then p(A U B) = p(A) + p(B) (finite additivity).

v) If A C B then p(A) < p(B) (monotonicity).

However, the Axiom of Choice implies that no function p  with the above-
mentioned properties exists:
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2 .14 Theorem* There is no function p  : P (R ) —> [0, co) U {oo} with the 
properties 0)-v).

Proof. We define an equivalence relation ^  on f t  by:

x & y if and only if i  - t /  is a rational number,

and use the Axiom of Choice to obtain a set of representatives X  for w. It is 
easy to see that

(2.15) R  =  J { X  + r  | r  is rational};

moreover, if q and r are two distinct rationals, then X  + q and X + r  are disjoint. 
We note that p(X )  > 0: if p (X )  =  0, then p (X  + g) =  0 for every q £ Q, and

p(R } =  1 2  P(X + ? ) =  0|
<i£Q

a contradiction. By countable additivity, there is a closed interval [a, 6] such 
that p{X  n  [a, b]) > 0. Let Y  = X  (~}[a, b]. Then

(2.16) | J  (T + q) C [a, 6 +  1]
(€Qn|o,i|

and the left-hand side is the union of infinitely many mutually disjoint sets 
Y  Y q, each of measure p{Y  + q) = p(Y ) > 0. Thus the left-hand side of (2.16) 
has measure 00, contrary to the fact that p([a, 5 +  1]) =  6 +  1 — a. □

The theorem we just established demonstrates that some of the requirements 
on p have to be relaxed. For the purposes of mathematical analysis it is most 
fruitful to give up the condition that p is defined for all subsets of ft, and require 
only that the domain of p  is closed under suitable set operations.

2.17 Definition Let S be a nonempty set. A collection 6  C P (S) is a cr- 
dlgebra of subsets of S  if
(a) 0 6 ©  and S € ©.
(b) If X  € © then S - X  6 ©.
(c) If X n  e  © for all n, then U“  0 ^ n  € ® and Q“  0 * n  € S .

2.18 Definition A a-additive measure on a cr-algebra © of subsets of S is a 
function /it : © —» [0, 00) U {00} such that

i) ^(0) = 0, p(S) > 0.

ii) If {Xn }“ 0 is a collection of mutually disjoint sets from ©, then

(OO \  OO
J x n  = ^ p ( X n f 
n=0 /  n—0



152 CHAPTER 8. THE AXIOM OF CHOICE

The elements of & are called ^.-measurable sets.

The reader can find some simple examples of a-algebras and a-additive mea­
sures in the exercises, In particular, P(S) is the largest a-algebra of subsets of 
S-, we refer to a measure defined on P(S) as a measure on S.

The theorem we proved in this example can now be reformulated as follows.

2.19 Corollary Let /z be any a-additive measure on a a-algebra 6  of subsets 
of R  such that

(0) [a, &] € ® and n([a, b]) = b — a, for all a,b G R , a < b.

(Hi) I f  A G & then A + aG & and n(A + a) =  n(A), for all aG R.

Then there exist sets of real numbers which are not ^.-measurable. □

In real analysis, one constructs a particular a-algebra TH of Lebesgue mea­
surable sets, and a a-additive measure // on TH, the Lebesgue measure, satisfying 
properties (0) and (iii) of the Corollary. So existence of Lebesgue nonmeasur- 
able sets is a consequence of the Axiom of Choice. Robert Solovay showed that 
the Axiom of Choice is necessary to prove this result.

Other ways of weakening the properties 0)-iv) of p, have been considered, 
and led to very interesting questions in set theory. For example, it is possible 
to give up the requirement iii) (translation-invariance) and ask simply whether 
there exist any a-additive measures /j, on R  such that g([a,6]) =  & — a for all 
a,b G R, a < b. This question has deep connections with the theory of large 
cardinals, and we return to it in Chapter 13. Another interesting possibility 
is to give up ii) (countable additivity) and require only iv) (finite additivity). 
Nontrivial finitely additive measures do exist (assuming the Axiom of Choice) 
and we study them further in Chapter 11.

Let us now resume our discussion of various aspects of the Axiom of Choice. 
First of all, there are many fundamental and intuitively very acceptable results 
concerning countable sets and topological and measure-theoretic properties of 
the real line, whose proofs depend on the Axiom of Choice, We have seen two 
such results in Examples 2.1 and 2.2. It is hard to image how one could study 
even advanced calculus without being able to prove them, yet it is known that 
they cannot be proved in Zermelo-Fraenkel set theory. This surely constitutes 
some justification for the Axiom of Choice. However, closer investigation of the 
proofs in Examples 2.1 and 2.2 reveals that only a very limited form of the 
Axiom is needed; indeed, all of the results can still be proved if one assumes 
only the Axiom of Countable Choice.

Axiom of Countable Choice There exists a choice function for every countable 
system of sets.

It might well be that the Axiom of Countable Choice is intuitively justified, 
but the full Axiom of Choice is not. Such a feeling might be strengthened by 
realizing that the full Axiom of Choice has some counterintuitive consequences,
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such as the existence of nonlinear additive functions from Example 2.7, or the 
existence of Lebesgue nonmeasurable sets from Example 2.13. Incidentally, none 
of these consequences follows from the Axiom of Countable Choice.

In our opinion, it is applications such as Example 2.9 which mostly account 
for the universal acceptance of the Axiom of Choice. The Hahn-Banach The­
orem, Tichonov’s Theorem (A topological product of any system of compact 
topological spaces is compact.) and Maximal Ideal Theorem (Every ideal in a 
ring can be extended to a maximal ideal.) are just a few examples of theorems 
of sweeping generality whose proofs require the Axiom of Choice in almost full 
strength; some of them are even equivalent to it. Even though it is true that we 
do not need such general results for applications to objects of more immediate 
mathematical concern, such as real and complex numbers and functions, the 
irreplaceable role of the Axiom of Choice is to simplify general topological and 
algebraic considerations which otherwise would be bogged down in irrelevant 
set-theoretic detail. For this pragmatic reason, we expect that the Axiom of 
Choice will always keep its place in set theory.

Exercises
2.1 Without using the Axiom of Choice, prove that the two definitions of 

closure points are equivalent if A is an open set. [Hint: X n  is open, so 
X n ^ Q  ^  >̂ and Q can be well-ordered.]

2.2 Prove that every continuous additive function f  is equal to f a for some 
a e  R.

2.3 Assume that /i has properties 0)-ii). Prove properties iv) and v). Also 
prove:
vi) /i(A U B) =  /i(A) + /i(B) — /i(A n B).

vii) M ^ o ^ H E ^ o / W
2.4 * Let & = {X  C S | |X| < No or |S — X| < No}. Prove that S  is a 

cr-algebra.
2.5 Let € be any collection of subsets of S. Let S  = PKT | C C I  and 1  is a 

cr-algebra of subsets of S}. Prove that 6  is a cr-algebra (it is called the 
a-algebra generated by C).

2.6 Fix a € S  and define /i on P(S) by: p(A) = 1 if a € A, p(A) = 0 if 
a ^  A. Show that p is a cr-additive measure on S.

2.7 For A C S let p(A) = 0 if A = 0, p(A) = oo otherwise. Show that p is a 
cr-additive measure on S.

2.8 For A C S let /i(A) =  |A| if A is finite, /i(A) = oo if A is infinite, p is a 
cr-additive measure on S; it is called the counting measure on S.





Chapter 9

Arithm etic of Cardinal
Numbers

1. Infinite Sums and P roducts of C ardinal
N um bers

In Chapter 5 we introduced arithmetic operations on cardinal numbers. It 
is reasonable to generalize these operations and define sums and products of 
infinitely many cardinal numbers. For instance, it is natural to expect that

1 t  1 + • • ; = No
No times

or, more generally,
K + « 4---- = K • A.

A times

The sum of two cardinal numbers «i and «2 was defined .as the cardinality of 
Xi U A2, where Ai and / j  are disjoint sets such that Mil = «i and M2I = K2 . 
Thus we generalize the notion of sum as follows.

1.1 Definition Let (A  | i e /) be a system of mutually disjoint sets, and let 
Mil =  m for all i e I. We define the sum of ( ^  | i e I) by

The definition of ^ e z  «i uses particular sets Ai (i € Z). In the finite case, 
when I  = {1,2} and «i + «2 =  Mi U A2 |, we have shown that the choice of Ai 
and A2 is irrelevant. We have proved that if A ^A ^  is another pair of disjoint sets such that Mil = Ki> M2I =  K2, then Ml u ^al = Mi U A2 |.

155
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In general, one needs the Axiom of Choice in order to prove the corresponding 
lemma for infinite sums. Without the Axiom of Choice, we cannot exclude the 
following possibility: There may exist two systems {An  | n  e N ), {A'n  | n 6 IV) 
of mutually disjoint sets such that each An  and each A'n  has two elements, but 
U“=0 A n is not equipotent to Un= 0  A 'n-

For this reason, and because many subsequent considerations depend heavily 
on the Axiom of Choice, we use the Axiom of Choice from now on without 
explicitly saying so each time.

1.2 Lemma I f  {Ai \ i & I) and {A) \ i & I) are systems of mutually disjoint 
sets such that |A;| =  |A(| for all i e I, then | Uier ^1  =  I Uis/ - îl-

Proof. For each i e  I, choose a one-to-one mapping f i  of Ai onto A*. 
Then f  = Uier fi is a one-to-one mapping of |J i e /  Ai onto U i e J  A'. □

This lemma makes the definition of ̂ j 6 /  Ki legitimate. Since infinite unions 
of sets satisfy the associative law (Exercise 3.10 in Chapter 2), it follows that the 
infinite sums of cardinals are also associative (see Exercise 1.1). The operation 
2  has other reasonable properties., like: If Ki < Aj for all i e  I, then ^ i 6 /  Ki < 
E ter^« (Exercise 1.2). However, if Ki < Xi for a l l i e l ,  it does not necessarily 
follow that 22i K i < S i  ^t (Exercise 1.3).

If the summands are all equal, then the following holds, as in the finite case: 
If Ki =  K for all i € A, then

^  Ki = K +  K + • — = K • A.
^ ^  A times

(Verify! See Exercise 1.4.)
It is not very difficult to evaluate infinite sums. For example, consider

^ n = l  + 2 + 3 + ----Fn 4----  (n € N ). 
n^N

It is easy to see that this sum is equal to NQ. In fact, this follows from a general 
theorem.

1.3 Theorem Let X be an infinite cardinal, let Ka  (a. < X) be nonzero cardinal 
numbers, and let K  =  sup{Ka  | a  < A). Then

^  Ka  = A • K = A • sup{«a  | a  < A}.

Proof. On the one hand, Ka  < K  for each a  < A, and so £ a <A KA  < 
£ A < A  K  =  K  • X. On the other hand, we notice that A = 22a<A 1 — E a <A KO' 
We also have K < 22a< A Ka : the sum 22a< A K « is a n  upper bound of the Ka ’s and 
K is the least upper bound. Now since both K and A are < £ a <A Ka> it follows 
that K  - A, which is the greater of the two, is also < 22Q <A K «- The conclusion 
of Theorem 1.3 is now a consequence of the Cantor-Bernstein Theorem. □
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1.4 Corollary I f  Ki (i £ I)  are cardinal numbers, and if \I\ < SUP{K, | * 6 1}, then
\^ K i  =  sup/q.

(In particular, the assumption is satisfied if all the Ki's are mutually distinct.)
□

The product of two cardinals «i and «2 has been defined as the cardinality of the cartesian product Ai x A2, where Aj and A2 are arbitrary sets such that |Ai| = Ki and IA2I = K?. This is generalized as follows.

1.5 Definition Let (Ai | i e 7) be a family of sets such that |A<| =  Ki for all i & I. We define the product of (K  ̂ \ i & 1} by

n ̂i
= n A i  ■ 

i€ I  i e l

We use the same symbol for the product of cardinals (the left-hand side) as for the cartesian product of the indexed family («i | z g I). It is always clear from the context which meaning the symbol f[ has.
Again, the definition of f f €Z Ki does not actually depend on the particular sets Ai.

1.6 Lemma If (Ai \ i G I) and (A f  i e I) are such that |A<| = |A-| for all i g 1, then । n i e /  A l = I flier A l­

Proof. For each i € I, choose a one-to-one mapping fi of Ai onto A'. Let f  be the function on flier A  defined as follows: If x = (xi | i g I) 6 Hie/ A , let f(x) = (fi(xi) \ i G I). Then /  is a one-to-one mapping of f f g ;  A; onto IL erA - 0
The infinite products have many properties of finite products of natural numbers. For instance, if at least one Ki is 0, then flier K» =  ^- The products also satisfy the associative law (Exercise 1.7); another simple property is that if Ki < Xi for all i e I, then f f 6 /  K{ < f f gZ Xi (Exercise 1.8). If all the factors Ki are equal to K, then we have, as in the finite case,

Ki =  K ■ K’ - -  ̂= KA.
^ ^  A times

(Verify! See Exercise 1.10.) The following rules, involving exponentiation, also generalize from the finite to the infinite case (see Exercises 1.11 and 1.12):
( n R^ = n ^ ^ ' 
t e i  i t i 

J J ( KA ) = K^iel \ 
ier
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Infinite products are more difficult to evaluate than infinite sums. In some 
special cases, for instance when evaluating the product n a < A  K« °f a n  increasing 
sequence (K O  | a  < A) of cardinals, some simple rules can be proved. We consider 
only the following very special case:

oo
] J n  =  1 - 2 -3 ....... n ---- (n E N ).

n = l

First, we note that
OO oo

n«< n N°= K O" = 2 N °'
n = l  n = l

Conversely, we have 
oo oo OO

i= l  n = 2  n = l

and so we conclude that

1 - 2 -3 ....... n ---- = 2K°.

We now prove an important theorem, which can be used to derive various 
inequalities in cardinal arithmetic.

1.7 K onig’s Theorem  I f  Ki and A, (i € I)  are cardinal numbers, and if 
&i < Aj for all i E I, then

22 k* < n
ier tei

Proof. First, let us show that ^ ,i e I  Ki < [fis/Ai- Let (A  | i G 7) and 
(Bi | i G 7) be such that | / j |  = m and |Bi| = A, for a lii G 7 and the Ai’s are 
mutually disjoint. We may further assume that Ai C Bi for all i E I. We find 
a one-to-one mapping f  of (Ji e 7  A,: into flier Bi.

We choose di E Bi — Ai for each i E I, and define a function f  as follows: 
For each x  G U i e / ^ ’ ê t  ^  he the unique i E I  such that x E Ai. Let 
f(x ) = (ai | i E I), where

lx  if i = i^, 
012 ~~ I •^ i  if I 7F £$ <

If 2: /  y, let f{x) = a and f ( y ) = b  and let us show that a /  b. If ix  = iy  = i, 
then ai = x  while bi = y. If ix  ^  iy  = i, then ai = di $ A while bi = y E A. In 
either case, f(x )  /  f{y) and hence f  is one-to-one.

Now let us show that ^  Ki < [J, Ai. Let Bi (i E I) bp such that |B,;| = Ai, 
for all i E I. If the product f[ t Ai were equal to the sum J ^  Ki, we could 
find mutually disjoint subsets Xi of the cartesian product flier Bi such that 
| JG | = Ki for all i and

u x i = n ^

ier ier
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Figure 1

We show that this is impossible. 
For each i G I ,  let

(1-8) Ai =  { a j a e  X j]  (see Figure 1).

For every i & I ,  we have Ai C B i t  since l^ij < |Xj| = Ki < A, =  |Bj|. Hence 
there exists bi € Bi such that bi ^  Ai. Let b = {bi \ i & I ) . Now we can easily 
show that b is not a member of any X t  {i e  I): For any i & I , bi ^  Ai, and so 
by (1.8), b ^  X i. Hence J i e ;  X i is not the whole set H ie / ^*, a  contradiction.

□
We use Kbnig’s Theorem in Section 3; at present, let us just mention that the 

theorem (and its proof) are generalizations of Cantor’s Theorem which states 
that 2K > K  for all K . If we express K  as the infinite sum

K =  1 + 1 + • ■ ■ (K times)

and 2K as the infinite product

2* =  2 • 2 ■ 2 • • ■ ■ (K times),

we can apply Konig’s Theorem (since 1 < 2) and obtain

K̂ K II2^
I GK I € K

Exercises
1.1 If J, (i G I)  are mutually disjoint sets and J  = (Ji e /  J i t  and if Kj ( j  G J) 

are cardinals, then

ie/ jeJi jeJ
{associativity of Q .

1.2 If Ki < Aj for all i G I ,  then £T g /  Ki < Y^iei ^i-
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1.3 Find some cardinals Kn ,An  (n € N )  such that Kn  < An  for all n, but 
E “ o«n =  E ^ O An-

1.4 Prove tha t K + K H-----(A times) =  A ■ K.
1.5 Prove the distributive law:

A ^ ^ i )  = 5 2 ( A « i ) . 
i&i ier

1-6 I U,e/ Al < S»gr M»l-
1.7 If Ji (i € I)  are mutually disjoint sets and J  = \Ji e r  Ji, and if Kj (j G J) 

are cardinals, then
n ^  n  K J ) = n  k ^
ier jeX  jeJ

(associativity of J]).
1.8 If K , <  Aj for all i e  I , then

j y  K i < J J  Ai.
ier m

1.9 Find some cardinals Kn ,Xn  (n e  IV) such that Kn  < Xn  for all n, but- '
n ~ o ^  = n “ oAn.

1.10 Prove that K' it - •■ ■ (A times) =  K \
1.11 Prove the formula (n ie j» i ) A = ELe/O^)' [-H ^  Generalize the proof 

of the special case (K ^ )^  =  (K^ ,  given in Theorem 1.7 of Chapter 5.]
1.12 Prove the formula

J ] ( ? ‘) =  K ^ e ' A i .
tel I

[Hint: Generalize the proof of the special case KA ■ K 11 =  K ^ *  given in
Theorem 1.7(a) of Chapter 5.]

1.13 Prove that if 1 < «i < A< for all i & I, then J T e /  Kj -  Lite/ Ai-
1.14 Evaluate the cardinality of no<a<W1 a - [Answer: 2K1.|
1.15 Justify existence of the function f  in the proof of Lemma 1.2 in detail by 

the axioms of set theory.

2. Regular and Singular Cardinals
Let (av  \ v  <•9) be a transfinite sequence of ordinal numbers of length t l  We 
say that the sequence is increasing if OLV  < a^ whenever v < p, < ft. If tf is a 
limit ordinal number and if (av  | p < d) is an increasing sequence of ordinals, 
we define

a  =  lim a v  = sup{ap | z, <  iJ} 
U—t-O

and call a  the limit of the increasing sequence.

2.1 Definition An infinite cardinal K  is called singular if there exists an in­
creasing transfinite sequence (au | P  < tf) of ordinals a v  < K  whose length i> is
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a limit ordinal less than K, and K = lim„_^ a v . An infinite cardinal that is not 
singular is called regular.

A subset X C it is bounded if sup X  < K, and unbounded if sup X  = K.

2 .2 Theorem  Let K be a regular cardinal.
(a) I f  X  C K is such that \X\ < K then X  is bounded. Hence every unbourlded 

subset of K has cardinality K.
(b) I f  A < K and f  : A —* K, then /[A] is bounded.

Proof.
(a) This is clear if X  has a greatest element. Thus assume that the order type 

of X is a limit ordinal, and let {a^ | P < tf} be an increasing enumeration 
of X . As l l̂ = |X| < K, we have I) < K, and because K is a regular cardinal, 
it follows that supX = lim„_,tfa„ < K.

(b) As |/[A]| < A < K, this follows from (a).
□

An example of a singular cardinal is the cardinal Nw ; we have

Nu  = lim Nn ,

where w < Nw and Nn  < Hw for each n.
Similarly, the cardinals Nw + w , H^.^, RW1 are singular:

^w+w — lim Mu+n, n—>w
IVw =  lim bVn, n—»w
Nw , =  lim Na.a->wi

On the other hand, Ho is a regular cardinal.
The following lemma gives a different characterization of singular cardinals.

2.3 Lem m a An infinite cardinal K is singular if and only if it is the sum of 
less than K smaller cardinals: K = ^ ie jK i, w ^ e r e  l-H < K a n d Ki < K for all 
i G I.

Proof. If K is singular, then there exists an increasing transfinite sequence 
such that K = lim„-^ a u , where i) < K and a v  < K for all o < d. Since every 
ordinal is the set of all smaller ordinals, we can reformulate this as follows:

K = | J a „ =  J ^ -  J a j . 
Ĝi? v€i9 ^<u

If we let A v  = a v  -  U f ^ ^ t ,  then (A„ | p < tf) is a sequence of fewer than 
K sets of cardinality K^ = |AU | = \av  — U « u a d -  l ^ l  < K , and since the
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ASs  are mutually disjoint, this shows that K =  2 „< ^  K^ as required. Thus the 
condition in Lemma 2.3 is necessary.

To show that the condition is sufficient, let us assume that K  =  ^ A < A  «Q , 
where A is a cardinal less than K , and for all a < X, na  are cardinals smaller 
than K . By Theorem 1.3, K = A • supQ<A Ka , and since A < a, we necessarily 
have a =  supa < A  a a . Thus the range of the transfinite sequence (Ka  | a  < A) 
has supremum a, and since aQ < a for all a  < A, we can find (by transfinite 
recursion) a subsequence which is increasing and has limit a. Clearly, the length 
of the subsequence is a limit ordinal ii < A, and it follows that K is singular.

□

An infinite cardinal Na  is called a successor cardinal if its index a  is a 
successor ordinal, i.e., if Na  = N^+i for some (3. If a =  N̂  then we call R ^ i 
the successor of a and denote it K+ . If a  is a limit ordinal, then N„ is called a 
limit cardinal. If a  > 0 is a limit ordinal, then Na  is the limit of the sequence 
O W  < “ )■

2.4 Theorem Every successor cardinal Na + i is a regular cardinal.

Proof. Otherwise, Na + i would be the sum of a smaller number of smaller 
cardinals:

Na +1 =  ^  ^i, 
ter 

where |/ | < Na + i, and a; < Ha + i for all i € I. Then |/ | < Na  and a,; < Na  for 
all i & I , and we have

Na + i = £  m < £ 2  Na  = Na  • |I| < Na  • Na  = N„.
<ei ie r

This is a contradiction, and hence Na +i is regular. □
By Theorem 2.4, every singular cardinal is a limit cardinal. Let us look now 

at limit cardinals.

2.5 Lemma There are arbitrarily large singular cardinals.

Proof. Let Na  be an arbitrary cardinal. Consider the sequence

Nat Na+1, Na+2, • • • , N a+nt • • ■ ( n  €  IV ).

Then
N«+ui =  lim Na+m n —Hjj

and hence Na + w  is a singular cardinal greater than NQ . □
All uncountable limit cardinals we have seen so far were singular. A ques­

tion naturally arises whether there are any uncountable regular limit cardinals. 
Suppose that N„ is such a cardinal. Since a  is a limit ordinal, we have

Na  = lim Na,
0 —>a
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i.e., Ra  is the limit of an increasing sequence of length a. Since Ra  is regular, 
we necessarily have a  > Ra , which together with a  < Ra  gives

(*) a  = Ra-

Already this property suggests that Ra  has to be very large.
Although the condition (*) seems to be strong, it is not as strong as it looks.

2.6 Lemma There are arbitrarily large singular cardinals Ra  such that R„ =  a.

Proof. Let R7  be an arbitrary cardinal. Let us consider the following 
sequence:

ao =  w7

^ 1  =  ^Q |) =  ^ W y

d 2  =  ^ a i  =  ^ w W 7

a n + l  — ^ a „

for all n e N ,  and let a = limn _ u )a n . It is clear that the sequence (RQ„ | n e 
N )  has limit Ra . But then we have

Ra  = lim RQ„ = lim a n +i = a. n —+w ' n -+ w

Since Ra  is the limit of a sequence of smaller cardinals of length w, it is singular.
□

An uncountable cardinal number Ra  that is both a limit cardinal and regular 
is called inaccessible (it is often called weakly inaccessible to distinguish this kind 
from cardinals that are defined by a stronger property — see Section 3). It is 
impossible to prove that inaccessible cardinals exist using only the axioms of 
Zermelo-Fraenkel set theory with Choice.

2.7 Definition If a  is a limit ordinal, then the cofinality of a, cf(a), is the least 
ordinal number d such that a  is the limit of an increasing sequence of ordinals 
of length tf.

(Note that cf(a) is a limit ordinal and cf(a) < a.) Thus Ra  is singular if 
cf(wa ) < wQ and is regular if cf(wQ) = wO '

Let a  be a limit ordinal which is not a cardinal number. If we let K = |a|, 
there exists a one-to-one mapping of K onto a, or, in other words, a one-to-one 
sequence (av | v < K ) of length K such that {aM | p < K] = a. Now we can 
find (by transfinite recursion) a subsequence which is increasing and has limit 
a. Since the length of the subsequence is at most K , and since K  = |a | is less 
than a (because a  is not a cardinal), we conclude that cf(a) < a.

Thus we have proved the following:
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2.8 Lemma I f  a limit ordinal a  is not a cardinal, then ci (a) < a. □
As a corollary, we have, for all limit ordinals a, 

cf(a) = a  if and only if a  is a regular cardinal.

2.9 Lem ma For every limit ordinal a, cf(cf(a)) =  cf(a).

Proof. Let d = cf(a). Clearly, i? is a limit ordinal, and cf(t9) < d. We 
have to show that cf(t)) is not smaller than t?. If 7 =  cf(i?) < d, then there 
exists an increasing sequence of ordinals (t^ | £ < 7) such that lim^_7 Pf = d. 
Sinced = cf(a), there exists an increasing sequence of ordinals (o^ | 1/ < tf) 
such that liniy-^j a u = a. Then the sequence (aV( | £ < 7) has length 7 and 
limf_7  a ^  = a. But y  < d, and we reached a contradiction, since d is supposed 
to be the least length of an increasing sequence with limit a. □

2.10 Corollary For every limit ordinal a, cf(a) is a regular cardinal. □

Exercises
2.1 cf(Nw) =  cf(Hu + w ) =  w.
2.2 cf(Nw l) = w i, cf(Nw a) = w2 .
2.3 Let a  be the cardinal number defined in the proof of Lemma 2.6. Show 

that cf(a) =w.
2.4 Show that cf(a) is the least 7 such that a  is the union of 7 sets of 

cardinality less than |a|. ,
2.5 Let Na be a limit cardinal, a  > 0. Show that there is an increasing 

sequence of alephs of length cf(Na ) with limit NQ .
2.6 Let K  be a limit cardinal, and let A < K be a regular infinite cardinal. 

Show that there is an increasing sequence (a„ | v < cf(«)) of cardinals 
such that lim^_cf(K) a v  = K and cf(a^) =  A for all v.

3. Exponentiation of Cardinals
While addition and multiplication of cardinals are simple (due to the fact that 
No  +  N̂  =  Na  • N/j = the greater of the two), the evaluation of cardinal expo­
nentiation is rather complicated. Here, we do not give a complete set of rules 
(in fact, in a sense, the general problem of evaluation of K X  is still open), but 
prove only the basic properties of the operation K X  . It turns out that there is a 
difference between regular and singular cardinals.

First, we investigate the operation 2N". By Cantor’s Theorem, 2K" > N„; in 
other words,

(3.1) 2N" > Na + i.
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Let us recall that Cantor’s Continuum Hypothesis is the conjecture that 
2N" = RI . A generalization of this conjecture is the Generalized Continuum 
Hypothesis:

2N" = NQ + I for all a.
As we show, the Generalized Continuum Hypothesis greatly simplifies the 

cardinal exponentiation; in fact, the operation KA can then be evaluated by very 
simple rules.

The Generalized Continuum Hypothesis can be neither proved nor refuted 
from the axioms of set theory. (See the discussion of this subject in Chapter 
15.)

Without assuming the Generalized Continuum Hypothesis, there is not much 
one can prove about 2N“ except (3.1) and the trivial property:

(3.2) 2H" < 2N/’ whenever a <  p.

The following fact is a consequence of Kbnig’s Theorem.

3.3 Lemma For every a,

(3.4) cf(2H») > Ro .

Thus 2N" cannot be Rw , since cf(2M“) = RQ, but the lemma does not prevent 
2K<) from being R^,. Similarly, 2M1 cannot be either RW1 or Rw or Rw + w , etc.

Proof. Let d = cf(2H"); tf is a cardinal. Thus 2H" is the limit of an 
increasing sequence of length tf, and it follows (see the proof of Lemma 2.3 for 
details) that

2N" = ^ -o
v<0

where each «y is a cardinal smaller than 2^". By Kbnig’s Theorem (where we 
let Â  = 2N<* for all p < tf), we have

52 Ky < I] 2 N ’ 
v<i9 ^<19

and hence 2N" < (2^'")^. Now if d were less than or equal to Ra , we would get 

2^« < ^2 (̂1)^ < ^2^“)̂ ** _  2^<*' â — 2^<k

a contradiction. □
The inequalities (3.1), (3.2), and (3.4) are the only properties that can be 

proved for the operation 2N" if the cardinal RQ is regular. If Ra  is singular, then 
various additional rules restraining the behavior of 2N“ are known. We prove 
one such theorem here (Theorem 3.5); in Chapter 11 we prove Silver’s Theorem 
(Theorem 4.1): If Ra  is a singular cardinal of cofinality cf(RQ) > Ri, and if 
2H‘ =  R{ + 1  for all £ < a, then 2N" = Ra +1-
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3.5 T heorem  Let Na  be a singular cardinal. Let us assume that the value of 
2 ^  is the same for all £ < a , say 2N< =  ^ .  Then 2N“ =  Ng.

Note that it is implicit in the theorem tha t Mg is greater than Na . For 
instance, if we know that 2N" =  Nw + s for all n < a), then 2R" =  Nu + 5 .

Proof. Since Na  is singular, there exists, by Lemma 2.3, a collection («, | 
i € I) of cardinals such that Kj < Na  for all i & I ,  and |/ | =  N7  is a cardinal 
less than Na , and No  =  £ i e /  Ki- By the assumption, we have 2K' =  Ng for all 

i t  I , and also 2N'1’ =  Ng, so

2K“ =  2 ^ ' " '  =  ^ 2 ^  =  J J  Ng =  N ^ =  ( 2 ^ ) ^  = 2 ^  =  Ng. 

i e i  i e i
□

We now approach the problem of evaluating Na", where Na  and Ng are 
arbitrary infinite cardinals. First, we make the following observation.

3.6 L em m a I f  a  < 0, then Na" = 2K".

Proof, Clearly, 2 ^  <  Na". Since Na  <  2H" , we also have

Na" < (2K" )N" =  2K ', K" = 2K"

because Ng =  max{Na, Ng}. □

When trying to evaluate Na" for a > 0, we find the following useful.

3.7  Lem m a Let a  > 0  and let S  be the set of all subsets X  Q wa  such that 
|X | =  Ng. T7ien|S’| =  NS".

Proof. We first show that Na" < |S|. Let S ' be the set of all subsets 
X  Q up x  u>a  such that |X | =  Ng. Since Ng • NQ =  Na , we have |S"| = |S|. Now 
every function /  ; wg —> wQ is a member of the set S' and hence Wa" C S'. 

Therefore, Na" < |5I|.
Conversely, if X  S 5, then there exists a function f  on uip such that X  is the 

range of f .  We pick one f  for each X  e S  and let f  = F (X ). Clearly, if X ^  F 
and f  =  F (X ) and g =  F (F ), we have X = ran f  and Y  = rang, and so f  ^  g. 

Thus F  is a one-to-one mapping of S  into WQ"> and therefore |Sj < Na". □

We are now in a position to evaluate Na" for regular cardinals Na , under the 
assumption of the Generalized Continuum Hypothesis.

3.8 T heorem  Let us assume the Generalized Continuum Hypothesis. I f  N„ is 
a regular cardinal, then

^ _ I N « i fP < a , 
a  [Ng+ i i f p > a .
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Proof. If 0  > a, then R ^  =  2 ^  = R,a+i by Lemma 3.6. So let 0 < a 
and let S  = {X  C u a  | |X | =  R#}. By Lemma 3.7, |S| =  Ra^. By Theorem 
2.2(a), every X  € S  is a bounded subset of wQ . Thus, let B  =  U J < U  T’ (J) be 
the collection of all bounded subsets of oja - We will show that |B | < Ra ; as 
S C B, it then follows that R^' = Ra .

Since B  = |J j< u „ BIS}, we have

|B |<  £  2 ^ .
6 < u n

However, for every cardinal R7  < Ra , we have 2S l  = R7 + I < Ra  and so 2^1 < RQ 
for every 5 < co a , and we get

|B| < £  2^1 < £  RQ = RQ • Ro  = Ra . 
d<.wt,  8<(Dty

□
We prove a similar (but a little more complicated) formula for singular R, 

but first we need a generalization of Lemma 3.3.

3.9 L em m a For every cardinal K >  1 and every a, cf(KN") > RQ .

Proof. Exactly like the proof of Lemma 3.3, except that 2N" is replaced 
by KK " . □

3.10 T heorem  Let us assume the Generalized Continuum Hypothesis. I f Ro 
is a singular cardinal, then

Ra" =
Ra 
Ra+l

. ^ + 1

i f^ S  < cf(RQ ), 
tfcf(RQ ) < R ^ < R O , 
ifK 0 > X a .

Proof. If 0  > a, then R ^  =  2N" =  R^+i- If R^ < cf(RQ ), then every 
subset X C u a  such that [X| =  R^ is a bounded subset, and we get HQ" =  Ra 
by exactly the same argument as in the case of regular RQ .

Thus let us assume that cf(RQ ) < R/j < Ra . On the one hand, we have

Ra < Ra'’ < R““ = 2H" =  R„+ 1 .

On the other hand, cf(Ra") > R^ by Lemma 3.9, and since R  ̂ > cf(Ra ), we 
have cf(Ra’) /  cf(Ra ), and therefore Ra' A RQ . Thus necessarily R^1 = RQ+ I -’

If we do not assume the Generalized Continuum Hypothesis, the situation 
becomes much more complicated. We only prove the following theorem.
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3.11 H ausdorff’s Form ula For every a and every 0, 

H ^J = N£" • Ka+l.

Proof. If /3 > a  +  1, then N ^ j = 2 ^ ,  Na" =  2**'’ , and Na + i < N̂  < 2 ^ ; 
hence the formula holds. Thus let us assume that 0 < a. Since N„" < N ^ x 
and Na+i < N ^ 1( it suffices to show that K ^ j  < N„" • Na+i-

Each function f  : up -^ wa +i is bounded; i.e., there is 7 < wa +i such that 
f ^ )  < 7 for all ^ < up  (this is because wa + i is regular and up < wa + 1 ). Hence,

^ r =  U  7W".
T<W;,+ I

Now every 7 < u a +i has cardinality |7j < Na , and we have (by Exercise 1.6) 
IU7<W„+1 7W"I < E 7 < W„+1 M"". Thus

N ^  £  |7|N" <  E  ^ = ^ - N a + 1 . 
7<w^+i 7<w«+i

This theorem enables us to evaluate some simple cases of Na" (see Exercise 
3.5).

An infinite cardinal Na  is a strong limit cardinal if 2N" < N„ for all 0  < a.
Clearly, a strong limit cardinal is a limit cardinal, since if NQ =  N7 + I , then 

2 ^  > No . Not every limit cardinal is necessarily a strong limit cardinal: If 2N° 
is greater than NUI then Nw is a counterexample. However, if we assume the 
Generalized Continuum Hypothesis, then every limit cardinal is a strong limit 
cardinal.

3.12 Theorem  1/ Na  is a strong limit cardinal and if K and A are infinite 
cardinals such that K < Na  and A < No , then KX < Na -

Proof. KX  < (K - A)K A = 2K A < No .

An uncountable cardinal number K is strongly inaccessible if it is regular 
and a strong limit cardinal. (Thus every strongly inaccessible cardinal is weakly 
inaccessible, and, if we assume the Generalized Continuum Hypothesis, every 
weakly inaccessible cardinal is strongly inaccessible.) The reason why such 
cardinal numbers are called inaccessible is that they cannot be obtained by the 
usual set-theoretic operations from smaller cardinals:
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3.13 Theorem Let K be a strongly inaccessible cardinal.
(a) I f  X  has cardinality < n, thenP (X ) has cardinality < K.
(b) I f  each X  e S  has cardinality < n and \S\ < K, then (JS  has cardinality 

< K.
(c) I f  \X\ < K and f  : X  —> K, then sup/[X ] < K .

Proof. ■
(a) ft is a strong limit cardinal.
(b) Let A = |S| and /i =  sup{|X| | X  G S}. Then (by Theorem 2.2(a)) /z < K 

because K is regular, and | (JS | < A ■ /i < K.
(c) By Theorem 2.2(b).

□

Exercises
3.1 If 2 ^  > Na , then N ^  =  2 ^ .
3.2 Verify this generalization of Exercise 3.1: If there is 7 < a  such that 

N?'’ > Na , say N^" =  Ui, then Na" =  Nj.
3.3 Let a  be a limit ordinal and let Ng < cf(Na ). Show that if N^" < Na  for 

all ^ < a, then Na" =  Na . [Hint: If X C wQ is such that |X | =  N^, then 
X  Q a>£ for some (  < a.]

3.4 If Na  is strongly inaccessible and /3 < a, then Na" =  Na . [Hint: Use 
Exercise 3.3.]

3.5 If n  <  w, then Nn" =  N„■ 2N^. [Hint: Apply Hausdorff’s formula n times.]
3.6 Prove that [ ] n <u  Nn  =  N^". [Hint: Let Ai (i < w) be mutually disjoint 

infinite subsets of w. Then

n  Nn > n (  n  *n) > i p  E  N
n ) > n  ^ = N^ . 

n<uj i< w  n ^ A i  i< w  n€-4< i< w

The other direction is easy.]
3.7 Prove that

N*1 =  N ^ - 2 MI .

[Hint: N^ =  ( E n < w Nn )«> < ([]„< . Nn )*' =  L U X ’ =  L U A  •
Z ^ H n n ^ N n h ^ T ^ N * " ^ . ]
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Sets of Real Numbers

1. Integers and Rational Numbers
In Chapter 3 we defined natural numbers and their ordering and indicated how 
arithmetic operations on natural numbers can be defined. The next logical step 
in the development of foundations for mathematics is to define integers and 
rational numbers. The guiding idea in both cases is to make an arithmetic 
operation that is only partially defined on natural numbers (subtraction in the 
case of integers, division in the case of rationals) into a total operation, and 
belongs more properly in the realm of algebra than set theory. We thus limit 
ourselves to outlining the main ideas, and leave out almost all proofs, Those 
can be found in most textbooks on abstract algebra. Better still, the reader 
may work out some or all of them as exercises.

