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Preface 

Welcome to Calculus, Tenth Edition. We are proud to present this new edition to you. 

As with all editions, we have been able to incorporate many useful comments from 

you, our user. For this edition, we have introduced some new features and revised 

others. You will still find what you expect — a 

pedagogically sound, mathematically precise, 

and comprehensive textbook. 

We are pleased and excited to offer 

you something brand new with this edition — 

a companion website at LarsonCalculus.com. 

This site offers many resources that will help 

you as you study calculus. All of these 

resources are just a click away. 

Our goal for every edition of this textbook 

is to provide you with the tools you need to 

master calculus. We hope that you find the 

changes in this edition, together with 

LarsonCalculus.com, will accomplish just that. 

In each exercise set, be sure to notice the 

reference to CalcChat.com. At this free site, 

you can download a step-by-step solution to 

any odd-numbered exercise. Also, you can talk 

to a tutor, free of charge, during the hours posted 

at the site. Over the years, thousands of students 

have visited the site for help. We use all of this 

information to help guide each revision of the 

exercises and solutions. 

LARSON sien 
CALCULUS 

Welcome to LarsonCaiculus.com 
? Worked-out Solutions 

Student Resources 

The LarsonCalculus.com companion site provides 

@ robust selection of resources and tools to assist 
you in your study of Calculus. 

‘EL, Calculus Videos 

HH interactive Examples 
Easy Access Study Guide 

This 100% free easy access study guide requires. 

no usemame of password lo access the 
resources. 

@ Rotatable Graphs 

ths Printable Graphs Using the Site 

Take advantage of the tools and resources by 
selecting a feature from the lefthand menu or 

& Data Downloads entering your search terms into the search bar. 

(2) Math Articles 

§ Biographies 

Contact Purchase 

Calc Chat “siti: = 
Easy Access Study Guide Tutor 

Ron Larson 
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Linear Algebra 
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© Calculus 10e CALCULUS Take Calc Chat with you on your iPhone and your 

© Algebra & Trigonometry 9e = - Android-powered devices! Leam more about the Cale Chat 
© College Algebra 9e ch ’ ape. 

2 Precalculus Ge ? 
© Precalculus with Limits 3e 
© Trigonometry 9¢ 
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Visit the Apple App Store to downicad. 

i? Visit Ine Android Market to download. 
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New To This Edition 

NEW LarsonCalculus.com 
This companion website offers multiple tools 

and resources to supplement your learning. 

Access to these features is free. Watch videos 

explaining concepts or proofs from the book, 

explore examples, view three-dimensional 

graphs, download articles from math journals 

and much more. 

NEW Chapter Opener 
Each Chapter Opener highlights real-life 

applications used in the examples and exercises. 

NEW Interactive Examples 
Examples throughout the book are accompanied by 

Interactive Examples at LarsonCalculus.com. These 

interactive examples use Wolfram’s free CDF Player 

and allow you to explore calculus by manipulating 

functions or graphs, and observing the results. 

NEW Proof Videos 
Watch videos of co-author Bruce Edwards as 

he explains the proofs of theorems in Calculus, 

Tenth Edition at LarsonCalculus.com. 



NEW How Do You See It? 
The How Do You See It? feature in each section presents 

a real-life problem that you will solve by visual inspection 

using the concepts learned in the lesson. This exercise is 

excellent for classroom discussion or test preparation. 

REVISED Remark 
These hints and tips reinforce or expand upon concepts, 

help you learn how to study mathematics, caution you 

about common errors, address special cases, or show 

alternative or additional steps to a solution of an example. 

REVISED Exercise Sets 
The exercise sets have been carefully and extensively 

examined to ensure they are rigorous and relevant 

and include all topics our users have suggested. The 

exercises have been reorganized and titled so you 

can better see the connections between examples and 

exercises. Multi-step, real-life exercises reinforce 

problem-solving skills and mastery of concepts by 

giving students the opportunity to apply the concepts 

in real-life situations. 

2.3. Product and Quotient Rules and Higher-Order Derivatives 127 

87. Proof Prove the following differentiation rules. Finding a Higher-Order Derivative In Exercises 99-102, 
d find the given higher-order derivative. 

(a) —[sec x] = see x tan x 
a 99. £0) = 27, 6") 
d im Stee COUe p) (b) lese x] = —csex cotx 100. f(x) = 2 - ‘a ¥"x) 

101. f(x) = 2x, f(x) 
102. f(x) = 2a + 1, f(x) 

(c) {Teot.x] =~tse? x 

88. Rate of Change Determine whether there exist any 

values of x in the interval [0, 277) such that the rate of change 

of f(x) = secx and the rate of change of g(x) = csex are 

equal. 

BB a9. Modeling Data The table shows the health care 

expenditures A (in billions of dollars) in the United States and 

the population p (in millions) of the United States for the years 

2004 through 2009, The year is represented by s, with 1 = 4 
carresponding to 2004. (Source: U.S, Centers for Medicare 

& Medicaid Services and U.S. Census Bureau) 

i 
h 1773 | 1890 | 2017 | 2135 | 2234 | 2330 | 
|p ; | 293 | 296 | 299 | 302 305 | 307 | 

(a) Use a graphing utility to find linear models for the health 

care expenditures h(r) and the population p(?). 

(b) Use a graphing utility to graph each model found in part 

(a). 

(c) Find A = h(1)/p(s). then graph A using a graphing utility. 

What does this function represent? 

(d) Find and interpret A’(7) in the context of these data. 

. Satellites When satellites observe Earth, they can scan 

only part of Earth's surface. Some satellites have sensors that 

can measure the angle @ shown in the figure. Let A represent 
the satellite's distance from Earth’s surface, and let r represent 

Earth’s radius. 

(a) Show that h = r(ese # — 1). 

(b) Find the rate at which / is changing with respect to @ when. 

0 = 30°. (Assume r = 3960 miles.) 

Finding a Second Derivative In Exercises 91-98, find the 

second derivative of the function, 

N. fi) = A+ 2-32 — ay 92. fx) = 408 — 207 + Sa? 

93. f(x) = 4x? 94, f(x) = x7 + 3x > 

243, 
95. fs) = —— 96. f(x) =~ 

97. fix) = xsinx 98. f(x) = secx 

Using Relationships In Exercises 103-106, use the given 

information to find /(2). 

g(2)=3 and g(2)=-2 

h(2)=—-1 and h(Q2)=4 

103. f(x) = 2g(x) + h(x) 

104, f(x) = 4 — A(x) 

(x) = £0) 105. f(x) = Hx) 

106. f(x) = givh(x) 

WRITING ABOUT CONCEPTS 

107, Sketching a Graph Sketch the graph of a differen- 

tiable function f such that f(2)=0, f’ <0 for 

-—co <x <2,andf’ > 0 for 2 < x < ce. Explain how 

you found your answer. 

. Sketching a Graph Sketch the graph of a differen- 
tiable function f such that f > 0 und J” < 0 for all real 

numbers x, Explain how you found your answer. 

Identifying Graphs In Exercises 109 and 110, the graphs 

of f,f', and f~ are shown on the same set of coordinate axes, 
Identify each graph. Explain your reasoning. To print an 

enlarged copy of the graph, go to MathGraphs.com. 

109. y 
ry 
| 

Sketching Graphs In Exercises 111-114, the graph of / is 

shown. Sketch the graphs of /’ and /”. To print an enlarged 

copy of the graph, go to MathGraphs.com. 

Preface Xi 

HOW DOYOU SEEIT? The figure shows the 

graphs of the position, velocity, and acceleration 

functions of a particle. 

(a) Copy the graphs of the functions shown. Identify 

each graph. Explain your reasoning. To print an 

enlarged copy of the graph, go to MathGraphs.com. 

(b) On your sketch, identify when the particle speeds up 

and when it slows down. Explain your reasoning. 

Table of Content Changes 
Appendix A (Proofs of Selected Theorems) now 

appears in video format at LarsonCalculus.com. 

The proofs also appear in text form at 

CengageBrain.com. 

Trusted Features 

Applications 
Carefully chosen applied exercises and examples 

are included throughout to address the question, 

‘When will I use this?” These applications are 

pulled from diverse sources, such as current events, 

world data, industry trends, and more, and relate 

to a wide range of interests. Understanding where 

calculus is (or can be) used promotes fuller under- 

standing of the material. 

Writing about Concepts 
Writing exercises at the end of each section 

are designed to test your understanding of basic 

concepts in each section, encouraging you to 

verbalize and write answers and promote technical 

communication skills that will be invaluable in 

your future careers. 



Xi Preface 

Theorems 
Theorems provide the conceptual framework for calculus. Theorems 

are clearly stated and separated from the rest of the text by boxes for quick 

visual reference. Key proofs often follow the theorem and can be found 

at LarsonCalculus.com. 

Definitions 
As with theorems, definitions are clearly 

If fis defined on the closed interval [a, b] and the limit of Riemann sums over stated we Bh es formal wording and 
partitions A are separated from the text by boxes for 

quick visual reference. 