In Exercise 4.3 of Chapter 3 we defined subtraction for those pairs (n, m) of 
natural numbers where n > m. In this case, n — m is the unique natural number 
k for which n — m +  k. If n < m, no such natural number k exists, and n — m 
is undefined. If n — m is to be defined, it has to be a “new” object; for the time 
being, we represent it simply by the ordered pair (n,m). However, intuitively 
familiar properties of integer arithmetic suggest that different ordered pairs may 
have to represent the same integer: for example, (2, 5) and (6,9) both represent 
—3 [ 2 -  5 = 6 -  9 = —3]. In general, (ni,m i) and (712,7712) represent the same 
integer if and only if ni — mi = n2 -  m2. At this point, this makes sense only 
intuitively, but it can be rewritten in the form

ni + m2 = n2 + mi,

which involves only addition of natural numbers (which has been previously 
defined). These remarks motivate the following definitions and results.

Let Z ' = N  x N .  Define a relation «  on Z ' by (a, b) w (c, d) if and only if 
a + d = b + c. The relation w is an equivalence relation on Z ' . (This has to be 
checked, of course.) Let Z  = Z '/ «  be the set of all equivalence classes of Z ' 
modulo «. We call Z  the set of all integers; its elements are integers.

171
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One immediate consequence of the definition is of set-theoretic interest.

1.1 Theorem The set of all integers Z  is countable.

Proof. Theorem 3.13 in Chapter 4. Theorem 3.12 in Chapter 4 gives 

another proof. □

Next, define a relation < on Z  as follows: [(a, b)] < [(c,d)] if and only if 

a + d < b + c. [Recall that intuitively (a, b) represents a — b and (c, d) represents 

c — d, so a — b < c  — d should mean a + d < b + c.]
One can prove that < is well defined (i.e., truth or falsity of [(a, 6)] < [(c, d)] 

does not depend on the choice of representatives (a, 6) and (c, d) but only on 

their respective equivalence classes) and that it is a linear ordering.
Finally, we observe that for each integer [(a, b)] either a > b, in which case 

(a, b) «  (a — b, 0) (here — stands for subtraction of natural numbers, which 
is defined in this case), or a < b, in which case (a,b) «  (0,b — a). It follows 

that each integer contains a unique pair of the form (n,0), n 6 N  or (0,n), 
n e N  ~ {0}. So [(n, 0)] are the positive integers and [(0, n)] are the negative 

ones. The mapping F  : N  —̂ Z  defined by F(n) =  [(n, 0)] is one-to-one 
and order-preserving [i.e., m  < n  implies that F(m) < F(n)]. We identify each 

integer of the form [(n, 0)] with the corresponding natural number n, and denote 
each integer of the form [(0, n)[ by -n .  So, e.g., - 3  = [(0,3)] = [(2,5)] =  [(6,9)], 

as expected.
The rest of the theory is now straightforward. One can prove that (Z ,< ) 

has no endpoints and that {x € Z  \ a < x < b}, a,b G Z , a < b, has a finite 
number of elements. Also, every nonempty set of integers bounded from above 

has a greatest element, and every nonempty set of integers bounded from below 
has a least element. One can define addition and multiplication of integers by

[(a, b)] +  [(c, d)] = [(a + c, b +  d)], 

[(a, &)]' [(c > ^)i — [(a c  + ^ > a ^ + M i

and prove that these operations satisfy the usual laws of algebra (commutativity, 

associativity, and distributivity of multiplication over addition), and that for 
those integers that are natural numbers, addition and multiplication of integers 

agree with addition and multiplication of natural numbers.
We define subtraction by

[(a,b)]-[(c,d)] = [(a,b)] + (-[(C,d)]),

where — [(c, d)] =  [(d,c)] is the opposite of [(c, d)]. Notice that -[(n , 0)] = 
[(0,n)] =  - n  and -[(0,n)] =  [(n, 0)] =  n, in agreement with our previous 

notation.
Absolute value of an integer a, \a\, is defined by

{a if a > 0; .
- a  if a < 0.
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Additional properties of these concepts can be proved as needed. Addition, sub­traction, and multiplication are defined for all pairs of integers. There remains the inconvenience that division cannot always be performed.
We say that an integer a is divisible by an integer b if there is a unique integer x such that a = b • x; this unique x is then called the quotient of a and b. We would like to extend the system of integers so that any a is divisible by any b and all useful arithmetic laws remain valid in the extended system. Now, if 0 • x  =  0 is to be valid in the extended system for all x t we see immediately that no number a can be divisible by 0; the equation a = 0 ■ x has either none or many solutions, depending on whether a ^  0 or a = 0. The best we can hope for is an extension in which for all a and all b 7̂  0 there is a unique x  such that a = b ■ x.
Let Q' = Z  x (Z  ~ {0}) = {(a,b) G Z 2 \ b ^  0}. We call Q' the set of fractions over Z  and write a/b in place of (a,b) for (a, 6) e Q1. We define an equivalence ~  on the set Q' by

CL C7 ra -  if and only if a d  = b- c. b a
Let Q = Q '/ «  be the set of equivalence classes of Q modulo w. Elements of Q are called rational numbers; the rational number represented by a/6 is denoted [a/b]. [Later, the brackets are habitually dropped and we do not distinguish between a rational number and the (many) fractions that represent it.]There is an obvious one-to-one mapping i of the set Z  of integers into the rationals:

^  = fl] ’
(Later, we identify integers with the corresponding rationals.) We now define addition and multiplication of rationals:

In order to lay the foundations satisfactorily, one should prove the following: (a) Addition and multiplication of the rationals are well defined (i.e., indepen­dent of the choice of representatives).
(b) For integers, the new definitions agree with the old ones; i.e., i(a +  b) = i(a) + i(b) and i(a • b) = i(a) ■ i(b) for all a, b e Z.
(c) Addition and multiplication of rationals satisfy the usual laws of algebra.(d) If A e Q, B € Q, and B  7̂  [0/1], then the equation A = B X  has a unique solution X  G Q. Thus division of rational numbers is defined, as long as the divisor is not zero; we denote this operation -r: X  = A -r B,Finally, we extend the ordering of integers to the rationals.

First, notice that each rational can be represented by a fraction a/b where the denominator b is greater than 0:
—a

and either b > 0 or — b > 0.
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We now define the natural ordering of rationals:

If 6 > 0 and d>  0, let ^ J  < ^  if and only if a - d < b ■ c.

We again leave to the reader the proof that the definition does not depend 
on the choice of representatives as long as & > 0 and d > 0, that < is really a 
linear ordering, that for a, & € Z, a < b if and only if [a/1] < [6/1], and that the 
usual algebraic laws (such as: if a < 6 then a + c < b + c, etc.) hold. We have 
again

1.2 Theorem The set of rationale Q is countable.

Proof. Theorem 3.13 in Chapter 4. Theorem 3.12 in Chapter 4 gives 
another proof. □

The next result has been referred to in Chapter 4.

1.3 Theorem (Q,<) is a dense linearly ordered set and has no endpoints. In 
fact, for every r € Q there exists n & N  such that r < n.

Proof. Q is infinite; since a/b -  1 < a/b < a/b + 1, Q has no endpoints. 
If r < 0 we can take n = 1. If r  > 0, we write r = a/b where a > 0, 6 > 0, 
a,b ^ N , and take n = a + 1.

It remains to show that (Q, <) is dense. Let r, s be rationals such that r < s; 
assume that r = a/b and s = c/d, where b> 0 and d > 0. Now we let

_ a -d  + b ■ c
S  2 ■ b - d

[i.e., x — (r + s)/2]. Then r < x < s. □

We conclude this section with a few remarks on decimal (or, in general, base 
p) expansions of rationals. Every integer p > 1 can serve as a base of a number 
system. The one generally used has p = 10. Another useful case is p = 2.

1.4 Lemma Given a rational number r̂  there is a unique integer e such that 
e < r < e + 1. We call e the integer part ofr, e =  [r].

Proof. Let r = a/b, b > 0. Assume that a > 0, 1 < b, so a < a ■ b and 
r = a/b < a ^ Z . It now follows that S = { x e Z \ x < r } < Z Z  has an upper 
bound a in Z. If a < 0, then 0 is an upper bound on S. Therefore, S  has a 
greatest element e. Then e < r  < e +1, and clearly e is the unique integer with 
this property. □

The expansions of integers in base p are sufficiently well known. By Lemma 
1,4, r  = [rj + g where [rj is an integer and q e Q, 0 < q < 1. We concentrate 
on the expansion of q.

Construct a sequence of digits 0, 1, ... , p — 1 by recursion, as follows:
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Find ai € {0,... ,p -  1} such that a i/p  < g < (ai + l)/p  (let m = [g ■ p]).
Then find a2 £ {0,... ,p - l }  such that a i/p + a 2 /p 2 < q<  a i/p + (a 2 + l) /p 2 

(let a2 = [(g -  ai/p) -p2D-
In general, find ak £ {0,... ,p — 1} such that

^ 1  I I ^k x  ^ 1  I---------1" • • ■ ^ — —  9  < --------- b
p PK p

a fc + 1

take a^ =
a fc-i 
p*- 1

We call the sequence (^  | i £ N }  the expansion ofq in basep. Whenp = 10, 
it is customary to write q =  0.aia2O3 . . . .

One can show
(a) There is no i such that aj = p — 1 for all j  > i.
(b) There exist n & N  and I > 0 such that an +i = an  for all n > no (the 

expansion is eventually periodic, with period I).
Moreover, if g =  a/b, then we can find a period I such that 1 < |6|. Conversely, 
each sequence (a, | z £ N )  with the properties (a) and (b) is an expansion of 
some rational number g (0 < g < 1).

Exercises
1.1 Prove some of the claims made in the text of this section.
1.2 If r  £ Q, r > 0, then there exists n € N  — {0} such that 1/n < r. [Hint: 

Use the fact mentioned in Theorem 1.3.]

2. R ea l N u m b ers
The set R  ai all real numbers and its natural linear ordering < have been 
defined in Chapter 4, Section 5, as the completion of the rationals. In particular, 
every nonempty set of real numbers bounded from above has a supremum, and 
every nonempty set of real numbers bounded from below has an infimum. Here 
we consider the algebraic operations on real numbers. We first prove a useful 
lemma.

2.1 Lemma For every x  & R  and n e N  -  {0} there exist r,s & Q such that 
r < x  < s and s — r < 1/n.

Proof. Fix some ro, So e Q such that ro < x < SQ, and some k & N  -  {0} 
such that k > n(so — ro). Consider the increasing finite sequence of rational 
numbers (r,)*L0 where r, = r0 + i/n. Let j  be the greatest i for which r̂  < x; 
notice that j  < k. Now we have rj < x < Tj+ i and rj+i -  rj = 1/n. It suffices 
to take r = rj, s = r j ^ .  □

We now define the operation of addition on real numbers.
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2.2 Definition Let x ,y  G R. We let x+ y  = inf{r+s \ r ,s  G Q, x < r, y < s}. 
(The symbol + on the right-hand side refers to the addition of rational numbers.)

We note that the infimum exists, because the nonempty set in question is 
bounded below (by p + q, for any p,q G Q, p < x, q < y). It is also clear that 
if both x  and y are rational numbers, then x  + y, under the new definition, is 
equal to a: -I-1/, where + is the previously defined addition of rationals.

2.3 Lemma Let x ,y ,z  G R.

(i) x + y = y + x.

(ii) (x +y) + z = x + (y + z).

(Hi) x + 0 — x.

(iv) There exists a unique w G R  such that x + w = 0. We denote w = - x , 
the opposite ofx.

(v) I f  x < y  then x + z < y + z.

Proof. We use some simple properties of suprema and infima (see Exercise 
2.1). (i), (ii), and (iii) follow immediately from the corresponding properties of 
rational numbers.

(iv) We recall that x = inf{s 6 Q | a: < s} =  sup{r G Q \ r < x}. This 
suggests letting w = inf{—r  \ r G Q, r < x}. We have i  + w = in f{ s - r  | 
r,s G Q, x < s, r < x}. As r < x, x < s imply s -  r > 0, it follows 
x + w > 0. Assume x+ w  > 0; by density of Q in R  and Exercise 1.2, there 
exists n G N  — {0} such that 1/n < x + w. But, Lemma 2.1 guarantees 
existence of some r,s G Q, r < x < s, such that s -  r < 1/n. Therefore 
x + w < 1 /n , a contradiction. This shows the existence of a w with the 
property x + w = Q. If also i  + v = 0, we have (using (i), (ii), and (iii)) 
w = w + 0 = 0 + w = (v + x) + w = v + (x + w) = v + 0 = v, so w is 
uniquely determined.

(v) Ii x < y then x + z < y  + z is immediate from the definition of addition 
(and Exercise 2.1). If x + z = y + z, we have r  =  r  +  0 = J  + (z+  (-z )) = 
(x+ z)+ (~z) = (y+z)+(~z) = y+ (z+ (-z)) = y+0 = y, a contradiction.

- □

The operation of multiplication on positive real numbers can be defined in 
an analogous way. We let R +  = {x G R \ x  > 0}.

2.4 Definition Let x ,y  G R + . We let x-y  = inf{r-s \ r, s G Q, x < r, y < s}.
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2.5 Lemma Let x ,y ,z  e R + .

(vi') x ■ (y + z) = x • y + x ■ z.

(mi1) x  ■ y = y ■ x.

(viii') (x ■ y) ■ z = x  ■ (y ■ z).

(iz!) x -1 = x.

(z!) There exists a unique w € R + such that x ■ w = 1. We denote w =  1/x, 
the reciprocal of x.

(xi') If x < y  then x ■ z < y ■ z.

Proof. Entirely analogous to the proof of Lemma 2.3. For (x') we let 
w =  in f{ l/r | r  6 Q, 0 < r  < x}. □

It is now a straightforward matter to extend multiplication to all real num­
bers. We first define the absolute value of x e R:

. , f x if x > 0:
1  = {|  —x if x < 0

and notice that for x ^  0, |x| € R + (if x < 0 then 0 = x + (-x ) < 0 + (—x) = 
-x ).

2.6 Definition For x ,y  e R w e  let

{
|x| ■ |y| if x > 0, y > 0 or x < 0, y < 0;
-( |x | ■ |y|) if x > 0, y < 0 or x < 0, y > 0;
0 if x = 0 or y = 0.

We leave to the reader the straightforward but tedious exercise of showing 
that this definition agrees with the definition of multiplication of rationals from 
Section 1, and proving the following lemma.

2.7 Lemma Let x ,y ,z  ^ R.

(vi) x ■ (y + z) = x ■ y + x ■ z.

(vii) x ■ y = y ■ x.

(viii) (x ■ y) ■ z = x ■ (y ■ z).

(ix) x ■ 1 = x.

(x) For each x € R , if x ^  0, then there exists a unique w e R  such that 
x • w = 1.
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(xi) I f  x < y and z > 0 then x ■ z < y • z.

As before, we denote the unique w in (x) by 1/x. We also define division by 
a nonzero real number x: y + x = y ■ (1/x).

A structure 21 =  (A, <, +, -,0,1) where < is a linear ordering, +  and • are 
binary operations, and 0, 1 are constants, such that all the properties (i)-(v) 
and (vi)-(xi) are satisfied is called an ordered field in algebra. The contents of 
Lemmas 2.3 and 2.5 can thus be summarized by saying that the real numbers 
(with the usual ordering and arithmetic operations as defined above) are an 
ordered field. As the ordering of the real numbers is complete, they are a 
complete ordered field. '

2.8 Theorem The structure 91 = (R, <, +, •, 0,1) is a complete ordered field.

It is possible to prove that the complete ordered field is unique, i.e., if 21 = 
(A, <, +, -,0,1) is also a complete ordered field, then 21 and 91 are isomorphic. 
As the proof requires a fairly heavy dose of algebra, we do not present it here 
(but see Exercise 2.5). .

We conclude this section by mentioning a well-known fact about real numbers 
that we use in Section 6 of Chapter 4. We leave the proof as an exercise.

2.9 Theorem (Expansion of real numbers in base p) Let p>  2 be a nat­
ural number. For every real number 0 < a < 1 there is a unique sequence of real 
numbers (an )^L1 such that
(a) 0 < an  < P, for each n =  1 ,2 ,...
(b) There is no no such that an  = p — 1 for all n > no-
(c) ai/p  -I------ 1- an /p n  < a <  o.\fp 1---- + (an  + 1}lpn , for each n > l .
The real number a is rational if and only if (an )^L1 is eventually periodic.

Exercises

2.1 Let A C B C R, A ^  H. If B is bounded from below then inf B  < inf A. 
If B  is bounded from above then sup A < sup B. If, in addition, for every 
b & B  there exists a e A such that a < b, then inf B  =  inf A. Similarly 
for sup.

2.2 For every x £ R + and n e N  — {0} there exist r,s e Q such that 
0 < r  < x < s and 1 < s/r  < 1 +  1/n. [Hint: Fix ro G Q such that 
0 < r 0 < x, and k & N  -  {0} such that kro > n. Use Lemma 2.1 to find 
r,s e Q, ro < r < x < s, so that s -  r < 1/k, and estimate s/r.]

2.3 Prove that if a, b g R , b /  0, then the equation a = b. ■ x  has a unique 
solution.

2.4 Prove that for every a € R + there exists a unique x £ R + such that 
x ■ x  = a.

2.5 Prove that every complete ordered field is isomorphic to R.
[Hints:
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1. Given a complete ordered field 21 = (A, <,+,■,0,1) consider the 
closure C of {0,1} under + and ■. Let € be the structure obtained 
by restricting the ordering and the operations of 21 to C. Show 
that £ is (uniquely) isomorphic to £l = (Q, <, +, •, 0,1). This is the 
“algebraic” part of the proof.

2. Show that for every a & A there is c G C such that a < c. (If not, 
then S = {a & A | a > c for all c G C} is nonempty and bounded 
below, but does not have an infimum, because a £ S  implies a — 1 G 
S-)

3. Use 2. to show that C is dense in (A <).
4. Use 3. to show that the isomorphism between Q and C extends 

uniquely to an isomorphism between 9t and 21.]
2.6 (Complex Numbers) Let C  = R  x R, and let us define addition and 

multiplication on C  as follows:

( a i , a z )  +  (6 1 ,6 2 )  =  ( d i  +  6 1 ,0 2  +  62);

( 0 1 ,0 2 )  • (6 1 ,6 2 )  =  ( a i  • 6 i  — 02  • 62, o i  • 62 +  02  • 6 i ) .

Show that + and ■ satisfy (i)-(iv) of Lemma 2.3 and (vi)-(x) of Lemma 
2.7.

3. Topology of th e  Real Line
The main result of the preceding section is a characterization of the real number 
system as a complete ordered field. This is the usual departure point for the 
study of topological properties of the real line. We give some basic definitions 
and theorems of the subject in this section. Our objectives are to justify the 
claim that set theory, as we developed it so far, provides a satisfactory founda­
tion for analysis, to show some consequences of the previously proved results, 
and to provide a convenient reference for some concepts and theorems used else­
where. Readers who studied advanced calculus should be familiar with most of 
this material. In any case, one can skip this section and refer to it only as 
needed.

We begin with a definition of a familiar concept.

3.1 D efinition Let (P, <) be a linear ordering, a,b e P, a < b. A (bounded) 
open interval with endpoints a and b is the set (a, 6) = {x G P  | a < x < 6}. 
A (bounded) closed interval with endpoints a and b is the set [a, 6] = {1 G 
P  | a < x < 6}. We also define unbounded open and closed intervals (a, 00), 
(—00, a), [a, 00), (—00, a], and (—00,00) = P  in the usual way: for example, 
(a, 00) = {z G P | a < x}. We employ the standard notation (a, 6) for open 
intervals, even though it clashes with our notation for ordered pairs; the meaning 
should always be clear from the context.
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The next theorem is a consequence of the existence of a countable dense 
subset in R.

3.2 Theorem Every system of mutually disjoint open intervals in R  is at most 
countable.

Proof. Let P  = Q O \J S  where S is a system of mutually disjoint open 
intervals in R  and Q is the set of all rational numbers. As Q  is dense in R, 
each open interval in S  contains at least one element of P . As elements of S 
are mutually disjoint, each element of P  is contained in a unique open interval 
from S. The function assigning to each element of P  the unique open interval 
from S  to which it belongs is a mapping of an at most countable set P  onto S. 
Hence S  is at most countable, by Theorem 3.4 in Chapter 4. □

This is a convenient place to mention a famous problem in set theory dating 
from the beginning of the century: Let (P, <) be a complete linearly ordered 
set without endpoints where every system of mutually disjoint open intervals is 
at most countable. Is (P, <) isomorphic to the real line? This is the Suslin’s 
Problem. Like the Continuum Hypothesis, it remained unsolved for decades. 
With the help of models of set theory, it has been established that it, like the 
Continuum Hypothesis, can be neither proved nor refuted from the axioms of 
Zermelo-Fraenkel set theory. The reader can find out more about these matters 
in Chapter 15.

3.3 Definition A system of sets S  has the finite intersection property if every 
nonempty finite subsystem of S  has a nonempty intersection.

An example of a system of sets with the finite intersection property is the 
range of a nonincreasing sequence of nonempty sets, i.e., S = {An  | n G N } 
where An  ^  0, An  ^  An > for all n,n' & N , n < n'.

The next theorem is a consequence of the completeness of the real line.

3.4 Theorem Any nonempty system of closed and bounded intervals in R  with 
the finite intersection property has nonempty intersection.

Proof. Let S  be such a system. Let A = {x € R  | [x,y] € S for some y € 
R }  be the set of all left endpoints of intervals in S. We show that A is bounded 
from above. Fix [a, b] G S, then certainly x < b, because in the opposite case 
we would have a < b < x < y and the intervals [x,y], [a, b] would be disjoint, 
violating the finite intersection property for the 2-element subset {[x, y], [a,b]} 
of S. So b is an upper bound on A. By the completeness property, A has a 
supremum a. If [a,b] is an interval in S, we have a < a because a € A, and 
a <b because b is an upper bound on A. So a G [a, 6] for any [a, 6] G S and Q S 
is not empty. □

Completeness of the real line is also the reason why the notion of limit works 
as well as it does. We recall some very familiar definitions from calculus.
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3.5  D efin ition  Let (an  \ n G IN} be an infinite sequence of real numbers.(a) (an ) is nondecreasing if an  < an ' holds for all n ,n ' G N  such that n < n'. It is increasing if an  < an ’ holds whenever n < n 1.(b) (an ) is bounded from above if its range {an  | n  € IV) is bounded from above. Similarly for bounded from below. (an ) is bounded if it is bounded from above and below.
(c) (an ) has a limit a [converges to a] if for every e > 0, e 6 H, there is no 6 N such that, for all n > no, \an  — a\ < e.(d) (an) is a Cauchy sequence if for every e > 0, s e H, there is no € IV such that, for all m ,n >  no, \am  — an | < e.

Here are a few fundamental theorems about convergence. Note the crucial role the completeness of R  plays in the proofs.

3.6 T heorem  Every nondecreasing sequence of real numbers bounded from above has a limit.

Proof. If {an  | n G N }  is bounded from above, then it has a supremum d. We prove that (an  | n  e N )  converges to a. Let e > 0 be given. Since a — e < a, and a. is the least upper bound on {an  | n € N } ,  there is no such that a — e < an „ • We now have, for all n > n0 , a -  e < an „ < an  < d < a + e, i.e., |an  -  a| < £. This shows that (an ) converges to a. □

3.7  D efin ition  Let (kn  | n € N )  be an increasing sequence of natural numbers. The sequence (akn | n € N )  is called a subsequence of (an \n  e  N }. (Note that it is just the composition of (an ) o (kn)-)

3.8  T heorem  Every bounded sequence of real numbers has a convergent sub­sequence. .

Proof. Assume that (an  | n  € N )  is bounded. Let bn  =  inffa^ | fc > n} and observe that the sequence (bn  \ n G N }  is nondecreasing and bounded from above (every upper bound on (an ) is an upper bound on (bn)). By Theorem 3.6, (bn ) has a limit d. We construct a subsequence of (an ) with limit a by recursion:
ho = 0, i.e., ak„ =  ao!
given kn , let kn +i be the least k G N  such that k > ko and

_ 1 _ 1a ------ —r < a k  < a  + — — .n +  1 n + 1
We have to show that such fc’s exist. But d  = sup{bn  | n  6 N }  (see the proof of Theorem 3.6) and so there is i > kn  such that

_ 1 , _a ------ ~ r  < bf < a. ' 71+1
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Also, b̂  =  inf{ofc | fc > i} and so there is fc > i such that

r -  1
b i < a k  < a l -----— .

n + 1

We now have k >  kn  with

as required.
The subsequence (ak,. | n € N ) of (an ) is such tha t for every n  >  1, 

|a*„ -  a| < 1 /” - From this it follows easily that (a*,,) converges to a (see 

Exercise 3.4). □

3.9 T heorem  Every Cauchy sequence of real numbers converges.

Proof. Every Cauchy sequence is bounded: If (an ) is a Cauchy sequence, 

let E =  1 in Definition 3.5(d); the result is no € TV such that for all n  > n0 , 

|an „ -  an | < 1 (we also let m = no). So an „ — 1 < a n  < an „ + 1 for all n  > n 0 , 

and letting

Mi = max{a0 , . . .  , an „_ i,a n „ +  1}

M 2 = min{a0 , . . .  , an „ -i, an „ -  1}

produces the desired upper and lower bounds on {an  | n € N } .
By Theorem 3.8, (an ) has a subsequence (ak„ ) converging to a e  R  , we prove 

that (an ) itself converges to a. So let £ > 0 be given; since (at, J  converges to 

a, there is no ^  N  such that for all n  > no, la*,, — a| < E/2. Since (an ) is a 

Cauchy sequence, there is m  G IV such that for all m ,n >  n i, \am  -  an \ < e/2. 

Let n2 =  max{n0 ,n i} . If n > n 2 , then |an  -  a| <  |an  -  “ fe„2 | + |afc„2 -  a| < 

E/2  + e/2 =  e and we have established that (an ) has a limit a. □

We now turn our attention to continuous functions and open and closed sets.

3.10  D efin ition  A function f  : R  —* R  is continuous at a e R  if for every 

e > 0 there is 5 > 0 such that for all x  & R , if |a: —a| < <5, then |/(x ) —/(a ) | < e. 

f  is continuous if it is continuous at every a & R . A set A C J? is open if for 

every a e  A there is J > 0 such that |s  -  a| < 5 implies that x  e  A. [Or, in 

other words, the open interval (a -S ,a  + 5) C A.] A set B  is closed if its relative 

complement R  — B  is open.

Continuous functions are particularly simple and are a main object of study 

in mathematical analysis. For our purposes, we need only a result showing that 

a continuous function is uniquely determined by its values on a dense subset of 

R  (such as the rationals).

3.11 T heorem  Let D C R  be dense in R . I f  f  \ D = g \ D where f  and g are 

continuous, then f  = g.
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Proof. Suppose that f  ^  g; then f(a) A g(d) for some a e R. Let e = \f(a) — g(a)\/2. As both f  and g are assumed continuous at a, there exist <5i,̂ 2 > 0 such that if | j - a |  < ii, then |f ( i)  — /(a ) | < E, and if | i - a |  < 5̂ , then |p(x) — j(a)| < E. The density of D guarantees existence of x e D such that |a: -  a| < m in ^ ,^ } .  But now |/(a) -  j(a ) | < (/(a) -  /(x)| + l /W  - p(x)| + |g(i) — g(a)| < e + O + e =  |f(a) — j(a)|, a contradiction. [We have used the fact that f{x) = g(x) for x  € D in replacing the middle term by 0.] □
Similarly, open and closed sets are relatively simple and well-behaved. It is obvious from the definition that a set is open if and only if it is a union of a system of open intervals. Consequently, the union of any system of open sets is open and the intersection of any system of closed sets is closed. Open intervals are the simplest examples of open sets; closed intervals, finite sets,, and {1/n | n G N  — {0}}U{0} are typical examples of closed sets. Other examples can be obtained by using the next lemma.

3.12 Lemma The intersection of a finite system of open sets is open. The union of a finite system of closed sets is closed.

Proof. Let Aj and A2 be open sets. If a G Ai H A2 , there are i i , ^  > 0 such that |r  -  a| < 5; implies x G Ai and |x -  a| < 62 implies x € A2 . Put <5 = min{<5i,<52 }; then 5 > 0  and | i - a |  < <5 implies x € AJ Q A2 . This argument proves that the intersection of two open sets is open. The claim for any finite system of open sets is proved by induction, and the claim for closed sets by taking relative complements in R  and using the De Morgan Laws (Section 4 in Chapter 1). □
3.13 Theorem  The following statements about f  : R  ^  R  are equivalent: (a) f  is continuous.
(b) f - 1 [A] is open whenever A Q R  is open.
(c) Z- 1 ^ ]  is  dosed whenever B  C R  is closed.

Proof. (a) implies (b). Assume that f  is continuous. If a G / - 1 [A], f(a) G A and so there is £ > 0 such that |K — /(a)| < e implies y & A (because A is open). By definition of continuity there is <5 > 0 such that | r - a |  < <5 implies |/(x) — f(a)| < s. SO we found <5 > 0 such that |x — a| < <5 implies f(x )  G A, i.e., x G /"'[A ], showing / - 1 [A] open.
(b) implies (a). Let a G R  and E > 0. The assumption (b) implies that Z- 1 [(/(a ) — £ > /(a) + e )l >s open (and contains a). Thus there is <5 > 0 such that |i - a |< < 5  implies x G / " ‘[(/(a) - £ ,f (a )  + s)], i.e., f(x )  G ( f(a )-E ,f(a )  + s), establishing the continuity of f  at a.
The equivalence of (b) and (c) follows immediately from Exercise 3.6(b) in Chapter 2. □
In the rest of this section we prove some results about open and closed sets. The following lemma is used in Chapter 5 to determine the cardinality of the system of all open sets.
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3.14 Lemma Every open set is a union of a system of open intervals with 
rational endpoints.

Proof. Let A be open and let S  be the system of all open intervals with 
rational endpoints included in A. Clearly, |J  S  C A; if a € A, then (a—6, a+6) C 
A for some <5 > 0 and we use the density of Q in JR  to find r i ,r 2 ^  Q such that 
a - 6 < r i < a < r 2 < a  + 5. Now a e ( r i ,r 2 ) C A, so a 6 |J S, showing that 
U S  =  A  □

We have defined closed sets as complements of open sets. It is useful to have 
a characterization of them in terms of the behavior of their points.

3.15 Definition a € J? is an accumulation point of A Q R  if for every J > 0 
there is x  e A, x  ^  a, such that |x — a| < <5. a e R  is an isolated point of A Q  R 
if a e A and there is <5 > 0 such that \x — a\ < d, x ^  a, implies x  ^  A.

It is easy to see that every element of A is either an isolated point or an 
accumulation point, and that there may be accumulation points of A that do 
not belong to A.

3.16 Lemma A Q R is  closed if and only if all accumulation points of A belong 
to A.

Proof. Assume that A is closed, i.e., J? -  A is open. If a 6 J? -  A, then 
there is 5 > 0 such that | i - a |  < <5 implies x € R —A, so a is not an accumulation 
point of A. Thus all accumulation points of A belong to A.

Conversely, assume that all accumulation points of A belong to A. If a e 
R  — A, then it is not an accumulation point of A, so there is 5 > 0 such that 
there is no x € A, x /  a, with | i -  a| < 5. But then | i  -  a| < 4 implies 
x € R  -  A, so R  -  A is open and A is closed. □

As an application, we generalize Theorem 3.4.

3.17 Theorem Any nonempty system of closed and bounded sets with the finite 
intersection property has a nonempty intersection.

Proof. Let S  be such a system. We note that the intersection of any 
nonempty finite subsystem T of 5  is a nonempty closed and bounded set. So 
S = {Q T | T is a nonempty finite subsystem of 5} is again a nonempty system of 
closed and bounded sets with the finite intersection property, and the additional 
property that the intersection of any nonempty finite subsystem of 5  actually 
belongs to S. Since obviously Q 5 =  Q S, it suffices to prove that Q S ^  0.

The proof closely follows that of Theorem 3.4. Let A = {inf F  | F  € S}. We 
show that A is bounded from above. Fix G & S; then for any F  6 5  we have 
F QG e S  and inf F  < inf(F D G) < sup(F n G) < supG, so A is bounded 
by sup G. By the completeness property, A has a supremum a. The proof is 
concluded by showing a e F  for any F G S.



3. TOPOLOGY OF THE REAL LINE 185

Suppose that a £ F. For any S > 0 there is H  6 S  such that a —5 < inf H  < 
a, by definition of a. Since H O F e S  and inf H  < inf(F Cl F), we have also 
a — 5 < inf(H n F) < a < a + 5. It now follows from the definition of infimum 
that there is x € H Q F for which inf (JI n F) < i: < a + 6. We conclude that for 
each J > 0, there exists x € F  such that x ^  a (we assumed that a ^ F) and 
\x — a\ < 8. But this means that a is an accumulation point of F, and as F is 
closed, a e F, & contradiction. □

Closed sets contain all of their accumulation points; in addition, they may 
or may not contain isolated points. An example of a closed set without isolated 
points is any closed interval. [0,1] U IV is an example of a closed set with 
(infinitely many) isolated points. Nonempty closed sets without isolated points 
are particularly well-behaved; they are called perfect sets. We use them in the 
next section as a tool for analyzing the structure of closed sets. We conclude 
this section with an example showing that, their good behavior notwithstanding, 
perfect sets may differ quite substantially from the familiar examples, the closed 
intervals.

3.18 Exam ple Cantor Set. Let S  = Seq({0,1}) = UnewW U W  be the set 
of all finite sequences of O’s and 1’s. We construct a system of closed intervals 
D = (Ds | i  € S) as follows:

^o = [o,i];
1 2£\o) =  [O, d ,  P<1) =  [-,1];

1 2 1 2 7D (0.0) = [O'gl’ n <o,i) = [g > 3]' O( i,0 ) = ( - , - ] ,  D ( u ) = [- ,1 ] , etc.

In general, if D {3„....,„.,) = [a,b], we let D(a(,„„ ,s„_110) = [a,a + l ( t  -  a)] 
and D^s n ....s „_t ,i) = [0 + | ( i - a ) , t ]  be the first and last thirds of [a,b]. The 
existence of the system D is justified by the Recursion Theorem, although it 
takes some thought to see: we actually define recursively a sequence (Dn  | n € 
N}, where each Dn  is a system of closed intervals indexed by {0, l}n : D^ = 
[0,1]; having defined Dn , we define B n + 1  so that for all (so,... , sn _i) e {0, l} n ,
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^ . . . . . ^ . o )  =  M +  |(& “  “ )] and F ^+ . . ^ ^  ^  =  [a + |(b  -  a),b] where 
[a, b] = D ^  iSn_1 , and then let D = Un € N  D n ..

Now let Fn  =  U P a  I s € {0,1}” }, so that Fo =  [0,1], A  =  [0, |]  U [j, 1],
etc. Notice that each Fn  is a union of a finite system of closed intervals, and 
hence closed (see Lemma 3.12). The set F  =  Qn g JV  Fn  is thus also closed; it is 
called the Cantor set.

For any f  € {0 ,1}^ we let D f = C\neN ^ ftn -  We note that D f Q F  and 
D f  /  0 (Theorem 3.4). Moreover, the length of the interval D f n  is l /3 n , so 
the infimum of the lengths of the intervals in the system {Df\n  | n  e  N )  is 
zero. It follows that D f contains a unique element: D f = {df}. Conversely, 
for any a e F  there is a unique f  e {0,1}^ such that a = df. let f  = 
U{s e Seq({0,l}) | a € F s }. (Compare these arguments with Exercise 3.13 in 
Chapter 2.) d = {df \ f  e  {0,1}^) is thus a one-to-one mapping of {0,1}N  onto 
F, and we conclude that the Cantor set has the cardinality of the continuum 
2NO.

We prove two out of many other interesting properties of the set F.

(1) The Cantor set is a perfect set.

Proof. We know that F  is closed and nonempty already, so it remains to 
prove that it has no isolated points. Let a e  F  and 6 > 0; we have to find 
x  & F, x ^  a, such that | r - a |  < <5. Take n G N  for which l /3 n  < 6. As we 
know, a = df for some f  € {0,1}W ; let x = dg where g is any sequence of O’s 
and l ’s such that g \ n = f  \ n  and f  ^  g. Then a ^  x, but a ,x  e D f n  = Da \n 
which has length l /3 n  < i, so |a? -  a| < d, as required. □

(2) The relative complement of the Cantor set in [0,1] is dense in [0,1],

Proof. Let 0 < a < 6 < 1; we show that (a, 6) contains elements not in F. 
Take n & N  such that ^- < |(b  — a). Let k be the least natural number for 
which ^- > a; we then have a < ^  < ^ ^  < b. The open interval

3 H 1  3fc + 2 
3n+l ’ 3n+l the middle third of

k k + 1 
3n  ’ 3n

is certainly disjoint from F, and we see that (a, b) contains elements not in F.

Exercises
3.1 Every system of mutually disjoint open sets is at most countable. The 

statement is false for closed sets.
3.2 Let 5  be a nonempty system of closed and bounded intervals in R. If 

inf{b — a | [a,b] G S} =  0, then Q S  contains at most one element.
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3.3 Let (P, <) be a dense linearly ordered set where every nonempty system of closed and bounded intervals with the finite intersection property has a nonempty intersection. Then P  is complete. (This is a converse to Theorem 3.4.)
3.4 (an )n=o converges to a if and only if for every k G N , k > 0, there is no € N  such that, for. all n> no , |an  — a| < 1/k.3.5 If (on )n= o converges to a and to b, then a = b (the limit is unique). This justifies the usual notation limn_,M  an  for the limit, if it exists.3.6 Every convergent sequence of reals is a Cauchy sequence.317 The number a = sup{inf{uk | k > n} | n € N }  used in the proof of The­orem 3.8 is called the lower limit of (an ) and is denoted liminfn _ oo an . Similarly, b = inf{sup{afe | fc > n} | n € N }  is called the upper limit of (an ) and denoted lim supn^^ an . Prove that _(a) b exists for every bounded sequence and a < b.(b) If c is a limit of some subsequence of (an ), then a < c <b.(c) (a„) converges if and only if a = b (and if it does, a is its limit).3.8 There is a sequence (an ) with the property that for any a e R , (an ) has a subsequence converging to a.. [Hint: Consider an enumeration of all rational numbers.]

3.9 Show that f  : R  —» R  is continuous at a G H if and only if for every n e N  there is k £ N  such that for all x & R , [x — a[ < 1/k implies 1/(2) -  /(a )| < 1/n.
3.10 Let f  : R  —> R  be continuous, a,b,y e R, a < b and f(a) < y < f(b). Prove that there exists x ^ R, a < x < b, such that f(x ) = y (the Intermediate Value Theorem). [Hint: Consider x =  sup{z e [a,6] | f W  < y}-i
3.11 Let f  : R  —> R  be continuous, a,b e R, a < b. Prove that the image of [a, b] under f  is closed.
3.12 Let f  : R  ^  R  be continuous, a,b e R, a < b. Prove that there is x  G [a, b] such that f(x )  > f(z )  for all z G [a, b]. Therefore, the image of [a, b] under /  is bounded.
3.13 I f4  is open and (xn ) converges to a G A, then there is no 6 IV such that for all n > no, an  G A.
3.14 a G H is a closure point of A C R  if for every <5 > 0 there is i  G J4 such that | r -  a] < J. a G R  is a closure point if and only if it is either an isolated point of A or an accumulation point of A. Let A be the set of all closure points of A. A is closed if and only if A = A.3.15 Every open set is a union of a system of mutually disjoint open intervals. [Hint: If A is open and a G A, [J{(i,t/) | a G (x,y) C A} is an open interval.]

3.16 Give an example of a decreasing sequence of closed sets with empty in­tersection.
3.17 Show that Exercises 3.11 and 3.12 remain true for any closed and bounded set C in place of the closed interval [a, b],3.18 We describe an alternative construction of the completion of (Q, <). A sequence (an )“= 0  of rational numbers is a Cauchy sequence if for each
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rational p > 0 there is no such that |an  — ano | < p whenever n > no. 

Let C be the set of all Cauchy sequences of rational numbers. We define 

an equivalence relation on C by (an)“=o ^  (^n)“=o if and only if for 

each p > 0 there is no such that |an  — bn | < p whenever n > no, and a 

preordering of C by (an )“= o =< {bn )^L0 if and only if for each p > 0 there 

is no such that an  — bn  < p whenever n >  no- Prove that 
(a) «  is an equivalence relation on C.
(b) ^  defines a linear ordering of C /~ .
(c) The ordered set C / «  is isomorphic to R.

4. Sets of Real Num bers

The Continuum Hypothesis postulates that every set of real numbers is either at 

most countable or has the cardinality of the continuum. Although the Contin­

uum Hypothesis cannot be proved in Zermelo-Ftaenkel set theory, the situation 

is different when one restricts attention to sets that are simple in some sense, 

for example, topologically. In the present section we look at several results of 

this type.

4.1 Theorem Every nonempty open set of reals has cardinality 2H“.

Proof. The function tanz, familiar from calculus, is a one-to-one mapping 

of the open interval (—TT/2, ?r/2) onto the real line R; therefore, the interval 

(—TT/2, TT/2) has cardinality 2K". If (a,b) and (c,d) are two open intervals, the 

function «  \ d — c , ,
f ( x ) = c + - — - ( x - a )  ■

o — a

is a one-to-one mapping of (a, 6) onto (c, d); this shows that all open inter­

vals have cardinality 2N". Finally, every nonempty open set is the union of a 

nonempty system of open intervals, and thus has cardinality at least 2N". As a 

subset of R , it has cardinality at most 2K“ as well. □

4.2 Theorem Every perfect set has cardinality 2N°.

We first prove a lemma showing that every perfect set contains two disjoint 

perfect subsets (the “splitting” lemma). Let P  denote the system of all perfect 

subsets of R.

4.3 Lemma There are functions Go and G\ from P  into P  such that, for each 

F e P ,  G0 (F) C F, Gi(F) C F and G0 (F) n  Gi(F) = 0.

Proof We show that for every perfect set F  there are rational numbers r, 

s ,r  < s, such that F  D (-oo, r] and F  D |s, +oo) are both perfect.
Let a  = inf F  if F  is bounded from below (notice that in this case a e F) 

and a = -oo  otherwise. Similarly, let 0  = sup F  if F  is bounded from above 

(0 e F) and 0  = +oo otherwise. There are two cases to consider:
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(a) (a,0) C F. In this case, any r,s G Q such that a < r < s < 0  have the desired property: for example, if a  G R, then F A (—oo,r] = [a,r]; otherwise, F  Cl (—oo, r] =  (—oo, r] (and we noted that all closed intervals are perfect sets).
(b) (a, 0} £  F. Then there exists a G (a, 0), a #  F. The set F  is closed (i.e., its complement is open), and thus there is <5 > 0 such that (a —<5, a+ f)A F  = 0. We note that a < a — 6 (because a  =  inf F , there exists x G F ,a < x < a ) and similarly a + 5 < 0. Any r,s G Q such that a - 6 < r < a < s < a + 8 have the desired property: for example, F  A (—oo,r] is clearly closed and nonempty (F A (—oo, r] =  F  A (-oo,a]). If it had an isolated point b, we could find F < 6 such that x G (b — S' ,b + 8'), x ^  b, implies x  ^ F C\ (—oo, r] =  FA(—oo, a+S). But for such x ,x  < b+8' < r+S' < a+b' < a+ i, so a; G (—oo, a + <5). We conclude x ^  F, showing that b is an isolated point of F. This contradicts the assumption that F  is perfect.To complete the proof of the lemma, we fix an enumeration ((rn , sn ) | n G N ) of the countable set of all ordered pairs of rationals, and define GQ(F) =  F  A (-o o ,rn ], Gi(F) = F  A [sn , oo), where (rn ,s„) is the first (in our enumeration) pair of rationals for which rn  < sn  and both F  A (—oo, rn ] and F  A [sn , oo) are perfect. □

One more result is needed to prove Theorem 4.2. For any bounded nonempty set A C  H, we define the diameter of A, diam(A), as sup A — inf A. The next lemma shows that each perfect set has a perfect subset of an arbitrarily small diameter.

4.4 Lemma There is a function H : P  x (N  — {0}) —> P such that, for each F G P  and each n G N , n ^  0, H(F,n) Q F and diam(/f(F, n)) < 1/n.
Proof. Let F G P, n G N , n > 0. There exists m G Z  such that F  A (m/n, (m + l)/n ) ^  0. (Otherwise, F  C {m /n | m G Z}, so all points of F  would be isolated.) Take the least m > 0 with this property, or, if none exists, the greatest m < 0 with this property. Let a = inf F  A (m/n, (m + l)/n) and b = supF A (m /n,(m  + l)/n ). Clearly, m /n  < a < b < (m + 1)/n , so b — a < 1/n. We define H{F,n) = F  A [a,b]. Clearly, F  is closed, F  /  0. The definition of infimum implies that a is not an isolated point of H(F,n), and neither is b. An argument similar to the one used in case (b) in the proof of the previous lemma shows that no a: G (a, 6) C (m/n, (m + l)/n ) is an isolated point of H(F,n) either, so H(F,n) is perfect. □

Proof of Theorem /.2. This proof is now easy. It closely resembles the argument used in Section 3 to show that the Cantor set has the cardinality 2N°. Let F  be a perfect set; we construct a system of its perfect subsets (Fs | s G S), where S =  Seq({O,l}), as follows:

^o = ^;
F(so......S»-1,O) =  ^ ( ^ o ( ^ ’(al i,... ,a„ _ i))>  71')>
(̂»i>.... 3„-i,i) =  H(G\(F{an _. St,_,)),n).
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For any f  e {0,l}w  we let Ff = n n ew ^ /In ' F^ /  0 by Theorem 3.17. 
Moreover, Ff contains a unique element: If x ,y  & Ff, \x — y\ < diam(Fy) < 
diam(Fjfn ) < 1/n for all n € N , n ^  0, so x = y. Let df be the unique element 
of Ff. The function (df \ f  e {0,1}^) is a one-to-one mapping of {0,1 }w  into 
(although not necessarily onto) F, showing that the cardinality of F  is at least 
2N". Since F C R , it is also at most 2K". Theorem 4.2 now follows from the 
Cantor-Bernstein theorem. □

Our next goal is to show that closed sets also behave in accordance with the 
Continuum Hypothesis: They are either at most countable or have cardinality 
2K°. This is an immediate consequence of Theorem 4.2 and the following:

4.5 Theorem  Every uncountable closed set contains a perfect subset.

4.6 Corollary Every closed set of reals is either at most countable or has the 
cardinality 2N o .

We give two proofs of Theorem 4.5. The first proof is quite simple; however, 
it uses the fact that the union of any countable system of at most countable 
sets is at most countable. The proof of this requires the Axiom of Choice (see 
Chapter 8). Our second proof does not depend on the Axiom of Choice at all; 
it also provides a deeper analysis of the structure of closed sets, which is of 
independent interest. It uses transfinite recursion (see Chapter 6).

Proof of Theorem 3.5. Let A be a set of real numbers. We call a e R 
a condensation point of A it for every 5 > 0 the set of all x € A such that 
|x — a| < <5 is uncountable (i.e., neither finite nor countable). It is obvious from 
the definition that any condensation point of A is an accumulation point of A. 
We denote the set of all condensation points of A by Ac .

(1) Ac is a closed set.

Proof. By Lemma 3.16 it suffices to show that every accumulation point 
of A c belongs to Ac . If a is an accumulation point of Ac and 5 > 0, then 
there is x & Ac such that |r  -  a| < <5. Let e =  6 -  | i  -  a| > 0 . There are 
uncountably many y ^  A such that \y — x\ < e; but our choice of e guarantees 
that if |y -  x| < e, then \y -  a\ < \y -  a;| + |r  -  aj < e + | i  -  a| = 5, so there are 
uncountably many y & A  such that | t / - a |  < 5, and a € A c . □

Now let F  be a closed set; then F c C F  (see Lemma 3.16). Our next 
observation is

(2) C = F -  F c is at most countable.

Proof, If a e C, then a is not a condensation point of F, so there is 
J > 0 such that F C\ (a -  5, a + 5) is at most countable. The density of the 
rationals in the real line guarantees the existence of rational numbers r, s such 
that a — 6 < r < a < s < a  + 6. This shows that for each a e C there is
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an open interval (r, s') with rational endpoints such that a G F (~} (r, s') and 
F  D (r, s') is at most countable; in other words, C C (J{F n (r, s) | r, s c Q, r < 
s, and F  A (r, s) is at most countable}. But the set on the right side of the last 
inclusion is a union of an at most countable system of at most countable sets, 
so it, and consequently C, too, is at most countable. (Here we use the fact 
dependent on the Axiom of Choice.) □

(3) If F is an uncountable set, then F c is perfect.

Proof. We know F c is closed [observation (1)] and nonempty [observation 
(2)]. It remains to show that F c has no isolated points. So assume that a. e Fc 
is an isolated point of F c . Then there is <5 > 0 such that [ r - a |  < 5, x  ^  a, 
implies x ^ F c . But then, for this i, |r  -  a| < ti and x e F  imply x = a or 
x € F  — F c , which is an at most countable set by observation (2). Thus there 
are at most countably many s: € F  for which |rr — a| < 5, contradicting the 
assumption a € F c . □

Observation (3) completes the proof of Theorem 4.5. □
For an alternative proof of Theorem 4.5, and for its own sake, we begin a 

somewhat deeper analysis of the structure of closed sets. In general, closed sets 
differ from perfect sets in that they may have isolated points. We first prove

4.7 Theorem  Every closed set has at most countably many isolated points.

Proof. If a is an isolated point of a closed set F, then there is J > 0 such 
that the only element of F  in the open interval (a -  <5, a + <5) is a. Using the 
density of the rationals in the reals, we can find r,s & Q such that a — 5 < r < 
a < s < a + 6, so that a is the only element of F  in the open interval (r, s) 
with rational endpoints. The function that assigns to each open interval with 
rational endpoints containing a unique element of F  that element as a value, is 
a mapping of an at most countable set onto the set of all isolated points of F. 
The conclusion follows from Theorem 3.4 in Chapter 4. □

4.8 D efinition Let A Q R\ the derived set of A, denoted by A', is the set of 
all accumulation points of A.

It is easy to see that a set A is closed if and only if A' C A and perfect if 
and only if A /  0 and A' = A. Also, the derived set is itself a closed set. (See 
Exercise 4.4 for these results.) Theorem 4.7 says that for any closed F, the set 
F — F' o( its isolated points is at most countable. These considerations suggest 
a strategy for an investigation of the cardinality of closed sets.

Let F ^  0 be a closed set. If F  = F', F  is perfect and [Fl = 2N". Otherwise, 
F = (F — F') U F' and |F  -  F '| < No, so it remains to determine the cardinality 
of the smaller closed set F 1. If F ' = 0 then F = F — F' has only isolated points
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If F' is perfect, then |F '| =  2K", so |F | =  2N", It is possible, however, that 

F' again has isolated points; for an example, consider F  = N U { m —^  \m ,n  e 

N , m > 1, n > 1}. In that case we can repeat the procedure and examine 

F'1 = (F')'. If F" = 0 or F" is perfect, we get |F | < No or |F | =  2H°. But F" 

may again have isolated points, and the analysis must continue. We can define 

an infinite sequence (Fn  | n € N )  by recursion:

Fo = F; ,

Fn + i =  (Fn )'.

All Fn  are closed sets; if for some n G N  Fn =  0 or Fn  is perfect, we get 

|F | < No or |F | = 2Ko. Unfortunately, it may happen that all of the Fn ’s have 

isolated points. We could then define Fu  = C\n e N  Fn ; this is again a closed set, 

smaller than all Fn . If Fu  is perfect, we get |F | > |FW| =  2N°, and if F^ = 0, 

F  = Ungjv(Fn — Fn + 1 ) is a countable union of countable sets, which can be 

proved to be countable (without use of the Axiom of Choice). The problem 

is that even Fw may have isolated points I (Construction of a set F for which 

this happens is somewhat complicated, but see Exercises 4.5 and 4.6.) So we 

have to consider further Fw + i = F^, Fu + 2 = F^+ 1 , . . . ,  and, if necessary, even 

Fu+u = Dnejv Fw + n  and so on. As the sets are getting smaller, there is good 

hope that the process will stop eventually, by reaching either a perfect set or 0. 

This was the original motivation that led Georg Cantor to the development of 

his theory of transfinite or ordinal numbers.

4.9 Definition Let A be a set of reals. For every ordinal a  we define, by 

recursion on a,

A ^  = A;
^(a+i) _  ^ M y  =  the derived set of A( a ) ;

A^“  ̂ = p |  A ^  (a a limit ordinal).
C<a

4.10 Theorem  Let F be a closed set of reals. There exists an at most countable 

ordinal 0  such that
(a) For every a < Q, the set F ^  — F ^ * ^  is nonempty and at most countable, 

(b) F ( e + 1 ' =  F ^ .
(c) P = F ^  is either empty or perfect.
(d) C = F  ~ P  is at most countable.

In particular, the theorem gives a decomposition of each uncountable closed 

set F  into a perfect set P  and an at most countable set C.

Proof. For each a, the set F ^  is closed. This is easily seen by induction, 

because the derived set of a closed set is closed, and the intersection of closed 

sets is a closed set. For each a, the set F (“  ̂ -  F<“+ 1 > is the set of all isolated 

points of F ^ ,  and so is at most countable by Theorem 4.7.
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As long as F^+V ^  F^a \  the transfinite sequence ( F ^ )  is decreasing (i.e., F ^  D F ^  when a < /S'). By the Axiom Schema of Replacement there exists an ordinal number © such that F ^ ^  = F ^ .  [To see this, assume that F ^  — F^0 ^  7̂  0 for all a  and let 7 be the Hartogs number of P {F \ The function g(a) = F ^  -  F ^ 1 ,̂ a  < 7, is a one-to-one mapping of 7 into P(F), a contradiction.] Let © be the least such ordinal. [As a matter of fact, a consequence of the argument given below is that © is an ordinal less than wj.]Let P = F ^ .  We have (F*9 ') ' = F^®\ so the set P  is either empty or perfect. Let C = F — P.
Let (J0 , J i , . . .  , J „ , . . . )  be a sequence of all open intervals with rational endpoints. For each a e  C, let a o be the unique a  < © such that a € F ^  - F^a + 1 \  and let

f(a) = the least n such that Jn  0 F^01'^ = {a}.
Since a is an isolated point of F(a " \  there is an interval Jn  that has only the point a in common with F ^ ^ ,  so f  is well defined.
The function f  maps C  into w. We complete the proof by showing that f is one-to-one. Thus let a,b e C, and assume that f(a) = f(b) = n. Let us say that a a < ab. Then F^01’) C F ^O , and b e Jn O F ^O  C Jn n F ^ O , so b — a. Hence f  is one-to-one and so C is at most countable. □
Every uncountable closed set has a perfect subset. This suggests that there may not be a simple example of an uncountable set of reals that does not have a perfect subset. And indeed, it is necessary to use the Axiom of Choice to find such an example.

4.11 Exam ple An uncountable set without a perfect subset.Using the Axiom of Choice, we construct two disjoint sets X  and Y, both of cardinality 2N°, such that neither X  nor Y  have a perfect subset. We construct X  and Y  as the ranges of two one-to-one sequences (xa  | a < 2N"), (j/o  | a  < 2No) to be defined below.
As proved in Chapter 5, the number of all closed sets of reals is 2N”. Thus there are only 2^" perfect sets of reals, and we let (Pa  | a  < 2a ") be some one-to-one mapping of 2Ko onto the set of all perfect reals. To construct (xa ) and {ya ), we proceed by transfinite recursion (for a < 2Nn).
We choose io and ya to be two distinct elements of PQ- Having constructed ( ij  [^ < a) and (^  I ? < a) (where a  < 2N"), we observe that the set

Pa  -  ({^e | ^ < a} U { ^  | < < a})
has cardinality 2N° (because |Pa | = 2a " and |a| < 2K") and we choose distinct x a ,ya € Pa  such that both i a  and ya  differ from all x ^y ^  (f < a).The sequences (if | f  < 2N°) and (% |  ̂ < 2N°) are one-to-one and their ranges X and Y  are disjoint sets of cardinality 2N°. Neither X nor Y have a perfect subset: if P is perfect, then P = Pa  for some a  < 2a “, and P Q X  ^ ^ ^  P O Y  because x a  e P  C\ X  and ya  e P n Y .  □
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Exercises
4.1 Every perfect set is either an interval of the form [a, 6], (—oo, a], [6, +00), 

or R  = (—oo, +oo), or it is the union of two disjoint perfect sets.
4.2 Assume that the union of any countable system of countable sets is count­

able. Prove that every uncountable closed set contains two disjoint un­
countable closed sets (a “splitting” lemma for closed sets).

4.3 Use Exercise 4.2 to give yet another proof of the fact that every uncount­
able closed set has cardinality 2H°.

4.4 Let A' be the derived set of A C R. The set A' is closed. A is closed if 
and only if A' C A. A is perfect if and only if A' = A and A /  0.

4.5 The set F  =  {1} U {1 -  1/2"1 | m  > 1} U {1 -  l /2 n * -  l /2 n *+n ’ | m > 
1> n 2 > 1} is closet), F' = {1} U {1 — l/2 n i  | m  > 1}, F" = {1}, and 
F"' = 0.

4.6 The set F  =  {1} U {1 -  l /2 n > -  l /2 n i + n 2 -------- !/2 n >+^+-+n t  | k < 
ni and n, > 1 for all i < M has Fw = Anew ^n =  {1}-

4.7 The decomposition of a closed set F  into P u C  where P QC = 0, P  is 
perfect, and C is at most countable, is unique; i.e., if F = Pi UCi where 
Pi is perfect and Pi and Ci are disjoint and |Ci| < No , then Pi = P  and 
Ci = C. [Hint: Show that P  is the set of all condensation points of F.j

5. Borel Sets
Theorem 4.1 and Corollary 4.6 show that open and closed sets are either at 
most countable or have cardinality 2N°. It is tempting to try to prove similar 
results for more complicated, but still relatively simple, sets. How do we ob­
tain such sets? One idea is to use set-theoretic operations, such as unions and 
intersections. Now, a union or an intersection of a finite system of open sets 
is again open, so no new sets can be obtained in this way, and the same holds 
true for closed sets. The next logical step is to consider unions and intersections 
of countable systems. We define Borel sets as those sets of reals that can be 
obtained from open and closed sets by means of repeatedly taking countable 
unions and intersections.

5.1 Definition A set B  C R  is Borel if it belongs to every system of sets 
5 C P(R) with the following properties.
(a) All open sets and all closed sets belong to S.
(b) If Bn  € S  for each n e N ,  then UXo Bn and AĴ O Bn  belong to S.
B denotes the system of all Borel sets.

In other words, B = A{<  ̂ £  P(R) I $  has properties (a) and (b)} is the 
smallest collection of sets of reals that contains all open and closed sets and 
is “closed” under countable unions and intersections. [Note that P(R) has 
properties (a) and (b), so the intersection is defined.] It is possible to prove 
some properties of Borel sets using this definition. We give one example (see 
also Exercises 5.1, 5.2).



5. BOREL SETS 195

The notion of a cr-algebra of subsets of S  is defined in 2.17, Chapter 8.

5.2 Theorem The collection B of all Borel sets is a cr-algebra, of subsets of R.

Proof. Let C = {X  Q R  \ R  — X  E B}. We show that C has properties 
(a) and (b) from Definition 5.1.

If X  is open, then R  — X  is closed, so R  — X  E B and X  E C- Similarly, X 
closed implies X  EC. This shows C has property (a).

If Bn  E C for each n E N , then R  — Bn  E B tor each n E N , hence 
R  -  U”=o Bn =  rin=o(^ -  Bn ) € B, and U“ o Bn  E C. This, and a similar 
argument for intersections, shows that C has property (b).

We conclude that B Q C. Hence X  E B implies X  E C, which implies 
R - X  EB. □

Theorem 5.2 shows that the collection B at all Borel sets is the cr-algebra 
generated by all open sets (or, by all closed sets); see Exercise 2.5 in Chapter 
8. However, for a deeper study of Borel sets it is desirable to have some more 
explicit characterization of them. Let us consider which sets are Borel once 
more.

First, all open sets and all closed sets are Borel by clause (a). We define

X{ = {B C R  | B is open};
II? = {B  C R  | B  is closed}.

Thus S j  C B, n J  C B. Next, countable unions and intersections of open sets 
must be Borel by clause (b). Countable unions of open sets are open (see the 
remark following Theorem 3.11) and do not produce new sets; so we define

oo
II? = {B C R  | B  = p l Bn  where each B n  6 S?}.

n = 0

Clearly S? C n§ and it is possible to prove that the inclusion is proper (see 
Exercise 5.3), so we obtain some new Borel sets in this way. Similarly, one 
defines

OO
S? = {B C R  | B =  | J  Bn  where each Bn  E 11°}

71=0

and proves that 11} C E^C  B.
It is also true that II? C IT? and E} C X? (see Exercise 5.3). The process 

can be continued recursively. We define
OO

S3 = {B C R |  B = | J  Bn  where each Bn  E II?} 
n = 0

and similarly
OO

II? = {B Q R  \ B  = P | Bn  where each Bn  € ??}• 
n = 0
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In general, for any fc > 0,
oo

^ + 1  =  { B C « |B =  | j B n where each B n  6 11°}
n = 0

and OO

II°+ 1  =  {B C R  | B =  Q  Bn  where each B n  € S j} .
71=0

By induction, E° C B and 11° C B, for a l ik e  N , k >  Q. It can also be shown 
(with the help of the Axiom of Choice; we omit the proof) that

s g  u n °  c  x ° +1 and E° u  n°fc C n ° + 1 ,

so the hierarchy produces new Borel sets at each level. One might hope that all 
Borel sets are obtained in this fashion, that is, that B =  U ^ i  ^ i  = US=i ^ , 
but it is not so. There are sequences {Bn  | n e N )  such that Bn  e E °+J £  ^ 

for each n e N ,  but U”=o Bn or P^L0 Bn  does not belong to any S° or 11° 
(although it is of course Borel). We see again the need for a continuation of the 
construction of the hierarchy into “transfinite.”

5.3 Definition For all ordinals a  < wj we define collections of sets of reals S° 
and 11° as follows:
(a) S ?  = {B C R | B is open}, 

H? =  {B C R | B is closed}.
(b) S ° + 1  = {B C R | B = (JXo Bn  where each Bn  € U° },

n ° +1 =  {B c  R  I B =  fXL0 Bn  where each Bn  g S° }.
(c) S° = {B C R | B = U^Lo Bn  where each Bn  e 11° for some0  < a},

11° = {B C R | B = [}“  0 Bn  where each B n  e  S^  for some/ 3 < a} (a a,
limit ordinal).

[In view of the next lemma, one could use clause (c) for successor ordinals as 
well, instead of (b).]

5.4 Lemma

(i) For every a  < wi, 
S° c n ° + 1  a n d n °  C S ° + 1 .

(ii) For every a < wi, 
s °  c s ° + 1  ™ dn° c n ° + 1 .

(iii) If B e  E ° , then R  -  B e n°Q; if B e H °, then R -  B g S ° .

(iv) I f  Bn  g E° for each n e N , then [J”= o  Bn  e S ° ; if Bn € 11° for each 
n e  N , then P® 0 Bn  e  11°.

(v) If a < /3 then E° C S ° , E° C n^, and n °  C H^, n °  C S ° .
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Proof.

(i) Trivial: in Definition 5.3(b), let Bn  = B  for all n.

(v) Every open set is in Eg (s e e  Exercise 5.3), and similarly, every closed set 
is in ng. Hence Eg C Sg and ng  C ng. Also, IT? C £§ and Eg C Hg, 
by (i). Then we proceed to prove that the assertion holds for every a < p, 
by induction on /3.

(ii) Follows from (v).

(iii) By induction on a.

(iv) This innocuous statement requires the Countable Axiom of Choice: For 
each n, if Bn  € E ° , then Bn  = Um=o Bmn for some countable collection 
{Bm n  I m  ^ N} of sets Bm n  G U7 « , 11°. For each n, we choose one such 
collection (along with its enumeration {Bm n  | m  G N )), and then

oo oo oo
U  B n  =  U  U  B ^ 

n = 0  n = 0  m = 0

is the union of the countable collection {Bm n  \ (n,m) e N  x N }  and thus SO
a-

The proof for 11° is similar.
. □

It is clear (by induction on a) that each E° and each 11° consists of Borel 
sets. What is important, however, is that this hierarchy exhausts all Borel sets.

5.5 Theorem A set of reals is a Borel set if and only if it belongs to S ° for 
some a  <U i (if and only if it belongs to 11° for some a  < w j/

Proof. It suffices to show that the set
^  =  U  s °  =  U  n ° 

a < w i a < w i

is closed under countable unions and intersections. Thus let {Bn  | n € N }  be a 
countable collection of sets in 5. We show that, e.g., U ^t0 Bn  is in S.

For each n let an  be the least a  such that Bn  G H °. The set {an  | n G N } 
is an at most countable set of ordinals less than Wi and thus (by the Countable 
Axiom of Choice) its supremum a  = sup{an  | n & N }  = U{an  | n G N }  is an 
ordinal less than uq. By Lemma 5.4 we have Bn  G 11° for each n. Consequently, 
U^Lo B n  belongs to S ° + 1  and hence to 5. □

We note, without proof, that Theorem 4.5 can be extended to all Borel sets: 
Every uncountable Borel set contains a perfect subset. In particular, every 
uncountable Borel set has cardinality 2K“. In Chapter 8 we mentioned the o~ 
algebra 971 of Lebesgue measurable sets of reals; of course, B C 971, but there
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exist also Lebesgue measurable sets which are not Borel. In fact, one cannot 
prove in Zermelo-Fraenkel set theory that all uncountable Lebesgue measurable 
sets have cardinality 2K°.

The construction of the Borel hierarchy is just a special case of a very general 
procedure. We observe that the infinitary unions and intersections used in it 
are, in some sense, generalizations of the usual operations U and n. We define: 
F  is a (countably) infinitary operation on A if F  is a function on a subset of 
AN  (the set of all infinite sequences of elements of A) into A, and introduce 
structures with infinitary operations. This can be done formally by extending 
the definition of type (see Section 5 in Chapter 3) by allowing f j  e N U {N }  and 
postulating that Fj is an infinitary operation whenever f j  = N .  The definition 
of a set B C A being closed remains essentially unchanged; if f j  = IV we require 
Fj(fai | i 6 N )) € B  for all (a, | i € N )  such that Oj € B for all i € IV and Fj 
is defined. The closure C of a set C C A is still the least closed set containing 
all elements of C.

In this terminology, the system of Borel sets is just the closure of the system 
of all open and closed sets under the infinitary union and intersection. More 
precisely, we let 21 = (A, F], F2) where A = P{R), F-NfBi | i € N}) = U£o ^ ’ 
and F2 ((Bi | i € N ))  = Q“ o Bi, and C = {B C R  \ B  is open or B  is closed}. 
Then B = C. .

Exercise 5.9 provides another example of a structure with infinitary opera­
tions and a closed subset of some mathematical interest.

One important general question about the closure is that of its cardinality. 
We proved the simplest result providing an answer in Theorem 3.14 of Chapter 
4. There it was assumed that C is at most countable, and all operations are 
finitary. We now generalize this, first, to arbitrary C, and then to structures 
with infinitary operations.

5.6 Theorem Let 21 = (A, {Ro , • • ■ , R m ~i}, (BQ, .. • , Fn - i))  be a structure and 
let C C A . Let C be the closure of C. I fC  is finite, then C is at most countable; 
if C is infinite, then |C| = |C|.

Proof. We proved in Theorem 5.10 in Chapter 3 that C = USo ^ ’ where 
Co = C and Ct+i = C, UFo[C/°] U ■ • • UFn - i[C /’''- 1 ]. If C  is finite, then each Ci 
is finite, and |C| < Ro- If C is infinite and |C| = RQ ; then we prove by induction 
that |Cfc| = Ro  for all k: Assume that it is true for Ct ; then |C / j  < R„ = Ra , 

W / ’ll < Ka, and |Q + 1 | =  R*. Hence |C| = Ro •R„ = R„. □

When 21 is a structure with infinitary operations, Theorem 5.6 can be gen­
eralized but the cardinality estimate is different. Let 21 be a structure, and 
for simplicity let us assume that 21 has just one operation F  and that F  is an 
infinitary operation (the result can of course be generalized to structures with 
more than one operation). 21 has universe A, and F  is a function on a subset of 
Aw into A, where A u  is the set of all sequences (an  | n 6 N )  with values in A.
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5.7 T heorem  Let 21 =  (A, F) be a structure where F  is a function on a subset 
of A u  into A, and let C C A .  Let C be the closure of C in 21, i.e.,

C  =  Q { X  C A  I F[X U] e x  and C C  X }.

I f  C has at least two elements, then \C\ < |C'|H n.

Proof. We construct an uu-sequence

Co C Ci C • • • C Ca  C • • • (a  < W 1)

of subsets of A as follows:

Co =  C;
Ca + 1  =  CQ U F {C ^,

Ca  = [ j  C^ if a  is a limit ordinal.

Let C be the closure of C in 21 and let D =  U a <U1 Ca . By induction on a  we 
have Ca  C C, so D C C. On the other hand, if (an  | n G N }  is a sequence in 
D, then {an  | n 6 N ) € Ca  for some a  < i^ : for each n let fn  be the least £ 
such that an  € Q ,  and let a  =  sup{(n  | n 6 N }. And if (a„ | n  G N )  € dom F then F((an  | n G N ))  G Ca + i; hence ^ [ 5 “] C b^so  D D C.

Thus C = U O<U1 Ca . To estimate the size of C, we first prove, by induction 
on a, that \Ca ] < |C |N" • 2N". This is certainly true for a  =  0. If the estimate 
is true for a , then

|Ca + 1 | < |Ca | +  IC al^ < (|C |K° • 2N,f "  =  ICl*" ■ 2 ^ .

If a  is a limit ordinal, and if the estimate is true for all £ < a , then

|Ca | < |a | • |C |N" -2*" =  |C |N" -2*”

(because |a | < No). Finally, we have

|C| < Ni • |C7|N” • 2N" =  [Cp* • 2N|),

because Ni ■ 2N° =  2N°. And if |C| > 2, then |C |H<’ > 2K", and we have |C| < 
|C |N«. □

Exercises
5.1 If X  is Borel and a & R  then X +  a =  { i + a 11 G X} is Borel. [Hint: 

Imitate the proof of Theorem 5.2.]
5.2 If X  is Borel and f  : R  —* R  is a. continuous function, then / - 1 [X] is 

Borel.
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5.3 Prove that every open interval is a union of a countable system of closed 
intervals and conclude from this fact that S® C £ “■ Since 11° C 2°, 
conclude that S? C S? and II? C S?. This yields immediately that 
n? c  n °  and s?  c  ng.

5.4 Prove by induction that S° U H° C S ° +1 n H°+ 1  for all n e N .
5.5 Prove that for each a, both S° and H° are closed under finite unions 

and intersections, i.e., if Bi and B2 6 S°, then Bi U B2 € S° and 
Bi n B2 6 S ° , and similarly for H °.

5.6 Let f  : R —> R b e  a. continuous function. If 5  € S ’ , then / " ’[B] 6 S ° . 
Similarly for 11°.

5.7 Show that the cardinality of the set B of all Borel sets is 2*1".
5.8 Prove that the Borel sets are the closure of the set of all open intervals 

with rational endpoints under infinitary unions and intersections. This 
shows that in a structure with infinitary operations, the closure of a 
countable set may be uncountable.

5.9 Let Fn  be the set of all functions from a subset of R  into R. The 
infinitary operation lim (limit) is defined on Fn as follows: lim((/j | i G 
N )) = f  where f(x )  = lim^oo fi(x) whenever the limit on the right side 
exists, and is undefined otherwise. The elements of the closure of the set 
of all continuous functions under lim are called Baire functions. Show 
that Baire functions need not be continuous. In particular, show that 
the characteristic functions of integers and rationals are Baire functions.

5.10 For a  < wi, we define functions (on a subset of R  into R) of class a  as 
follows: the functions of class 0 are all the continuous functions; f  is of 
class a  if /  = limn _»oo fn where each f n  is of some class < a. Show that 
Baire functions are exactly the functions of class a  for some a  < wi.

5.11 Show that the cardinality of the set of all Baire functions is 2N“.



Chapter 11

Filters and U ltrafilters

1. F ilters and Ideals
This chapter studies deeper properties of sets in general. Unlike earlier chapters, 
we do not restrict ourselves to sets of natural or real numbers, and neither do we 
concern ourselves only with cardinals and ordinals. Here we deal with abstract 
collections of sets and investigate their properties. We introduce several concepts 
that have become of fundamental importance in applications of set theory. It 
is interesting that a deeper investigation of such concepts leads to the theory of 
large cardinals. Large cardinals are studied in Chapter 13.

We start by introducing a filter of sets. Filters play an important role in 
many mathematical disciplines.

1.1 Definition Let 5  be a nonempty set. A filter on S is a collection F  of 
subsets of S  that satisfies the following conditions:
(a) S E F  and 9 ^ F.
(b) If X  e P  and Y  e F, then X n Y  ^ F.
(c) If X € F  and X  C Y  C S, then Y  e F.

A trivial example of a filter on S  is the collection F  = {S} that consists 
only of the set S  itself. This trivial filter on S  is the smallest filter on 5; it is 
included in every filter on S.

Let A be a nonempty subset of S, and let us consider the collection

F = { X  C S \ X D A } .

The collection F  so defined satisfies Definition 1.1 and so is a filter on S. It is 
called the principal filter on S generated by A.

If in this example, the set A has just one element a, i.e., A = {a} where 
a e S, then the principal filter

F = { X C S |a e X }

201
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is maximal: There is no filter F' on S  such that F 1 3  F  (because if A” & F ' -  F 
then a ^ X, but {a} e F' as well, and so 0 =  X  P {a} € F', a contradiction).

We shall prove shortly that there are maximal filters that are not principal.
To give an example of a nonprincipal filter, let S  be an infinite set, and let

(1.2) F  =  { X C 5 |S - X i s  finite}.

F  is the filter of all cofinite subsets of S. (X is a cofinite subset of S if S -  X 
is finite.) F  is a filter because the intersection of two cofinite subsets of S  is a 
cofinite subset of S. F  is not a principal filter because whenever A e F  then 
there is a proper subset X of X such that X  E F  (let X be any cofinite subset 
of A , X / A ) .

1.3 Definition Let S be a nonempty set. An ideal on 5  is a collection I  of 
subsets of S  that satisfies the following conditions:
(a) to & I  and S  $ I.
(b) If X € I  and Y  e I, then X U Y  e l .
(c) If Y  e I  and X  C Y, then X  e I.

The trivial ideal on S  is the ideal {0}. A principal ideal is an ideal of the 
form

(1-4) Z = { X |X C A }

where A Q  S.
To see how filters and ideals are related, note that if F  is a filter on S  then

(1.5) I  = { S - X \ X e F }

is an ideal, and vice versa, if I  is an ideal, then

(1.6) F = { S - X \ X e I }

is a filter. The two objects related by (1.5) and (1.6) are called dual to each 
other.

The filter of cofinite subsets of S is the dual of the ideal of finite subsets of 
S. In Exercises 1.2 and 1.3 the reader can find other examples of nonprincipal 
ideals.

We recall (Definition 3.3 in Chapter 10) that a nonempty collection G has the 
finite intersection property if every nonempty finite subcollection {X i,. . .  , Xn } 
of G has nonempty intersection Xi P ■ ■ ■ P Xn  /  0.

It follows from (a) and (b) of Definition 1.1 that every filter has the finite 
intersection property. In fact, if G is any subcollection of a filter F, then G has 
the finite intersection property.

Conversely, every set that has the finite intersection property is a subcollec­
tion of some filter.