Definition of Definite Integral 

iim) ms f(c,) Ax; 

Explorations 
Explorations provide unique challenges 

to study concepts that have not yet been 

formally covered in the text. They allow 

you to learn by discovery and introduce 

topics related to ones presently being 

studied. Exploring topics in this way 

encourages you to think outside the box. 

exists (as described above), then fis said to be integrable on [a, b] and the 
limit is denoted by 

n 'b 

isso 2 fe) i | Ses 

The limit is called the definite integral of f from a to b. The number a is the 

lower limit of integration, and the number b is the upper limit of integration. 
SSS 

Historical Notes and Biographies 
Historical Notes provide you with background 

information on the foundations of calculus. 

The Biographies introduce you to the people 

who created and contributed to calculus. 

Sanie\iaitsae  # — 

St. Louis Arch 
The Gateway Arch in St. Louis, Missouri, was constructed using 

the hyperbolic cosine function. The equation used for construction 

was Technology 
Throughout the book, technology boxes show 

you how to use technology to solve problems 

and explore concepts of calculus. These tips 

also point out some pitfalls of using technology. 

y = 693.8597 — 68.7672 cosh 0.0100333x, 

— 299.2239 < x <.299.2239 

where x and y are measured in feet. Cross sections of the arch are 

equilateral triangles, and (x, y) traces the path of the centers of mass 
of the cross-sectional triangles. For each value of x, the area of the Section Projects 

Projects appear in selected sections and encourage 

you to explore applications related to the topics 

you are studying. They provide an interesting 

cross-sectional triangle is 

A = 125.1406 cosh 0.0100333.x. 

(Source: Owner’s Manual for the Gateway Arch, Saint Louis, MO, 

and engaging way for you and other students by William Thayer) 
to work and investigate ideas collaboratively. (a) How high above 

the ground is the 
center of the highest Putnam Exam Challenges Arte 

} 5 triangle? (At ground 

Putnam Exam questions appear in selected level, y = 0.) 

sections. These actual Putnam Exam questions 

will challenge you and push the limits of 

your understanding of calculus. 

What is the height 

of the arch? (Hint: 

For an equilateral 

triangle, A = /3c?, 
where c is one-half the base of the triangle, and the center of 

mass of the triangle is located at two-thirds the height of the 
triangle.) 

(c) How wide is the arch at ground level? 
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Student Resources 

Student Solutions Manual for Calculus of a Single Variable 

(Chapters P—10 of Calculus): ISBN 1-285-08571-X 

Student Solutions Manual for Multivariable Calculus 

(Chapters 11-16 of Calculus): ISBN 1-285-08575-2 

These manuals contain worked-out solutions for all odd-numbered exercises. 

a> é 
WebAssign www.webassign.net 

Printed Access Card: ISBN 0-538-73807-3 

Online Access Code: ISBN 1-285-18421-1 

Enhanced WebAssign is designed for you to do your homework online. This proven 

and reliable system uses pedagogy and content found in this text, and then enhances 

it to help you learn calculus more effectively. Automatically graded homework allows 

you to focus on your learning and get interactive study assistance outside of class. 

Enhanced WebAssign for Calculus, 10e contains the Cengage YouBook, an interactive 

eBook that contains video clips, highlighting and note-taking features, and more! 

=® 
@ CourseMate 

CourseMate is a perfect study tool for bringing concepts to life with interactive 

learning, study, and exam preparation tools that support the printed textbook. 

CourseMate includes: an interactive eBook, videos, quizzes, flashcards, and more! 

CengageBrain.com—To access additional materials including CourseMate, visit 

www.cengagebrain.com. At the CengageBrain.com home page, search for the ISBN 

of your title (from the back cover of your book) using the search box at the top of the 

page. This will take you to the product page where these resources can be found. 

Instructor Resources 

<n ; 
WebAssign www.webassign.net 

Exclusively from Cengage Learning, Enhanced WebAssign offers an extensive online 

program for Calculus, 10e to encourage the practice that is so critical for concept 

mastery. The meticulously crafted pedagogy and exercises in our proven texts become 

even more effective in Enhanced WebAssign, supplemented by multimedia tutorial support 

and immediate feedback as students complete their assignments. Key features include: 

¢ Thousands of homework problems that match your textbook’s end-of-section 

exercises 

¢ Opportunities for students to review prerequisite skills and content both at the 

start of the course and at the beginning of each section 

¢ Read It eBook pages, Watch It Videos, Master It tutorials, and Chat About It links 

¢ A customizable Cengage YouBook with highlighting, note-taking, and search 

features, as well as links to multimedia resources 

Personal Study Plans (based on diagnostic quizzing) that identify chapter topics 

that students will need to master 

e A WebAssign Answer Evaluator that recognizes and accepts equivalent 

mathematical responses in the same way you grade assignments 

¢ A Show My Work feature that gives you the option of seeing students’ detailed 

solutions 

¢ Lecture videos, and more! 

xiii 



XiV Additional Resources 

Cengage Customizable YouBook—YouBook is an eBook that is both interactive 

and customizable! Containing all the content from Calculus, 10e, YouBook features 

a text edit tool that allows you to modify the textbook narrative as needed. With 

YouBook, you can quickly re-order entire sections and chapters or hide any content 

you don’t teach to create an eBook that perfectly matches your syllabus. You can 

further customize the text by adding instructor-created or YouTube video links. 

Additional media assets include: video clips, highlighting and note-taking features, 

and more! YouBook is available within Enhanced WebAssign. 

Complete Solutions Manual for Calculus of a Single Variable, Volume 1 

(Chapters P—6 of Calculus): ISBN 1-285-08576-0 

Complete Solutions Manual for Calculus of a Single Variable, Volume 2 

(Chapters 7-10 of Calculus): ISBN 1-285-08577-9 

Complete Solutions Manual for Multivariable Calculus 

(Chapters 11-16 of Calculus): ISBN 1-285-08580-9 

The Complete Solutions Manuals contain worked-out solutions to all exercises in 

the text. 

Solution Builder (www.cengage.com/solutionbuilder)— This online instructor 

database offers complete worked-out solutions to all exercises in the text, allowing 

you to create customized, secure solutions printouts (in PDF format) matched 

exactly to the problems you assign in class. 

PowerLecture (ISBN 1-285-08583-3)—This comprehensive instructor DVD 

includes resources such as an electronic version of the Instructor’s Resource Guide, 

complete pre-built PowerPoint® lectures, all art from the text in both jpeg and 

PowerPoint formats, ExamView® algorithmic computerized testing software, 

JoinIn™ content for audience response systems (clickers), and a link to Solution 

Builder. 

ExamView Computerized Testing— Create, deliver, and customize tests in print 

and online formats with ExamView®, an easy-to-use assessment and tutorial 

software. ExamView for Calculus, 10e contains hundreds of algorithmic multiple- 

choice and short answer test items. ExamView® is available on the PowerLecture DVD. 

Instructor’s Resource Guide (ISBN 1-285-09074-8)—This robust manual 

contains an abundance of resources keyed to the textbook by chapter and section, 

including chapter summaries and teaching strategies. An electronic version of the 

Instructor’s Resource Guide is available on the PowerLecture DVD. 

=® 
@ CourseMate 

CourseMate is a perfect study tool for students, and requires no set up from you. 

CourseMate brings course concepts to life with interactive learning, study, and 

exam preparation tools that support the printed textbook. CourseMate 

for Calculus, 10e includes: an interactive eBook, videos, quizzes, flashcards, and 

more! For instructors, CourseMate includes Engagement Tracker, a first-of-its kind 

tool that monitors student engagement. 

CengageBrain.com—To access additional course materials including CourseMate, 

please visit http://login.cengage.com. At the CengageBrain.com home page, search 

for the ISBN of your title (from the back cover of your book) using the search box 

at the top of the page. This will take you to the product page where these resources 

can be found. 
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Calculus Textbook Options 
The traditional calculus course is available in a variety The book can be customized to meet your individual needs 

of textbook configurations to address the different ways and is available through CengageBrain.com. 
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2 Chapter P Preparation for Calculus 

RENE DESCARTES (1596-1650) 

Descartes made many contribu- 
tions to philosophy, science, 
and mathematics. The idea of 
representing points in the plane 
by pairs of real numbers and 
representing curves in the plane 
by equations was described 
by Descartes in his book 
La Géométrie, published in 1637. 

See LarsonCalculus.com to read 

more of this biography. 

—- Nw fama > 

The parabola ) Seale! 

Figure P.2 

P1. Graphs and Models 

@ Sketch the graph of an equation. 

@ Find the intercepts of a graph. 

@ Test a graph for symmetry with respect to an axis and the origin. 

@ Find the points of intersection of two graphs. 

@ Interpret mathematical models for real-life data. 

The Graph of an Equation 

In 1637, the French mathematician René Descartes revolutionized the study of mathe- 

matics by combining its two major fields—algebra and geometry. With Descartes’s 

coordinate plane, geometric concepts could be formulated analytically and algebraic 

concepts could be viewed graphically. The power of this approach was such that within 

a century of its introduction, much of calculus had been developed. 