1.7 Lemma Let G ^  to be a collection of subsets of S  and let G have the finite 
intersection property. Then there is a filter F on S such that G Q F.
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Proof. Let F  be the collection of all subsets X  of S  with the property that 
there is a finite subset {X i,. . . .  Xn } of G such that

Xi n • ■ • n Xn c x.

Clearly, S itself is in F, and 0 is not in F  because G has the finite intersection 
property. The condition (c) of Definition 1.1 is certainly satisfied by F. As for 
the condition (b), if X □ A\ A • ■ ■ n Xn  for some X i,.. .  , Xn  g G, and if K D 
Yin- • -AYm  for some Y j,. . .  ,Ym  e G, then XAY 2  XiA - • -AXn AYiA- • -AYm , 
so X A Y £ F. Thus F  is a filter. □

The filter F  constructed in Lemma 1.7 is the smallest filter on S  that extends 
the collection G. We say that G generates the filter F. See Exercise 1.6.

1.8 Exam ple Let 5  be a Euclidean space and let a be a point in S. Consider 
the collection G of all open sets F in 5 such that a & U. Then G has the 
finite intersection property and hence it generates a filter F on S. F is the 
neighborhood filter of a.

1.9 Example. Density. Let A be a set of natural numbers. For each n g N , 
let A(n) = |A A {0, ...,n  — 1}| denote the number of elements of A that are 
smaller than n. The limit

d(A) = hm ------,
n—>oo n

if it exists, is called the density of A. For example, the set of all even numbers 
has density 1/2 (Exercise 1.7). Every finite set has density 0, and there exist 
infinite sets that have density 0. (For example, the set {2n  | n e TV} of all powers of 2 — Exercise 1.8.)

Let A and B be sets of natural numbers. If A C B then A(n) < B(n) for 
all n, and so if both A and B  have density then d(A) < d^B}. In particular, if 
d(B) = 0 then d(A) = 0.

Also, for every n, {A U B)(n) < A(n) + B(n), and if A and B  are disjoint 
then (A U B)(n) =  A(n) + Bin). Hence d(A U B) < d(A) + d(B) (provided that 
the densities exist), and d(A U B) = d(A) + d(B) if A and B  are disjoint. If 
both d(A) and d(B) are zero, then d(A U B) = 0.

This gives us an example of an ideal on TV, the ideal of sets of density 0:

Id = {A \ d(A) = 0}.

We have $ E Id and N  ^  Id  (because d(N) =  1). If A C B and B & I d then 
A € Id , and if both A e Id  and B  e Id  then A u  B e Id . Thus Id is an ideal. 
As noted above, Id contains all finite sets, but also some infinite sets.

As a final remark, not every set A C TV has density. It is not difficult to 
construct a set A such that the limit limn _ QO A(n)/n does not exist (Exercise
1.9).
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We conclude this section with the introduction of an important concept that 
has many applications in analysis:

1.10 Definition A measure on a set 5  is a real-valued function m  defined on 
P(S) that satisfies the following conditions:
(a) m ^ )  = 0, m(S) > 0.
(b) If A C B then m(A) < m(B).
(c) If A and B  are disjoint then m(A U B) = m(A) + m(B).
(Notice that the density function on P (N )  satisfies the conditions, except that 
it is not defined for all subsets of N .)

It follows that m(A) > 0 for every A, and that m(S — A) = m(S) -  m(A). 
Property (c) is called finite additivity, and clearly

m (A iU " ’UAn ) =  m(Ai)d------ l-m(An )

for any disjoint finite collection {Ai,.. .  , An }.
At this point, we can only give two trivial examples of measures:

1.11 Example Let S b e a  finite set, and let m(A) = |A| for A C S .  This is 
the counting measure on S.

1.12 Example Let 5  be a nonempty set and let a c  S. Let m(A) = 1 if a € A, 
and m(A) = 0 if a A. (A trivial measure.)

In the next section, we construct nontrivial measures on N .

Exercises
1.1 If 5  is a finite nonempty set, then every filter on 5 is a principal filter.
1.2 Let S  be an uncountable set, and let I  be the collection of all X  C S 

such that |X| < No. I  is a nonprincipal ideal on S.
1.3 Let S  be an infinite set and let Z C S be such that both Z  and S — Z  are 

infinite. The collection I = { X C S \ X  — Z  is finite} is a nonprincipal 
ideal.

1.4 If a set A C S  has more than one element, then the principal filter 
generated by A is not maximal.

1.5 If J 7 is a nonempty set of filters on S, then Q{F | F  6 7}  is a filter on 
S.

1.6 The filter constructed in the proof of Lemma 1.7 is the smallest filter on 
S  that includes the collection G.

1.7 Let A be the set of all natural numbers that are divisible by a given 
number p > 0. Show that d(A) = 1/p.

1.8 Prove that the set {2n  | n e N }  has density 0.
1.9 Construct a set A of natural numbers such that

limsupA(n)/n = 1 and liminf A(n)/n = 0.
n—>oo n—>oo
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2. U ltra filte rs
2.1 Definition A filter U on S' is an ultrafilter if for every X  C S, either X  e U 
or S - X  eU .

The dual notion is a prime ideal:

2.2 D efinition An ideal I  on S  is a prime ideal if for every X  Q S, either 
X  & I  or S  -  X  e I.

2.3 Lemma A filter F  on S is an ultrafilter if and only if it is a maximal filter 
on S.

Proof. If F  is an ultrafilter, then it is a maximal filter, because if F ' D F  is 
a filter on S, then there is X C S  in F '—F. But because F is an ultrafilter, S —X 
is in F, and hence in F', and we have 0 = X A (S — X) G F ', a contradiction.

Conversely, let F  be a filter but not an ultrafilter. There is some X  C S 
such that neither X nor S' — X is in F. Let G = FU  {X}. We claim that G has 
the finite intersection property.

If X i , . . . ,  Xn  are in F, then Y = Xi A • • • A Xn  G F, and Y AX ^  0 because 
otherwise (S — X) 2 Y and so 5 -  X € F, contrary to the assumption. Hence 
Xi A' • DXn nX  ^  0, which means that G = FU{X} has the finite intersection 
property.

Thus there is a filter F' on S' such that F' 2  F u  {X}. But that means that 
F  is not a maximal filter. □

We have seen earlier that there are principal filters that are maximal. In 
other words, there exist principal ultrafilters. Do there exist nonprincipal ultra­
filters?

Let S  be an infinite set, and let F  be the filter of cofinite subsets of S. If U 
is an ultrafilter and U extends F, then U cannot be principal. Thus, to find a 
nonprincipal ultrafilter it is enough to find an ultrafilter that extends the filter 
of cofinite sets.

Conversely, if [7 is a nonprincipal ultrafilter, then it extends the filter of 
cofinite sets because every X G 17 is infinite (Exercise 2.2).

The next theorem states that any filter can be extended to an ultrafilter. 
However, the proof uses the Axiom of Choice, and in fact it is known that the 
theorem cannot be proved in Zermelo-Fraenkel set theory alone.

2.4 Theorem  Every filter on a set S  can be extended to an ultrafilter on S.
The proof uses Zorn’s Lemma. In order to apply it we need the following 

fact:

2.5 Lemma If C is a set of filters on S and if for every Fi,Fz G C, either 
Fi C Fl or Fz C Fi, then the union of C is also a filter on S.
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Proof. This is a matter of simple verification of (a), (b), and (c) in Defi­
nition 1.1. □

Proof of Theorem 2.4- Let Fg be a filter on S; we find a filter F C> Fg that 
is maximal.

Let P  be the set of all filters F on S  such that F  3 Fg, and let us consider 
the partially ordered set (P, c). By Lemma 2.5, every chain C in P  has an 
upper bound, namely (JO. Thus Zorn’s Lemma is applicable, and (P,C) has 
a maximal element U. Clearly, [7 is a maximal filter on S  and U ^  Fg. By 
Lemma 2.3, U is an ultrafilter. □

There is a natural relation between ultrafilters and measures. Let us call a 
measure m on S  two-valued if it only takes values 0 and 1: for every A C S , 
either m(j4) =  0 or m(A) = 1.

2.6 Theorem (a) I f  m  is a two-valued measure on S  then U = {A C S \ 
m(A) = 1} is an ultrafilter.

(b) IfU  is an ultrafilter on S , then the function m onP(S) defined by m(A) = 1 
if A £ U and m(A) = 0 if A ^ U is a two-valued measure on S.

Proof. Compare the definitions of ultrafilter and measure. Note that if A 
and B  are disjoint, then at most one of them is in an ultrafilter (or has measure 
1). □

We now present one of many applications of ultrafilters. This particular ap­
plication is a generalization of the concept of limits of sequences of real numbers.

2.7 Definition Let U be an ultrafilter on N ,  and let (an )^L0 be a bounded 
sequence of real numbers. We say that a real number a is the U-limit of the 
sequence,

a = lim u
if for every e > 0, {n | |an  — a\ < e} U.

First we observe that if a [/-limit exists then it is unique. For, assume that 
a < b and both a and b are [/-limits of (an )“= 0 . Let E = (b — a)/2. Then the 
sets {n | |an  — a| < e} and {n | \an  — b| < e} are disjoint and so cannot both be 
in U.

If [7 is a principal ultrafilter, [7 = {A | no G A} for some no, then limy an  = 
an tl, for any sequence (an )“= 0 ' This is because for every e > 0, {n | |an  -  an „| < 
E} 2  {no} € U.

If (on )“= o is convergent and limn _oo an  = a, then for every nonprincipal 
ultrafilter U, limy an  = a. This is because for every £ > 0, there exists some k 
such that {n | \an  — a| < e} D {n | n > k}, and {n \ n > k} e U.

The important property of ultrafilter limits is that the [/-limit exists for 
every bounded sequence:
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2.8 Theorem Let U be an ultrafilter on N  and let (an )“= o be a bounded se­quence of real numbers. Then limy an  exists.

Proof. As (an )”= 0  is bounded, there exist numbers a and b such that a < an  < b for all n. For every x  6 [a, b], let

A x  = {n \ an  < x}.
Clearly, Aa  = 0, At, = N , and A x  C A y  whenever x  < y. Therefore Aa ^  U, Ai, G U, and if Ax  G U and x  < y, then Ay € U. Now let

c = sup{a; | Ax  ^  U}\
we claim that c = limy an . As for every £ > 0, Ac_c ^ U while A c+e G U, and because 0 c+ £  = A c_& U {n | c -  e < an  < c + e}, it follows that {« | |an  -  c| < e } e U . □

As an application of ultrafilter limits, we construct a nontrivial measure on N .

2.9 Theorem There exists a measure m on N  such that m(A) = d(A) for every set A that has density.

Proof. Let (7 be a nonprincipal ultrafilter on N . For every set A C N , let . ,. . .  ., A(n)m(A) = hm ------ u n
where A(n) = |A n n|. Clearly, if A has density then m(A) = d(A). Also, it is easy to verify that m(0) =  0 and m(N} = 1, and that A C B  implies m(A) < m(B). If A and B  are disjoint then (A U B ^n) = A(n) + B(n), and the additivity of m  follows from this property of ultrafilter limits:

lim(a„ + bn) = lim an  + lim bn .

We leave the proof, which is analogous to that for ordinary limits, as an exercise (Exercise 2.5). □

Exercises
2.1 If U is an ultrafilter on S, then P(S) -  U is a prime ideal.2.2 If (7 is a nonprincipal ultrafilter, then every X  G U is infinite.2.3 Let U be an ultrafilter on S. Show that the collection V  of sets X  C. S x S defined by X G V if and only if {a G S | {b G S  | (a, b) G X} G U} G U is an ultrafilter on S  x S.
2.4 Let U be an ultrafilter on S  and let f  : S  —> T. Show that the collection V  of sets X C T defined by X G V if and only if / - 1 [X] G U is an ultrafilter on T.
2.5 Prove that limy (an  + bn ) = limy an  + limy bn .
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3. Closed Unbounded and S tationary  Sets
In this section we introduce an important filter on a regular uncountable cardinal 
— the filter generated by the closed unbounded sets. Although the results of this 
section can be formulated and proved for any regular uncountable cardinal, we 
restrict our investigations to the least uncountable cardinal Hi. (See Exercises 
3.5-3.9.)

3.1 Definition A set C C wj is closed unbounded if
(a) C is unbounded in wi, i.e., supC = u>i.
(b) C is closed, i.e., every increasing sequence

a o  <  <*1 <  • • • <  otn  <  • • ■ ( n  €  w )

of ordinals in C has its supremum sup{an  | n e u} e <7.

An important, albeit simple, fact about closed unbounded sets is that they 
have the finite intersection property; this is a consequence of the following:

3.2 Lemma I fC i and C2 are closed unbounded subsets of aj\, then C  ̂ nC 2 is 
closed unbounded.

Proof. It is easy to see that Ci n  C2 is closed; if 07 < 02 < • • • is a 
sequence in both Ci and C2, then a = sup{an  | n e w} e Ci n C2.

To see that Ci n  C2 is unbounded, let 7 < wi be arbitrary and let us find a 
in (7i n  C2 such that a  > 7. Let us construct an increasing sequence

Go ^  S o  <  0 7  *( ^1  ^  ' "  ^  O^n <  S n  ^  ' ' *

of countable ordinals as follows: Let ao be the least ordinal in Ci above 7. Then 
let So be the least S > ^0 in C2- Then a i G Ci, 0i e  C2, and so on.

Let a  be the supremum of {an }new; it is also the supremum of {Sn}new 
The ordinal a  is in both Ci and C2 and therefore a  € C( n  C2. □

The set uq of all countable ordinals is closed and unbounded. (However, 
here we use a consequence of the Axiom of Choice, namely the regularity of aq: 
the supremum of every countable sequence of countable ordinals is a countable 
ordinal.) Another example of a closed unbounded set is the set of all limit 
countable ordinals (Exercise 3.2). For other, less obvious examples see Exercises 
3.3 and 3.4.

As the collection of all closed unbounded subsets of wi has the finite inter­
section property, it generates a filter on wi:

(3.3) F  =  {X C u?! |X 2 C f o r  some closed unbounded C}.

The filter (3.3) is called the closed unbounded filter on wj.
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3.4 Lemma If {Cn }n eui is a countable collection of closed unbounded sets, then 
n “ 0 Cn  is closed and unbounded. Consequently, if {Xn }n £ u  is a countable 
collection, of sets in the closed unbounded filter F, then D^LQ X n  e F.

Proof. It is easy to verify that the intersection C = Q ^ Q Cn  is closed. To 
prove that C is unbounded, let 7 < wy; we find a e C  greater than 7.

We note that C = Q ^ o Dn  where for each n, Dn  = CaC- • -nC^; the sets Dn are closed unbounded and form a decreasing sequence: Do C Di D D2 3  ■ ■ ■.
Let (an  | n G w) be the following sequence of countable ordinals: 7 < QQ < 

ui < ■ ■, and for each n, a n + y is the least ordinal in Dn  above a n - Let a  be 
the supremum of {an }n gu . To show that a  € C, we prove that a  e Dn  for each 
n. But for any n, a  is the supremum of {o^ | A: > n + 1}, and all the a* for 
A: > n + 1 are in Dn  because Dn  2  Dn +i C ■ ■ ■ D Dk D ■ ■ ■ {k > n). □

Closely related to closed unbounded sets are stationary sets. Stationary 
sets are those sets S C &i which do not belong to the ideal dual to the closed 
unbounded filter. A reformulation of this leads us to the following definition.

3.5 D efinition A set S C 07 is stationary if for every closed unbounded set 
C, S  n C is nonempty.

Clearly, every closed unbounded set is stationary, and if S  is stationary and 
S C T  C wy, then T  is also stationary. Later in this section we present an 
example of a stationary set that does not have a closed unbounded subset. But 
first we prove the following theorem.

A function f  with domain S' C wy is regressive if f(a )  < a for all a  ^  0.

3.6 Theorem  A s e tS C  an is stationary if and only if every regressive function 
f  : S  —̂ OJI is constant on an unbounded set. In fact, f  has a constant value on 
a stationary set.

This theorem is a good example of how an uncountable aleph such as Ry 
differs substantially from Ro. On uncountable cardinals there is no analogue of 
the function /  : w —> w defined by f(n) = n -  1 for n > 0, /(0) = 0, which 
has each value only finitely many times. A consequence of Theorem 3.6 is that 
on wy, a function that satisfies f(a ) < a  repeats some value uncountably often, 
unless the domain of f  is “small,” that is, not stationary.

One direction of the theorem states that if S C wy is not stationary, then 
there is a function on S such that f(a ) < a  for all a  /  0, and f  takes each value 
at most countably many times. Such a function is constructed in the following 
example.

3.7 Exam ple Let A C wy be a nonstationary set; hence there is a closed 
unbounded C such that AV\C  =  0. Let f  : A ^  wfbe defined as follows:

/(a )  = sup(C n a) (a € A).
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Because f (a )  € C  (see Exercise 3.1) and C r\A  =  0, we have / (a )  < a. And for 
each 7 < wi, when a  € A is greater than the least element of C  above 7, then 
f (a )  > 7 and so f  does not have the same value for uncountably many a ’s.

To prove the other direction of the theorem we need a lemma.

3.8 Lem ina Let {C^ | (  <  ui}  be a collection of closed unbounded sets. The 
set C  Q wi defined by

(3.9) a  G C  i f  and only i f  a  € C^ for all £ < a  ( a t  wj)

called the diagonal intersection of the C^, is closed unbounded.

Proof. First we prove that C is closed. So let ao < a i  < • • • < a n  < • • • 
be an increasing sequence of elements of C and let a  be its supremum. To prove 
that a  is in C we show that a  e  C^ for all £ < a.

Let £ < a. Then there is some k such that £ <  a t ,  and hence (  < a n  for all 
n >  k. Since each a n  is in C, it satisfies (3.9), and so for each n > k we have 
a n  e  C^. But C^ is closed and so a, the supremum of {an }n >*, is in C^.

Next we prove that C  is unbounded. Let 7 < u»j and let us find a  & C 
greater than 7. We construct an increasing sequence ao <  a i  <  a2 <  • • • as 
follows:

Let ao =  7- The set Dgcao Q  *s  c l°s e d unbounded (by Lemma 3.4) and so 
we let a i  be its least element above ao. Then we let 02 be the least element of 
Af<ai ^  above a i , and in general,

(3.10) a n  < d n f i  € [^  C^. .
$<an

The let a  be the supremum of {an  }n € u l , and let us prove that a  e C.
We are to show that a  € Q  for all £ <  a. So let £ < a. There is k such that 

£ <  a*, and for all n  > fc we have a n +i € C(, by (3.10). But a  is the supremum 
of {an }n >fc and hence is in Q . □

Proof of Theorem 3.6. Let S be a stationary set and let f  : S  —> uq be a 
regressive function. For each 7 < wj, let A7  =  Z ' 1 ^ } ] ;  we show that for some 
7  the set A y  is stationary.

Assuming otherwise, no 4 7 is stationary and so for each 7 <  o>i there is 
a closed unbounded set C7  such that d 7  n C7  =  0. Let C  be the diagonal 
intersection of the C7 , that is,

(3.11) a  6 C if and only if a  € C7  for all 7 < a.

If a  € C7 , then a  ^  A y  and so / (a )  ^ .7 . Thus (3.11) means that if a  € C, then 
/ (a )  /  7 for all 7  < a; in other words, / ( a )  is not less than a. But C  is closed 
unbounded and hence it intersects the stationary set S. But for all a  & S, f(a ) 
is less than a. A contradiction. □
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As an application of Theorem 3.6 we construct a stationary set S C wj, 
whose complement is also stationary. Note however that the construction uses the Axiom of Choice. (It is known that the Axiom of Choice is indispensable in 
this case.)

3.12  E xam ple A stationary set whose complement is stationary.
Let C be the set of all countable limit ordinals. For each a e C there exists 

an increasing sequence x a  = (xa n  | n G w) with limit a. For each n, we let 
f n  : C —> wi be the function f n {a ) = x an-

For each n, because f n (pl) < a on C, there exists 7„ such that the set 
S„ = {a 6 C | /„(a) = 7n} is stationary.

We claim that at least one of the sets Sn  has a stationary complement. If 
not, then each 5n  contains a closed unbounded set, so their intersection does 
too. Hence Q^L0 Sn  contains an ordinal a  that is greater than the supremum of 
the set {7n}ne<v But in that case the sequence xa  = (xa n  | n G w) =  {fn (a) I n G w) = (7n | n € w) does not converge to a, a contradiction. □

As another application of Theorem 3.6 we prove a combinatorial theorem 
known as the L\-lemma. Although it is possible to prove the A-lemma directly, the present proof illustrates the power of Theorem 3.6.

3.13 Theorem Let {Ai ] i € I] b» an uncountable collection of finite sets. 
Then there exists an uncountable J  Q I  and a set A such that for all distinct 
i , j  G J, A iO A j = A.

Proof. We may assume that I  = wi, and since the union of hi finite sets 
has size Nj, we may also assume that all the Ai are subsets of wi. Clearly, 
uncountably many Ai have the same size and so we assume that we have a collection {Aa  | a  < u>i} of subsets of wi, each of size n, for some fixed number 
n.

Let C be the set of all a  < u>i such that max Â  < a  whenever £ < a. The 
set C is closed unbounded (compare with Exercise 3.4). For each k < n, let 
Sk =  {a € C | |Aa  n a | — k}-, there is at least one k for which S^ is stationary. 
For each m = 1 ,... , k, let f m {a) = the mth  element of Ao ; we have f m (a) < a 
on Sk. By k applications of Theorem 3.6, we obtain a stationary set T Q Sk 
and a set A (of size k) such that Aa  n a = A for all a e T .

Now when a < ft are in T, then Aa  C 0 (because 0 e C) and A a  Q a. = A/jQ0 = A, and it follows that A a T\A^ — A [because (Aa  - a ) n  A^ =  0]. Thus 
{Aa  | a  G T} is an uncountable subcollection of {Aa  | a  < wj} which satisfies 
the theorem. □

Exercises
3.1 An unbounded set C C a?! is closed if and only if for every X C C, if 

supX < wi, then supX G C.
3.2 The set of all countable limit ordinals is closed unbounded.
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If X is a set of ordinals, then a is a limit point of X  if for every 7 < a  there 
is P e X  such that 7 < /3 < a. A countable a  is a limit point of X  if and only 
if there exists a sequence ao < Qi < ■ ■ ■ in X such that sup{an  I n G co} = a. 
Every closed unbounded C C wi contains all its countable limit points.

3.3 If X  is an unbounded subset of uq, then the set of all countable limit 
points of X is a closed unbounded set.

If f  : wi —> wi is an increasing function, then a  < uq is a closure point of f 

if f(^) < a  whenever ( < a.

3.4 The set of all closure points of every increasing function /  : Wj —» wj is 
closed unbounded.

Let « be a regular uncountable cardinal. A set C G « is closed unbounded if 
sup C — K and sup(C n a) G C for all a < K.

3.5 If Ci and C2 are closed unbounded, then Cj n C 2 is closed unbounded.

The closed unbounded filter on K is the filter generated by the closed un­

bounded sets.

3.6 If A < K and each Ca , a  < A, is closed unbounded, then Qa < A  Ca  's 
closed unbounded.

A set S' C « is stationary if SC C  ^  0 for every closed unbounded set C G K.

3.7 The set {a < K | a  is a limit ordinal and cf(a) =  10} is stationary. If 
K > Ni, then the set {a < K \ cf(a) = uq} is stationary. .

3.8 If each Ca , a  < K, is closed unbounded, then the diagonal intersection 
{a < K \ a  € C( for all £ < a} is closed unbounded.

A function with dom / C K is regressive if f(a )  < a for all a  6 dom / ,  a  /  0.

3.9 A set S C K is stationary if and only if every regressive function on S  is 
constant on an unbounded set.

4. Silver’s Theorem
Using the techniques introduced in Sections 2 and 3 we now prove the following 
result on the Generalized Continuum Hypothesis for singular cardinals.

4.1 Silver’s Theorem  Let NA be a singular cardinal such that cf A > w. If 

for every a  < A, 2H" = Ra +i, then 2NA =  RA+1-

We prove Silver’s Theorem for the special case RA =  Rwi> using the theory 
of stationary subsets of Ri. The full result can be proved in a similar way, using
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the general theory of stationary subsets of K = cf A (see Exercise 4.1). Thus 
assume that 2K" = NQ +I for all a < a>i. One consequence of this assumption, 
to be used repeatedly in this section, is that N 1̂ < RU1 for all a  < wi (see 
Theorem 3.12 in Chapter 9).

Let f  and g be two functions on wi. The functions f  and g are almost 
disjoint if there is some a  < wj such that f(p ) A g(P) for all p > a.

4.2 Lemma Let {Aa  | a  < Wi} be a family of sets such that |Aa | < RQ for 
every a <u>\, and let F  be a family of almost disjoint functions,

F C  [ ]  ^ 
a<wi

Then \F\ < NU 1 .

Proof. Without loss of generality we may assume that A a  C cua , for each 
a < uq. Let So be the set of all limit ordinals 0 < a  < u>i. For f  C F  and 
a € So, let f*(a) denote the least P such that /(a )  < u^. As /*(a) < a  for 
every a  6 So, there exists, by Theorem 3.6, a stationary set S C So such that f* is constant on S. Therefore f  ( S is a function from S into wp, for some 
P <.uj\. Let us denote this function /  f S by ip(f).

If f  and g are two different functions in F, then <p(f) and <p(g) are also 
different: even if their domains are the same, say S, then f  \ S  A 9 \ 8 because 
f  and g are almost disjoint. Thus ^ is a one-to-one mapping with domain F. 
The values of ip range over functions defined on a subset S of wj into some 
ojp < wW ]. Thus we have

|A |< 2 ^ -  £  ^ s ^ , .
S<ui

A slight modification of Lemma 4.2 gives the following:

4.3 Lemma Let F C f [ a <U1 A a  be a family of almost disjoint functions, such that the set T =  {a < uq | |Aa | < K„} is stationary. Then |F | < NW1.

Proof. In the proof of Lemma 4.2, let So be the stationary set So = {a € T | a  is a limit ordinal}. The rest of the proof is the same. □
Using Lemma 4.3, we easily get the following:

4.4 Lemma Let f  be a function on wi such that f(a ) < HQ+I for all a <u>\. 
Let F  be a family of almost disjoint functions on aq, and let

Ff = {g & F \ for some stationary set T  C uq, g(a) < f^a) for all a € T}.

Then \Ff \ < KW1.
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Proof. For a fixed stationary set T, the set {g ^  F  \ g(a) < f(a )  for all a  €
T} has cardinality at most HW1, by Lemma 4.3. Thus |F | < 2N1 • NW] =  HU ] .

□

We now prove the crucial lemma for Silver’s Theorem:

4.5 L em m a Let {Aa  | a  < wi} be a family of sets such that \Aa \ < Na + i for 
every a  < wi, and let F  be a family of almost disjoint functions,

F  c  n  ^ 
a<wi

7%en |F | <  HW 1+i.

Proof. Let U be an ultrafilter on wi that extends the closed unbounded 
filter. Thus every set S  e U is stationary.

Without loss of generality we may assume that A a  C wa + i, for each a  < wj.
Let us define a relation < on the set F  as follows:

f  < g if and only if { a <  « i | f ( a )  < g(a)} € U.

We claim that < is a linear ordering of F. If f  < g and g < h then f  < h, 
because

{a | f (a )  < h{a)} D {a | / ( a )  < j(a )}  n  {a | g(a) < h{a)} £ U.

If f ,g  € F  and f  ^  g, then {a | / ( a )  = j(a )}  is at most countable and therefore 
not in U, and so one of the sets {a | f (a )  < g(a)}, {a | g{a) < f(a )}  belongs 
to U. Thus either f  < g or g < f .  It follows that < is a linear ordering on F.

Now, if f ,g  & F  and g < f ,  then g £ Ff where

Ff = {g e F  \ for some stationary T, g{a) < f[a )  for all a  £ T},

and by Lemma 4.4, |F /| < NW1. Thus for every f  € F, \{g e  F  \ g < f} \  < NW j.
As < is a linear ordering of the set F, it follows from Theorem 1.14 in

Chapter 8 that |F | < N^+i- □

Silver’s Theorem (for A =  w j  is now an easy consequence of Lemma 4.5:

Proof of Silver’s Theorem. For each a  < u>i, let A a  = P {u a ); as 2N" = 

Na+i, we have |Aa | =  No + i. For every set X  C w U l , let f x  6 FLcwi ^ a  b e  t h e 
function defined by

f x ^ )  = X  O u a .

If X  ^  Y  then f x  ^  f y ,  and moreover, f x  and f y  are almost disjoint. This is 
because there is some a  < Wi such that X  n  ujg /  Y  n  a/g for all 0  > a. Thus 
F  = { fx  | X  e  ?(w u i )} is a family of almost disjoint functions, and by Lemma 
4.5, |F | < NW l+ i. Therefore, 2H“> = NW1+i. □
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Exercises
4.1 Prove Silver’s Theorem for arbitrary A of uncountable cofinality. 

[Throughout Section 4, replace wj by K = cf A, and replace the sequence 
(PQ | a  < wi) by a continuous increasing sequence of cardinals (Aa  | a  < 
K). Use Exercise 3.9.]





Chapter 12

C om binatorial Set Theory

1. R am sey’s Theorem s
The classic example of the type of question we want to consider in this section is the well-known puzzle: Show that in any group of 6 people there are 3 who either all know each other or are strangers to each other. We are implicitly assuming that the relation “x knows y" is symmetric.

The argument goes as follows. Consider one of these people, say Joe. Of the remaining 5 people, either there are at least 3 who know Joe, or there are at least 3 who do not know Joe. Let us assume that Peter, Paul, and Mary know Joe. If two of them, say Peter and Paul, know each other, then we have 3 people who know each other (Joe, Peter, and Paul). Otherwise, Peter, Paul, and Mary are 3 people who are strangers to each other. If Peter, Paul, and Mary are 3 people who do not know Joe, the argument is similar.
We now restate this problem in a more abstract form that allows for ready generalizations.
Let S' be a set. For r e N ,  r  ^  0, [5]r  =  {X C S  | |X| = r} is the collection of all r-element subsets of S. (See Exercise 3.5 in Chapter 4.) Let {Aj}’~J be a partition of [S]r  into s classes (s e N  — {0}); i.e., [S']r  =  Ui=o ^» and A iftA j = 0 for 2 7̂  j. We say that a set H C S is homogeneous for the partition if [H]r  C Ai for some i; i.e., if all r-element subsets of H  belong to the same class Ai of the partition.
It may help to think of the elements of the different classes as being colored by distinct colors. We thus have s colors (numbered 0 ,1 ,... ,s — 1) and each r-element subset of S  is colored by one of them. Homogeneous set are monochro­matic, i.e., all r-element subsets of them are colored by the same color.In this terminology, the introductory example shows that, for a set S  with |5| > 6, every partition of [S]2 into two classes has a homogeneous set H  with |E | > 3. (The classes are J4Q =  {{$,2/} € [S]2 | x and y know each other} and J4I =  {{a:,j/} e [S]2 | a: and y are strangers to each other}.)
Put yet another way: pick a set S  of at least 6 points and connect each
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pair of points by a line segment colored either red or blue (but not both). The 
resulting graph then contains a monochromatic triangle (i.e., all red or all blue).

Let K, A be cardinal numbers. We write K —* (A)J as a shorthand for the 
statement: for every set S  with |S| = K and every partition of [S]r  into s classes, 
there exists a homogeneous set H  with |F | > A. The negation of this statement 
is denoted H (A)J.

We proved that 6 —> (3)2; it is an easy exercise to show that 5 /»(3)2. (See 
Exercise 1.1.)

More generally, K -* (Ai,. . .  , AS)J means: for every set S  with |S| =  K and 
every partition { A i)^ 1 of [5]r  into s classes there is some i and a set H  C S 
with [H]r  C Ai and |HJ > A,. Exercises 1.2 and 1.3 exhibit some very simple 
properties of these symbols.

The fundamental result about partitions on finite sets is the Finite Ramsey’s 
Theorem. It asserts that if S  is sufficiently large, any coloring of its r-element 
subsets will have monochromatic sets of the prescribed size fc.

1.1 The F in ite R am sey’s Theorem For any positive natural numbers k, 
r, s there exists a natural number n such that n —> (A)J,

The readers interested primarily in infinite sets can skip the proof without 
harm.

Proof. We first consider s = 2 and prove that for all r,p, q e N  — {0} 
there exists n 6 N  for which n —> (p, q)^ by induction on r.

Let r = 1. Then it suffices to take n = p + q — 1: it is clear that if |S| = n 
and [S]1 =  S =  AQU Ai, we cannot have both |Ao| < p — 1 and |AJ < 9  — 1. If 
|Ao| > p let H = Ao; otherwise, let H = Ai.

We now assume that the statement is true for r (and any p, q) and prove it 
for r  + 1. We denote the least n for which n —> (p, 9)2 by R(p, q; r). The proof 
now proceeds by induction on (p + 9).

Consider a set S  with |5| = n > 0 (as yet unspecified) and a partition 
[S]r + 1  = Ao U Ai where AQ O Ai = 0. The statement is true if p < r or 9 < r-. 
if p < r (q < r, respectively) we can take as H  any subset of S  with \H\ = p 
(|ff, = q, respectively); if p = q = r then either Ao 0  0 and any H e AQ will 
do, or Ai ^  0 and any H G Ai will do. So we assume that p > r, q > r and the 
statement is true for p', q' if p' +q' < p + q.

Fix a e S, let S a = S  — {a} and define a partition {BQ. ^ I } of [S“]r  by 
X  € BQ (B I , respectively) if and only if {a} UX G Ao (Ai, respectively) (for 
X € (S°]r ).

If we choose n  so large that n — 1 =  R(p',q';r) (p',q' as yet unspecified) 
then there will be a set H a  C S a so that either

(i) [ F T  C Bo and |B'“ | > p', or

(ii) [Ha ]r  C Bi and |H°| > 9'.
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Either way, all (r + l)-element sets of the form {a} U X , X  e  [Ha]T are thus guaranteed to be colored by the same color, so it remains to concern ourselves with (r + l)-element subsets of H a .
Assume (i) occurs. By the inductive assumption, there exists n for which n —> (p — 1,?)2+ 1  holds; let p' = R(p — l,q ;r  + 1) be the least such n. It then follows that either there is H' C H a with |ff'| > p — 1 and [H']r + 1  C Ao; in this case we let H = H ' U {a} and notice that |E | > p and [H]r + 1  C Ao. Or, there is H" C H a with \H"\ > q and [H"]r+ 1 C Ai; in this case we let H = H" and notice that |E | > q and [H]T+1 C Ai.
The case (ii) is handled similarly, letting q' = R{p,q -  l ; r  +  1), the least n for which n -̂ > (p,q — 1)$+ 1  holds.
In conclusion, if we let n = R(p', q'; r) for p' = R{p — 1, g; r  + 1) and q' = R{p,q -  l ; r  + 1) then n —> (P,Q)J+1.
This concludes the proof for s = 2. In particular, taking p = q = kw e  have n  —* (^2  for a H ^T- The proof of the Finite Ramsey’s Theorem can now be completed by induction on s. The case s = 1 is trivial and s = 2 is proved above.
Assume that m  has the property m —> (A) .̂ Let us consider a partition {Aj}i=o °1 [“̂ T in t o  (s  + 1) classes, where S is a set of an as yet unspecified cardinality n. Then {Bo, B^} defined by

3 — 1
■Bo = U  A , Bi = A s 

i= 0

is a partition of [S]r  into 2 classes. If n = R(l,l;r) (for as yet unspecified Z) then there is H 1 C S, \H'\ > I, such that either [E']r  C Bo or [H']r  C Bi. We take I = max{m,/c}. In the first case, {Aj}’̂ 1 partitions [F '|r  into s classes, so our choice of I guarantees existence ot H C H 1 such that |# | > k and [H]r  C Ai for some » 6 {0,... , s - l } .  In the second case, our choice of I allows us to let H = H 1 and conclude |F | > k, [H]r C A s . Either way, we are done. □
We remark that the exact determination of the numbers R(p, q; r) is difficult and only a few are known despite much effort and extensive use of comput­ers. Here is a complete list, as of now (1998): fl(3,l;2) for I = 3,4,5,6, 7,8,9 has values 6,9,14,18,23,28,36, respectively; 27(4,4; 2) = 18, R(4,5;2) = 25, 27(3,3,3; 2) = 17, and 27(4,4; 3) =  13. They tend to grow rapidly with increas­ing (p + q} and r. This is a subject of great interest in the area of mathematics known as (finite) combinatorics, but we now turn to analogous questions for infinite cardinal numbers. There the most important result is the (Infinite) Ramsey’s Theorem.

1.2 Ramsey’s Theorem ^o —* (No)£ holds for all r, s e N  -  {0}.
In words, if r-element subsets of an infinite set are colored by a finite number s of colors, then there is an infinite subset, all of whose r-element subsets are colored by the same color.
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Proof. It suffices to consider S = N  (see Exercise 1.2). We proceed by 
induction on r.

r  =  1: If [W]1 = IV = Ui Jo ^ ' then ^  ^ast o n e  °f the; sets A, must be 
infinite (Theorem 2.7 in Chapter 4) and we let H  be such an Ai.

r = 2; This is a warm-up for the general induction step. Let [A]2 = Ui Jo At' 
We construct sequences (an ) ^ 0 , (in)^o> and (^ n )^ o  by recursion. We set 
ao =  0 and let B? = {b G N  \ b ^  ao and {ao.h} G A}- Then {B°}^~Q is 
a partition of AT — {ao}; we take io to be the first i for which B f  is infinite 
(refer to the case r  = 1) and let HQ = B^. All the subsequent terms of the 
sequence (an ) will be selected from Ho, thus guaranteeing that {ao, a„} € Ai„ 
for all n > 0. We select ai to be the first element of Ho and let B) = {b e 
HQ \ b ^  ai and {ao,b} 6 Aj}. Again, {B?}’̂ 1 is a partition of the infinite set 
Ho — {ai} and we let ii be the first i for which B j is infinite, and Hi = B ^ . 
Proceeding in this manner one obtains the desired sequences. It is obvious from 
the construction that (an )^L0 is an increasing sequence and {an ,a m } € A„ for 
all m > n. The sequence {in )^L0 has values from the finite set {0,... , s -  1}, 
hence there exists j  and an infinite set M  such that in  = j  for all n e M. It 
remains to let H  =  {an  | n 6 M}. Then H  is infinite and [B]2 C Aj because 
{an , am} 6 A itl = Aj for all n ,m  e M, n < m.

The general case is similar. We assume the theorem is true for T and prove 
it for r + 1. So let [W]r+ 1  = U<Jo ^<- Consider an arbitrary a & N  and an 
arbitrary infinite S  C N  such that a $ S. We define a partition {Bi}’“J of [S]r 
as follows: for X  G [S]r , X  G B, if and only if {a} U X G A  (i.e., we color the 
r-element subset X of S by the same color the (r 4- l)-element set {a} U X was 
colored by originally). By the inductive assumption, there is an infinite H G S 
such that [B]r  C Bi for some i. We select one such i = i(a, S') and H = H{a, S). 
(We can always use the least such i, but we use the Axiom of Choice ^(IV ) 
can be well-ordered] to select a particular H. The use of the Axiom of Choice 
can be avoided, at the cost of additional complications.) We note that all sets 
of the form {a} U X where X G [B]r  belong to Ai.

The rest of the proof imitates the case r  = 2 closely. We construct sequences 
(an )“= 0 , ( in ^ o . a n d  (Hn )%L0 by recursion. We let ao = 0, i0 = i(0, N  -  {0}), 
Ho = H (0 ,N —{0}). Having constructed an , i n , and Hn , we let an + i be the least 
element of Bn, and in + i =  i(an + i, B „ -{ a n + i}), Bn + i = B(an + i, B n - { a n + 1 }). 
The point is again to guarantee that all sets of the form {a„, a ^ , . .. , at,.} where 
n < ki, . .. , n < kr  (and k i , . .. ,k r  are mutually distinct) belong to A,,-

Again, there is j  G {0,1,... , s — 1} such that M  =  {m & N  \ im  = j} 
is infinite. We let H = {am  | m  G M } and notice that H  is infinite and 
[B]r+ 1  C A j. □

We conclude this section with two simple applications of Ramsey’s Theorem.

1.3 Corollary Every infinite ordered set (P, <) contains an infinite subset S 
such that either any two distinct elements of S  are comparable (i.e., S  is a 
chain) or any two distinct elements of S are incomparable.
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Proof. Apply Ramsey’s Theorem to the partition {AQ, A I }  of [P]2 where 
AQ =  {{x ,y}  G [P]2 | i  and y are comparable}, 
Ai =  {{x,^} G [P]2 | a; and y are incomparable}.

□
1.4 Corollary Every infinite linearly ordered set contains a subset similar to 
either (N , <) or ( N , >).

Proof. Let (P, =̂ ) be an infinite linearly ordered set and let < be some well-ordering of P. We partition [P]2 as follows:

Ao =  {{i, y} € [P]2 | x < r/ and x -< y};
Ai =  {{x ,y}  G [P]2 | x < ij and x >- y}.

Let H  be an infinite homogeneous set provided by Ramsey’s Theorem. The relation < well-orders H\ let H  be the initial segment of H  of order type tv. If [H]2 C Ao then (H, -<) is similar to (N , <); if [U]2 C Ai then {H, ^ )  is similar to (2V ,< ). □

Exercises
1.1 Show that 5 /» (3)2.
1.2 Prove that the words “every set 5 ” in the definition of K —> (A), can be replaced by “some set S."
1.3 Assume that K —> (A)’’ holds. Prove

(a) If K'  >  K then K 1 —> (A)J.
(b) If A' < A then K  —> (A')£.
(c) If s' < s then K  —> (A)^,.
(d) If P  < r  then K —> (A)J .
Prove analogous statements for K —» (Ai,. . .  , A3 )3 . Also show that K —» 
(A i,. . .  , A3 )J holds if and only if K —» (A ^i),. . .  , Aw(s ))^ holds, where TT 
is any one-to-one mapping of {1 ,... , s} onto itself.

1.4 Show that for an infinite cardinal K, w —> (K)} holds if and only if A < 
cf(«).

1.5 Let [S)< u  =  U X o ^ l" - Show that there is a partition {Ao , Ai} of [A]< u 
such that [H]<w  D Ao /  0 and [H ]^  n  Ai /  0 for every infinite H  Q N . 
[Hint: Put X  G Ao if and only if |X | G X.]

2. Partition Calculus for Uncountable Cardinals
Ramsey’s Theorem asserts that any partition of r-element subsets of an infinite set S  into a finite number of classes has an infinite homogeneous set. The next natural question is, how large does S  have to be in order that every partition has an uncountable homogeneous set. By analogy with Ramsey’s Theorem one might expect Ni —> (NI )3 . However, as the next theorem shows, this is false.
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2.1 Theorem  2N“ ^ (N ,)^ .

Proof. The argument is quite similar to the one used to deduce Corollary 
1.4. Let A = 2K" be the cardinality of the continuum. The set R  of all real 
numbers has |R | =A  and is linearly ordered by <. Let =̂ be some well-ordering 
of R  of order type A. We partition [H]2 as follows:

Ao = {{x, y} e [fl]2 1 x -< y and x  < y}, 
Ai = {{z,J/} € [fl]2 | x ^  i/ and x > y}.

Let H be an uncountable homogeneous set for this partition. That means that 
either

(i) for all x ,y  e H, x  ^  y implies x < y, or

(ii) for all x ,y  e H, x  ^. y implies x > y.

We show that this is impossible.
Let us assume (i) holds. Let <p : /z —> H be an isomorphism of (p, €) and 

(77,^), where p is an ordinal (necessarily, p < X and p uncountable). We 
note that ^ < y < p implies ^>(() -< yAjf) and hence y>^) < ipfrfp Thus 
{(^(Oi V ^ +1)) | £ < A4} is a n  uncountable collection of mutually disjoint open 
intervals in R, an impossibility by Theorem 3.2 in Chapter 10.

Case (ii) is similar. □

For a slightly different proof see Exercise 2.1. There is a weaker positive 
result.

2.2 Erdds-D ushnik-M iller Partition  Theorem  Hi —> (K^Ho)!-

In words, for every partition of pairs of elements of an uncountable set into 
two classes, if one class has no infinite homogeneous set, then the other one has 
to have an uncountable homogeneous set.

Proof. Let {A ,B }  be a partition of [wi]2 . For a  G wi let B(a) = {(3 e 
uii \ fl /  a and {a,0} € B}. There are two possibilities.

1. For every uncountable X  Qu>i there exists some a  G X for which |B (a)n 
X | =  Hi. In this case we construct a countable homogeneous set for B by 
recursion. We let Xo = wi and let ao be the first element of Xo for which 
|B(ao) D X Q| = Hi. We next let Xi = B(ao) H Xo and let on be the first 
element of Xi for which |B(ai) n  X J = Hi. In general, at stage n +  1 we let 
Xn + i = B(an ) DXn  C Xn  and let a „ +1  be the first element of Xn + i for which 
|B(an + i) D Xn + i| = Hi. It is clear that H  = {an  | n € N }  is a countable set 
and [HJ2 C B.

2. In the opposite case, there is an uncountable set X C wi such that |B(a)n 
X| < Ko for all a  € X. This time we construct an uncountable homogeneous 
set for A by transfinite recursion of length wi. Having defined a one-to-one 
sequence (a^ | p < A) where a u € X  for each p < A < wj, we observe that
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the set LL<A ^ ( a ") n  X of those d e X for which some {a^,/3} £ B  (for some v < A) is at most countable (it is a countable union of a t most countable 
sets). Therefore, X  — U^<A(®(a ") u  {“ "}) ' s  uncountable, and we let a  A be its first element. Clearly QA ^  a v and {au ,ax}  6 A, for all v < X. The set 
H  = {a^, | v < w j  satisfies |ff | = Hi and [F]2 C d .  n

Actually, the theorem holds for any infinite cardinal n (in place of N J, i.e., 
K —> (K, NQ)2 . The proof for regular K is a straightforward modification of the 
one just given for K = Ni, and is left as an exercise.

To guarantee that every partition of [S]2 has an uncountable homogeneous set, the underlying set S  must be more than just uncountable.

2.3 Erdos-Rado Partition Theorem (2Kn)+  —» (N J ^ .
Assuming the validity of the Continuum Hypothesis, this reduces to N2 —♦

-Proof. We denote (2N") +  by A and let {An }n eN be a partition of [A]2 . 
For any pair {a,d} £ [A]2 we let n(a, d) be the unique ri for which {a,d} € An (n(a ,0) is the “color” of {a,/3}).

For every a  < A we construct a transfinite sequence f a  recursively as follows: 
/«(0) =  0;
If {fa{ji) I F < €) is defined (£ < a) and if there exists some cr < a  such that 

o' /  fa fy )  and n(Ja (rf), a) = n ( f a (T]),a) holds for all g < ^, then we let f a ^ to be the least such cr-, otherwise we stop.
We note that dom /a  is an initial segment of a  (or a  itself) and f a  is an increasing sequence of elements of a.
We claim that for some a  < A, | dom f n \ > Nf. Assume, to the contrary, 

that | d o m /a | < No for all a  < A. Consider the sequences ga  : dom(/a) —* N defined by ga (ri) = nfJaW L &)■ We note that ga  = gp implies /a  = fp-. clearly dom f a  =  domp„ =  dompg =  dom /g, and if fa(g) = f g ^ )  for all p < £, then 
n ( / a (»?),ff) = n ( fa (rf),a) holds if and only if n(fp(g),a) = n{fp(r]),0) (for 
g < £), showing that f a (£) =  /X ?) also, by definition of f .  Our assumption 
implies that dompQ is a countable ordinal; hence there are only Ni • (Ng") =  2”" 
possibly distinct ga ’s. Therefore there exist ^  < a < X  such that gp = ga , hence 
fp  = fa- As then n ( fa (rj),/3) = n(fp(r]),0) = gp{g) = ga (g) = n ( fa (g),a) for 
all p £ 7 =  dom f a , it follows that f a h ) i s  defined (as /3). This is a contradiction that proves the claim.

We now fix a  with |d o m /a | > Ni and let X  =  r a n /o . Then |X | > Ni and the set X  has the property that, for any cr,r,r' & X , a < r, a < r', 
n ^ ,T }  = n(cr,r'); i.e., { CT, T } £ An  if and only if {a, r'} £ An - We let Bn  = 
{cr £ X | {cr,r} £ An  for some (or all) r  £ X, cr < T }. The collection {Bn } is a partition of X and |X| > Ni implies that for some n e N ,  |Bn | > Ni. Clearly 
[Bn]2 Q A n , so H  = Bn  is the desired homogeneous set. □

It is not too hard to generalize this result. First, we define the transfinite 
sequence of beths, the cardinal numbers obtained by iterated exponentiation.
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2.4 Definition

2o = No;
□a+i = 2 X ;

□A =  s u p p a  | a  < A} for limit A /  0.

A more general version of the Erdos-Rado Partition Theorem can now be 
stated.

2.5 Theorem  p n )+  —> (N i)^ 1 holds for all n e N .

The proof is by induction on n, following closely the special case n = 1 
in Theorem 2.3. There are analogous results for any infinite cardinal K — 
see Exercise 2.5. Many results of similar nature, both positive and negative, 
have been obtained by researchers in the part of set theory known as infinitary 
combinatorics. One problem in particular has played a very important role 
in the development of modern set theory. It is the question of whether there 
are any uncountable cardinal numbers K  for which an analogue of Ramsey’s 
Theorem holds.

2.6 Definition An uncountable cardinal K  is called weakly compact if K (K)J 
holds for all r ,s  € AT -  {0}.

2.7 Theorem  Weakly compact cardinals are strongly inaccessible.

Proof. We have to prove that a weakly compact cardinal « is regular and 
a strong limit cardinal.

(i) Regularity: Assume K  = UV<A ^ U where A < K and |PV | < K  for all ^ < A.
Define a partition of [/t]2 by:

{a, 0} € AQ if and only if there is p < A such that a G P^ and 0 £ P,/, 
{a,0} e Ai otherwise.

Clearly {Ao, Ai] cannot have a homogeneous set of cardinality K .

(ii) Strong limit property: Assume A < K < 2A . By Exercise 2.1, 2A /> (A+ )2 , 
hence K  7  ̂ (A+ )2 and, as A+  < K , K  / •  (K)^.

□

Exercises
2.1 Prove that 2* 7A (K+ )2 for “ Y infinite K .

[Hint: Follow the proof of Theorem 2.1, but replace (R, <) by the set 
{0,1}K ordered lexicographically (see Chapter 4, Section 4).]

2.2 Prove that K  —> (K, NQ)2 holds for all infinite regular K .
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2.3 Prove: If X  is an infinite set and < and ^  are two well-orderings of X, then there is Y C X with |Y| =  |X| such that yi < y2 if and only if 
yi =̂ y2 holds for all yi, y2 € Y.
[Hint: Let A = {{x,y} € [X]2 \ x < y and x ^  y} and B = {{x,y} e 
[X]2 \ x < y and x > y}. Apply the Erdos-Dushnik-Miller Theorem and show that B cannot have an infinite homogeneous set.]

2.4 Prove that p n )+  -+ ( ^ i ) ^ 1 -
[Hint: Induction.]

2.5 For any cardinal K define exp0 («) = n, expn + 1 («) = 2exp“^ \  Prove: For any infinite K, (expn («))+  —» (K+ )”+ 1 - In particular, (2K)+  —> («+ )2 .

3. Trees
Like partitions, trees originated in finite combinatorics, but turned out to be of great interest to set theorists as well.

3.1 D efin ition  A tree is an ordered set (T, <) which has a least element and is such that, for every x e T ,  the set {y e T  | y < x} is well-ordered by <. See Figure 1.

Elements of T  are called nodes. If x ,y  e T  and y < x, we say that y is a predecessor of x and i  is a successor of y. The unique least element of T  is the root. By Theorem 3.1 in Chapter 6, the well-ordered set {y € T  | y < x} of all predecessors of a: is isomorphic to a unique ordinal number h(x), the height of x. The set Ta  = {x e T  \ h(x) = a} is the ath level of T. If h(x) is a successor ordinal, x  is called a successor node, otherwise it is a limit node. The least a for which Ta  = 0 is called the height of the tree T, h(T).
A branch in T is a maximal chain (i.e., a linearly ordered subset) in T. The order type of a branch b is called its length and is denoted 2(b). It is always an ordinal number less than or equal to the height of T. A branch whose length equals the height of the tree is called cofinal.
A subset T' of T  is a subtree of T  if for M  x e. T 1, y e T, y < x  implies y 6 T'. Then T' is also a tree (when ordered by <) and T^ = Ta O T' for all a < h(T'). The set T ^  = U/)<o ^  *s  a  subtree of T, for any a  < h(T), and 

h ^ T ^ }  = a. If x & Ta  then {y € T  | y < x} is a branch of T ^ l  of length a; however, T ^  may have other branches of length a  as well (if a  is a limit ordinal).
Finally, a set A C T  is an antichain in T  if any two distinct elements of A are incomparable, i.e., x ,y  £ A, x ^  y implies that neither x < y nor y < x. The reader is strongly urged to work out Exercises 3.1 and 3.2, where some simple properties of these concepts are developed.
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T4 

T3 

T2 

^ I 

To

It is time for some examples of trees.

3.2 Example (a) Every well-ordered set {W, <) is a tree. Hence trees can be 
viewed as generalizations of well-orderings. h(W) is the order type of W\ 
the only branch is W  itself, and it is cofinal.

(b) Let A be an ordinal number and A a nonempty set. Define A < x  = UQ <A Aa 
to be the set of all transfinite sequences of elements of A of length less than 
A. We let T  = A < x  and order it by C; so f  < g for f ,g  G T  means f  Q g, 
i.e., f  = 9 \ dom /. It is easy to verify that 7  is a tree. For f  G T, 
h(f) =  a  if and only if f  G j4a ; i.e., Ta  = A a . For a = fl + 1 and /  € Aa , 
f  \ fl is the immediate predecessor of f ,  and all f  U {{fl,a}}, a G A, are 
immediate successors of f .  Branches in T  are in one-to-one correspondence 
with functions from A into A-. if F G Ax  then {F [ a  | a  < A} is a branch 
in T. Conversely, if B is a branch in T  then B is a compatible system of 
functions and F  = (JB  e A \  We note that all branches are cofinal.

(c) More generally, if T C A < x is a subtree of (A< A , C), branches in T  are in 
one-to-one correspondence with those functions F  G A < x  U Ax  for which 
F \ a G T  for all a G domF and either F $ T, or F G T  and F  has 
no successors in T. We often identify branches and their corresponding 
functions in this situation.

(d) Let J4 =  IV, A =  w. Let T  C N < u  be the set of all finite decreasing 
sequences; i.e., f  G T  if and only if f(i)  > f ( j )  holds for all i < j  < 
dom f G N .  Then T  is a subtree of (1V< U ,C). T is a tree of height w 
which has no cofinal branches (see Exercise 2.8, Chapter 3).

(e) Let (R, <) be a linearly ordered set. A representation of a tree (T, =<) by 
intervals in (R, <) is a one-to-one function $  which assigns to each x G T
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an interval $ ( i)  in (R, <) so that, for x ,y  e T,
(i) x  =j y if and only if i ( r )  2  $(y);

(ii) x  and y are incomparable if and only if ^(x) H ^(y) = 0.
This implies, in particular, that ($[T],2) is a tree isomorphic to (T, =̂ ). For example, the system {Da \ s e S) constructed in Example 3.18, Chapter 10, is a representation of the tree S  = Seq({0,1}) = {0,1}<W (ordered by C) by closed intervals on the real line.

The study of finite trees is one of the key concerns of combinatorics. We do not pursue it here, and turn our attention instead to infinite trees. We concern ourselves mainly with the question, under what circumstances does a tree have a cofinal branch. For trees whose height is a successor ordinal the answer is obvious: if h(T) = a  + 1 then Ta  /  0 and {y e 71 1 y < a:} is a cofinal branch in T, for any x € Ta . Henceforth, we concentrate on trees of limit height. Example 3.2(d) shows that there are trees of height w that have only finite branches. The next theorem, the most basic observation relevant to our question, shows that this cannot happen if the tree is sufficiently “slim."

3.3 K onig’s Lemma I fT  is a tree of height w, all levels of which are finite, then T  has a branch of length w.

Equivalently, every tree of height w such that each node has finitely many immediate successors has an infinite branch.

Proof. We use recursion to construct an infinite sequence (cn )£L0 of nodes of T  so that, for each n, {a e T  \ cn  < a} is infinite.
We let co be the root of T  and note that {a € T  | co < a} = T  is infinite. Given cn  such that {a G T | cn  < a} is infinite, we observe that

. {a G T  \ cn  < a] = {cn } U [ J  {a G T | b < a}
fees

where S  is the finite set of all immediate successors of cn  (Exercise 3.1(v)). Hence, for at least one b € S, {a G T  | b < a} is infinite, and we let cn + i be one such b. It is easy to verify that {a € T  | a < cn  for some n € IV} is a branch in T  of length w. □
There is an important point to be made about this recursive construction, and many similar ones to come. The Recursion Theorem, as formulated in Section 3 of Chapter 3, requires a function g, whose purpose is to "compute” cn + i from cn . In the previous proof, we did not explicitly specify such a g, and indeed some form of the Axiom of Choice is needed to do so. For example, let fc be a choice function for P(T). Let Sc denote the set of all immediate successors of c in T. If we let g(c, n) = k{{b G Sc | {a € T  | b < a} is infinite}), then Cn+i = g(cn ,n) defines (cn  | n G N} in conformity with the Recursion Theorem.
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It is customary to omit this kind of detailed justification, and we do so 

from now on. The reader is encouraged to supply the details of the next few 

applications of the Recursion Theorem or the Transfinite Recursion Theorem as 

an exercise.
Returning to Konig’s Lemma: there are several interesting ways to generalize 

it. For example, it is fairly easy to prove that any tree of height « whose levels 

are finite has a branch of length K  (Exercise 3.3). We consider the following 

question: let 71 be a tree of height wj, each level of which is at most countable; 

does it have to have a branch of length mi? It turns out that the answer is “no.”

3.4 Definition A tree of height mi is called an Aronszajn tree if all its levels 

are at most countable and if it has no branch of length mi.

3.5 Theorem  Aronszajn trees of height mi exist.

Proof. We construct the levels Ta , a  < mi, of an Aronszajn tree by 

transfinite recursion in such a way that .

(i) Ta  C m“ ; |7'„| < No ;

(ii) If f  G Ta  then f  is one-to-one and (m -  ran f )  is infinite;

(iii) If f  G T a  and /3 < a  then f  \ flG Tp\

(iv) For any 0  < a., any g G Tp, and any finite X  C m -  rung, there is f  G Ta 

such that f  ^  g and ran f  O X  = 0 .

Let us assume this has been done and let us show that T  = U a < u , Ta  is then 

an Aronszajn tree. Clearly T is a tree (by (iii)), each level is at most countable 

(by (i)), and its height is mi (by (iv), each Ta  A 0)- If 8  were a branch of length 

mi in T , then F  =  |J B  would be a one-to-one function from mi into m (by (ii)), 

a contradiction.
It remains to implement the construction of Ta’s. We let To =  {0}. Assum­

ing Ta  satisfying (i)-(iv) has been constructed, we let Ta +i =  {ffU{(a,a)} | g € 

Ta , a G u  — ran g}. It is easy to check (i)-(iv) hold for a  + 1.
It remains to construct Ta  for a  limit. For any g G Tp, {3 < a, and any finite 

X  C (OJ -  rang) we construct a particular f  — f (g ,X )  by recursion as follows. 

Fix an increasing sequence {on ) ^ 0 such that ao = /3 and sup{an  I ”  £ N }  = <*■ 

Let fo = g G Taa and X Q = X  Q a> ~ r a n / 0 . Having defined f n  G Ta v  and 

finite Xn  Cm — ran fn , we first take some finite X n + i 3  X n , X n +i Cm — ran f n 

(that is possible because the last set is infinite, by (ii)) and then select some 

fn+i € Ta „+ , such that / n + 1  2  f n  and X„+1 d  ra n fn + i =  0 (possible by (iv)). 

We let f  =  U ^ o /n -  Clearly f  : a  -* u>, f  is one-to-one (because all f n  are), 

ra n f  n  (UjXo-^n) =  0, so m -  ra n f  is infinite, and ran /  n X  =  0. Thus f 

satisfies (ii). For 0 < a ,  f l / 3  = f n \ 0  when 0  < a n , so (iii) is satisfied as well.

We put this /  = f (g ,X )  into Ta  for each g G \Jp< a Tp and each finite 

X  C OJ -  rang. Thus (iv) is satisfied. As IU^<a ^ |  <  Y j0 < a \Tp\ < No (by
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inductive assumption (i)) and the number of finite subsets of in is countable, the set Ta  is at most countable, and (i) is satisfied as well. □
More generally, a tree of height K (K an uncountable cardinal) is called an Aronszajn tree if all its levels have cardinality less than /-c and there are no branches of length K . The question of existence of such trees is very complicated and not yet fully resolved. It is easy to show that they always exist when K  is singular (Exercise 3.4). Of particular interest are uncountable cardinals for which an analogue of Konig’s Lemma holds, i.e., no Aronszajn trees of height K exist; such cardinals are said to have the tree property. It turns out that strongly inaccessible cardinals with the tree property are precisely the weakly compact cardinals defined in Section 2.

Exercises
3.1 Let [T, <) be a tree. Prove

(i) The root is the unique r G T  for which h(r) =  0. In particular, 
To # 0.

(ii) If a  ^  /3 then Ta nTp  = 0.

(iii) T ^ m ^ U ^ ) 1’-
(iv) i  e T  is a successor node if and only if there exists y e T  such that y < x and there is no z e T  for which y < z < x  holds. If x is 

a successor node then such y is unique; it is called the immediate predecessor of x, and x is called an immediate successor of y. (Each node has at most one immediate predecessor, but it may have many immediate successors.)
(v) If x < y then there is a unique z G T  such that x < z < y and z is an immediate successor of x.

(vi) h(T) = sup{a + 1 | Ta /  0} = sup{h(z) + 1 | i  € T}.
3.2 Prove:

(i) Every chain in T  is well-ordered.
(ii) If b is a branch in T, z g b, and y < x, then y G b.

(iii) If b is a branch in T, then |b 0 Ta \ = 1 for a  < ^b) and |b C Ta | = 0 for a > ^(b). Conclude that ^b) < h(T).
(iv) Show that h(T) = sup{T(b) | b is a branch in T}.
(v) Show that each Ta  (a < h{T)) is an antichain in T.

3.3 Let (T, <) be a tree of height « (K an infinite cardinal), all levels of which are finite. Prove that T  has a branch of length K.
[Hint: Let t/Q =  {x € Ta  | |{j/ € T | x < y}| = «}. Prove that (|(7a | | a  < «} C TV is bounded; let m  be its maximum (m > 1). Show that T  has exactly m  branches of length K.]

3.4 Construct an Aronszajn tree of height Nw . Generalize to an arbitrary singular cardinal K.



230 CHAPTER 12. COMBINATORIAL SET THEORY

4. Suslin’s Problem
We proved in Chapter 4, Theorem 5.7, that the real numbers, with their usual 
ordering, are the unique (up to isomorphism) complete linearly ordered set with­
out endpoints that has a countable dense subset. As an immediate consequence, 
every collection of mutually disjoint open intervals in (R, <) is at most count­
able (Theorem 3.2 in Chapter 10). Suslin asked in 1920 whether the ordering 
of real numbers is uniquely characterized by this weaker property.

4.1 Definition A Suslin line is a complete linearly ordered set without end­
points where every collection of mutually disjoint open intervals is at most 
countable, but where there is no countable dense subset.

The famous Suslin’s Hypothesis asserts that there are no Suslin lines. It is 
now known that Suslin’s Hypothesis can be neither proved nor refuted from the 
axioms of Zermelo-FYaenkel set theory with Choice. In this section we establish a 
relationship between Suslin lines and certain kinds of trees. In the next section 
we consider some additional axioms of combinatorial nature that lead to an 
answer to Suslin’s problem.

Theorem 3.5 makes it clear that trees of height wj with countable levels are 
not always “slim enough" to have a cofinal branch. However, we can impose a 
stronger condition: we can require that all antichains (not just the levels) be 
countable.

4.2 Definition A tree of height aq is called a Suslin tree if all its antichains 
are at most countable and there are no branches of length uq.

Clearly a Suslin tree is an Aronszajn tree, but the converse need not be 
true. As the name indicates, there is a close connection between Suslin trees 
and Suslin lines. It is this connection that we proceed to establish.

Let (S, <) be a Suslin line; we recall that every complete ordering is by 
definition dense. We construct a tree T  C N <U1 and its representation $ by 
open intervals in S  using transfinite recursion of length oq. More precisely, we 
construct the levels Ta  C N a  and mappings $ a  so that, for each a  < aq,

(*) ,
J  |Ta | < No, T<“+ 1 ) = U ^ a ^ jj  is a tree, and
) $(“+!) =  U^<Q. $£ is a representation of T(“+ 1 ) by intervals on (S, <).

We let To =  W , $(0) =  S- Assume Ta  C N a  has been constructed and 
satisfies (*). For each f  E Ta  and n € N  ~ {0} we put / n  =  /  U {(a,n)} 
into To -n- Let $ a (/) =  (a, b); using density of (5, <) we pick an increasing 
sequence a =  ai < az < as < • • • < b and let $ a + i ( /n ) = (an ,an+i) for 
n > 1. If ao = sup{an }“= 1  < b we also put fo = fU  {(a, 0)} into Ta + i and set 
$a+i(/o) =  («o,b). It is clear that the condition (*) holds for a  +  1.

Now let « < wi be a limit ordinal. We assume that Tp and ^p  satisfying (*) 
have been constructed for all 0 < a. It is then clear that T ^  = \Jp< a  ^0 is  a
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tree, |T ^ |  < No , and $<“) = U/j<a  ^0  is  a  representation of T ^  by intervals 
in S.

Let /  be a branch in T ^ \  we can think of it as an element of N a . Then 
& a \ f  \ 0) = (ap^p) is an interval in S  and 0 < y < a implies ap < a^ < 
b7  < bp- Put a = sup/ 3 < a a /j, b = inf p< a bp (here we use the completeness of 
5); clearly a < b. If in fact a < b, we put f  into Ta  and define $ a (/) = (a, 6). It is easy to verify that T ^ 1) = T ^  U Ta  is a tree and $<“+ 1 ) =  $(“) u ^ a 
is its representation (for example, if f ,g  G Ta  are incompatible, we consider 
the first 0 where f(0 ) ^  9(0)', we then have f  \ (/3 + 1) /  g f (/3 + 1), 
so $ ^ ( /  j {0 + 1)) D $ i“’(p f (/I + 1)) = 0 by inductive assumption, and 
so $ (/)  Cl $ (j) = 0). The set Ta  is at most countable, because otherwise 
{ ^ “^ J )  | f  € Ta } would be an uncountable collection of mutually disjoint 
intervals in S. Thus (*) is satisfied at stage a.

This completes the recursive construction. We let T  = U a <u  Ta  and $  = 
Ua<w ^ '  Clearly T is a tree and $  represents it by intervals in (5, <). We 
claim that T is a Suslin tree. It is clear that T  has no uncountable antichains: 
the image of any antichain in T  by the one-to-one function $  is a collection of 
mutually disjoint intervals in S  and so it is at most countable.

We next show that T  has no branches of length wi.

4.3 Claim Let (T,<) be a tree where each node has at least two immediate 
successors. I fT  has no uncountable antichains then T  has no branches of length 
> wi.

Proof. Let {xa  | a  < o ff be a chain in T, where x a  € Ta . The set of 
immediate successors of xQ has at least 2 elements, so let t/Q + i be an immediate 
successor of x a  different from xQ+i. Then {ya + i | a  < wj} is an antichain in 
T. □

It remains to show that T  has height Wi, i.e., that each Ta  /  0. We proceed 
by contradiction. Let a  < wj be the first ordinal for which T s  = 0; it is clear 
from the construction that a has to be a limit ordinal. Let C be the set of 
all endpoints of all intervals $(3), g G T ^ ;  then C is at most countable, and 
cannot be dense in S. In other words, there is an interval (c, d) disjoint with C. 
We use it to construct a branch in T ^ l  as follows: we let F(0) = 0 and note 
(c, d) Q S  = $(F(0)). Given F(a) G Ta  such that (c, d) 2  $(F(ay) = (a.b) 
and the sequence a = ai < a% < 03 < ■ ■ ■ < ao < b used to construct ^a+n we 
note that C n(c,d)  = 0  implies that there is a unique n e N  such that (c, d) C 
(an , an + i) (or (c, d) C (ao,b), in case n =  0); we let F (a +  1) =  F(a) U {(a,n)} 
for that n. At a limit, Hp< a  ^(F(0)) 2  (c, d) by the inductive assumption, so 
9 =  Uq<a F W  e  T a and £(5) 2  (c,d), and we let F(a) = g.

The resulting branch f  =  U a < a ^ ( a ) clearly again has Aa < s $ ( /  f a) 2 
(c, d), so /  G Ta according to the limit step of the recursive construction of Ta- 
Hence Ta 7̂  0, a contradiction.

The Suslin tree just constructed has two additional properties, both obvious
from the proof:
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(i) The set of all immediate successors of each node is countable.

(ii) If x ,y  G Ta  for limit a < h(T) and { z & T \ z < x }  = { z s T \ z <  y}, 
then x = y.

We call trees with properties (i) and (ii) regular.
The arguments just completed prove the following theorem.

4.4 Theorem  I f  a Suslin line exists then there exists a regular Suslin tree.

The theorem has a converse.

4.5 Theorem  I f  a regular Suslin tree exists then there is a Suslin line.

The existence of Suslin lines is thus equivalent to the existence of regular 
Suslin trees. It is in fact equivalent to the existence of Suslin trees, but we omit 
the unappealing proof of this fact. ■

Proof. Let (T, ^ ) be a regular Suslin tree; without loss of generality we 
can assume that T  C A"1 for some set A, and =$ is 2  (Exercise 4.3). For each 
f  e T  the set S f  of immediate successors of f  is countable, and we fix a dense 
linear ordering -</ of it, without endpoints. We note that the length of any 
branch b in T  must be a limit ordinal- (because each node in T  has successors) 
less than wi (because T  is Suslin). We let B  be the set of all branches of 
T, and order it “lexicographically.” More precisely, we view B as a subset of 
U{T“ | a  < wi, a limit} and for b,b' e B, b ^  b1, we put

b <b' ii and only if b f (a + 1) -<j(a  b' \ (a + 1)

where a is the least ordinal such that b(a) ^  b'(a). (We note that b C b1 or 
b' C b is impossible: branches are maximal chains.) Arguments similar to those 
used in the proof of Theorem 4.7 in Chapter 4 show that < is a linear ordering. 
If b <b' and a  is as above, there exist g G S ^ a  such that b f (a + 1) -<t|„ 9 ^6|a 
b' \ (a + 1) (by density of -^fa). Any branch b" D g then satisfies b < b" < b', 
so < is dense on B. Similar arguments show B  has no least or greatest element.

We claim that every system of mutually disjoint intervals in B  is at most 
countable. Assume to the contrary that {(6$, b() | i < wi} is a disjoint system. 
Let ai be the first ordinal where bi(ai) ^  b^ai) and let gi G Sb^a i be such that 
bi \ (ai + 1) gi b( \ (ai + 1). It is easy to check that {gt \ i < wi} is an 
antichain in T, a contradiction.

Finally, we show that B  does not have a countable dense subset. Let C = 
(b„ | n G N }  be one. Let a  = sup{f(bn ) | n G N }  be the supremum of the 
lengths of the branches in C; as |C| < Ro and each £(bn ) < wi, regularity of Wj 
implies a <a>i as well. But Ta  ^  0, so take some f  Z T a , two of its immediate 
successors, say / i  -if fa, and some branches b\ ~2 fa, bz 2̂. fa- We then have 
fa <bz, but the interval (bi,bz) is clearly disjoint with C.

In summary, (B, <) has all the properties of a Suslin line except complete­
ness. We let (B,<) be the Dedekind completion of (B,<) as constructed in
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Section 5 of Chapter 4. It is an easy exercise (Exercise 4.4) to verify that {B, <) 
is a Suslin line. □

Exercises
4.1 Let (5, <i) be a Suslin line, ({a}, <2) a one-element set with its unique 

ordering, and (R, <3) the real line. Show that the sum of the ordered 
sets (5, <1), ({a}, <2), and (H, <3) is a Suslin line.

4.2 Let (5, <) be a Suslin line; prove that |5| < 2N".
[Hint: Let T  and $ be as in the proof of Theorem 4.4; by letting a  = wj 
in the argument showing that T  has height uq we get a set C of [Cl = Hi 
which is dense in S. Show that each x £ S is a limit of a sequence of 
elements of C; then apply Exercise 3.1 in Chapter 9.]

4.3 Show that a tree has property (ii) from the definition of regularity if and 
only if it is isomorphic to a tree of transfinite sequences (as in Example 
3.2(c)).

4.4 Let (B, <) be a dense linear ordering without endpoints that has all the 
properties of a Suslin line, except completeness. Show that its Dedekind 
completion (B, <) is a Suslin line.
[Hint: If (B, <) had a countable dense subset, then it would be isomor­
phic to the real line. But every infinite subset of R  has a countable dense 
subset; so B would have a countable dense subset.]

4.5 A regular Suslin tree (T, <) is normal if for all a  < (3 < wi and all x  e Ta there exists y e Tp such that x < y. A Suslin line (L, <) is proper if no 
open interval in L has a countable dense subset. Show that a Suslin tree 
is normal if and only if the Suslin line constructed from it as in the proof 
of Theorem 4.5 is proper.

4.6 Prove: If a Suslin line exists, then a proper Suslin line exists.
[Hint: Define an equivalence relation on the Suslin line (L, <) by a: ~  y 
if and only if the interval with endpoints x, y contains a countable dense 
subset. Show that each [z] contains a countable dense subset. Let L = 
{[z] | x & L}; let [a:] ^  [y] if and only if z < y and show that (L, =̂ ) is a 
proper Suslin line.]

5. Com binatorial Principles
Suslin’s Hypothesis can be neither proved nor refuted from the axioms of ZFC. 
This was shown in the sixties by constructing models where the axioms of ZFC 
are satisfied and Suslin’s Hypothesis fails, as well as such models where it is true. 
The study of models of set theory requires familiarity with formal logic and is 
beyond the scope of this book, except for a brief introduction in Chapter 15. 
However, early in the development of the subject researchers isolated a number 
of general principles of combinatorial nature which hold in one or another model 
of ZFC and have, as a consequence, a definite answer to Suslin’s Problem, as 
well as to a number of other questions. If one is willing to accept such a principle 
as an additional axiom of set theory, one can then, by purely classical methods,
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without deep study of logic, prove from it results unavailable in ZFC alone. This 
has become the way to proceed in general topology and some parts of abstract 
algebra. We demonstrate this approach here by two examples, Jensen’s Principle 
Diamond and Martin’s Axiom. We want to stress that these axioms do not have 
the same epistemological status as the axioms of ZFC. At the present state of set 
theory there are no compelling reasons to believe that one or another of them 
is intuitively true. It is merely known that they do not lead to contradictions, 
assuming ZFC does not. Their significance lies in systematizing the morass of 
consistency results obtained by the technique of models.

The first combinatorial principle we consider is Jensen’s Principle O.

Principle O There exists a sequence (Wa  | a  < wi) such that, for each 
a  < ui, Wa  C P(a), Wa  is at most countable, and for any X C wj the set 
{a < Wi | X C a  6 Wa } is stationary.

Principle O is known to hold in the constructible model (see Chapter 15, 
Section 2). Here we prove two of its consequences; others can be found in the 
exercises.