The same approach can be followed in your study of calculus. That is, by viewing 

calculus from multiple perspectives—graphically, analytically, and numerically—you 

will increase your understanding of core concepts. 

Consider the equation 3x + y = 7. The point (2, 1) is a solution point of the 

equation because the equation is satisfied (is true) when 2 is substituted for x and 1 is 

substituted for y. This equation has many other solutions, such as (1, 4) and (0, 7). To 

find other solutions systematically, solve the original equation for y. 

y= 7 = 3% Analytic approach 

Then construct a table of values by substituting several values of x. 

Numerical approach 

From the table, you can see that (0, 7), (1, 4), (2, 1), ; 
(3, —2), and (4, —5) are solutions of the original 

equation 3x + y = 7. Like many equations, this 

equation has an infinite number of solutions. 

The set of all solution points is the graph of the 

equation, as shown in Figure P.1. Note that the 

sketch shown in Figure P.1 is referred to as 

the graph of 3x + y = 7, even though it really 

represents only a portion of the graph. The 

entire graph would extend beyond the page. 

In this course, you will study many sketching 

techniques. The simplest is point plotting—that is, 

you plot points until the basic shape of the graph 

seems apparent. 

Sketching a Graph by Point Plotting 

To sketch the graph of y = x? — 2, first construct a table of values. Next, plot the points 

shown in the table. Then connect the points with a smooth curve, as shown in Figure 

P.2. This graph is a parabola. It is one of the conics you will study in Chapter 10. 

Graphical approach: 3x + y = 7 

Figure P.1 

The Granger Collection, New York 



Exploration 

Comparing Graphical and 

Analytic Approaches Use 

a graphing utility to graph 

each equation. In each case, 

find a viewing window that 

shows the important charac- 

teristics of the graph. 

eee — 3x2 + 24 5 

Des Ox 25 

ee — 3 20x 5 

ey = 3x° — 40x? + 50x — 45 

eoeye=— (x + 12)8 

fey = (x — 2)(x— 4)(x— 6) 

A purely graphical approach 

to this problem would 
involve a simple “guess, 

check, and revise” strategy. 

What types of things do you 

think an analytic approach 

might involve? For instance, 

does the graph have symme- 

try? Does the graph have 

turns? If so, where are they? 

As you proceed through 

Chapters 1, 2, and 3 of this 

text, you will study many 

new analytic tools that will 

help you analyze graphs of- 

equations such as these. 

rm, 

ctor eer ee eee ese ee ere oe eee eee eesaenee ee ay 

P1 Graphs and Models 3 

One disadvantage of point plotting is that to get a good idea about the shape of a 
graph, you may need to plot many points. With only a few points, you could badly 
misrepresent the graph. For instance, to sketch the graph of 

ili 
= 39 Ox 4. y= 30° x( (OR Gees), 

you plot five points: 

G8, 15) Padi), 

as shown in Figure P.3(a). From these five points, you might conclude that the graph is 

a line. This, however, is not correct. By plotting several more points, you can see that 

the graph is more complicated, as shown in Figure P.3(b). 

(OxO}SF Gh) emand” 433) 

4) | 
i (39 — 10x2 +X x4) 

3 (3, 3)” 
7 

ee 7 
7 

7 
Woe | Zor, ah 

(0, 0) 
} t | 1» x 

=o Se Sil A iP ele re 
IS) ac 

y 4 -!+ — Plotting only a 
S few points can 

=o a 
7 misrepresent a 

raph. 
#(-3,-3) —37 ae 

(a) (b) 

EC QILOGY Graphing an equation has been made easier by technology. 
ven with technology, however, it is possible to misrepresent a graph badly. For 

instance, each of the graphing utility* screens in Figure P.4 shows a portion of the 

graph of 

Nk eS, 

From the screen on the left, you might assume that the graph is a line. From the 

screen on the right, however, you can see that the graph is not a line. So, whether you 

are sketching a graph by hand or using a graphing utility, you must realize that 

different “viewing windows” can produce very different views of a graph. In choosing 

a viewing window, your goal is to show a view of the graph that fits well in the 

context of the problem. 

10 5 

=10 —35 

Graphing utility screens of y = x* — x? — 25 

Figure P.4 

*In this text, the term graphing utility means either a graphing calculator, such as the 

TI-Nspire, or computer graphing software, such as Maple or Mathematica. 



No x-intercepts 

One y-intercept 

Chapter P 

Some texts 

denote the x-intercept as the 

x-coordinate of the point (a, 0) 

rather than the point itself. 

Unless it is necessary to make 

a distinction, when the term 

intercept is used in this text, it 

will mean either the point or 

the coordinate. 

Preparation for Calculus 

Intercepts of a Graph 

Two types of solution points that are especially useful in graphing an equation are those 

having zero as their x- or y-coordinate. Such points are called intercepts because they 

are the points at which the graph intersects the x- or y-axis. The point (a, 0) is an 

x-intercept of the graph of an equation when it is a solution point of the equation. To 

find the x-intercepts of a graph, let y be zero and solve the equation for x. The point 

(0, b) is a y-intercept of the graph of an equation when it is a solution point of the 

equation. To find the y-intercepts of a graph, let x be zero and solve the equation for y. 

It is possible for a graph to have no intercepts, or it might have several. For 

instance, consider the four graphs shown in Figure P.5. 

y y y 

4 rf 

Figure P.5 

eee#e 

e*eeee#e 

Example 2 

uses an analytic approach to 

finding intercepts. When an 

analytic approach is not possible, 

you can use a graphical 

approach by finding the points 

at which the graph intersects 

the axes. Use the trace feature 

of a graphing utility to approxi- 

mate the intercepts of the graph 

of the equation in Example 2. 

Note that your utility may 

have a built-in program that 

can find the x-intercepts of a 

graph. (Your utility may call 

this the root or zero feature.) 

If so, use the program to find 

the x-intercepts of the graph 

of the equation in Example 2. 

Three x-intercepts 

One y-intercept 

One x-intercept 

Two y-intercepts 

No intercepts 

EXAMPLE 2 Finding x- and y-Intercepts 

Find the x- and y-intercepts of the graph of y = x* — 4x. 

Solution To find the x-intercepts, let y be zero and solve for x. 

xx =O Let y be zero. 

(2) SEP) = 0 Factor. 

x = 02) 0r—2 Solve for x. 

Because this equation has three solutions, you can conclude that the graph has three 

x-intercepts: 

(0,0), (2,0), and (—2,0). x-intercepts 

To find the y-intercepts, let x be zero. Doing this produces y = 0. So, the y-intercept is 

(0, 0). 

(See Figure P.6.) 

y-intercept 

Intercepts of a graph 

Figure P.6 a 



y-axis 

symmetry 
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(x, y) 

> Xx 

x-axis (x, —y) 
symmetry 

(x, y) 

Figure P.7 

> X 

Origin 

symmetry 

Origin symmetry 

Figure P.8 

P1 Graphs and Models 5 

Symmetry of a Graph 

Knowing the symmetry of a graph before attempting to sketch it is useful because you 

need only half as many points to sketch the graph. The three types of symmetry listed 

below can be used to help sketch the graphs of equations (see Figure P.7). 

1. A graph is symmetric with respect to the y-axis if, whenever (x, y) is a point on the 

graph, then (—.x, y) is also a point on the graph. This means that the portion of the 

graph to the left of the y-axis is a mirror image of the portion to the right of the y-axis. 

2. A graph is symmetric with respect to the x-axis if, whenever (x, y) is a point on the 

graph, then (x, —y) is also a point on the graph. This means that the portion of the 

graph below the x-axis is a mirror image of the portion above the x-axis. 

3. A graph is symmetric with respect to the origin if, whenever (x, y) is a point on 

the graph, then (—.x, —y) is also a point on the graph. This means that the graph is 

unchanged by a rotation of 180° about the origin. 

Tests for Symmetry 

1. The graph of an equation in x and y is symmetric with respect to the y-axis 

when replacing x by —x yields an equivalent equation. 

when replacing y by —y yields an equivalent equation. 

| | 
2. The graph of an equation in x and y is symmetric with respect to the x-axis 

| 3. The graph of an equation in x and y is symmetric with respect to the origin | 

| when replacing x by —x and y by —y yields an equivalent equation. 
—_ : j 

The graph of a polynomial has symmetry with respect to the y-axis when each term 

has an even exponent (or is a constant). For instance, the graph of 

MWe es we 

has symmetry with respect to the y-axis. Similarly, the graph of a polynomial has 

symmetry with respect to the origin when each term has an odd exponent, as illustrated 

in Example 3. 

EXAMPLE 3 Testing for Symmetry 

Test the graph of y = 2x? — x for symmetry with respect to (a) the y-axis and (b) the 

origin. 

Solution 

ay =26 — x 

y = 2(-a? - (-2) 
Se 2 x 

Write original equation. 

Replace x by —x. 

Simplify. It is not an equivalent equation. 