5.1 Theorem I f  O holds, then 2N" = Nj.

Proof. If X C w C wj then S% = {a < u>i | X  n  a  e Wa } is stationary. 
For a e S x , oi > UJ this implies X  = X  H a & Wa . So P(w) C UQ<W1 ^«> but 
the cardinality of the last set is at most ^ O<W] No =  No ■ Ni = Nj. □

5.2 Theorem If O holds, then Suslin lines exist.

The key idea of the proof is as follows. As usual, we construct T  = UQ<U1 Ta 
by transfinite recursion. We want to make sure that T  has no uncountable 
antichains. As |T| = Hi, there are 2K1 > Ni subsets of T, hence more than Ni 
sets X  C T  which our construction has to prevent from becoming antichains. 
The crux of the matter is being able to take care of more than Ni sets in Ni 
steps. It is here that O is used. Roughly speaking, we proceed in such a way 
that those A € Wa  that are maximal antichains in the subtree T ^  constructed 
before stage a  can no longer grow — they remain maximal antichains for the 
rest of the construction of T. O implies that when X is a maximal antichain in 
T, then X  O T ^  is a maximal antichain in T ^  and X  nT^“) € Wa , for some 
a  < wi. As X  D T ^  subsequently does not grow, we must have X = X fl T l°) 
so in particular X is at most countable.

We now proceed with the details. One minor problem arises because O 
applies to subsets of u>i, while we plan to construct T as a subset of w<W1. The 
following lemma takes care of this.

5.3 Lemma O implies that there exists a sequence (Za  | a < wj) such that, 
for each a  < Wi, Za  C w< a , Za  is at most countable, and for any X  C w< u '1 
the set {a < Wi | X Oco< a  € Za } is stationary.
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Proof. We note that |w< W l| = | Ua<W1 w “ l = £ O<W1 2N" =  Ni because 
2N° = Ni by Theorem 5.1. Let F be a one-to-one mapping of w<W1 onto wp We 
claim that Sp =  {a < wi | sup F[w< a ] = a} is closed unbounded.

It is clear that 5p is closed. Given /3 < wj we define recursively: QQ = 0, 
a n +i =  supF[w< a "], and set a  = sup{an  | n < UJ}. It is clear that 0 < a < m 
and a E Sp.

We now set Za  = {F - 1 [A] Gw< o  | A G Wa } if a  G Sp, Za  = $ otherwise. 
Clearly Za  C w< a  and is at most countable. If X C o)<u’1 then F[X] C wi, so 
S =  {a < wi | F[X] G a  G Wa } is stationary. Then S O Sp is also stationary 
and a  G S Q Sp implies Za  9 F - 1 (F[X] G a] n  w<Q  = X n u>< a . □

Proof of Theorem 5.2. We construct a particularly nice Suslin tree.

5.4 Definition (see Exercise 4.5) A regular tree (T, <) is normal if for all 
a < 0 < h(T) and all x  G Ta , there exists y &Tg such that x < y.

We construct Ta  by transfinite recursion, so that |Ta | < No and y i ^ 1) = 
U ^ a  ^a is  normal, for all a  < ar- We put To = {0} C w°. Given Ta  C u a  such 
that |Ta | < No and T*a + 1 > is normal, we let ^a+i = { /U {(a,n)}  | /  G Ta , n G 
iv} and note that ITa+iJ < No and T (“ + 2 > is normal.

Now let. a  be a limit ordinal. By the inductive assumption, all Tg, 0  < a, 
and hence also T ^  = U^<a ^>  a r e  normal, and |T (“^ < "Z^g^a 1^1 < No .

Let {Gn | n G TV} be the at most countable collection of those elements of 
Za  which happen to be maximal antichains in T ^ .

5.5 Claim For each f  G T ^  there is a branch b of length a such that f  C b 
and for each n G N , there is some g & Cn  such that b D g.

Proof. We fix an increasing sequence of ordinals (an  | n G w) such that 
cio =  dom / and supn 6 w  a n  =  a. We construct b by recursion.

Let 6Q = f .  Given bn  with domtn  > a n , there is some g e  Cn  comparable 
with bn ', otherwise, Cn  U {&n } would be an antichain in T ^ , contradicting the 
maximality of Cn . If a n +i < dom5 we let 6n +i = g; otherwise we take some 
bn + i G Ta „+l such that bn + i ^  gUbn (it exists by normality of T ^ ) .  Letting 
b =  [Jn6w bn  we have dom b = sup{an  \ n & u} = a, and the other properties of 
b required by the Claim are clearly satisfied. □

Returning to the proof of Theorem 5.2, for each f  G T ^  we choose one 
branch bf as in Claim 5.5, and we let Ta  = {bf | f  G T^“'}. It is clear that 
T(“+ 1 ) is a normal tree and |T^a + 1 i| < NQ. The key observation is: each Cn remains a maximal antichain in T ^+ b. This is so because each 6 G TQ is 
comparable with some g G Cn  (in fact, g C 6).

This completes the recursive construction. We let T  = U a< U 1  T* and note 
that T is a normal tree of height Ui. In view of Claim 4.3, it remains to show 
that T  has no antichains of cardinality Ni, Let X  be such an antichain; we can 
assume X  is maximal.
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5.6 Claim S x  = {a < wx \ X Q T ^  is a maximal antichain in T ^ } is closed 
unbounded.

Proof. Let fi < Wx be arbitrary. We construct a sequence {an  | n € w) by 
recursion: ao =  (3. Given an , the set T ^ '^  is at most countable, and for every 
f  G T ^ 1̂  there is some gf G X  comparable with f  (otherwise, X  would not be 
a maximal antichain). We let a„+ i = sup({(dompy) + 1 | /  G T ^ 'l }  u  {an }). 
If a  = sup{an  | n £  w} we have (3 < a < wx and each f  G T ^  is comparable 
with some element of X  n  T ^ ,  so X  A T^a l is a maximal antichain in T ^ h 
This shows Sx  is unbounded. It is easy to see that Sx  is closed. □

We now complete the proof of Theorem 5.2. Lemma 5.3 provides a G Sx , a 
limit, such that X  Cw< a  G Za . So X  C T ^  is a maximal antichain in T ^  and 
belongs to Za . By our construction and the key observation, X  r \ T ^  remains 
a maximal antichain in T<“+1). But then it remains a maximal antichain in T! 
Indeed, if f  G T  -  T ^ 11' then f  \ a  G T ^ 11' and hence f  ~O f  \ a  ^  g for 
some g G X  O T ^ ,  i.e., f  is comparable with some g G X  O T ^ .  It follows 
that X  = X nT<“\  and in particular, |X| < |T<“>| < No - □

The second combinatorial principle we study in this section has nonexistence 
of Suslin lines as one of its many consequences. Before stating it we need to 
introduce some terminology.

5.7 Definition Let (P, <) be an ordered set. We say that a set G C P  is cofinal 
in P  if for every p G P  there is q G C such that p < q. A set D C P is directed 
if for all dx,d? G D there is d G D such that di < d, d2 < d. A set A C P  is a 
lower set if a G A, p G P, p < a implies p G A. Let C be a collection of cofinal 
subsets of P. A set G C P  is called C-generic if G is a directed lower set and 
G A G ^  0 for each C G C.

5.8 Exam ple Let (T, <) be a tree. D C T is directed if and only if D is a 
chain. Assume T  is normal. Then T(a) = Ua < /3 ^  — {y ^ T  \ there exists x G 
Ta  such that i  < 1/} is cofinal in T, for each a < h (T ).A  set G C T  is C-generic 
for C = {T(a) | a  < h(T)} if and only if G is a branch of length h(T) in T.

The following easy theorem is a fundamental fact about generic sets.

5.9 Theorem LetC be a collection of cofinal subsets of P with \C\ < No . Then 
for every p G P there exists a C-generic set G such that p G G.

Proof. Let C = {Gn  | n e A}. We construct a sequence (pn  | n G IV) 
recursively. We let po = p; given pn , we let pn +i =  9 f°r some q G Cn  such that 
Pn ^  q- Finally we let G =  {r G P | r < pn  for some n G N }. This makes G a 
lower set and G is clearly directed and C-generic. □

As an application we prove a special case (for R) of the Baire Category
Theorem.
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5.10 Corollary The intersection of any at most countable collection of open 
dense sets in R  is dense.

Proof. Let O be an at most countable collection of open dense sets in 
R. Let {a, b) be an open interval. We consider the set P  of all closed intervals 
[a,/3] C (a, 6), a, 0 e R, a < 0, and order P  by reverse inclusion 3. If O C R 
is open dense, we let Co = {{a,p] e P \ [a, /?] C O}; it is easy to verify that Co 
is cofinal in P. We let C = {Co | O e O}\ by Theorem 5.9, there is a C-generic 
set G. In particular, G is directed by 3. It follows that G is a collection of 
nonempty closed and bounded intervals with the finite intersection property. 
By Theorem 3.4 in Chapter 10, QG /  0. Clearly, any r  € QG belongs to 
( a .^ n Q G . □

The interesting question is whether C-generic sets exist for uncountable C. 
The next example shows they do not, in general.

5.11 Example Let T  = cuf", ordered by C as usual. So T  is the tree of all 
finite sequences of countable ordinals. For each a < wi we let Ca  = { f  € T  | 
a  e ran /} . Ca  is cofinal in T-. if f  & T, dom f  = n, then g = f  U {(n, a)} e Ca and f  Q g. Let G be C-generic for C = {Ca  | a  < wi}. G is a collection of finite 
sequences and, being directed, any two finite sequences in G are compatible. 
Therefore f  = |JG  is a function from a subset of w into wi. As | ranF| < No, 
there exists 7 e wi — ran F, but this contradicts C7  n  G ^  0.

As in our study of trees, we have to restrict ourselves to sufficiently “slim” 
ordered sets to have a hope of positive results.

5.12 Definition Let {P, <) be an ordered set. We say that p,q & P  are com­
patible if there is r e P  such that p < r, q < r; otherwise they are incompatible. 
An antichain in P  is a subset A C P  such that p,q e A, p ^  q implies p and q 
are incompatible.

We note that when (P, <) is a tree, p,q e P  are compatible if and only if 
they are comparable, and so our definition of antichains agrees with the previous 
one for trees.

An ordered set {P, <) satisfies the countable antichain condition if every 
antichain in P  is at most countable.

Let K be an infinite cardinal. We can now state Martin’s Axiom for «.

M artin’s Axiom MA« If {P, <) is an ordered set satisfying the countable 
antichain condition, then, for every collection C of cofinal subsets of P  with 
\C\ < K, there exists a C-generic set.

We note that MAN0 is true by Theorem 5.9, so MA^ is the first interesting 
case. We prove two of its consequences here, and consider some further examples 
in the exercises.
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5.13 Theorem MAK implies that the intersection of any collection O of open 
dense sets in R  of \O\ < K  is dense.

Proof. Exactly the same as the proof of Corollary 5.10, with the reference 
to Theorem 5.9 replaced by a reference to MAK. P  satisfies the countable 
antichain condition on account of Theorem 3.2 in Chapter 10. □

5.14 Corollary MAK implies 2^" > K .

Proof. For each x & R , Ox  = R  — {x} is open dense. If 2Kn < K  then 
O = {Ox  | r  6 fl} is a collection of open dense sets in f l  with |O| < K , but 
Q O =  0 is not dense in R. □

In particular, MAH, implies 2l<“ > Hi, the negation of the Continuum Hy­
pothesis.

5.15 Theorem MA ,̂ implies that there are no Suslin lines.

Proof. Let T  be a regular Suslin tree of height wi- We let f  =  {t e T | { re 
T  11 < r]  is uncountable}. It is clear that T is a subtree of T  and T  satisfies the 
condition from Definition 5.4 (although T  need not be regular, even if T  is!); in 
particular, |T[ =  Hi. For each a  < uq, T(a) = {y e T  \ x < y  for some x  GTa } 
is cofinal in T. Let G be C-generic for C = {T{a) | a < u>i}.’ Then G is a 
cofinal branch through T, hence through T, contradicting the assumption that 
T  is Suslin. □

Martin’s Axiom (MA) is the statement that MAK holds for all infinite K  < 
2W”. If 2K" = Hi, then K  <  2H“ implies « = Ro and MA holds. However, it is 
consistent to have MA and 2K<> > Hi. Thus MA can be regarded as a general­
ization of the Continuum Hypothesis. From Theorem 5.13 we see immediately 
that, if MA holds, then the intersection of any collection O of open dense sub­
sets of R  of |O| < 2N° is dense. MA also implies that the union of less than 2N“ 
sets of Lebesgue measure 0 has measure 0, the Lebesgue measure is w-additive 
for all K  < 2K" (not just countably additive), and many other results about 7?, 
topological spaces, and sets in general.

Exercises
5.1 Show that O is equivalent to the statement: There exists a sequence 

{W^ | a  < wi) such that, for each a  < Ui, W^ C a “ , W^ is at most 
countable, and for any f  : wi —> OJI the set {a < oq | /  [ a  e W'a } is 
stationary.

5.2 Assuming O show that there is a Suslin tree (T, <) such that the only 
automorphism of (T, <) is the identity mapping (a rigid Suslin tree).
[Hint: Imitate the proof of Theorem 5.2; at limit stages a  make sure 
that no automorphism h of T ^  such that h e  Za  can be extended to an 
automorphism of r ( a + 1 >.]
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5.3 Assuming O show that there are 2H1 mutually non-isomorphic normal 
Suslin trees.

5.4 Assuming O show that there exist 2R1 stationary subsets of wj such that 
the intersection of any two of them is at most countable.
[Hint: Consider Sx  = {a < wj | X n a  € Wa } for all X  C aq.]

5.5 Show that MAK is equivalent to the statement: If (F, <) is an ordered 
set satisfying the countable antichain condition, then for every collection 
C of maximal antichains with |C| < K there exists a directed set G such 
that, for every C e C, there exist c € G and a 6 G so that c < a.

5.6 Show that there exist 2Ko subsets of w such that the intersection of any 
two of them is finite.
[Hint: For f  € {0,1}“ let Af = { f  \ n | n € w} G w< w . Of course 
P < w l = M J

5.7 Assuming 2N° =  Nj show that there exist 2H1 subsets of oq such that the 
intersection of any two of them is at most countable.





C hapter 13

Large Cardinals

1. The M easure Problem
Theorem 2.14 in Chapter 8 shows that there exists no a-additive translation 
invariant measure p on the a-algebra of all subsets of R  such that p{[a, b]) = b-a 
for every interval [a, b] in R. This raises the question whether there exists any 
a-additive measure on P(R), or for that matter on P{S) for any infinite set 
S. Of course, the counting measure, which allows the value pfS) =  oo, is a 
trivial example, so we formulate the problem differently. We allow a measure to 
have only finite values, and we further require (without loss of generality) that 
^  = 1.

1.1 D efin ition  Let S  be a nonempty set. A {nontrivial probabilistic a-additive^ 
measure on S is a function p : P{S) —> [0,1] such that
(a) /z (0 )= O ,M(S) = l. '
(b) If X C y , then M(X) < ^ Y ) .
(c) If X and Y  are disjoint, then ^(X U y )  = ^(X) + p.{Y).
(d) p{{a}~) = 0 for every a e S.
(e) If {Xn }“  0 is a collection of mutually disjoint subsets of S, then

OO oo
^ U X " )  =  E ^ ) - 

n = 0  n= 0

A consequence of (d) and (e) is that every at most countable subset of S 
has measure 0. Hence if there is a measure on 5, then S  is uncountable. It is 
clear that whether there exists a measure on S  depends only on the cardinality 
of S ‘. If S  carries a measure and |S'| = |S| then S' also carries a measure. In 
Section 2 of Chapter 11 we constructed a nontrivial finitely additive measure on 
N ,  a function that satisfies (a)-(d) in Definition 1.1. The measure problem is 
the question whether there exists such a function on some S  that is a-additive. 
The measure problem is related to the question whether the Lebesgue measure 
can be extended to all sets of reals. Precisely: Does there exist a a-additive

241
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measure p : P (R) —> [0, oo) U {oo} such that for every Lebesgue measurable set 
X , p(X) is the Lebesgue measure of X . If there is such an extension p-of the 
Lebesgue measure then the restriction of p to P([0,1]) is a nontrivial measure 
on 5 = [0,1] (satisfying (a)-(e) in Definition 1.1). Conversely, it can be proved 
that if a nontrivial measure exists on a set S  of cardinality 2s " then the Lebesgue 
measure can be extended to a cr-additive measure p : P (R) —> [0, oo) U {oo}.

The measure problem, a natural question arising in abstract real analysis, is 
deeply related to the continuum problem, and surprisingly also to the subject we 
touched upon in Chapter 9 — inaccessible cardinals. This problem has become 
the starting point for investigation of large cardinals, a theory that we explore 
further in the next section.

1.2 Theorem If there is a measure on 2N°, then the Continuum Hypothesis 
fails.

Proof. Let us assume that 2N" = Ni and that there is a measure p  on the 
set 5  = wi, a function on P(S) satisfying (a)-(e) of Definition 1.1. Let I  denote 
the ideal of sets of measure 0:

. i  = {x  c s | p (x )  = o}.
This ideal has the following properties:

(1.3) For every x & S, {x} € I.
OO

(1.4) If X n  e  I  for all n & N , then [ J  X n  e I.
n = 0

There is no uncountable mutually disjoint collection S  C P^S)
such that X 0 Z for all X e S.

Property (1.4) is an immediate consequence of Definition 1.1(e). As for (1.5), 
suppose that S  is such a disjoint collection. For each n, let

sn = { * e S M * ) >  ^}-

Because p(S) =  1, each Sn  can only be finite, and because S  = U ^ o ^ n , $  is 
at most countable.

We now construct a “matrix” of subsets of S {Aa n  | a  € wi, n & u>).
For each £ < wj, there exists a function f^ on w such that £ C r&n f^. Let 

us choose one f^ for each (, and let

A a n  = {£ < wi | f^ n )  = a} (a < wi, n < w).

The matrix (Aa n ) has the following properties:

(1.6) For every n, if a  /  0, then A a n  Q Apn  =  0.
OO

(1.7) For every a, S -  | J  Aa n  is at most countable.
n —0



1. THE MEASURE PROBLEM 243

We have (1.6) because £ e Aa n OA^n  would mean that fa(n) = a and f((n) = 0. The set in (1.7) is at most countable because it is included in the set aU  {or}: If € 0 A a n  for all n, then a  ^ ran fa and so £ < a.
Let a  < wi be fixed. From (1.7) and (1.4) we conclude that not all the sets Aa n , n e w ,  are in the ideal I: wi is the union of the sets A a n  and an at most countable set, which belongs to I  by (1.3) and (1.4).
Thus for each a  < Wi there exists some na  e  N  such that Aa n ,t £  I. Because there are uncountably many a < Wi and only countably many n e N , there must exist some n such that the set { a \ n a  = n}  is uncountable. Let

& ” {Aa n  | Tia =  ^}-
This is an uncountable collection of subsets of S. By (1.6), the sets in S  are mutually disjoint, and A a n  $ I  for each A a n  € S- This contradicts (1.5).We have a contradiction and therefore the assumption that 2H" = Hi must be false. This proves the theorem. □

The proof of Theorem 1.2 can be slightly modified to obtain the following 
result.

1.8 Theorem  If there is a measure on a set S, then some cardinal K < |5| is weakly inaccessible.

1.9 Corollary If there is a measure on 2N", then 2N" > K for some weakly inaccessible cardinal K.

To prove Theorem 1.8 we follow closely the proof of Theorem 1.2. We assume that for some set S  there is a function /z : P(S) —> [0,1] that satisfies Definition1.1 . We have shown that then there exists an ideal I  on S  that satisfies (1.3), (1.4), and (1.5). Let

K =  the least cardinal such that for some S  of size K there exists an 
ideal I  on S with properties (1.3), (1.4), and (1.5) and

(1.11) I  is an ideal an S  = n with properties (1.3), (1.4), and (1.5).
(Of course, if such an ideal exists on some S of size K, then there is one on 

K.)

1.12 Lemma For every X < K, if {X V }V < X are such that X v  e I  for all r) < X, 
then (JT/<A Xn ^  I*

Proof. Otherwise, there exists some A < x and {X,},<A such that X v  e I for each r) but U^<A ^ V ^ I- We may assume that the X v  are mutually disjoint, because we can replace each X v  by X^ = X v  -  U { ^  I " < ^L and U ^ A ^ V - 
U r/<A Xn- Let

J  = {Y  c  x | J  x v  e i}.
neY
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We verify that J  is a ideal on A (e.g., A ^  J  because U ^ eA ^  & Z). For each 
^ G X, {ri} € J  because X v  e I; thus J  satisfies (1.3). Similarly, one verifies 
that J  satisfies (1.4) and (1.5) as well. [For (1.5) we use the assumption that 
the X v  are mutually disjoint.]

Thus J  is an ideal on A < K with properties (1.3), (1.4), and (1.5), contrary 
to the assumption (1.10). □

1.13 Corollary I f  X  C K and |X| < K, then X  G I.

1.14 Corollary K is an uncountable regular cardinal.

Proof. K  is uncountable because every at most countable subset of K 
belongs to I. And K is regular, because otherwise K  would be the union of less 
than K  sets of size < K , and therefore would belong to the ideal, a contradiction.

■ □

We can now finish the proof of Theorem 1.8.

1.15 Theorem  K, is weakly inaccessible.

Proof. In view of Corollary 1.14 it suffices to prove that K is a limit 
cardinal. Let us therefore assume that K is a successor cardinal, K  = R^+i.

For each £ < « we choose a function fa on wv  such that £ C ran fa and let

A ^  = U  < « | faW  =  a} (« < w^+i, h < Wp).

As in the proof of Theorem 1.2, one shows that the matrix {Aa v } has the
following properties:

(1.16) For every r), if a ^  0, then A arj n  Agv  =  0.

(1.17) For every a, \K  -  ( J  Aa n | < Nv .
. 7?<CUV

Still following the proof of Theorem 1.2, but using Lemma 1.12 in place of (1.4), 
we show that for each a  < ^ + 1  there exists some T] < wv  such that A a n  0 I. 
And the same argument as before produces a collection S, of size N„+ i (therefore 
uncountable), of mutually disjoint sets ^ I. This contradicts the property (1.5), 
and therefore K  cannot be a successor cardinal. □

A measure /» is two-valued if it takes only two values, 0 and 1. We return 
to two-valued measures in the next section, as a starting point for the theory of 
large cardinals.

1.18 Definition Let p be a measure on S. A set A C 5  is an atom if p(A) > 0 
and if for every X  G A, either /s(X) = 0 or p(A — X ) = 0. The measure p is 
atomless if there exist no atoms.
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We conclude this section with the proof of the following dichotomy due to Stanislaw Ulam.

1.19 T heorem  I f  there exists a measure then either there exists a two-valued measure or there exists a measure on 2H".

1.20  L em m a Let n be an atomless measure on S.
(a) For every e > 0 and every X  C S  with p fX } > 0 there is a Y  G X  such that 0 < g fY f < e.
(b) For every X  G S  there is a Y  G X  such that n(Y ) = ^ p f X f

Proof.
(a) Let XQ = X , and for each n, we find an Xn +i G X n  such that 0 < fi(X n +i) < ^p,(Xn ). This is possible because Xn  is not an atom and therefore there is an X  C X n  such that p fX )  > 0 and p fX n  — X) > 0. As /z(Xn ) =  p (^ )  + p (X n  -  X ), it follows that either Xn + i =  X  or Xn +i = X n  -  X  has the desired property. Clearly, 0 < n (X n ') < -^ /jfX )  for every n, and part (a) follows.

(b) Let X  C 5  be such that lu(X) = m  > 0. By transfinite recursion on a  < wi we construct a disjoint family of subsets Ya  of X  as follows: Let Vo C X be such that 0 < g(Yo) < m/2; if /z(U^< a  T/j) < m/2, we choose Ya  C X  -  \Jg< a Y0  such that 0 < fi(Ya ) < ^  -  ^ \ J 0 <O.Y0 ). It follows from (1.5) that there exists an a  at which the construction stops, i.e., M(Uf l< J /3 )  =  m/2.

Proof of Theorem 1.19. Assume that there exists a measure /z on a set S. If there exists an atom A G S, we define a two-valued measure v  on A  as follows: i /X )  =  n (X )/n {A )  for all X  G A.
If y, is atomless, we define a family {X s | s € Seq} of subsets of S  indexed by finite 0-1 sequences s € Seq = U”= o ( ^ H n - The sets X 3 are defined by recursion on the length of s: For the empty sequence 0, let X® =  S. Given X j, we let X 3-o and ^ - i  be subsets of X 3 such that X r l  =  X 3 — X3- 0 and M(^3~O) =  ^(^s~ i) =  j / 1^ ) '  Thus /z(X3 ) =  l /2 n  where n  is the length of s.Furthermore, for each f  e  {0,1}“ , we let X f  =  n ^ o X / t n . Note that if f  ^  g then Xy n  X s  = 0, and that y fX f)  = 0 for each f .
Now we define a measure ^ on the set {0,1}“ as follows:

^ Z )  = f i ( \ J { X f \ f e Z } )  ( Z C { 0 , i r ) .

As /a, is a measure, it is easily verified that v  has properties (a), (b), (c) and (e) of Definition 1.1. Property (d) follows from the fact that fA X f)  = 0 for each / e ( o , i } “ . □
Thus if there exists a measure then either there exists one on 2N" in which case 2H” > K for some weakly inaccessible cardinal «, or else there exists a two-valued measure, an alternative that we investigate in the next section.
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2. Large Cardinals
In the preceding section we proved that if there exists a nontrivial cr-additive 
measure, then there exists a weakly inaccessible cardinal. This result is just one 
example of a vast body of results, known as the theory of large cardinals. In 
this section we give some more examples of large cardinal results and introduce 
the most studied prototype of large cardinals — measurable cardinals.

2.1 Lemina I f  p is a two-valued'measure on S, then

U = { X C S \  p(X) =  1}

is a nonprincipal ultrafilter on S, and
oo

(2.2) if {Xn }“  0 is such that X n  e U for each n, then A  X n  € U. 
■ 71=0

Proof. An easy verification. U is nonprincipal because p is nontrivial, and 
satisfies (2.2) because p is cr-additive. □

Property (2.2) is called u-completeness. The converse of Lemma 2.1 is also 
true: if 17 is a cr-complete nonprincipal ultrafilter on S, then the function p : 
P{S) ~* {0,1} defined by

[0 ifX ^ C /

is a two-valued measure on S.
Thus the problem whether two-valued measures exist is equivalent to the 

problem of existence of nonprincipal cr-complete ultrafilters. We now investigate 
this question.

First we generalize the definition of cr-completeness.

2.3 D efinition Let K be an uncountable cardinal. A filter F  on 5 is ^.-complete 
if for every cardinal A < K, if X a  € F for all a < A, then f | a< A  X a  € F.

An ideal I  on S is K-complete if for every cardinal A < K, if X a  € I  for all 
a  < A, then U«<A X& ^  /•

A filter is K-complete if and only if its dual ideal is K-complete. An Ri­
complete filter is also called a-complete or countably complete-, it means that 
D^Lo ^n  ^ F whenever all X n  € F. Similarly for ideals.

2.4 Lemma I f  there exists a nonprincipal a-complete ultrafilter then there ex­
ists an uncountable cardinal K, and a nonprincipal K-complete ultrafilter on K.

Proof. Let K be the least cardinal such that there exists a nonprincipal cr- 
complete ultrafilter on K, and let U be such an ultrafilter. We wish to show that 
U is /t-complete (note that because U is cr-complete, K must be uncountable).
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Let I  be the ideal dual to U: I  = P(n) — U. I  is a nonprincipal a-complete prime ideal on ft; we show that I  is re-complete. If not, then there exists A < re and {X,},<A such that X^ € I  for each r) but Un <^ X v  ^ I. We may assume that the X v  are mutually disjoint. Let

J  = {K C A | J  X „ € /} . 
ner

J  is a c-complete prime ideal on A; it is nonprincipal because X^ e I  for each 77 e A. The dual of J  is a nonprincipal <T-complete ultrafilter on A.But A < /t and that contradicts the assumption that re is the least cardinal on which there is a nonprincipal cr-complete ultrafilter. Thus U is re-complete.
□

2.5 Definition A measurable cardinal is an uncountable cardinal re on which there exists a nonprincipal re-complete ultrafilter.
The discussion leading to Definition 2.5 shows that measurable cardinals are related to the measure problem investigated in Section 1. The existence of a measurable cardinal is equivalent to the existence of a nontrivial two-valued cr-additive measure.
We devote the rest of this section to measurable cardinals.

2.6 Theorem Every measurable cardinal is strongly inaccessible.
Proof. We recall that a cardinal is strongly inaccessible if it is regular, uncountable, and strong limit. Let re be a measurable cardinal, and let (7 be a nonprincipal re-complete ultrafilter on re.
Let I  be the prime ideal dual to the ultrafilter U. Every singleton belongs to I, and by re-completeness, every X C re of cardinality < re belongs to I. If re were singular, the set re would also have to belong to I, by re-completeness. Hence re is regular.
Now let us assume that re is not strong limit. Therefore, there is A < re such that 2A > re, so there is a set S C {0,1}A of cardinality re. On S  there is also a nonprincipal re-complete ultrafilter, say V. For each a  < A, exactly one of the two sets

(2.7) { / e S | / ( a )  =  0} and { f e S \ f ( a )  = l}
belongs to V; let us call that set X a . Thus for each a  < A we have X a  e V, and by re-completeness, X  =  Qa< A  Xa is also in V. But there is at most one function f  in S that belongs to all the X a : the value of /  at a  is determined by the choice of one of the sets in (2.7). Hence |X| < 1, a contradiction since V  is nonprincipal. Hence re is a strong limit cardinal, and therefore strongly inaccessible. □

One can prove more than just inaccessibility of measurable cardinals. We give several examples of properties of measurable cardinals that can be obtained by elementary methods.
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Let us recall (Section 3 in Chapter 12) that an uncountable cardinal x has 
the tree property if there exists no Aronszajn tree of height x. The following 
theorem shows that every measurable cardinal has the tree property.

2.8 Theorem Let K be a measurable cardinal. I f T  is a tree of height x such 
that each node has less than K immediate successors, then T  has a branch of 
length K.

Proof. For each a < K, let Ta  be the set of all s G T of height a. Since x 
is a strongly inaccessible cardinal, it follows, by induction on a, that |TO | < x 
for all a < K. Hence |T| < x, and therefore \T\ = K. Let [7 be a nonprincipal 
K-complete ultrafilter on T .

We find a branch of length x as follows. By induction on a  we show that for 
each a  there exists a unique sa  G Ta  such that

(2.9) (t 6 T  | s„ < t} e 1/

and that sa  < sp when a  < 0. First, let so be the root of T. Given sa , 
and assuming (2,9), we note that the set {t € T  | sa  < t} is the disjoint 
union of {sa } and the sets {t G T  | u < t} where u ranges over all immediate 
successors of sa . Since LI is a x-complete ultrafilter and sa  has fewer than x 
immediate successors, there is a unique immediate successor u = SQ + I such that 
{t G T | sa +i <. t} E U.

When T; is a limit ordinal less than x and {S a ja^ , sa  G Ta , are such that 
sa  < sp if a < 0, and all the sa  satisfy (2.9), then we have

(2.10) S  = Q  {t G T | sa  < t} G LI,
a<v

because U is x-complete. The set S^ = {s G Tv  | s < t for some t G 5} is 
nonempty and of size less than x; it follows that there is a unique s G S^ 
for which {t G T  | s < t} G U, and we let s^ be this s. It is clear that 
b = {sa  | a  < x} is a branch in T, of length x. □

In Section 2 of Chapter 12 we introduced weakly compact cardinals. We state 
without proof the following equivalence that gives another characterization of 
weakly compact cardinals.

2.11 Theorem The following are equivalent, for every uncountable cardinal K: 
(a) x -» (x)^.
(b) K —» (x)J for all positive integers r and s.
(c) K is strongly inaccessible and has the tree property.

Since measurable cardinals are strongly inaccessible and have the tree prop­
erty, it follows that every measurable cardinal is weakly compact. This can also 
be proved directly, by showing x —» (x)^. We conclude this introduction to large 
cardinals by presenting the proof of the special case for r  =  s =  2.
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2.12 Theorem If K is a measurable cardinal, then every partition of [K]2 into two sets has a homogeneous set of cardinality K.

Proof. Let {Pi, P2} be a partition of [K]2 . TO find a homogeneous set, let [7 be a nonprincipal K-complete ultrafilter on K.
For each a  G K, let

S'* =  {£ G » | /3 ^  a  and {a, fl} € Pi},
Sa = {P & K ' \ P ^ a  and {a, fl} € P2}.

Exactly one of S^, S 2 belongs to U. Let
Zr = {o | S* G U}, Z2 = {a | S2 G U}.

Since Zj U Z2 =  «, either Z; or Z2 is in U. Let us assume that Z^ e U and let us find H C K of cardinality K such that [H]2 C P^
We construct H = {a^ | f  < K} by recursion. At step 7, we have constructed an increasing sequence

(a? I € < 7)
of elements of Zi such that for each ^ < p < 7,
(2.13) ^ G F ^ .
Because S ^  G U for all £ < 7, the set

^i n p s^
is in U (by ^-completeness) and therefore contains some a  greater than all a j , £ < 7. Let a 7  be the least such a. Then (2.13) holds for all f  < p < 7 + 1.Let H  = {of | £ < «}. If f  < p, then a 7 G S^( and so {0^,0^} G Pi- [H]2 £ Pl and therefore H  is homogeneous for the partition. □

Exercises
A strongly inaccessible cardinal « is a Mahlo cardinal if the set of all regular cardinals < K is stationary.

2.1 If K is Mahlo, then the set of all strongly inaccessible cardinals < K is stationary. [Hint: The set of all strong limit a  < K is closed unbounded.]
Let K be a measurable cardinal. A nonprincipal K-complete ultrafilter U on K is normal if every regressive function f  with dom /  G 17 is constant on some set A & U.
In Exercises 2.2-2.5, let 17 be a nonprincipal K-complete ultrafilter on K. For f  and 5 in K*, let

/  = 5 if {a < K | f(a ) = g{a}} G U.
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2.2 =  is an equivalence relation on KK .

Let W  be the set of all equivalence classes of =  on K*; let [/] denote the 
equivalence class of f .  Let

[/] < bl if {a < « | /(a )  < g(a)} € U.

2.3 < is a linear ordering of W.
2.4 < is a well-ordering of W. [Hint: Otherwise, there is a sequence (fn  | 

n G N }  such that [/n ] > [/n + i]. Let Xn  =  { a | f ^ a )  > / n + 1 (a)} and 
let X  =  n ^ o  ^n- If a  6 X, then f ^ a )  > 71(a) > • • •, a contradiction.]

2.5 Let h : K —» K be the least function (in (W, <)) with the property that 
for all 7 < « , { « < «  I h(a) > 7} e U. Let V  =  {X C K | h '^ X ]  € U}. 
Show that V is a normal ultrafilter.

Thus for every measurable cardinal K, there exists a normal ultrafilter on K. 
In Exercises 2.6-2.9, 17 is a normal ultrafilter on n.

2.6 Every set X 6 17 is stationary. [Hint: Use Exercise 3.9 in Chapter 11 and 
the definition of normality.]

2.7 Let A < K be a regular cardinal and let EA = {a < K | cf(a) = A}. 
The set Ex is not in U. [Hint: Assume that Ex € U. For each a G Ex, 
let {xa  ̂ | ^ < A} be an increasing sequence with limit a. For each 
£ < A there is y^ and A^ G U such that x a  ̂ = y  ̂ for all a G A^. Let 
A = n ?<A  A^. Then A G U, but A contains only one element, namely 
sup{t/^ | f  < A}; a contradiction.]

2.8 The set of all regular cardinals < K is in U. [Hint: Otherwise, the 
set S =  {a < K | cf(a) < a} is in U, and because cf is a regressive 
function on S, there exists A < « such that {a < K | cf(a) = A} e 17; a 
contradiction.]

2.9 Every measurable cardinal is a Mahlo cardinal. [Hint: Exercises 2.6 and 
2.8.]



Chapter 14

The Axiom of Foundation

1. W ell-Founded Relations
The notion of a well-ordering is one of the key concepts of set theory. It emerged in Chapter 3, when we introduced natural numbers; the fact that the natural numbers are well-ordered by size is essentially equivalent to the Induction Prin­ciple. We studied well-orderings in full generality in Chapter 6, and we saw many applications of them in subsequent chapters. It is thus of great interest to consider whether the concept allows further useful generalizations. It turns out that, for many purposes, the “ordering” stipulation is unimportant; it is the “well-" part, i.e., the requirement that every nonempty subset has a minimal element, that is crucial. This leads to the basic definition of this section.

1.1 Definition Let 7? be a binary relation in X, and let X C A. We say that a g X is an R-minimal element of X if there is no a: g X such that xRa. R is well-founded on A if every nonempty subset of A has an R-minimal element. The set { i g A | xRa} is called the R-extension of a in A and is denoted extn(a). Thus a is an R-minimal element of X if and only if extft(a) n  X = 0.

1.2 Example
(a) The empty relation R = 0 is well-founded on any A, empty or not.
(b) Any well-ordering of A is well-founded on A. In particular, g a  is well- founded on a, for any ordinal number a.
(c) Let A = P(w); then g^ is well-founded on A.
(d) 64 is well-founded on A if A =  Vn  (n g  N )  or A = K, (see Exercise 3.3 in Chapter 6).
(e) If (T, <) is a tree (Chapter 12, Section 3) then < is well-founded on T.

The next two lemmas list some simple properties of well-founded relations.
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1.3 Lemma Let R be a well-founded relation on A.
(a) R  is antireflexive in A, i.e., aRa is false, for all a E A.
(b) R is asymmetric in A, i.e., aRb implies that bRa does not hold.
(c) There is no finite sequence (ao,ai,... ,an ) such that ajRao, a2Rai, .. .  , 

a^ROn— 1, OoRa-ri.
(d) There is no infinite sequence (at [ i E N ) of elements of A such that 

ai+iRai holds for all i € N .

Proof.
(a) If aRa then X  = {a} A 0 does not have an J?-minimal element.
(b) If aRb and bRa then X  = {a, b} =̂ ^ does not have an Ji-minimal element.
(c) Otherwise, X  = {ao,.. .  ,an } has no J?-minimal element.
(d) X = {o, | i  € N } would have no Ji-minimal element if (d) failed.

■ □

1.4 Lemma* Let R  be a binary relation in A such that there is no infinite 
sequence (ai \ i E N ) of elements of A for which al+ 1 Rai holds for all i E N . 
Then R is well-founded on A.

This is a converse to Lemma 1.3(d). In this chapter we do not assume the 
Axiom of Choice. The few results where it is needed are marked by an asterisk. 
Under the assumption of the Axiom of Choice, a relation R  is well-founded if 
and only if there is no infinite “Ji-decreasing" sequence of elements of A.

Proof. If R  is not well-founded on A, then A has a nonempty subset X  with 
the property that, for every a E X , there is some b £ X  such that bRa holds. 
Choose ao € X . Then choose a  ̂ E X  such that a^Rao- Given (ao,. . .  ,aff, 
choose Oj+ i E X so that ai+ iRai. The resulting sequence (a; | i  € N )  satisfies 
a,i+iRai for all i E N . □

The importance of well-founded relations rests on the fact that, like well­
orderings, they allow proofs by induction and constructions of functions by 
recursion.

1.5 The Induction Principle Let P  be some property. Assume that R is 
a well-founded relation on A and, for all x E A,

(*) ifP fy ) holds for all y E extn(x), then P(r). •

Then P(r) holds for all x E A.

Proof. Otherwise, X  = {x E A \ P (r) does not hold} /  0. Let a be 
an J?-minimal element of X . Then P(a) fails, but P(p) holds for all yRa, 
contradicting (*). □
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1.6 The Recursion Theorem  Let G be an operation. Assume that R is a well-founded relation on A. Then there is a unique function f  on A such that, 
for all x € A,

f M  = G U  r extH (x)).

The proof of Theorem 1.6 uses ideas similar to those employed to prove other Recursion Theorems, such as the original one in Section 3 of Chapter 3, and Theorem 4.5 in Chapter 6. It is convenient to state some definitions and prove a simple lemma first.

1.7 Definition A set B C A is R-transitive in A if ext/? (2:) C B holds for all x & B. In other words, B  is R-transitive if it has the property that x & B  and yRx  imply y & B.

It is clear that the union and the intersection of any collection of R-transitive subsets of A  is R-transitive.

1.8 Lemma For every C C A  there is a smallest R-transitive B C A such that C C B .

Proof. Let BQ = C, Bn + i = {y € A \ yRx holds for some x  e B n }, 
B = U^Lo-®"- It I® c le a r  that B is R-transitive and C C B .  Moreover, for any R-transitive B 1, if C C B' then each Bn  C B', by induction, and hence B C B '. □

Proof of the Recursion Theorem. Let T  = {p | p is a function, dom p is R-transitive in A, and g(x) = G(g f extn(a:)) holds for all x e domp}.
We first show that T is a compatible system of functions.
Consider pi,p2 £ T  and assume that X  = {x & dompi Cl domp2 | J i( i)  / 32(1)} ^  0- Let a be an R-minimal element of X . Then yRa implies y G dom g\, y e domp2, and pi(p) =  g^y). Hence pi(a) = pi f extf i (a) = p2 f extf l (a) = P2(a), a contradiction with a & X .
We now let f  = [J T. Clearly /  is a function, dom f  = U{domp | p € T} is R-transitive, and, if T G dom f , then x  e domp for some g & T, g C f ,  so f (x )  = g(x) = G(g [ ex t^z)) = G (f \ extR (x)).
It remains to prove that dom f  = A. If not, there is an R-minimal element a of A — dom /. Then extjj(a) C dom /  and D = dom /  U {a} is R-transitive. We define g by

g ^ - f i x )  for 2: 6 dom/;
g(a) = G (f  f extf l (a)).

Clearly g &T, so g C f  and a 6 dom /, a contradiction.
Uniqueness of /  follows by the same argument that was used to prove that T is a compatible system. □
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In Chapter 6 we used transfinite induction and recursion to show that every 

well-ordering is isomorphic to a unique ordinal number (ordered by G). In the 
rest of this section we generalize this important result to well-founded relations.

We recall Definition 2.1 in Chapter 6: a set T  is transitive if every element 
of T is a subset of T.

1.9 Definition A transitive set T  is well-founded if and only if the relation Gr 
is well-founded on T, i.e. for every X  C T, X  ^  0, there is a G X such that 

« n x  = 0.

Ordinal numbers, P(w), Vn  (n G N }, and Vu  are examples of transitive 
well-founded sets (Exercise 1.2). The next theorem contains the main idea.

1.10 Theorem Let R be a well-founded relation on A. There is a unique func­

tion f  on A such that

f M  = {f(y) \ y &A and yRx} =  /[ex t^z)]

holds for all x G'A. The set T  = ran f  is transitive and well-founded.

Proof. The existence and uniqueness of f  follow immediately from the 

Recursion Theorem; it suffices to take

f ran 2 if z is a function;
G(z) = C  , 

10 otherwise.

T  =  ran /  is transitive. This is easy: if t G T  then t = f(x )  for some x € A, 

so s Gt = {f(y) | yRx} implies s = f(y) for some y G A, so s G T.
T  is well-founded. If not, there is S  C T, S  ^  0, with the property that 

for every t G S  there is s € S  such that s & t. Let B  = /" '[S ]; B /  9 

because f  maps onto T. If x  € B  then f(x )  & S  so there is s G S such that 

s g f(x ) = {f(y) | yRx). Hence s = f(y} for some yRx, and y G / - 1 [S] = B. 
We have shown that for every x G B  there is some y £ B  such that yRx, a 

contradiction with well-foundedness of R. □

The mapping f  is in general not one-to-one. For example, f(x )  = 0 whenever 

a: is an R-minimal element of A (i.e., extn(z) =  0). Similarly, f^x) = {0} 
whenever all elements of extn(x) /  0 are R-minimal, and so on.

1.11 Definition R  is extensional on A if x ^  y implies extn(z) /  extR(y), for 
all x ,y  G A. Put differently, R  is extensional on A  if it has the property that, if 

for all z G A, zRx  if and only if zRy, then x  = y. ■

1.12 Theorem The function f  from Theorem 1.10 is one-to-one if and only if 
R is extensional on A. I f  it is one-to-one, it is an isomorphism between (A, R) 

and (T, Gr).
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Proof. Assume that R  is extensional on A but f  is not one-to-one. Then X  = {x E A \ there exists y e A, y ^  x, such that f(x ) = f^y)} /  0. Let a be an R-minimal element of X  and let b ^  a be such that f(a) = f(b). By extensionality of R, there exists c e A such that either cRa but not cRb, or cRh but not cRa. We consider only the first case; the second case is similar. From cRa it follows that f(c) e f(a) = f(b). As f(b) = {/(z) | zRb}, there exists some dRb for which f(c) = f^ d f  We have c ^  d because cRb fails. But this means that c e  X, contradicting the choice of a as an R-minimal element of X.
Assume that R  is not extensional on A. Then there exist a,b e A, a /  b, for which extR(a) = extfl(b). We then have f(a) = /(ext^(a)] = /[extR(b)] = f(b) showing that f  is not one-to-one.
Finally we show that f  one-to-one implies f  is an isomorphism. Of course aRb implies f(a) G f(b), by definition of f .  Conversely, if f{a) € fib) then /(a ) =  f(x )  for some xRb. As f  is one-to-one, we have a =  a:, so aRb. □

The corollary of Theorems 1.10 and 1.12 asserting that every extensional well-founded relation 7? on A is isomorphic to the membership relation on a uniquely determined transitive well-founded set T  is known as Mostowski’s Col­lapsing Lemma. It shows how to define a unique representative for each class of mutually isomorphic extensional well-founded relations, and thus generalizes Theorem 3.1 in Chapter 6 (see Exercise 1.5).

Exercises

1.1 Given (A, R) and X C A, say that a € X is an R-least element of X if a is an .R-minimal element of X and aRb holds for all b e X, b ^  a. Show: if every nonempty subset of A has an R-least element then (A, R) is a well-ordering.
1.2 Prove that €4 is well-founded on A when A = P(w), A — Vn  for n e N , and A = Vu .
1.3 Let (A, R) be well-founded. Show that there is a unique function p, defined on A and with ordinal numbers as values, such that for all x & A, p(x) = sup{p(y) + 1 | yRx}. p^x) is called the rank of x in (A, R).1.4 (a) Let A = a, R  =€«, where a  is an ordinal number. Prove that p(x) = x  for all 1 € A.

(b) Let A = Vu , R  =€4. Prove that p(x) = the least n such that x  e Vn+i, he., Vn  =  { r e  Vu  | p(x) < n}.
1.5 Let (A, R) be a well-ordering and let /  : A —> T be the function from Theorem 1.10. Prove that T = a  is an ordinal number and f  = p is an isomorphism of (A, R) onto (a, Ga ).
1.6 (a) Let A be a transitive well-founded set and let R  =€4. If f  : A —» T is the function from Theorem 1.10 then T = A and f(x )  = x for all x e A.

(b) If A and B  are transitive well-founded sets and A ^  B then (A, €4) and (B, eB) are not isomorphic.
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2. W ell-Founded  Sets

In our discussion of Russell’s paradox in Section 1 of Chapter 1 we touched upon 
the question whether a set can be an element of itself. We left it unanswered 
and, in fact, an answer was never needed: all results we proved until now hold, 
whether or not such sets exist. Nevertheless, the question is philosophically 
interesting, and important for more advanced study of set theory. We now have 
the technical tools needed to examine it in some detail.

We start with a simple, but basic, observation.

2.1 Lemma For any set X  there exists a smallest transitive set containing X 
as a subset; it is called the transitive closure of X  and is denoted TC(X).

Proof. We let Xo =  X , X n+ 1 = {JXn  = {y | y G x  for some x € X n } 
and TC(X) = |J{X n  | n G IV}. It is clear that X C TC(X) and TC(X) is 
transitive.

It T  is any transitive set such that X C T, we see by induction that Xn  C T 
for all n € N ,  and hence TC(X) C T . □

2.2 Lemma y G TC(X) if and only if there is a finite sequence (xo ,x i,... ,x n ) 
such that x 0 = X , x-i+ i G Xi for i = 0 ,1 ,... , n — 1, and xn  = y.

Proof. Assume y e TC(X) = UXo ^n  a nd Proceed by induction. If 
2/ G Xo it suffices to take the sequence (X, y). H y e  X n + \ we have y e x e X n 
for some x. By inductive assumption, there is a sequence (XQ, - ■ ■ ,x n ) where 
XQ = X , Xi+i e Xi for i = 0 ,... ,n  — 1, and x n  = x. We let r n +i = y and 
consider (xo,... >xn ,x n + i).

Conversely, given (zo, • • • ,x n ) where XQ = X  and Xj+i € X; for i = 0 ,1 ,... , 
n — 1, it is easy to see, by induction, that x t e X i C TC(X), for all i < n. □

2.3 Definition A set X is called well-founded if TC(X) is a transitive well- 
founded set.

For transitive sets, this definition agrees with Definition 1.9 because TC(X) = 
X when X is transitive. The significance of well-foundedness is revealed by the 
following theorem.

2.4 Theorem
(a) I f  X  is well-founded then there is no sequence {Xn  | n G N ) such that 

Xo = X and X n + i G Xn  for all n e N .
(b)* If there is no sequence (Xn  | n G N } such that Xo = X  and Xn + i G Xn 

for all n e N  then X  is well-founded.

In particular, a well-founded set X cannot be an element of itself (let X n  = X 
for all n) and one cannot have X  e Y  and K G X for any Y  (consider the 
sequence (X, Y, X ,Y ,  X ,Y ,  . . . ,  )) or any other “circular” situation.
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Proof.
(a) Assume X  is well-founded and (Xn  | n G N )  satisfies Xo =  X , Xn +i G X n 

for all n G N . We have Xo = X C TC(X) and, by induction, X n  G TC(X) 
for all n > 1. The set {Xn  | n > 1} C TC(X) does not have an G-minimal 
element, contradicting well-foundedness of TC(X).

(b) Assume X  is not well-founded, so TC(X) is not a transitive well-founded 
set as defined in 1.9. This means that there exists Y  C TC(X), Y  ^ '0 , 
with the property that for every y e Y  there is z G Y such that z e y. 
Choose some y G Y . By Lemma 2.2 there is a finite sequence (Xo, • • • , Xn ) 
such that Xo = X , X i + i G X, for i = 0 ,... , n — 1, and Xn  = y. W extend 
it to an infinite sequence by recursion, using the Axiom of Choice. Choose 
Xn + i to be some z e Y  such that z e y = X n  (so Xn + 1  G Xn  A Y). Given 
X n + k € Y choose Xn + fc+ i G X n + k A Y similarly. The resulting sequence 
(Xn  | n G N )  is as required by the Theorem.

□

It is time to reconsider our intuitive understanding of sets. We recall Cantor’s 
original description: a set is a collection into a whole of definite, distinct objects 
of our intuition or our thought. It seems reasonable to interpret this as meaning 
that the objects have to exist (in our mind) before they can be collected into 
a set. Let us accept this position (it is not the only possible one, as we see 
in Section 3), and recall that sets are the only objects we are interested in. 
Suppose we want to form a set “for the first time.” That means that there are 
as yet no suitable objects (sets) in our mind, and so the only collection we can 
form is the empty set 0. But now we have something! 0 is now a definite object 
in our mind, so we can collect the set {0}. At this stage there are two objects 
in our mind, 0 and {0}, and we can collect various sets of these. In fact, there 
are four: 0, {0}, {{0}}, and {0, {0}}- Next we form sets made of these four 
objects (there are eight of them), and so on. Below, we describe this procedure 
rigorously, and show that one obtains by it precisely all the well-founded sets.

2.5 Definition (The cumulative hierarchy of well-founded sets.)

Vo =0;
Va+i = P(Va ) for all a;

Va  = ( J  V/3 for all limit a  ^  0.
0 < a

We note that ^  = {0}, V2 = {0, {0}}, V3 = {0, {0}, {{0}}, {0, {0}}} and Vn 
for n < w have been defined in Exercise 3.3 in Chapter 6, and some of their 
properties stated in Exercises 3.4 and 3.5 in Chapter 6 (see also Exercises 1.2 
and 1.4(b) in this chapter).
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2.6 Lemma
(a) If x e Va  and y & x  then y G V0  for some ft < a.
(b) I f 0 < a  then V0  C Va .
(c) For all a, Va  is transitive and well-founded.

Proof.
(a) We proceed by transfinite induction on a. The statement is clear when 

a  =  0 or a  ^  0 limit. If i  e Va +i then x C Va , so y e x  implies y G Va 
and we let 0 = a.

(b) Again we use transfinite induction on a. Only the successor stage is non­
trivial. We show that Va  C Va + 1 . By (a), i f i €  Va  then x  C J )3 < a  V0 . By 
inductive assumption, J ^ ^  V0  C V a . We conclude that x C V a  and hence 
x  G Va + i. It follows that V0  C V a C. Va + \ holds for all 0 < a.

(c) Combining (a) and (b) gives that x e Va  implies x  C U ^ ^  £  ^ i 
showing that Va  is transitive.
We next show that each Va  is well-founded. Let Y  QV a , Y  /  0. Let 0 be 
the least ordinal for which YC V 0 ^ ^ \  clearly 0 < a. Take any x  e Y  QV0 \ 
by Lemma 2.6(a), y e x  implies y € V7  for some 7 < 0, hence y £ Y. 
This shows that a: is an ^-minimal element of Y . As Va  is transitive, it is 
well-founded.

□

2.7 Theorem A set X  is well-founded if and only if X  & Va  for some ordinal 
a.

Proof. 1) Assume that X  is well-founded. It is easy to check that TC(X)U 
{X } = TC({XJ) is a transitive well-founded set. Let Y  = {x e TC({X}) | x € 
Va  for some a}; it suffices to prove that Y  = TC({X}). If not, there is an 
6-minimal element a of TC({X}) — Y. For each y & a -we then have y ^  Y; 
let f(y )  be the least a  such that y & Va . The Axiom Schema of Replacement 
guarantees that /  is a well-defined function on a. We let 7 =  sup/(a). Then 
y €  ^ftv) -  ^7 bolds for each y e a, so a C V7 and a € V7+1, contradicting 
a ^ Y .

2) If X 6 Va , we have X C V„ by transitivity of Va , so also TC(X) C Va . 
Any Y  C TC(X), T  7̂  0, has an G-minimal element, because VQ is transitive 
and well-founded. We conclude that TC(X) is well-founded, and, by definition, 
so is X. □

Earlier we proposed an intuitive understanding of the word “collection" that 
assumes that the objects being collected exist “previously.” There is thus a 
process of collecting more and more complicated sets stage by stage, described 
rigorously by the cumulative hierarchy Va , and yielding all well-founded sets. On 
the other hand, a set which is not well-founded does not fit this understanding, 
because the existence of a sequence (Xn  | n G N )  where Xo 3 Xi 9 X2 9 ■ • ■ 
implies an infinite regress in time. These considerations suggest that, from our 
present position, only well-founded sets are “true” sets. The reasonableness of
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this attitude can be further confirmed by observing that all axioms of set theory we have considered (so far) remain true if the word “set” is replaced everywhere by the words “well-founded set.” We illustrate this by a few examples, and leave the rest of the axioms as an exercise.

2.8 Example
(a) The Axiom of Extensionality. All elements of a well-founded set are well- founded (X  G Va  implies X  C Va ). Therefore, if well-founded sets X and Y  have the same well-founded elements then X  —Y.
(b) The Axiom of Powerset. The powerset P(S) of a well-founded set S is well-founded. (If S  e Va  then S  C Va , so P(S) C P(Va ) = Va + 1  and P{S} G Va + 2 is well-founded.) Thus for any well-founded set S  there is a well-founded set P  ( =  P(S)) such that for any well-founded X , X  G P  if 

and only if X  C S.
(c) The Axiom Schema of Comprehension. Let P (r) be any property of x (in which the word “set” has been everywhere replaced by “well-founded set”). If A is well-founded, { i G A | P (j)} C A is also well-founded.

These and similar arguments can be converted into a rigorous proof of the fact that all the axioms of set theory we have adopted so far are consistent with the assumption that only well-founded sets exist. Doing so requires a rigorous formal analysis of what is meant by a property, a subject of mathematical logic that we cannot pursue here. Nevertheless, this fact, the sharpened intuitive understanding of the way sets can be collected in stages that we described above, and an observation that all particular sets needed in mathematics are well-founded (see Exercise 2.3), make most set theorists include the statement that all sets are well-founded among their axioms for set theory.

The Axiom of Foundation (Also called the Axiom of Regularity.) All sets are well-founded.

It should be stressed that, whether or not one accepts the Axiom of Founda­tion, makes no difference as far as the development of ordinary mathematics in set theory is concerned. Natural numbers, integers, real numbers and functions on them, and even cardinal and ordinal numbers have been defined, and their properties proved in this book, without any use of the Axiom of Foundation. As far as they are concerned, it does not make any difference whether or not there exist any non-well-founded sets. However, the Axiom of Foundation is very useful in investigations of models of set theory (see Chapter 15).

Exercises
2.1 For any set X , TC({X}) is the smallest transitive set containing X  as an element.
2.2 (a) Va  G Va+i — Vw

(b) /3 < a  implies Vp C Va .
(c) a € Va+ 1  -  Va  for all ordinals a.
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2.3 Assume that X  and Y  are well-founded sets. Prove that {X, Y}, (X, Y), 
X  U Y , X n Y ,  X  - Y ,  X  x Y , X Y , (JX , domX, and ranX  are well- 
founded. Prove that N , Z, Q, and R  are well-founded sets.

2.4 Show that the Axioms of Existence, Pair, Union, Infinity, and Choice, 
as well as the Axiom Schema of Replacement, remain true if the word 
“set” is replaced everywhere by the words “well-founded set.” [Hint: Use 
Exercise 2.3.]

2.5 An Induction Principle. Let P  be some property. Assume that, for all 
well-founded sets x,

(*) if P(y) holds for all y € x, then P(x).

Conclude that P (T ) holds for all well-founded x. ■
2.6 A Recursion Theorem. Let G be an operation. There is a unique opera­

tion F  such that F(x) = G(F \ x) for all well-founded x, F^x) =  0 for 
all non-well-founded x.

2.7 Use Exercise 2.6 to show that there is a unique operation p (rank) such 
that p(x) = sup{p(y) + 1 | y € i}  for well-founded x, p(x) = {{0}} 
otherwise? Prove that Va  = { i | p(x) e a} holds for all ordinals a.

2.8 The Axiom of Foundation can be used to give a rigorous definition of or­
der types of linear orderings (Chapter 4, Section 4). If 21 = (A, <) is a lin­
ear ordering, let a  be the least ordinal number such that there is a linear 
ordering 21' = (A', <') isomorphic to 21, and of rank p(2l') = a. (Cf. Exer­
cise 2.7.) We define r(2l) =  {21' | 21' is isomorphic to 21 and p(2l') = a}. 
This is a set because T(21) C Va + 1 . Prove that 21 is isomorphic to 
93 = (B ,^ )  if and only if r(2l) = r(Q3). Isomorphism types of arbi­
trary structures can be defined in the same way.

3. Non-Well-Founded Sets

For reasons discussed in the previous section, most set theorists accept the Ax­
iom of Foundation as part of their axiomatic system for set theory. Nevertheless, 
alternatives allowing non-well-founded sets are logically consistent, have a cer­
tain intuitive appeal, and lately have found some applications. We discuss two 
such “anti-foundation” axioms in this section.

An alternative intuitive view of sets is that the objects of which a set is 
composed have to be definite and distinct when the set is “finished,” but not 
necessarily beforehand. They may be formed as part of the same process that 
leads to the collection of the set. A priori, this does not exclude the possibility 
that a set could become one of its own elements, perhaps even its only element.

How could such sets be obtained? It turns out that natural generalizations 
of results in Sections 1 and 2, in particular of Theorems 1.10 and 1.12, lead to 
non-well-founded Sets. It is convenient to restate these results using some new 
terminology.
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3.1 D efin ition  A graph is a structure (A, R) where A is a binary relation in A. A pointed graph is (A,R,p) where (A,R) is a graph and p e A ^  9- A decoration of (A, R) or (A, R,p) is a function /  with dom /  = A such that, for all x e  A,
f &  = {f(y) | yRx}.

If /  is a decoration of a pointed graph {A,R,p), the set f(p) is its value. ■
In this terminology, Theorems 1.10 and 1.12 imply, respectively: 
Every well-founded graph has a unique decoration. .Every well-founded extensional graph has an injective (one-to-one) decora­tion.
Moreover, a set is well-founded if and only if it is the value of a decoration of some well-founded graph.
To prove this last remark, note that, if (A, R,p) is a well-founded graph and f  a decoration, f(p) e ra n /  = T  where T  is transitive and well-founded by Theorem 1.10, so f(p) C T  is well-founded. Conversely, given a well-founded set X , let A = TC({X}), R =&A , P ~ X , and f  = Id^. It is easy to verify that (A, R,p) is a well-founded extensional pointed graph, /  is an injective decoration of it, and f(p) = X  (see Exercise 2.1).
Let us now consider decorations of non-well-founded graphs. In the picture of (A,R ,p), elements of A are represented by dots, aRb is depicted as an arrow from b to a, and the “point” p is circled.

3.2  E xam ple
(a) See Figure 1(a). Let A =  {a} be a singleton, R = {(a, a)}, and p = a. Let S  be the value of some decoration /  of (A, R,p). Then S  = {S}.(b) See Figure 1(b). Let A =  {a, b} where a ^  b, R  = {(a, b), (b, a)}, and p = a. If T  is the value of some decoration of (A, R,p) then T  = {{T}}.(c) For a more complicated example of a non-well-founded set, and a hint of possible applications, we consider a task that arises in the study of program­ming languages. One has a set D of “data” and a set P of “programs.” A program x e P  accepts data as “inputs” and returns data as “outputs”; mathematically, it is just a function from D to D. This is straightforward when D n P  = ft, but interesting complications arise when programs accept other programs (or even themselves) as input, a situation quite common in programming.

As a simple specific example, we let P = {x}, D = {0, TT}, and we stipulate that the program TT accepts any input from D and returns it as output, without any modification; i.e., TT(0) = 0, 7r(7r) = x. We then have TT = {(0,0), (TT, TT)} = {{{0}}, {{TT}}}. Such a set can be obtained as the value of any decoration of the graph depicted in Figure 1(c).
These examples show that we obtain non-well-founded sets if we postulate that (at least some) non-well-founded graphs have decorations. But first there is an interesting question to consider: what is the meaning of equality for non­well-founded sets? The Axiom of Extensionality, a sine qua non of set theory,
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(c )

Figure 1

tells us that, for any sets X  and Y , in order to show X = Y it suffices to 
establish that X  and Y  have the same elements. For well-founded sets this is 
an intuitively effective procedure, because the elements of X  and Y  have been 
formed “previously.” But if, for example, X  =  {X} and Y  =  {Y}, trying to 
use Extensionality to decide whether X  = Y  begs the question. Some stronger 
principle (compatible with the Axiom of Extensionality, of course) is needed to 
make the determination. The axiom we consider below implies existence of many 
non-well-founded sets, as well as a principle for deciding their equality. It is a 
natural generalization of Theorem 1.10, obtained by dropping the assumption 
that R  is well-founded.

3.3 The Axiom of Anti-Foundation Every graph has a unique decoration.

It is known that this axiom is consistent with Zermelo-Fraenkel set theory
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(without the Axiom of Foundation).

3 .4  D efin ition  A set X  is reflexive if X = {X}.

3 .5  T heorem  The Axiom of Anti-Foundation implies that there exists a unique reflexive set.

Proof. Let (A, B,p) be the pointed graph from Example 3.2(a). By the Axiom of Anti-Foundation it has a decoration f', X  = f(p) is a reflexive set. If Y  is also a reflexive set, we define p on A by g(a) = Y . It is clear that g is also a decoration. By uniqueness, f  = g and hence X  = Y . □
Next we develop a general criterion for determining whether two decorations have the same value. It involves an important notion of bisimulation, which originated in the study of ways how one (infinite) process can imitate another.

3.6  D efin ition  Let (A i,B i) and ( 4 2 ,^ )  be graphs. For B  C Ai x A2 we define B + C Ai. x Aj by: (01,02) € B + if for every i i  € e x t^ a y )  there exists x 2 e  6x1/2^02)1 and for every i 2 6 extR2 (a2) there exists i i  e  e x t e r n ) ,  so that (11,12) € B.
We say that B is a bisimulation between (Ay, Bi) and (A 2 ,R 2 ) if B + C B.

3.7 L em m a

(i) I f B G C Q A l x A 2 then B +  G C + .

(ii) 0 is a bisimulation.

(Hi) The union of any collection of bisimulations is a bisimulation.

Proof. (i) and (ii) are obvious.
(iii) If B =  (Jig/ Bi and Bi G B*  for all i e I, then B ^  C B + for all i e I by (i), so B =  U i e i Bi C (J i e /  B+ C B + . □
It follows immediately that, for any given (A i,B i), (A2.Bg), there exists a largest bisimulation

B  = \J { B  C Ai x A2 | B is a bisimulation}.

The next lemma connects this concept with decorations.

3.8 L em m a Let f i ,  f 2 be decorations o f(A i ,R i) ,  (A2 ,R 2 ), respectively. Set B  = {(<11,02) e Ai x A2 | /i(o i)  =  h f e ) } .  Then B  is a bisimulation.
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Proof. We prove tha t B  = B + . We have

(a i,a 2 ) G B if and only if / i ( a i )  =  f 2(0.2)
if and only if for every aq e extf l l (ai), f i ( x i )  € f i ^ ) 

and vice versa
if and only if for every mi e e x t ^ a i )  there exists i 2 6 extR2 (a2 ) 

such that f i ( x f )  =  / 2 (a:2 ) and vice versa
if and only if for every aq e e x t ^ a i )  there exists z 2 e  extR2 (a2 ) 

such that (aq.aq) 6 B  and vice versa
if and only if (a i,a 2 ) € B + .

3.9 D efinition Pointed graphs (A , B l,P i) and (A2,R2,P2) are bisimulation 
equivalent if there is a bisimulation B between ( A , #1) and (A2 , B2 ) such that 
(p i,p 2) 6 B. (Equivalently, if (p i,p2 ) 6 B.)

The next theorem provides the promised criterion for equality.

3.10 Theorem  Let f \  be a decoration of (A i, R i,p f)  and let f2 be a decoration 
of ( Az, R ^ p i) .  The Axiom of Anti-Foundation implies that f i  and f2 have the 
same value i f  and only i f  (A i, R i , pf) and (A2, R2,P2) are bisimulation equiva­
lent.

3.11 Corollary Assuming the Axiom of Anti-Foundation, X  = Y  if and only 
i f  the pointed graphs (T C ({X }),e,X ) and (TC({y}), e ,V ) are bisimulation 
equivalent.

Before proving Theorem 3.10 we need a technical lemma.

3.12 Lemma
fa) For i = 1,2 let f t  be a decoration of (Ai, R i,pi). Let Ai be the smallest 

Ri-transitive subset of Ai such that pi e Ai- Let Ri = Ri O (Ai x Ai) and 
f i  = f i  \ Ai. Then f i  is a decoration of (A i t  Ri,Pi).

(b) Let B  be a bisimulation between (A i,R i,p i)  and (A2,R2,P2)- Then B  = 
B n ( A ix A )  is a bisimulation^between (A I ,R I ) and (A2, Ra)- If(Pi,P2) G 
B then dom B =  Ai and r&nB = X2 .

Proof. We recall from the proof of Lemma 1.8 that Ai =  U ^ o  »̂>n where 
Ci,o =  {pi}, C*,n +i =  {1/ G A  | yRiX holds for some x_€ Ci,n } =  U fe^ftA 1 ) I 
x  G C^n }. In particular, extn ; (a:) = ext^-(a:) for x  6 Ai. It follows immediately 
that f i  is a decoration and B is a bisimulation. The last statement implies that 
domB is an Bi-transitive subset of Ai, hence also an Bi-transitive subset of A . 
If (Pi>P2) G B  then pi € domB, and we conclude tha t Ai C domB. Similarly, 
A2 C ranB . □
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Proof of Theorem 3.10. Assume that fi(p i)  = fifpaY  Then B  =  { (a i,a 2 ) e 
Ai x A2 | fi(a i)  =  A(a2)} is a bisimulation by Lemma 3.8, and (pi,p2 ) € B. Hence (A i,2?i,pi) and (A2t R2,Pz) are bisimulation equivalent.

Conversely, let B be a bisimulation satisfying (pi,P2) € B. From Lemma 3.12 we obtain a bisimulation B  between (Ai, Ri) and (A2 , R2), and decorations f l  and f2- We now define a graph (A, R) as follows:

A = B — {(01,02) | oi E Ai, o2 6 A2 , (01,02) E B};
R  =  {((61,62), (a i ,a 2 )) e A x A | (61,01) e Bi and (62 ,o 2 ) € H2 ).

We define functions Fj and F2 on A by:

B i((a i,a 2 )) = A(oi) 
A ((» I , OJ)) = 72(02).

We note that F i( (a i,a 2 ))_= f i(a i)  =  {7i(6i) | &iBiai} =  z{Fi((6i, 62 )) | 
biR ia i, b2R2<̂ 2i (61,62 ) € B} = {FI ((6I , 62 )) | (61,62 )B (a i, a2)}, so Fi is a dec­oration on (A ,R), Similarly, F2 is a decoration on (A,H). The Axiom of Anti­
Foundation implies Fi =  F2, so in particular f i(p i)  = 7i(Pi) =  F i((p i,p 2 )) = F2 ((pi,P2)) = ?2(P2) = 72(P2). □

Other “anti-foundation” axioms have been considered. For example, one can generalize Theorem 1.12 and obtain the following.

3.13  T he A xiom  o f U n iversa lity  Every extensional graph has an injective 
decoration.

The Axiom of Universality is also consistent, but it is incompatible with the Axiom of Anti-Foundation: as the next theorem shows, it provides many more non-well-founded sets.

3 ,14  T heorem  The Axiom of Universality implies that there exist collections 
of reflexive sets of arbitrary cardinality.

Proof. Let A be any set, and let R  =  {(a, a) | a e A} be the identity 
relation on A. If a ^  6 then ext/j(a) =  {a} 0  {6} =  extn(6), so (A, R) is 
extensional. If 7 is some injective decoration of (A, 7t) then / (a )  =  {7(a)} holds for each a € A, and a ^  b implies f(a ) /  f(b), by injectivity of f .  Hence 
{ /(a ) | a € A} is a collection of reflexive sets of the same cardinality as A. □

Stronger results along these lines can be found in the exercises.

Exercises
3.1 Construct pointed graphs whose value S  has the property

(a) 5 =  {0,5};
( b ) 5 = ( 0 ,5 ) ;
(c) 5  = 7VU{5}.
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3.2 Show that B + = B  holds for the largest bisimulation B.
3.3 For given graphs (A^Bx), (A a ,^ ), (As.Uj) show

(i) Idytj is a bisimulation between (Ax,Bi) and (Ax,Bi).
(ii) If B is a bisimulation between (A i,Ei) and (A2,B2) then B - 1  is a 

bisimulation between ^ . R j )  and (Ax,Bi).
(iii) If B is a bisimulation between (Ax, Bx) and (A2, B2), and C between 

(A2,R2 ) and (A3, #3), then CoB is a bisimulation between (Ax,Bx) 
and (A3 ,B3).

Conclude that the notion of bisimulation equivalence is reflexive, sym­
metric, and transitive.

3.4 Show that any two of the following pointed graphs are bisimulation equiv­
alent:

(i) Example 3.2(a);
(ii) Example 3.2(b);

(iii) (N , {(n + l,n ) | n  € N},0);
(iv) (IV, ^,0).

3.5 Let (A, B) be a graph. Define by transfinite recursion:

■ Wo = 0;
Wa + i = {a € A | extR (a) C WQ};

WQ = U  Wp for limit a  /  0.
0 < a

Show that there exists A such that W\ =  W\+ x. Prove that (W\, Bn W^) 
is well-founded. We call W\ the well-founded part of (A,B).

3.6 If W  is the well-founded part of (A,B) and / i , /2  are decorations of 
(A,B) then f 1 \W  = f 2 \W .

3.7 Let (A,R,p) be an extensional pointed graph, W  its well-founded part, 
and p ^  W. Assuming the Axiom of Universality, show that there are 
sets of arbitrarily large cardinality, all elements of which are values of 
this graph.
[Hint: Take the union of an arbitrary collection of disjoint copies of 
(A,B); identify their well-founded parts, show that the resulting struc­
ture is extensional, and consider its injective decoration.]
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The Axiom atic Set Theory

1. The Zermelo-Fraenkel Set Theory
W ith  Choice

In the course of the previous fourteen chapters we introduced axioms which, taken together, constitute the Zermelo-Fraenkel set theory with Choice (ZFC). For the reader’s convenience, we list all of them here.

The Axiom of Existence There exists a set which has no elements.

The Axiom of Extensionality If every element of X  is an element of Y  and every element of Y  is an element of X , then X  — Y.

The Axiom Schema of Comprehension Let P ( i)  be a property of a;. For any A, there is B such that a: g B if and only if x g A and P ( i)  holds.

The Axiom of Pair For any A and B, there is C such that x e C if and only if x = A or x = B.

The Axiom of Union For any S, there is U such that i  g U if and only if a: g A for some A & S.

The Axiom of Power Set For any S, there is P  such that X  € P if and only if X  C S.

The Axiom of Infinity An inductive set exists.

267
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The Axiom Schema of Replacement Let P ( i ,  y) be a property such that for 
every x  there is a unique y for which P(s, y) holds. For every /I there is B  such 
that for every x e A  there is y E B  for which P(x, y) holds.

The Axiom of Foundation All sets are well-founded.

The Axiom of Choice Every system of sets has a choice function.

(The reader might notice that some of the axioms are redundant. For ex­
ample, the Axiom of Existence and the Axiom of Pair can be proved from the 
rest.)

We have shown in this book that the well-known concepts of real analysis 
(real numbers and arithmetic operations on them, limits of sequences, contin­
uous functions, etc.) can be defined in set theory and their basic properties 
proved from Zermelo-Fraenkel axioms with Choice. A similar assertion can be 
made about any other branch of contemporary mathematics (except category 
theory). Fundamental objects of topology, algebra, or functional analysis (say, 
topological spaces, vector spaces, groups, rings, Banach spaces) are custom­
arily defined to be sets of a specific kind. Topologic, algebraic, and analytic 
properties of these objects are then derived from the various properties of sets, 
which can be themselves in their turn obtained as consequences of the axioms of 
ZFC. Experience shows that all theorems whose proofs mathematicians accept 
on intuitive grounds can be in principle proved from the axioms of ZFC. In this 
sense, the axiomatic set theory serves as a satisfactory unifying foundation for 
mathematics.

Having ascertained that ZFC completely codifies current mathematical prac­
tice, one might wonder whether this is likely to be the case also for mathematical 
practice of the future. To put the question differently, can all true mathemat­
ical theorems (including those whose truth has not yet been demonstrated) 
be proved in Zermelo-Fraenkel set theory with Choice? Should the answer be 
“yes,” we would know that all as yet open mathematical questions can be, at 
least in principle, decided (proved or disproved) from the axioms of ZFC alone. 
However, matters turned out differently.

Mathematicians have been baffled for decades by relatively easily formulated 
set-theoretic problems, which they were unable to either prove or disprove. A 
typical example of a problem of this kind is the Continuum Hypothesis (CH): 
Every set of real numbers is either at most countable or has the cardinality of 
the continuum. We showed in Chapter 9 that CH is equivalent to the statement 
2N" = Hi, but we proved neither 2N" = Hi nor 2N" /  Hi. Another similar 
problem is the Suslin’s Hypothesis, and others arose in topology and measure 
theory (see Section 3). Persistent failures of all attempts to solve these problems 
led some mathematicians to suspect that they cannot be solved at all at the 
current level of mathematical art. The axiomatic approach to set theory makes 
it possible to formulate this suspicion as a rigorous, mathematically verifiable 
conjecture that, say, the Continuum Hypothesis cannot be decided from the
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axioms of ZFC (which codify the current state of mathematical art, as we have already discussed). This conjecture has been shown correct by work of Kurt Gbdel and Paul Cohen.
First, Gbdel demonstrated in 1939 that the Continuum Hypothesis cannot be disproved in ZFC (that is, one cannot prove 2N<’ /  Ni). Twenty-four years later, Cohen showed that it cannot be proved either. Their techniques were later used by other researchers to show that the Suslin’s Hypothesis and many other problems are also undecidable in ZFC. We try to outline some of Gbdel’s and Cohen’s ideas in Section 2, but readers more deeply interested in this matter should consult some of the more advanced texts of set theory.
The foregoing results put the classical open problems of set theory in a new perspective. Undecidability of the Continuum Hypothesis on the basis of our present understanding of sets as reflected by the axioms of ZFC means that some fundamental property of sets is still unknown. The task is now to find this property and formulate it as a new axiom which, when added to ZFC, would decide CH one way or another.
At one level, such axioms are very easy to come by. We could, for example, add to ZFC the axiom

' “2K° = Ni.”