Because replacing x by —x does not yield an equivalent equation, you can conclude 

that the graph of y = 2x° — x is not symmetric with respect to the y-axis. 

b y=2 —-x 

pave ara)? tm (an) 
ty 2 HX 

Write original equation. 

Replace x by —x and y by —y. 

Simplify. 

ME Ox x Equivalent equation 

Because replacing x by —x and y by —y yields an equivalent equation, you can 

conclude that the graph of y = 2x° — x is symmetric with respect to the origin, as 

shown in Figure P.8. | 
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x-intercept 

Figure P.9 

——————— 

Two points of intersection 

Figure P.10 

EXAMPLE 4 Using Intercepts and Symmetry to Sketch a Graph 

> +++. See LarsonCalculus.com for an interactive version of this type of example. 

Sketch the graph of x — y* = 1. 

Solution The graph is symmetric with respect to the x-axis because replacing y by 

—y yields an equivalent equation. 

x-—y*=1 Write original equation. 

x — (-y)? = 1 Replace y by —y. 

pes y? = | Equivalent equation 

This means that the portion of the graph below the x-axis is a mirror image of the 

portion above the x-axis. To sketch the graph, first plot the x-intercept and the points 

above the x-axis. Then reflect in the x-axis to obtain the entire graph, as shown in 

Figure P.9. ad 

Graphing utilities are designed so that they most easily 

* graph equations in which y is a function of x (see Section P.3 for a definition of 

* function). To graph other types of equations, you need to split the graph into two or 

more parts or you need to use a different graphing mode. For instance, to graph the 

equation in Example 4, you can split it into two parts. 

: Vie wwe | Top portion of graph 

: Voie nie Kos | Bottom portion of graph 

Points of Intersection 

A point of intersection of the graphs of two equations is a point that satisfies both 

equations. You can find the point(s) of intersection of two graphs by solving their 

equations simultaneously. 

EXAMPLE 5 Finding Points of Intersection 

Find all points of intersection of the graphs of 

y= y = 3. and x= y = 

Solution Begin by sketching the graphs of both equations in the same rectangular 

coordinate system, as shown in Figure P.10. From the figure, it appears that the graphs 

have two points of intersection. You can find these two points as follows. 

Vie 5 ae, Solve first equation for y. 

y=x-]1 Solve second equation for y. 

x7 =—3=x-1 Equate y-values. 

x>—-x-2=0 Write in general form. 

(x — 2)(x + 1) =0 Factor. 

x= 2 or al Solve for x. 

The corresponding values of y are obtained by substituting x = 2 and x = —1 into 

either of the original equations. Doing this produces two points of intersection: 

(2,1) and (—1, —2). Points of intersection a 

You can check the points of intersection in Example 5 by substituting into both of 

the original equations or by using the intersect feature of a graphing utility. 



The Mauna Loa Observatory 

in Hawaii has been measuring 
the increasing concentration 
of carbon dioxide in Earth’s 
atmosphere since 1958. 

P1 Graphs and Models 7 

Mathematical Models 

Real-life applications of mathematics often use equations as mathematical models. In 

developing a mathematical model to represent actual data, you should strive for two 

(often conflicting) goals: accuracy and simplicity. That is, you want the model to be 

simple enough to be workable, yet accurate enough to produce meaningful results. 

Section P.4 explores these goals more completely. 

EXAMPLE 6 Comparing Two Mathematical Models 

The Mauna Loa Observatory in Hawaii records the carbon dioxide concentration y (in 

parts per million) in Earth’s atmosphere. The January readings for various years are 

shown in Figure P.11. In the July 1990 issue of Scientific American, these data were 

used to predict the carbon dioxide level in Earth’s atmosphere in the year 2035, using 

the quadratic model 

y = 0.0182? + 0.70t + 316.2 Quadratic model for 1960-1990 data 

where t = O represents 1960, as shown in Figure P.11(a). The data shown in 

Figure P.11(b) represent the years 1980 through 2010 and can be modeled by 

y = 1.687 + 303.5 Linear model for 1980-2010 data 

where t = 0 represents 1960. What was the prediction given in the Scientific American 

article in 1990? Given the new data for 1990 through 2010, does this prediction for the 

year 2035 seem accurate? 

CO, (in parts per million) CO, (in parts per million) 

Www aS 

eae) Eyes s wwe eS 

5 10 15 20 25 30 35 40 45 50 5 10 15 20 25 30 35 40 45 50 
Year (0 © 1960) Year (0 < 1960) 

(a) (b) 
Figure P.11 

Solution To answer the first question, substitute t = 75 (for 2035) into the quadratic 
model. 

y = 0.018(75)? + 0.70(75) + 316.2 = 469.95 Quadratic model 

So, the prediction in the Scientific American article was that the carbon dioxide 

concentration in Earth’s atmosphere would reach about 470 parts per million in the year 

2035. Using the linear model for the 1980-2010 data, the prediction for the year 2035 is 

y = 1.68(75) + 303.5 = 429.5. Linear model 

So, based on the linear model for 1980-2010, it appears that the 1990 prediction was 

too high. wi 

The models in Example 6 were developed using a procedure called least squares 

regression (see Section 13.9). The quadratic and linear models have correlations given 

by r? ~ 0.997 and r? ~ 0.994, respectively. The closer r? is to 1, the “better” the model. 

Gavriel Jecan/Terra/CORBIS 
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P 1 Exercises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

In Exercises 1-4, match the equation with its festing for Symmetry In Exercises 27-38, test for symmetry 
graph. [The graphs are labeled (a), (b), (c), and (d).] with respect to each axis and to the origin. 

(a) } (b) 4 27. 3 = x = G 28. y=x?—-x 

29;59? = 3 = 8k 30. y= ex 

31. xy =4 32. xy? = —10 

33. =4 ers 34. xy — 4 — x? =0 

0.5 x2 

353) Ss. 36. y = 
er Sas ye 2 #1 

(c) 37. y = |e + x| 38. |y| — x = 3 

Using Intercepts and Symmetry to Sketch a Graph 
In Exercises 39-56, find any intercepts and test for symmetry. 

Then sketch the graph of the equation. 

39. y=2-—3x 40. y=fxt+1 

1 qe as 41. y=9 — x? 42. y= 2x7 +x 

\ ats mea gee 
Set Shee 4.y=x3—x 43. y=x+2 44. y=x 4x 

45. y=xVJx4+5 46. y= J25 — x? 
Sketching a Graph by Point Plotting In Exercises 5-14, 47.x=y¥ 48. x =y?-4 

sketch the graph of the equation by point plotting. , id 

5, yaiet2 ye oe SN 50: es 
7. yee Spire Oe= 3) 51. y = 6 — |x| 52. y = |6 — x| 

9. y = |x a2] 10. y = |x| —1 53. yo -— 75 = 54. x7 + 4y2 = 4 

ll. y= /x - 6 12. y= /x+2 55. x + 3y2 = 6 56. 3x — 4y? = 
3 1 

13. y= . 14. y= ak Finding Points of Intersection In Exercises 57-62, find 

; ‘ the points of intersection of the graphs of the equations. 

acd Approximating Solution Points In Exercises 15 and 16, 57, xt+y=8 58. 3x-2y= -4 

use a graphing utility to graph the equation. Move the cursor 

along the curve to approximate the unknown coordinate of 2 ue acral 4x 2y = 10 

each solution point accurate to two decimal places. 59, x7 +y=6 60. x = 3 — y? 

15, y= /5— <x 16. y= — 5x May Y Saal 

(a) (2, y) (a) (—0.5, y) 61. ek yt =5 62. x7 + y? = 25 

(b) (x, 3) (b) (, —4) tse fo =s5 y= 15 

Finding Intercepts In Exercises 17-26, find any intercepts. Pe Finding Points of Intersection In Exercises 63-66, use a 
graphing utility to find the points of intersection of the graphs. 

17. y = 2x — 5 18. y = 404+ 3 Check your results analytically. 
9. po xyr2ty—2 i 2 == ys — x . 

.. ) i ‘ 20.19 % AX 638 y= = 2x x — 1 64. y = x* — 2x7 + 1 
4 een IY Bs et ee 2 21. y=x-/16— x 22.) 7 =(4:—A)Vx 4+ 1 14 Saree rola 

Ee fx xo Be 23. y= 24. y = : < . 65. y= J/x +6 
x 3 2 

25. x*y — x7 + 4y =0 26. y = 26 =e? + I Ny agen 
66. y = —|2x — 3| + 6 

y=6-x 

The symbol a indicates an exercise in which you are instructed to use graphing technology 

or a symbolic computer algebra system. The solutions of other exercises may also be 

facilitated by the use of appropriate technology. 



BR 7. Modeling Data The table shows the Gross Domestic 

Product, or GDP (in trillions of dollars), for selected years. 

(Source: U.S. Bureau of Economic Analysis) 

eagm! 1980 | 1985 | 1990 | 1995 

GDPs| 2.8 4.2 5.8 7.4 

Year | 2000 | 2005 | 2010 

Giize! 10.0 | 12.6 14.5 

(a) Use the regression capabilities of a graphing utility to find 

a mathematical model of the form y = at? + bt +c 

for the data. In the model, y represents the GDP (in 

trillions of dollars) and ¢ represents the year, with t = 0 

corresponding to 1980. 