Unfortunately, one could instead add the axiom

“2NO = H2”

and get a different, incompatible set theory. Or how about the axiom “2K“ = Nw+17"? Cohen’s work shows that this, also, produces a consistent set theory, incompatible with the previous two. Furthermore, it is possible to create two subvarieties of each of these three set theories by adding to them either the axiom asserting that Suslin’s Hypothesis holds or the axiom asserting that it fails. In the opinion of some researchers, that is where the matter now stands. Similarly as in geometry, where there are, besides the classical euclidean geometry, also various noneuclidean ones (elliptic, hyperbolic, etc.), we have the cantorian set theory with 2Nn = Hi as an axiom, and, besides it, various noncantorian set theories, with no logical reasons for preferring one to another.
Such an attitude is hardly completely satisfactory. To solve the continuum problem by arbitrarily adding 2K" = Nw + i7 as an axiom is clearly cheating. It is certainly not the way we have proceeded in the previous chapters. Whenever we accepted an axiom:

(a) It WEIS intuitively obvious that sets, as we understand them, have the prop­erty postulated by the axiom (some doubts arose in the case of the Axiom■ of Choice, but those were discussed at length.)
(b) The axiom had important consequences both in set theory and in other mathematical disciplines; some of these consequences were in fact equivalent to it.

So far, there appears to be very little evidence that the axiom 2H" = ^+17 (or any other axiom of the form 2N<1 = Na ) satisfies either (a) or (b).
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In fact, no axioms that would be intuitively obvious in the same way as 
the axioms of ZFC have been proposed. Perhaps our intuition in these matters 
has reached its limits. However, in recent years it has been discovered that 
a number of open questions, in particular in the field called descriptive set 
theory, has an intimate connection with various large cardinals, such as those 
we mentioned in Chapters 9 and 13. The typical pattern is that such questions 
can be answered one way assuming an appropriate large cardinal exists, and 
have an opposite answer assuming it does not, with the answer obtained with 
the help of large cardinals being preferable in the sense of being much more 
“natural,” “profound,” or “beautiful.” The great amount of research into these 
matters performed over the last 40 years has produced the very rich, often 
very subtle and difficult theory of large cardinals, whose esthetic appeal makes 
it difficult not to believe that it describes true aspects of the universe of set 
theory. We discuss some of these results very briefly in Section 3.

2. Consistency and Independence
In order to understand methods for showing consistency and independence of the 
Continuum Hypothesis with respect to Zermelo-Fraenkel axioms for set theory, 
let us first investigate a similar, but much simpler, problem. In Chapter 2, 
we defined (strictly) ordered sets as pairs (A, <) where /I is a set and < is an 
asymmetric and transitive binary relation in 71. Equivalently, one might say 
that an ordered set is a structure (X, <), which satisfies the following axioms.

The Axiom of Asymmetry There are no a and b such that a < b and b < a.

The Axiom of Transitivity For all a, b, and c, if a < 6 and b < c, then a < c.

We can also say that the Axiom of Asymmetry and the Axiom of Transitivity 
comprise an axiomatic theory of order and that ordered sets are models of this 
axiomatic theory. Finally, let us formulate yet another axiom.

The Axiom of Linearity For all a and b, either a < b or a = b or b < a.

Let us now ask whether the Axiom of Linearity can be proved or disproved 
in our axiomatic theory of order.

First, let us assume that the Axiom of Linearity can be proved in the theory 
of order. Then every model of the theory of order would have to satisfy also 
the Axiom of Linearity, a logical consequence of that theory. In a more familiar 
terminology, every ordering would have to be a linear ordering. But this is false; 
an example of a model for the theory of order in which the Axiom of Linearity 
does not hold is in Figure 1(a).

Next, let us assume that the Axiom of Linearity can be disproved in the 
theory of order. Then every model of the theory of order would have to satisfy 
also the negation of the Axiom of Linearity. In other words, every ordering
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Figure 1: (a) (P({0,1}), C); (b) ({0,{0}},e).

would have to be nonlinear. But this is again false; see Figure 1(b) for an example of a model for the theory of order in which the Axiom of Linearity holds.
We conclude that the Axiom of Linearity is undecidable in the theory of order.
Let us now return to the question of undecidability of the Continuum Hy­pothesis in ZFC. By analogy with the preceding example, we see that in order to show that the Continuum Hypothesis cannot be proved in ZFC, one has to construct a model of ZFC in which the Continuum Hypothesis fails, and, simi­larly, in order to show that the Continuum Hypothesis cannot be disproved in ZFC, one has to construct a model of ZFC in which the Continuum Hypothesis holds. In the rest of this section, we outline constructions of just such models. But a technical point has to be clarified first. To describe a model for the theory of order, i.e., an ordered set, we have to specify the members of the model (by choosing the set A) and the meaning of the relation “less than” (by choosing a binary relation < in A). Similarly, to describe a model for set theory, we have to specify the members of the model and the meaning of the relation “belongs to” in the model. But, in view of the paradoxes of set theory, it is too optimistic to expect that the members of a model for set theory can themselves be gathered into a set. (Actually, such models are not entirely impossible; their existence cannot be proved in ZFC, but can be proved if one extends ZFC by some large cardinal axiom — see Section 3).

To circumvent this difficulty, models for set theory have to be described by a pair of properties, M(x) and E(x,y). Here M(x) reads “a; is a set of the model” and E(x,y) reads “x belongs to y in the sense of the model.” A trivial example of a model for set theory is obtained by choosing M(x) to be the property “a; is a set” and E(x, y) to be the property “a: e y." The model simply consists of all sets with the usual membership relation.
The first nontrivial model for set theory was constructed by Kurt Gddel in 1939 and became known as the constructible model. Gbdel wanted to find
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a model in which the Continuum Hypothesis would hold, that is, in which 
2K" = Hi. Cantor’s Theorem asserts that 2Ku > Nu in other words Hi is the 
smallest cardinal to which the cardinality of the continuum can be equal. These 
considerations suggest a search for a model which would contain as few sets as 
possible. Godel constructed such a model by transfinite recursion, in stages. At 
each stage, sets are put into the model only if  their existence is guaranteed by 
one of the axioms of ZFC.

To begin with, the Axiom of Infinity and the Axiom Schema of Comprehen­
sion guarantee existence of the set of natural numbers, and so we let

L Q =  w.

Next, if P(n) is any property with parameters from w, then the Axiom 
Schema of Comprehension postulates existence of the set {n e w | P(n) holds in 
(w, e)}, and we have to put it into the model. Therefore, we let

Li =  {X  C Lo | X  = {n e Lo |P(n) holds in (Lo, €)} for some property P  with 
parameters from Lo}.

In order to show that Li exists, it is necessary first to give formal definitions 
of logical concepts, such as “property” and “holds in,” in set theory. Such 
definitions can be found in most textbooks of mathematical logic, but they are 
beyond the scope of this brief outline. Existence of Li itself then follows from 
the Axiom of Power Set and the Axiom Schema of Comprehension, so Li itself 
has to be in the model. Notice that Lo C Li: We can obtain X  = k for any 
fc e Lo by taking “n e k" as the property P(n).

Next we repeat the argument of the previous paragraph with Li in place of 
Lo- Since Li is in the model, all of its subsets which are definable in (Li, g) by 
some property P  must be put into the model, as well as the set L2 of all such 
subsets.

In this fashion one defines L3, L4, . . . .  At stage w, we merely take the union 
of the previously constructed Ln -

Lu = J J  Ln 
n&u>

(its existence follows from the Axiom Schema of Replacement and the Axiom 
of Union), and then continue as before.

The recursive definition of the operation L thus goes as follows:

Lo =  w;
LQ+ I = {X  C La  | X is definable in (La , 6) by some property P  with 

parameters from La };
La  = | J  Lg if a  is a limit ordinal, a  > 0.

0<a
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It is easy to see that L a  C Lp whenever a < 0. A set is called constructible if 
it belongs to La  for some ordinal a.

We are now ready to describe the constructible model. Sets of the model 
are going to be precisely the constructible sets [that is, M (i)  is the property ax 
is constructible” ]. The membership relation in the model is the usual one: If x 
and y are sets of the model, x  belongs to y in the model if and only if x e y 
[that is, E(x,y) is the property “x  € i/”].

Of course, it has to be verified that the constructible model is indeed a model 
for ZFC, that is, satisfies all of its axioms. As an illustration, we show that the 
Axiom of Pair holds in the constructible model: For any A and B  in the model, 
there is C  in the model such that, for all x  in the model, x belongs to C  in the 
model if and only if a; = A  or x = B.

Taking into account the definition of the constructible model, this amounts 
to showing: For any constructible sets A and B, there is a constructible set C 
such that, for all constructible x, x € C  if and only if x  = A or x =  B.

Let constructible sets A and B  be given; we first prove that {A, B} is also a 
constructible set. Indeed, if A € La , B  € Lp, and 7  = max{a, 0}, then A ,B  e 
Ly  and the set {A, B} is definable in (Ly , e) as {x e Ly  I x = A or x  = B}. We 
can conclude that {A ,B } € Ly + i and is, therefore, constructible. If one now 
sets C  = {A, B}, then (7 is a constructible set which clearly has the required 
property.

The previous proof actually establishes a stronger result than mere valid­
ity of the Axiom of Pair in the constructible model; it demonstrates that the 
operation of unordered pair, when performed in the model on two sets from 
the model, results in the usual unordered pair of these two sets. We say that 
the operation of unordered pair is absolute. A similar detailed analysis of the 
set-theoretic concepts involved shows that all the remaining axioms of ZFC hold 
in the constructible model, and that many of the usual set-theoretic operations 
and notions are absolute. The notion of natural number is absolute (that is, a 
constructible set is a natural number in the sense of the constructible model if 
and only if it is really a natural number) and so is the notion of ordinal number. 
However, some concepts are not absolute; among the most important examples 
are the operation of power set and the notion of cardinal number. The rea­
son for this is that, say, the power set of w in the sense of the constructible 
model consists of all constructible subsets of iv, while the real power set of ai 
consists of all subsets of w. So clearly the power set of w in the model is a 
subset of the real power set of ai, but not necessarily vice versa. Indeed, it is 
this phenomenon which allows us to “cut down” the size of the continuum in 
the constructible model. Finally, the notion of constructibility is itself absolute: 
A set is constructible in the sense of the constructible model if and only if it is 
constructible. But all sets in the model are constructible! We can conclude that 
every set in the model is constructible in the sense of the model. This argument 
proves that the following statement holds in the cohstructible model.

The Axiom of Constructibility Every set is constructible.
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To summarize, the constructible model satisfies all axioms of ZFC and, 
in addition, the Axiom of Constructibility. Consequently, the Axiom of Con- 
structibility cannot be disproved in ZFC, and can be added to it without danger 
of producing contradictions. It turns out that there are many remarkable the­
orems one can prove in ZFC enriched by the Axiom of Constructibility; all of 
them then also hold in the constructible model, and thus cannot be disproved 
in ZFC. Godel himself showed that the Axiom of Constructibility implies the 
Generalized Continuum Hypothesis:

2**“ =  Ka +i for all ordinals a.

Ronald Jensen used the Axiom of Constructibility to construct a linearly ordered 
set without endpoints in which every system of mutually disjoint intervals is at 
most countable, but which has no at most countable dense subset, and thus 
showed the failure of the Suslin’s Hypothesis in this model. Many other deep 
results of a similar character have been obtained since. Here we merely indicate 
how the Axiom of Constructibility is used to show that 2K" = Hi.

The proof is based on a fundamental result in mathematical logic, the 
Skolem-Lowenheim Theorem. This theorem asserts that for any structure 
(A; R ,...  ,F , . . . )  where R is a binary relation, F  is a unary function, etc., there 
is an at most countable B C A such that any property with parameters from B 
holds in (A; R ,... ,F , . . . )  precisely when it holds in (B; RO B 2 , . . .  , F  ( B , .. .) . 
(This is an abstract, generalized version of such theorems as “Every group has an 
at most countable subgroup,” etc. It also generalizes Theorem 3.14 in Chapter 
4.)

Let now X  Q u . The Axiom of Constructibility guarantees that X  G La + i 
for some, possibly uncountable, ordinal a. This means that there is a property P 
such that n G X if and only if P(n) holds in {La , G). By the Skolem-Lowenheim 
Theorem, there is an at most countable set B G La  such that (B, G) satisfies 
the same statements as (LO , G). In particular, n G X if and only if P(n) 
holds in (B, G). Moreover, the fact that a structure is of the form (Lg, G) for 
some ordinal /3 can itself be expressed by a suitable statement, which holds in 
(Aa,G) and thus also in (B ,G). From all this, one can conclude that (B, G) is 
(isomorphic to) a structure of the form (L^,G) for some, necessarily at most 
countable, ordinal /3. Since X is definable in (B, G), we get X G Lp+ i.

We can conclude that every set of natural numbers is constructed at some 
at most countable stage, i.e., P(w) C (J^<W1 Lg+i- To complete the proof of 
2K° = KI , we only need to show that the cardinality of the latter set is Hi. This 
in turn follows if we show that L y  is countable for all 7 < wi. Clearly, Lo = u 
is countable. The set Li consists of all subsets of L Q definable in (Lg, G), but 
there are only countably many possible definitions (each definition is a finite 
sequence of letters from a finite alphabet of some formalized language, together 
with a finite sequence of parameters from the countable set Lo ), and therefore 
only countably many definable subsets of Lg. We conclude that Li is countable 
and then proceed by induction, using the same idea at all successor stages, and 
the fact that a union of countably many countable sets is countable at limit 
stages.
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The question of independence of the Continuum Hypothesis from the axioms 
of ZFC (that is, of showing that it cannot be proved in ZFC) remained open 
much longer. Finally, in 1963 Paul Cohen announced the discovery of a method 
which enabled him to construct a model of ZFC in which the Continuum Hy­
pothesis failed. We devote the rest of this section to an outline of some of his 
ideas.

Let us again consider the universe of all sets as described by Zermelo-Fraenkel 
axioms with Choice. The only information about 2K" we have been able to derive 
is provided by Cantor’s Theorem: 2N° > No (more generally, cf(2N°) > Ro , see 
Lemma 3.3 in Chapter 9). In particular, 2N° =  Ri is a distinct possibility (and 
becomes a provable fact if the Axiom of Constructibility is also assumed). In 
general, it is, therefore, necessary to add “new” sets to our universe in order to 
get a model for 2K" > Ri.

We concentrate our attention on the task of adding just one “new” set of 
natural numbers X .  For the time being X  is just a symbol devoid of content, a 
name for a set yet to be described. Let us see what one could say about it.

A key to the matter is a realization that one cannot expect to have complete 
information about X .  If we found a property P  which would tell us exactly 
which natural numbers belong to X , we could set X  =  {n e w | P(n)} and 
conclude on the basis of the Axiom Schema of Comprehension that X exists in 
our universe, and so is not a “new” set. Cohen’s basic idea was that partial 
descriptions of X are sufficient. He described the set X  by a collection of “ap­
proximations” in much the same way as irrational numbers can be approximated 
by rationals.

Specifically, we call finite sequences of zeros and ones conditions-, for example, 
0, (1), (1,0,1), (1,1,0), (1,1,0,1) are conditions. We view these conditions as 
providing partial information about X  in the following sense: If the fcth entry in 
a condition is 1, that condition determines that k e  X . If it is 0, the condition 
determines that k ^  X . For example, (1,1,0,1) determines that 0 e X, 1 e X, 
2 ^ X, 3 e X  (but does not determine, say, 4 € X either way.)

Next, it should be noted that adding one set X to the universe immediately 
gives rise to many other sets which were not in the universe originally, such as 
w — X, w x X, X 2 , P (X ), etc. Each condition, by providing some information 
about X, enables us to make some conclusions also about these other sets, and 
about the whole expanded universe. Cohen writes p IF P  (p forces P) to indicate 
tha t information provided by the condition p determines th a t the property P 
holds. For example, it is obvious that

(1,1,0,1) IF (5,3) e w x X

(because, as we noted before, (1,1,0,1) IF 3 € X, and 5 6 w is true) or

(1,1,0,1) IF {2,3} .̂ P (X )

(because (1,1,0,1) IF 2 ^ X).
It should be noticed that conditions often clash: For example,

(1,1,0) IF (0,1) e X 2 ,
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while
(1,0,1) IF (0,1) £ X 2 .

To understand this phenomenon, the reader should think of p IF P(X ) as a 
conditional statement: I f  the set X  is as described by the condition p, then 
X  has the property P. So (1,1,0) IF (0,1) G X 2 means: If 0 G X, 1 G X, 
and 2 £ X, then (0,1) G X 2 , while (1,0,1) IF (0,1) $ X 2 means: If 0 G X, 
1 ^ X, and 2 G X, then (0,1) ^ X 2 . If we knew the set X, we would of course 
be able to determine whether it is as described by the condition (1,1,0) or by 
the condition (1,0,1) or perhaps by another of the remaining six conditions 
of length three. Since we cannot know the set X, we never know which of 
these conditions is “true” ; thus we never are able to decide whether (0,1) G X 2 
or not. Nevertheless, it turns out that there are a great many properties of 
X which can be decided, because they must hold no matter which conditions 
are “true.” As an illustration, let us show that every condition forces that X 
is infinite. If not, there is a condition p and a natural number k such that 
p IF “X has k elements.". For example, let p = (1,0,1) and k = 5; we show 
that (1,0,1) IF “X has five elements” is impossible. Consider the condition q = 
(1,0,1,1,1,1,1)' First of all, the condition q contains all information supplied 
by p: OG X, 1 ^ X, 2 G X. If the conclusion that X has five elements could 
be derived from p, it could be derived from q also. But this is absurd because 
clearly q IF “X has at least six elements”; namely, gib 0 € X, 2 £ X, 3 € X, 
4 G X , 5 G X , 6 G X. The same type of argument leads to a contradiction for 
any p and k.

As a second and last illustration, we show that every condition forces that 
X is a “new” set of natural numbers. More precisely, if A is any set of natural 
numbers from the “original” universe (before adding X), then every condition 
forces that X  ^  A. If not, there is a condition p such that p IF X = A. Let us 
again assume that p =  (1,0,1); then p IF 0 6 X, 1 ^ X, 2 G X. Now there are 
two possibilities. If 3 G A, let qi = (1,0,1,0). Since qi contains all information 
supplied by p, gi IF X  = A. But this is impossible, because 91 IF 3 ^ X, whereas 
3 G A. If 3 ^  A, let Q2 =  (l>0,1,1). We can again conclude that 92 IF X = A 
and get a contradiction from 92 IF 3 G X and 3 ^ A. Again, a similar argument 
works for any p.

Let us now review what has been accomplished by Cohen’s construction. The 
universe of set theory has been extended by adding to it a “new,” “imaginary” 
set X (and various other sets which can be obtained from X  by set-theoretic 
operations). Partial descriptions of X by conditions are available. These de­
scriptions are not sufficient to decide whether a given natural number belongs to 
X or not, but allow us, nevertheless, to demonstrate certain statements about 
X, such as that X is infinite and differs from every set in the original universe. 
Cohen has established that the descriptions by conditions are sufficient to show 
the validity of all axioms of Zermelo-Fraenkel set theory with Choice in the 
extended universe.

Although adding one set of natural numbers to the universe does not increase 
the cardinality of the continuum, one can next take the extended universe and,
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by repeating the whole construction, add to it another “new” set of natural 
numbers Y. If this procedure is iterated H2 times, the result is a model in which 
there are at least N2 sets of natural numbers, i.e., 2K" > bfy Alternatively, one 
can simply add R2 such sets at once by employing slightly modified conditions.

Cohen’s method has been used to construct models in which 2N° = NQ for 
any NQ with cf(NQ ) > NQ. It can also be used to build models in which Suslin’s 
Hypothesis holds or fails to hold, models for Martin’s Axiom MAK , as well as 
models for many other undecidable propositions of set theory.

The methods described in this section can also be applied to showing that 
the Axiom of Choice is neither provable nor refutable from the other axioms 
of Zermelo-Fraenkel set theory. It is not refutable because one can define the 
constructible model and prove that it is a model of ZFC using only the axioms of 
Zermelo-Fraenkel set theory without Choice. [A choice function for any system 
A" of constructible sets can be defined roughly as follows: Select from each 
A e  S  (A j£ 9) that element which is constructed at the earliest stage —  that is, 
belongs to L Q or to La +i for the least possible a. Should there be several, select 
the e-least element of L Q or the one whose definition in (La , e) comes first in the 
alphabetic order of all possible definitions.] On the other hand, the Axiom of 
Choice is not provable in Zermelo-Fraenkel set theory either, because, as Cohen 
has shown, it is possible to extend the universe of set theory by adding to it a 
“new” set of real numbers without adding any well-ordering of this set, and thus 
obtain a model of set theory in which the set of real numbers cannot be well- 
ordered. Consistency of the Axiom of Foundation with the remaining axioms 
of ZFC is also established by the method of models. A model for set theory 
with the Axiom of Foundation is obtained by letting M (i)  be the property “x 
is a well-founded set,” and E (i,v )  be “x e  y.” The proof that this is indeed a 
model satisfying the Axiom of Foundation follows the lines of Example 2.8 in 
Section 2 of Chapter 14.

3. The Universe of Set Theory
In this last section we give some thought to possibilities of extending Zermelo- 
Fraenkel set theory with Choice by additional axioms. Our interest here is in 
axioms which could with some justification be regarded as true.

One possible candidate for such a new axiom has been introduced in Sec­
tion 2; it is the Axiom of Constructibility. We have seen there that the Axiom 
of Constructibility has important consequences in set theory; for example, it 
implies the Generalized Continuum Hypothesis and existence of counterexam­
ples to Suslin’s Hypothesis. In recent years it has also been shown that the 
Axiom of Constructibility can be a powerful tool for other branches of abstract 
mathematics, and a series of important results, including some of great elegance 
and intuitive appeal, has been derived from it in model theory, general topol­
ogy, and group theory. On the other hand, there do not seem to be any good 
intuitive reasons for belief that all sets are constructible; the ease with which 
the method of forcing from Section 2 establishes the possibility of existence of
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nonconstructible sets might suggest rather the opposite. Moreover, all of the 
aforementioned results can be proved equally well from other axioms, some of 
them weaker than the Axiom of Constructibility, and some of them actually 
contradicting it.

However, the most serious objections to accepting the Axiom of Constructibil­
ity at the same level as the axioms of ZFC stem from the fact that it yields some 
rather unnatural consequences in descriptive set theory, a branch of mathemat­
ics concerned with detailed study of the complexity of sets of real numbers. As 
descriptive set theory provides some of the most important insights into the 
foundations of set theory, we outline a few of its basic problems and results 
next.

We introduced Borel sets in Section 5 of Chapter 10 as sets of real numbers 
that are particularly simple. Their detailed study confirms this by showing 
that Borel sets exhibit particularly nice behavior: Every Borel set is either 
at most countable or it contains a perfect subset, and so, in accordance with 
the Continuum Hypothesis, it has either cardinality < No or 2N". Similarly, 
every Borel set is Lebesgue measurable, and has many other nice properties. 
Descriptive set theory attempts to extend these results to more complex sets. 
How do we obtain such sets? Countable unions and intersections of Borel sets 
are Borel, so we cannot use them to obtain “new” sets. Continuous functions 
are well-understood, simple functions, but it turns out that an image of a Borel 
set by a continuous function (while hopefully still “simple” enough) need not 
be a Borel set. We define analytic sets as those sets that are images of a Borel 
set by a continuous function, and coanalytic sets as complements of analytic 
sets (in R). The usual notation is S} for the collection of all analytic sets and 
n J  for the collection of all coanalytic sets. One can then proceed further and 
define recursively S j + i as the collection of all continuous images of n J  sets 
and n „ +1 as the collection of all complements of sets in E j+ 1 . This is the 
projective hierarchy, and sets that belong to some S j  (or n J )  are the projective 
sets. We would expect projective sets to behave nicely, being still rather simple, 
and the classical descriptive set theory as developed by Nikolai Luzin and his 
students confirms this to an extent. For example, it is known that all analytic 
and coanalytic sets are Lebesgue measurable, and that all uncountable analytic 
sets contain a perfect subset. As to going further, in ZFC with the Axiom of 
Constructibility one gets discouraging results: there exist S j (or n J) sets that 
are not Lebesgue measurable, and there exist uncountable coanalytic (II}) sets 
without a perfect subset.

Another important classical result is that II} and E j sets have the so-called 
reduction property and X} and n J  sets do not have it. (A class of sets T is said 
to have the reduction property if for all A, B € T there exist A ', B ' 6 r  such 
that A' C A, B ' C B, A' U B' = A U B, and A' O B' = 0.) One might expect 
n J , S j, n J , etc., sets to have the reduction property, and S3, H}, S j, etc., 
to fail to have it, but the Axiom of Constructibility leaves the case n = 1 an 
odd exception and proves instead that all S j  sets for n > 2 have the reduction 
property and all H j sets, n > 2, fail to have it.
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Surprisingly, a more satisfactory answer can be obtained by using some of 
the so-called large cardinal axioms. The inaccessible cardinal numbers defined 
in Chapter 9 provide the simplest examples of large cardinals. We remind the 
reader that a cardinal number K > No is called inaccessible if it is regular and 
a limit of smaller cardinal numbers. It is shown in Section 2 of Chapter 9 
that the first inaccessible cardinal (assuming it exists) must be greater than 
Ni, K2, . . . ,  Nu,, .. •, NN1, . . . ,  NRKI , . . . ,  NRH^, . . . , etc., hence the adjective 
“large.” It is known that the existence of inaccessible cardinals cannot be proved 
in ZFC; in fact, the construction of a model for ZFC in which there are no 
inaccessible cardinals is rather simple. If the constructible universe L contains 
no inaccessible cardinals (in the sense of L), then it is such a model. Otherwise, 
we take the least inaccessible cardinal ■# in L and consider a model, sets of which 
are precisely the elements of L^, and the membership relation is the usual one. 
It is quite easy to use the inaccessibility of fl and prove that all axioms of ZFC 
are satisfied in this model. The fact that fl is the least inaccessible cardinal in L 
guarantees that there are no inaccessible cardinals in this model. So existence of 
inaccessible cardinals is independent of ZFC. Unlike the Continuum Hypothesis 
or the Suslin’s problem, however, it is not possible to prove that inaccessible 
cardinals are consistent with ZFC by way of constructing an appropriate model 
(doing so would contradict the celebrated Second Incompleteness Theorem of 
Gddel). This means that a set theory with an inaccessible cardinal is essentially 
stronger than plain ZFC. The assumption of existence of inaccessible cardinals 
requires a “leap of faith” (similar to that required for acceptance of the Axiom 
of Infinity), but some intuitive justification for the plausibility of making it can 
be given. It goes roughly as follows.

Mathematicians ordinarily consider infinite collections, such as the set of 
natu ral numbers or the set of real numbers, as finished, completed totalities. 
On th e other hand, it is not in the power of an ordinary mathematician to 
regard the collection of all sets as a finished totality, i.e., a set —- it would lead 
to a contradiction. We call the collections which mathematicians ordinarily 
view as finished the sets of the first order-, they are the sets we have been 
con cerned with until now. Let us now place ourselves in a position of an 
extraordin ary, more abstract, mathematician, who has examined the universe 
of the first-order sets and then collected all those sets into a new finished totality, 
a second-order set V . Having gotten V, he can, of course, use the methods of 
Chapters 1-14 to form various other second-order sets, such as V — w, Ni x V, 
T’(R (yy f  O = {a £ V | a  is an ordinal}, 0  + 1, O + O + u>, etc. [Notice that 
O is the (second-order) set of all first-order ordinals.] The intuitive arguments 
which justified the axioms of ZFC for the first-order mathematician also convince 
the second-order mathematician of the validity of these axioms in his "second- 
order” universe of set theory. (Notice that Russell’s Paradox is avoided by this 
viewpoint: The second-order mathematician can form the set R of all first- 
order sets which are not elements of themselves, but R is not a first-order set, 
so clearly R ^  R, and no contradictions appear. Of course, the second-order 
mathematician still cannot form the “set” of all second-order sets which are not 
elements of themselves; this is a task for a third-order mathematician.) We now
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claim that O, the least second-order ordinal, is an inaccessible cardinal in the 
second-order universe. Certainly O > Ko and O is a limit of (the first-order) 
cardinal numbers. If («t  | i < a) is a sequence of ordinals less than O having 
length a < O, then both a  and all KL are first-order ordinals, and the arguments 
we used to justify the Axiom Schema of Replacement again convince us that 
a first-order mathematician should be able to collect {«t | L < a} into a first- 
order set. But then supl< Q  Kt is a first-order ordinal, so supt< Q  Kt < O, and O 
is regular. We can conclude that the set-theoretic universe of the second-order 
mathematician satisfies the axiom “There exists an inaccessible cardinal.1'’

Let us now return to descriptive set theory, in particular to the question 
whether all countable coanalytic sets have a perfect subset. Robert Solovay 
discovered a profound connection between this and inaccessible cardinals: If 
every uncountable coanalytic set has a perfect subset, then Hi is an inaccessible 
cardinal in the constructible universe L. (We pointed out in Section 2 that the 
notion of cardinality is not absolute, so the “real" cardinal Ki need not be “Nt 
in the sense of the model L” if not all sets belong to L.) In fact, more than this 
is true:

(*) Fer any real number a, Kj is inaccessible in L[a],

where L[a] is a model constructed just as L, but starting with Lo[«] = w U 
{a} (it is the least model of set theory containing all ordinals and the real 
number a). Conversely, from the “large cardinal axiom” (*) it follows that all 
uncountable II} sets have a perfect subset. In addition, (*) further implies that 
all uncountable £} sets have a perfect subset (and thus cardinality 2K°) and 
that all £2 and H^ sets are Lebesgue measurable (but it does not imply the 
existence of perfect subsets of uncountable II2 sets, nor measurability of £} 
sets). Overall, the axiom (*) produces a mild improvement upon the results 
obtainable from the Axiom of Constructibility. To get better results, we have to 
assume existence of cardinals much larger than mere inaccessibles. But before 
outlining some of them, we have to make another digression.

A very important role in modern descriptive set theory is played by a certain 
kind of infinitary game. Let us consider a game between two players, I and II, 
described by the following rules. A finite set M  of possible moves is given. The 
players choose moves, taking turns and each moving n times. That is, player I 
begins by making a movepi e M\ player II responds by making a move q\ € M. 
Then it is I’s turn to make a move P2 G M, to which II responds by playing 
q2 € M , etc. The resulting sequence of moves (pi, qi,P2, qz,- ■ ■ >Pn> Qn) is called 
a play. A set of plays S  is specified in advance and known to both players. 
Player 1 wins if (p i,... ,qn } € *5; player II wins if (p i,... ,qn ) ^ S. Many 
intellectual games between two players, including Checkers, chess, and go, can 
be mathematically represented in this abstract form by choosing suitable M, n, 
and S  (some artificial conventions have to be adopted, e.g., in order to allow for 
draws).

A fundamental notion in game theory is that of a strategy. A strategy for 
player I is a rule which tells him what move to make at each of his turns,
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depending on the moves played by both players previously. If a strategy for 
player I has the property that, by following it, I always wins, it is called a 
winning strategy for I. Similarly, one can talk about a winning strategy for II,

The basic fact about games of this type is that one of the players always 
has a winning strategy; in other words, the game is determined. The reason is 
rather simple:

If there is a move pi such that for every q̂
there is a move pz such that for every qz ■ ■ ■
there is a move pn  such that for every qn  the play (p i,q i,.. ■ ,pn ,qnl € S, 

then obviously player I has a winning strategy. If the opposite holds, it means 
that

For every pi there is gi such that 
for every pz there is qz such that . .. 
for every pn  there is qn  such that the play (p i,q i,. . .  ,p n >̂ n) ^  S.

But in this case, II is the player with a winning strategy.
We can now modify the game by allowing each player infinitely many turns. 

The play now is an infinite sequence of moves: (pi, 9i, P2,92,. • ■ )■ The payoff set 
5  is a set of infinite sequences of elements of M , and I is the winner if and only 
if (pi, qi,P2,qz, • • •) 6 S. The game played according to these rules is referred 
to as G$- It is no longer obvious that such games are determined, and as a 
matter of fact they need not be. Using the Axiom of Choice one can construct 
a payoff set S  C M N  for any M  with |M | > 2 such that neither player has a 
winning strategy in the game Gs- (The argument is quite similar to the one we 
used to construct an uncountable set without a perfect subset in Example 4.11 
of Chapter 10.) The interesting question is whether the game Gs is determined 
for “simple” sets S. In order to study this question, we take the finite set M  to 
be a natural number m; infinite sequences of elements of m  can then be viewed 
as expansions of real numbers in base m, and the payoff set S  can be viewed as 
a subset of R. In this way we can talk about payoff sets being Borel, analytic, 
etc.

A profound theorem of D. Anthony Martin states that all games with Borel 
payoff sets are determined. The situation at higher levels of the projective 
hierarchy is similar to that discussed in connection with the question of existence 
of perfect subsets, but the large cardinals involved are much larger. To be 
specific, the Axiom of Constructibility can be used to construct games with 
analytic (S j) payoff sets that are not determined. The work of Martin and 
Leo Harrington showed that determinacy of all games with E} (or, equivalently, 
n J )  payoff sets is equivalent to a certain large cardinal axiom. It would take 
us too far to try to state this axiom here (it is known technically as “For all 
real numbers x, x#  exists.”); for our purposes it suffices to say that this axiom 
implies Solovay’s assumption (*), and much more (for example, it implies the 
existence of Mahlo cardinals and weakly compact cardinals in the constructible
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universe L), and is itself a consequence of the existence of measurable cardinals. 
So if a measurable cardinal exists then all analytic and coanalytic games are 
determined. The existence of measurable cardinals does not suffice to prove 
determinacy of all games with S j  (o r  H j) payoff sets. The work of Martin, 
John Steel, and Hugh Woodin in the early nineties showed that there are large 
cardinals (much larger than the first measurable one) whose existence implies 
the Axiom of Projective Determinacy: all games with projective payoff sets are 
determined. Conversely, the Axiom of Projective Determinacy implies existence 
of models of set theory with these large cardinals.

What reasons are there for the belief that something like the Axiom of 
Projective Determinacy is true? Besides its own intrinsic plausibility, it stems 
from the fact that determinacy of infinitary games at a certain level in the 
projective hierarchy implies all the nice descriptive set-theoretic properties that 
the sets at or near that level are expected to have. For example, determinacy 
of S } games implies that all uncountable II} and E} sets have a perfect subset, 
and that all S j  and II2 sets are Lebesgue measurable. The determinacy of S j 
games implies that all uncountable n J and S j  sets have a perfect subset, and 
that all £ j  and n J sets are Lebesgue measurable. Moreover, it also generalizes 

the reduction property correctly to the third level of the projective hierarchy; 
i.e., it implies that n J  sets have the reduction property and S j  sets do not. 

The full Axiom of Projective Determinacy has as its consequences the Lebesgue 
measurability of all projective sets, the fact that every uncountable projective 
set has a perfect subset, and the “correct” behavior of the reduction property 
( n } , s j , n j , s t  sets have it, S}, nJ, S j ,  nJ, . . .  do not), among many 

others not stated here. It is the results like these that are convincing workers 
in descriptive set theory that PD must be true.

What emerges from the above considerations is a hierarchy postulating the 
existence of larger and larger cardinals and providing better and better approx­
imations to the ultimate truth about the universe of sets. Further support for 
this general picture has come from the work on undecidable statements in arith­
metic. By arithmetic we mean the theory of Peano arithmetic whose axioms 
were given in Chapter 3; it is easy to establish that Peano arithmetic is equiv­
alent to the theory of finite sets; i.e., the theory that is obtained from ZFC by 
omitting the Axiom of Infinity (in the resulting theory, only finite sets can be 
proved to exist). It has been known since the fundamental work of Kurt Gddel 
in 1931 that there are true statements about natural numbers (or finite sets) 
that cannot be decided (either proved or disproved) from the axioms of Peano 
arithmetic (or the theory of finite sets). The statements are true because they 
can be proved in ZFC, but the use of at least some infinite sets is essential for 
the proofs. However, Godel’s examples of such statements are based on logical 
considerations (similar to Russell’s Paradox) and have no transparent mathe­
matical meaning. In 1977, Jeffrey Paris discovered the first simple mathematical 
examples of such statements, and others have been found subsequently. One of 
the most interesting is Theorem 6.7 in Chapter 6, the claim that every Good- 
stein sequence terminates with a value of 0 after a finite number of steps. Our 
proof there uses infinite ordinals; the work of Paris showed that some use of
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infinity is necessary. Another example is a version of the Finite Ramsey’s Theo­rem discussed in Section 1 of Chapter 12. It is possible to determine the size of infinite sets needed to prove a particular statement, and it turns out that here, too, there is a hierarchy of theories postulating the existence of larger and larger infinite sets and providing better and better approximations to the truth about natural numbers (or finite sets). In most cases these theories are subtheories of ZFC (so few mathematicians doubt that they are true), but there are examples of (rather complicated) statements of arithmetic that cannot be decided even in ZFC (but can be decided, for example, in ZFC with an inaccessible cardinal), so the hierarchy obtained from the study of the strength of arithmetic statements 
merges into the hierarchy of large cardinals needed for the study of the strength 
of statements about real numbers arising in descriptive set theory, with ZFC 
being just one of the stages. Even the techniques used to prove the results about arithmetic are closely related to those used to study large cardinals; they rely heavily on such concepts as partitions, trees, and games.

Most of the work discussed in this section is relatively recent, and by no means complete. Both the theory of large cardinals and the study of the un­
decidable statements of arithmetic are very active research areas where new insights and interconnections continue to be discovered. As Godel assures us in his Incompleteness Theorem, no axiomatic theory can decide all statements of arithmetic or set theory. We can thus feel confident that the enterprise of 
getting closer and closer to the ultimate truth about the mathematical universe will continue indefinitely.
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