(b) Use a graphing utility to plot the data and graph the model. 

Compare the data with the model. 

(c) Use the model to predict the GDP in the year 2020. 

ee 08: Modeling Datae «eee eeecceceerececccce 

The table shows the numbers of cellular phone subscribers 

(in millions) in the United States for selected years. 

(Source: CTIA-The Wireless) 

(a) Use the regression capabilities of a graphing utility to 

find a mathematical model of the form y = at? + bt + ¢ 
for the data. In the model, y represents the number of 

subscribers (in millions) and f represents the year, with 

= 5 corresponding to 1995. 

(b a Use a graphing 7 

utility to plot the | 

data and graph the ‘ ‘ 
model. Compare 
the data with the \ 
model. ) 

(c) Use the model to | 

predict the number 

of cellular phone 

subscribers in the United States in the year 2020. 

69. Break-Even Point Find the sales necessary to break even 
(R=C) when the cost C of producing x units is 

C = 2.04x + 5600 and the revenue R from selling x units is 

R = 3.29x. 

BE 70. Copper Wire The resistance y in ohms of 1000 feet of 

solid copper wire at 77°F can be approximated by the model 

10,770 
— 5 5 = Be < 100 

where x is the diameter of the wire in mils (0.001 in.). Use a 

graphing utility to graph the model. By about what factor is the 

resistance changed when the diameter of the wire is doubled? 

jem were eer ere ececece 

i 
. 

BE staan
 

= 
° 

P1 Graphs and Models 9 

71. Usi For what values of k does the 

ae of y = kx? pass through the point? 

aL (la) a Deel, Jah Us) Jay 9 is ban 

72. Usin i For what values of k does the 

eae of y? = =e pass through the point? 

(a) (1,1) (b) (2, 4) (c) (0,0) (d) (3,3) 

WRITING ABOUT CONCEPTS 

In Exercises 73 and 74, write an 

equation whos graph has the indicated property. (There 

may be more than one correct answer.) 

Writi ng Equations 

73. The graph has intercepts atx = —4, x = 3, andx = 8. 

74. The graph has intercepts at x = —3, x = 4, and x = = 2 

75. Proof 

(a) Prove that if a graph is symmetric with respect to the 

X-axis and to the y-axis, then it is symmetric with 

respect to the origin. Give an example to show that the 

converse is not true. 

(b) Prove that if a graph is symmetric with respect to one 

axis and to the origin, then it is symmetric with respect 

to the other axis. 

76. HOW DOYOU SEE IT? Use the graphs of the 
two equations to answer the questions below. 

(a) What are the intercepts for each equation? 

(b) Determine the symmetry for each equation. 

(c) Determine the point of intersection of the two 

equations. 

True or False? In Exercises 77-80, determine whether the 

statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

77. If (—4, —5) is a point on a graph that is symmetric with 

respect to the x-axis, then (4, —5) is also a point on the graph. 

78. If (—4, —5) is a point on a graph that is symmetric with 
respect to the y-axis, then (4, —5) is also a point on the graph. 

79. If b2? — 4ac > O anda # 0, then the graph of y = ax? + bx +c 
has two x-intercepts. 

80. If b2? — 4ac = 0 and a ¥ O, then the graph of y = ax* + bx +c 

has only one x-intercept. 

Andy Dean Photography/Shutterstock.com 
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P2 Linear Models and Rates of Change 

Find the slope of a line passing through two points. 

Write the equation of a line with a given point and slope. 

Interpret slope as a ratio or as a rate in a real-life application. 

Sketch the graph of a linear equation in slope-intercept form. 

Write equations of lines that are parallel or perpendicular to a given line. 

The Slope of a Line 

) The slope of a nonvertical line is a measure of the number of units the line rises (or 

falls) vertically for each unit of horizontal change from left to right. Consider the two 

points (x,, y,) and (x5, y>) on the line in Figure P.12. As you move from left to right 
along this line, a vertical change of 

Ay SS Vora y 4 Change in y 

units corresponds to a horizontal change of 

' aN sige xX) Change in x 
Ay Sip) Tea): Daa change in y 3 

Ax = x, — x, = change in x units. (A is the Greek uppercase letter delta, and the symbols Ay and Ax are read “delta 

Figure P.12 y’ and “delta x.”) 

Definition of the Slope of a Line 

The slope m of the nonvertical line passing through (x,, y,) and (x5, y>) is 

Ay yee 
m= — = Xy F Xp. 

FNS ee Picco 

Slope is not defined for vertical lines. 

When using the formula for slope, note that 

Vouaee “ ibs me es E3D 

Ryan Nk, = oes 

So, it does not matter in which order you subtract as Jong as you are consistent and both 

“subtracted coordinates” come from the same point. 

Figure P.13 shows four lines: one has a positive slope, one has a slope of zero, one 

has a negative slope, and one has an “undefined” slope. In general, the greater the 

absolute value of the slope of a line, the steeper the line. For instance, in Figure P.13, 

the line with a slope of —5 is steeper than the line with a slope of re 

y y y y 

4 4 
4 | 2 , 

m, = : | m,=0 ‘ [ os 

? (-1 Be (2,2) 37 mM, is 

2 Rake th Sar Ea > | undefined. 

Gal) | 
I Ly l (3, 1) 

(-2, 0) 
x t toa xX mx + $b... —-—|—» 4 

Oy ae 2 -1 i ay =! i. 2 4 
1 -1 

If m is positive, then the line If m is zero, then the line If m is negative, then the line If m is undefined, then the 

rises from left to right. is horizontal. falls from left to right. line is vertical. 

Figure P.13 
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—— = a 

Equations of Lines 
Exploration 

Any two points on a nonvertical line can be used to calculate its slope. This can be 
verified from the similar triangles shown in Figure P.14. (Recall that the ratios of 
corresponding sides of similar triangles are equal.) 

/ 

Investigating Equations of 

Lines Use a graphing utility | 

to graph each of the linear / 

equations. Which point is | 

common to all seven lines? 

Which value in the equation 

determines the slope of each 

line? 

ae 4 = i— (x + 1) 

Daye = — I(x + 1) 

ce 4 — —3(x++ 1) 

doy 4 = 0% + 1} Any two points on a nonvertical line 
e y—-4= F(x == al) can be used to determine its slope. 

fi. y—4= 1% + 1) Figure P.14 

g. y—-4=2+ 1) 
If (x,, y,) is a point on a nonvertical line that has a slope of m and (x, y) is any other 

Use your results to write an point on the line, then 

equation of a line passing 

through (— 1, 4) with a slope 
of m. 

Vira yn var 

Le 

This equation in the variables x and y can be rewritten in the form 

Vie ee) 

which is the point-slope form of the equation of a line. 

Point-Slope Form of the Equation of a Line 

| The point-slope form of the equation of the line that passes through the point 

| (x,, y,) and has a slope of m is 

--> yy, = mx — x). bao oi =e eS he 

e 

e 

® 

® 

e 

2 eros eB »< Remember that only nonvertical lines have a slope. Consequently, vertical 

lines cannot be written in point-slope form. For instance, the equation of the vertical 

line passing through the point (1, —2) is x = 1. 

Finding an Equation of a Line 

Find an equation of the line that has a slope of 3 and passes through the point (1, — 2). 
4 Then sketch the line. 

Solution 

Wye ane — x;) Point-slope form 

y= (2) = 3 = 1) Substitute —2 for y,, | for x,, and 3 for m. 

y= 3x = 3 Simplify. 

y= 3x-—5 Solve for y. 

The line with a slope of 3 passing ~ To sketch the line, first plot the point (1, —2). Then, because the slope is m = 3, you 
through the point (1, —2) can locate a second point on the line by moving one unit to the right and three units 

Figure P15 upward, as shown in Figure P.15. | 
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Population (in millions) 

2000 2010 

Year 

Population of Colorado 

Figure P.17 

Preparation for Calculus 

2020 

Ratios and Rates of Change 

The slope of a line can be interpreted as either a ratio or a rate. If the x- and y-axes have 

the same unit of measure, then the slope has no units and is a ratio. If the x- and y-axes 

have different units of measure, then the slope is a rate or rate of change. In your study 

of calculus, you will encounter applications involving both interpretations of slope. 

EXAMPLE 2 Using Slope as a Ratio 

The maximum recommended slope of a wheelchair ramp is me A business installs a 

wheelchair ramp that rises to a height of 22 inches over a length of 24 feet, as shown in 

Figure P.16. Is the ramp steeper than recommended? (Source: ADA Standards for 

Accessible Design) 

Figure P.16 

Solution The length of the ramp is 24 feet or 12(24) = 288 inches. The slope of the 

ramp is the ratio of its height (the rise) to its length (the run). 

rise 
l = Slope of ramp am 

3 22 ait 

288 in. 

= 0.076 

Because the slope of the ramp is less than + =~ 0.083, the ramp is not steeper than 

recommended. Note that the slope is a ratio and has no units. 

Using Slope as a Rate of Change 

The population of Colorado was about 4,302,000 in 2000 and about 5,029,000 in 2010. 

Find the average rate of change of the population over this 10-year period. What will 

the population of Colorado be in 2020? (Source: U.S. Census Bureau) 

Solution Over this 10-year period, the average rate of change of the population of 
Colorado was 

change in population 

change in years 

_ 5,029,000 — 4,302,000 

2010 — 2000 

= 72,700 people per year. 

Rate of change = 

Assuming that Colorado’s population continues to increase at this same rate for the next 

10 years, it will have a 2020 population of about 5,756,000 (see Figure P.17). a | 

The rate of change found in Example 3 is an average rate of change. An average 

rate of change is always calculated over an interval. In this case, the interval is 

2000, 2010]. In Chapter 2, you will study another type of rate of change called an 
instantaneous rate of change. 
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Graphing Linear Models 

Many problems in coordinate geometry can be classified into two basic categories. 

1. Given a graph (or parts of it), find its equation. 

2. Given an equation, sketch its graph. 

For lines, problems in the first category can be solved by using the point-slope form. 

The point-slope form, however, is not especially useful for solving problems in the 

second category. The form that is better suited to sketching the graph of a line is the 

slope-intercept form of the equation of a line. 

The Slope-Intercept Form of the Equation of a Line 

The graph of the linear equation 

y=mxt+b Slope-intercept form 

is a line whose slope is m and whose y-intercept is (0, b). 

EXAMPLE 4 Sketching Lines in the Plane 

Sketch the graph of each equation. 

ay=2x+ 1 

b. y = 2 

COV ti 02—-0) 

Solution 

a. Because b = 1, the y-intercept is (0, 1). Because the slope is m = 2, you know that 

the line rises two units for each unit it moves to the right, as shown in Figure P.18(a). 

= By writing the equation y = 2 in slope-intercept form 

y= (Oe +2 

you can see that the slope is m = 0 and the y-intercept is (0, 2). Because the slope 

is zero, you know that the line is horizontal, as shown in Figure P.18(b). 

c. Begin by writing the equation in slope-intercept form. 

ay +X, — sos 0) Write original equation. 

3y = -x+6 Isolate y-term on the left. 

y= —4x alae, Slope-intercept form 

“ 5 . . | . 

In this form, you can see that the y-intercept is (0, 2) and the slope is m = —3. This 

means that the line falls one unit for every three units it moves to the right, as shown 

in Figure P.18(c). 

y y y 
A 4 

ih 
(0, 2) 

if + 

} 

me Xx -——+} —+ —|—»> x 

1 2 3 

(a) m = 2; line rises (b) m = 0; line is horizontal (ec) m= —4; line falls 

Figure P.18 | 
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Chapter P Preparation for Calculus 

REMARK In mathematics, 

the phrase “if and only if” is a 

way of stating two implications 

in one statement. For instance, 

the first statement at the right 

could be rewritten as the 

following two implications. 

a. If two distinct nonvertical 

lines are parallel, then their 

slopes are equal. 

b. If two distinct nonvertical 

lines have equal slopes, 

then they are parallel. 

Because the slope of a vertical line is not defined, its equation cannot be written in 

slope-intercept form. However, the equation of any line can be written in the general 

form 

Ax + By+C=0 General form of the equation of a line 

where A and B are not both zero. For instance, the vertical line 

x=a Vertical line 

can be represented by the general form 

x-a=0. General form 

SUMMARY OF EQUATIONS OF LINES 

1. General form: Ax + By+C=0 

2. Vertical line: x=a 

3. Horizontal line: y=b 

4. Slope-intercept form: 

5. Point-slope form: 

Parallel and Perpendicular Lines 

The slope of a line is a convenient tool for determining whether two lines are parallel 

or perpendicular, as shown in Figure P.19. Specifically, nonvertical lines with the same 

slope are parallel, and nonvertical lines whose slopes are negative reciprocals are 

perpendicular. 

Parallel lines Perpendicular lines 

Figure P.19 

Parallel and Perpendicular Lines 

1. Two distinct nonvertical lines are parallel if and only if their slopes are 

equal—that is, if and only if 

m, = Mm. Parallel <@2> Slopes are equal. 

. Two nonvertical lines are perpendicular if and only if their slopes are 

negative reciprocals of each other—that is, if and only if 

Perpendicular <@]> Slopes are negative reciprocals. 



Lines parallel and perpendicular to 

25 aS yi= 5 

Figure P.20 

P2 Linear Models and Rates of Change 15 

EXAMPLE 5 Finding Parallel and Perpendicular Lines 

* +++. See LarsonCalculus.com for an interactive version of this type of example. 

Find the general forms of the equations of the lines that pass through the point (2, — 1) 
and are (a) parallel to and (b) perpendicular to the line 2x — 3y = 5. 

Solution Begin by writing the linear equation 2x — 3y = 5 in slope-intercept form. 

2x By = 5 
2 5 

0 ree ea) 

Write original equation. 

Slope-intercept form 

So, the given line has a slope of m = 4 (See Figure P.20.) 

a. The line through (2, — 1) that is parallel to the given line also has a slope of z 

Vay, mx —x,} 

y —(-1) =3(@- 2) 
3(y + 1) = 2(@ — 2) 

3y +3-=2x—-4 
2x —3y -7=0 

Point-slope form 

Substitute. 

Simplify. 

Distributive Property 

General form 

Note the similarity to the equation of the given line, 2x — 3y = 5. 

b. Using the negative reciprocal of the slope of the given line, you can determine that 

the slope of a line perpendicular to the given line is —3. 

er) 
vee F(x 2) 
2(y + 1) = —3(@ — 2) 

2y+2=-3x+6 

3x + 2y-4=0 

—yz 
> TECHNOLOGY PITFALL 

yo 2x and y= —p0+ 3. 

square setting. 

10 

—10 10 

—10 

Point-slope form 

Substitute. 

Simplify. 

Distributive Property 

General form wi 

The slope of a line will appear distorted if you use 

different tick-mark spacing on the x- and y-axes. For instance, the graphing utility 

screens in Figures P.21(a) and P.21(b) both show the lines 

Because these lines have slopes that are negative reciprocals, they must be 

perpendicular. In Figure P.21(a), however, the lines don’t appear to be perpendicular 

because the tick-mark spacing on the x-axis is not the same as that on the y-axis. In 

Figure P.21(b), the lines appear perpendicular because the tick-mark spacing on the 

X-axis is the same as on the y-axis. This type of viewing window is said to have a 

=—6 

eeeveeoev4veaeseseeeseeeeseeeeeeeoeeeeweeweeesveeeeeaee 

(a) Tick-mark spacing on the x-axis is not the 

same as tick-mark spacing on the y-axis. 

Figure P.21 

(b) Tick-mark spacing on the x-axis is the 

same as tick-mark spacing on the y-axis. 
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P22 Exercises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

In Exercises 1-4, estimate the slope of 

the line from its graph. To print an enlarged copy of the graph, 

go to MathGraphs.com. 

ae Das 

mw 

. t at sis ee 

Sean Sa Oia, bP or 4a SH6r7 

Finding the Slope of a Line In Exercises 5-10, plot the 

pair of points and find the slope of the line passing through 

them. 

6..(1, D277) 

8.3, =>), ©; —9). 

Den (Gh 
10. (3, 2), (@ -2) 

Sketching Lines In Exercises 11 and 12, sketch the lines 

through the point with the indicated slopes. Make the sketches 

on the same set of coordinate axes. 

Point Slopes 

11. (3,4) (a) 1 

12, (—2. 5) (ayes 

(b) —2  (c) —3 (d) Undefined 

(b) -3 (4 £4(dO 

Finding Points onaLine In Exercises 13-16, use the point 

on the line and the slope of the line to find three additional 

points that the line passes through. (There is more than one 

correct answer.) 

Point Slope Point Slope 

13. (6,2) m=0 14. (—4, 3) m is undefined. 

is. (1,7) m= 3 1622552) ne 

Finding an Equation of a Line In Exercises 17-22, find 

an equation of the line that passes through the point and has 

the indicated slope. Then sketch the line. 

Point Slope Point Slope 

17. (0,3) m= ; 18. (—5,—2) mis undefined. 

19. (0, 0) mes 20. (0, 4) m=0 

21. (3,-2) m=3 22. (—2, 4) m=-? 

e nN Ow F Conveyo! Design eeeeenreeeeeee ee @ @ 

A moving conveyor is built to rise | meter for each 3 meters 

of horizontal change. 

(a) Find the slope of 

the conveyor. 

iy Suppose the 

conveyor runs 

between two floors 

in a factory. Find 

the length of the 

conveyor when the 

vertical distance 

between floors is 10 feet. 

24. Modeling Data The table shows the populations y 

(in millions) of the United States for 2004 through 2009. The 

variable f represents the time in years, with t = 4 corresponding 

to 2004. (Source: U.S. Census Bureau) 

8 ) 

304.4 | 307.0 

(a) Plot the data by hand and connect adjacent points with a 

line segment. 

(b) Use the slope of each line segment to determine the year 

when the population increased least rapidly. 

(c) Find the average rate of change of the population of the 

United States from 2004 through 2009. 

(d) Use the average rate of change of the population to predict 

the population of the United States in 2020. 

Finding the Slope and y-Intercept In Exercises 25-30, 

find the slope and the y-intercept (if possible) of the line. 

25. y = 4x — 3 26.0 Xa al 

27. x + Sy = 20 28. 6x — 5y = 15 

29. x =4 30. y= —1 

Sketching a Line in the Plane In Exercises 31-38, sketch 
a graph of the equation. 

31. y= -3 32.x=4 

33. y= —-2x +1 34. y=jx-1 

35. y — 2 = 3(x - 1) 36. y—1=3(x + 4) 

37. 2x -y -3 =0 38. x + 2y+6=0 

Finding an Equation of a Line In Exercises 39-46, find 

an equation of the line that passes through the points. Then 

sketch the line. 

39. (0, 0), (4, 8) AO. Ga 22 Ne) 



41. (2, 8), (5, 0) 42. (—3, 6), (1,2) 
43. (6, 3), (6, 8) 44, (1, —2), (3, —2) 
45. (5, 3), (0. 2) 46. (§, 3), (G4) 
47. Find an equation of the vertical line with x-intercept at 3. 

48. Show that the line with intercepts (a,0) and (0, b) has the 

following equation. 

+551, He Opes 0 
a) Q ls 

Writing an Equation in General Form In Exercises 
49-54, use the result of Exercise 48 to write an equation of the 

line in general form. 

49, x-intercept: (2, 0) 50. x-intercept: (—3, 0) 

y-intercept: (0, 3) y-intercept: (0, —2) 

51. Point on line: (1, 2) 52. Point on line: (—3, 4) 

x-intercept: (a, 0) x-intercept: (a, 0) 

y-intercept: (0, a) y-intercept: (0, a) 

(a # 0) (a # 0) 

53. Point on line: (9, — 2) 54. Point on line: (—2, —2) 

x-intercept: (2a, 0) x-intercept: (a, 0) 

y-intercept: (0, —a) 

(a # 0) 

y-intercept: (0, a) 

(a # 0) 

Finding Parallel and Perpendicular Lines In Exercises 
55-62, write the general forms of the equations of the lines 

through the point (a) parallel to the given line and (b) perpen- 

dicular to the given line. 

Point Line Point Line 

55. (-7,-2) x=1 56. (1,0) Gy ranes 

Bree, 5) 2—y=—2 58. (—3,2) xt y= 7 

59. (2, 1) 4x—2y=3 60. (2,-4) 7x+4y=8 

61, (3, 2) 5x —3y=0 62. (4,-5) 3x+4y=7 

Rate of Change In Exercises 63-66, you are given the 
dollar value of a product in 2012 and the rate at which the 

value of the product is expected to change during the next 

5 years. Write a linear equation that gives the dollar value V of 

the product in terms of the year ¢. (Let ¢ = 0 represent 2010.) 

2012 Value Rate 

63. $1850 

64. $156 

65. $17,200 

66. $245,000 

$250 increase per year 

$4.50 increase per year 

$1600 decrease per year 

$5600 decrease per year 

Collinear Points In Exercises 67 and 68, determine whether 

the points are collinear. (Three points are collinear if they lie on 

the same line.) 

67. (—2, 1), (—1, 0), (2, —2) 

68. (0, 4), (7, —6), (—5, 11) 

P2 Linear Models and Rates of Change 17 

WRITING ABOUT CONCEPTS 

: in In Exercises 69-71, 

find the coordinates of the point of intersection of the given 

segments. Explain your reasoning. 

69. (b, c) 70. (b, c) 

(—a, 0) (a, 0) (—a, 0) 

Perpendicular bisectors Medians 

(b, c) 

(—a, 0) 

Altitudes 

. Show that the points of intersection in Exercises 69, 70, 

and 71 are collinear. 

73. Analyzing a Line A line is represented by the equation 
ax + by = 4. 

(a) When is the line parallel to the x-axis? 

(b) When is the line parallel to the y-axis? 

(c) Give values for a and b such that the line has a slope of 2. 

(d) Give values for a and b such that the line is perpendicular 

toy) = aE ty 

(e) Give values for a and b such that the line coincides with 

the graph of 5x + 6y = 8. 

On HOW DOYOU SEE IT? Use the graphs of the 
equations to answer the questions below. 

(a) Which lines have a positive slope? 

(b) Which lines have a negative slope? 

(c) Which lines appear parallel? 

(d) Which lines appear perpendicular? 



18 

76. 

THEE 
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Conversion Find a linear equation that 

expresses the relationship between the temperature in degrees 

Celsius C and degrees Fahrenheit F. Use the fact that water 

freezes at 0°C (32°F) and boils at 100°C (212°F). Use the 

equation to convert 72°F to degrees Celsius. 

Reimbursed Expenses A company reimburses its sales 

representatives $200 per day for lodging and meals plus $0.51 

per mile driven. Write a linear equation giving the daily cost C 

to the company in terms of x, the number of miles driven. How 

much does it cost the company if a sales representative drives 

137 miles on a given day? 

Choosing a Job As asalesperson, you receive a monthly 

salary of $2000, plus a commission of 7% of sales. You are 

offered a new job at $2300 per month, plus a commission of 

5% of sales. 

(a) Write linear equations for your monthly wage W in terms of 

your monthly sales s for your current job and your job offer. 

Pe (b) Use a graphing utility to graph each equation and find the 

78. 

ike 

point of intersection. What does it signify? 

(c) You think you can sell $20,000 worth of a product per 

month. Should you change jobs? Explain. 

Straight-Line Depreciation A small business purchases 
a piece of equipment for $875. After 5 years, the equipment 

will be outdated, having no value. 

(a) Write a linear equation giving the value y of the equipment 

in terms of the time x (in years), 0 S x S 5. 

(b) Find the value of the equipment when x = 2. 

(c) Estimate (to two-decimal-place accuracy) the time when 

the value of the equipment is $200. 

Apartment Rental A real estate office manages an 
apartment complex with 50 units. When the rent is $780 per 

month, all 50 units are occupied. However, when the rent is 

$825, the average number of occupied units drops to 47. 

Assume that the relationship between the monthly rent p and 

the demand x is linear. (Note: The term demand refers to the 

number of occupied units.) 

(a) Write a linear equation giving the demand x in terms of the 

rent p. 

acd (b) Linear extrapolation Use a graphing utility to graph the 

PB 80. 

demand equation and use the trace feature to predict the 

number of units occupied when the rent is raised to $855. 

(c) Linear interpolation Predict the number of units occupied 

when the rent is lowered to $795. Verify graphically. 

Modeling Data An instructor gives regular 20-point 
quizzes and 100-point exams in a mathematics course. 

Average scores for six students, given as ordered pairs (x, y), 

where x is the average quiz score and y is the average exam 

score, are (18, 87), (10, 55), (19, 96), (16, 79), (13, 76), and 

(15, 82). 

(a) Use the regression capabilities of a graphing utility to find 

the least squares regression line for the data. 

(b) Use a graphing utility to plot the points and graph the 

regression line in the same viewing window. 

(c) Use the regression line to predict the average exam score 

for a student with an average quiz score of 17. 

(d) Interpret the meaning of the slope of the regression line. 

(e) The instructor adds 4 points to the average exam score of 

everyone in the class. Describe the changes in the positions 

of the plotted points and the change in the equation of the 

line. 

81. Tangent Line Find an equation of the line tangent to the 

circle x* + y? = 169 at the point (5, 12). 

82. Tangent Line Find an equation of the line tangent to the 

circle (x — 1)? + (y — 1)? = 25 at the point (4, —3). 

Distance In Exercises 83-86, find the distance between the 

point and line, or between the lines, using the formula for the 

distance between the point (x,,y,) and the line Ax + By + 

C=0. 

|Ax, + By, + C| 

JAP + B 
83. Point: (—2, 1) 

Line:x —y —2=0 

85. Line:x + y = 1 

Linexx +37 = 5 

Distance = 

84. Point: (2, 3) 

Line: 4x + 3y = 10 

86. Line: 3x — 4y = 1 

Line: 3x — 4y = 10 

87. Distance Show that the distance between the point (x;, y,) 
and the line Ax + By + C = Ois 

lAxeeeudy, eC] 

JA2 + Be 
Distance = 

awd 88. Distance Write the distance d between the point (3, 1) and 

the line y = mx + 4 in terms of m. Use a graphing utility to 

graph the equation. When is the distance 0? Explain the result 

geometrically. 

89. Proof Prove that the diagonals of a rhombus intersect at 
right angles. (A rhombus is a quadrilateral with sides of equal 

lengths.) 

90. Proof Prove that the figure formed by connecting consecutive 

midpoints of the sides of any quadrilateral is a parallelogram. 

91. Proof Prove that if the points (x,, y,) and (x5, y,) lie on the 
same line as (x,", y,") and (x5, y,"), then 

Viren Sp 
Cis xiite weed 

Assume x, # x, and x # x3. 

92. Proof Prove that if the slopes of two nonvertical lines 
are negative reciprocals of each other, then the lines are 

perpendicular. 

True or False? In Exercises 93-96, determine whether the 

statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

93. The lines represented by ax + by = c, and bx — ay = c, are 

perpendicular. Assume a # 0 and b # 0. 

94. It is possible for two lines with positive slopes to be 

perpendicular to each other. 

95. If a line contains points in both the first and third quadrants, 

then its slope must be positive. 

96. The equation of any line can be written in general form. 



A real-valued function f of a real 

variable 

Figure P.22 

FUNCTION NOTATION 

The word function was first used 
by Gottfried Wilhelm Leibniz in 

1694 as a term to denote any 
quantity connected with a curve, 
such as the coordinates of a point 

on a curve or the slope of a 
curve. Forty years later, Leonhard 
Euler used the word “function” to 

describe any expression made up 
of a variable and some constants. 
He introduced the notation 

y = f(x). 

P3 Functions and Their Graphs 

P3 Functions andTheir Graphs 19 

i@ Use function notation to represent and evaluate a function. 

@ Find the domain and range of a function. 

@ Sketch the graph of a function. 

@ Identify different types of transformations of functions. 

@ Classify functions and recognize combinations of functions. 

Functions and Function Notation 

A relation between two sets X and Y is a set of ordered pairs, each of the form (x, y), 

where x is a member of X and y is a member of Y. A function from X to Y is a relation 

between X and Y that has the property that any two ordered pairs with the same x-value 

also have the same y-value. The variable x is the independent variable, and the 

variable y is the dependent variable. 

Many real-life situations can be modeled by functions. For instance, the area A of 

a circle is a function of the circle’s radius r. 

A= at A is a function of r. 

In this case, r is the independent variable and A is the dependent variable. 

Definition of a Real-Valued Function of a Real Variable 

Let X and Y be sets of real numbers. A real-valued function f of a real variable 

x from X to Y is a correspondence that assigns to each number x in X exactly one 

number y in Y. 

The domain of f is the set X. The number y is the image of x under f and is 

denoted by f(x), which is called the value of f at x. The range of fis a subset of 
Y and consists of all images of numbers in X (see Figure P.22). 

—eeeeeeeeeee————————————ea 

Functions can be specified in a variety of ways. In this text, however, you will 

concentrate primarily on functions that are given by equations involving the dependent 

and independent variables. For instance, the equation 

ery =a Equation in implicit form 

defines y, the dependent variable, as a function of x, the independent variable. To 

evaluate this function (that is, to find the y-value that corresponds to a given x-value), 

it is convenient to isolate y on the left side of the equation. 

y= 5(1 — x”) Equation in explicit form 

Using f as the name of the function, you can write this equation as 

f(x) = (1 Ea), Function notation 

The original equation 

x? + 2y=1 

implicitly defines y as a function of x. When you solve the equation for y, you are 

writing the equation in explicit form. 

Function notation has the advantage of clearly identifying the dependent variable 

as f(x) while at the same time telling you that x is the independent variable and that the 

function itself is “f.” The symbol f(x) is read “f of x.” Function notation allows you to be 

less wordy. Instead of asking “What is the value of y that corresponds to x = 3?” you can 

ask “What is f(3)?” 
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*REMARK The expression 

in Example I(c) is called a 

difference quotient and has a 

special significance in calculus. 

You will learn more about this 

in Chapter 2. 

eee7nre5nkvee#eee¢er8eeese ef 

In an equation that defines a function of x, the role of the variable x is simply that 

of a placeholder. For instance, the function 

fix) =2x*:— 42 #1 

can be described by the form 

f( MR) = 2( a) ~ 4( BR) + 
where rectangles are used instead of x. To evaluate f(—2), replace each rectangle 

with —2. 

f(-2) = 2(—2)? — 4(-—2) + 1 Substitute —2 for x. 

= 2(4) + 8+ 1 Simplify. 

= 17 Simplify. 

Although f is often used as a convenient function name and x as the independent 

variable, you can use other symbols. For instance, these three equations all define the 

same function. 

Ti) ex 4 Function name is f, independent variable is x. 

foHr =41 +79 Function name is f, independent variable is t. 

g(s) =is? — 4s +7 Function name is g, independent variable is s. 

EXAMPLE 1 Evaluating a Function 

For the function f defined by f(x) = x? + 7, evaluate each expression. 

fe + Ay) =F) 
a. f(3a) Diplo 1) 

Ax 

Solution 

a. {(3a) = Ga)? +7 Substitute 3a for x. 

='9q* +7 Simplify. 

b. fb — lle be 1p 7 Substitute b — 1 for x. 

OD ied Expand binomial. 

= b= 2b 8 Simplify. 

“ fix.+ Ax) = fG) : [(x + Ax)? + 7] — @? + 7) 

; Ax Ax 

age 20 eS ee ed 

Ax 
> 2th 

- Ax 

WERE Ay) 

AK 

=2x+ Ax, Ax#0 wa 

In calculus, it is important to specify the domain of a function or expression clearly. 

For instance, in Example 1(c), the two expressions 

Tig Ae) Tix 
and 2x + Ax, Ax #0 

Nx 

are equivalent because Ax = 0 is excluded from the domain of each expression. 

Without a stated domain restriction, the two expressions would not be equivalent. 



Range: y 2 0 

y 

: f@=vx-1 

1 

1 2 3 4 

Domain: x = 1 

(a) The domain of fis [1, co), and the range 

is [0, 00). 

Fe 
Range 

< 

Domain 

(b) The domain of fis all x-values such that 

eS 4 + nr, and the range is (— 00, 00). 

Figure P.23 
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The Domain and Range of a Function 

The domain of a function can be described explicitly, or it may be described implicitly 

by an equation used to define the function. The implied domain is the set of all real 

numbers for which the equation is defined, whereas an explicitly defined domain is one 

that is given along with the function. For example, the function 

l 

x2 - 4 
f(x) = As x= 5 

has an explicitly defined domain given by {x: 4 < x < 5}. On the other hand, the 

function 

l 
Me ar 

has an implied domain that is the set {x: x # +2}. 

EXAMPLE 2 Finding the Domain and Range of a Function 

a. The domain of the function 

f@) = Vx-1 

is the set of all x-values for which x — 1 = 0, which is the interval [1, co). To 

find the range, observe that f(x) = \/x — 1 is never negative. So, the range is the 

interval [0, co), as shown in Figure P.23(a). 

. The domain of the tangent function 

f(&) = tanx 

is the set of all x-values such that 

xF a +n, nis an integer. Domain of tangent function 

The range of this function is the set of all real numbers, as shown in Figure P.23(b). 

For a review of the characteristics of this and other trigonometric functions, see 

Appendix C. 

A Function Defined by More than One Equation 

For the piecewise-defined function | fu eal fa)= % 
Viele I Olea ae See AI 

As sion = ih. se 2 Il 

fis defined for x < 1 and x = 1. So, the 

domain is the set of all real numbers. On the 

portion of the domain for which x = 1, the 

function behaves as in Example 2(a). For Domain: all real x 

x < 1, the values of 1 — x are positive. So, The domain of fis (—o0o, 00), and the 

the range of the function is the interval range is [0, 00). 

[0, 00). (See Figure P.24.) Figure P.24 

Range: y 20 

| 2 3 4 

A function from X to Y is one-to-one when to each y-value in the range there 

corresponds exactly one x-value in the domain. For instance, the function in Example 

2(a) is one-to-one, whereas the functions in Examples 2(b) and 3 are not one-to-one. A 

function from X to Y is onto when its range consists of all of Y. 
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The Graph of a Function 

The graph of the function y = f(x) consists of all points (x, f(x)), where x is in the 

(x, f(x) domain of f. In Figure P.25, note that 

agers x = the directed distance from the y-axis 
PTX) 

by 

. f(x) = the directed distance from the x-axis. 

The graph of a function : ; ; : : : : ‘ 
Gee A vertical line can intersect the graph of a function of x at most once. This 

observation provides a convenient visual test, called the Vertical Line Test, for 

functions of x. That is, a graph in the coordinate plane is the graph of a function of x if 

and only if no vertical line intersects the graph at more than one point. For example, in 

Figure P.26(a), you can see that the graph does not define y as a function of x because 

a vertical line intersects the graph twice, whereas in Figures P.26(b) and (c), the graphs 

do define y as a function of x. 

Figure P.25 

(a) Not a function of x (b) A function of x (c) A function of x 

Figure P.26 

Figure P.27 shows the graphs of eight basic functions. You should be able to recognize 

these graphs. (Graphs of the other four basic trigonometric functions are shown in 

Appendix C.) 

N+ 2 I ] 

Absolute value function Rational function Sine function Cosine function 

The graphs of eight basic functions 

Figure P.27 
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Transformations of Functions 

Some families of graphs have the same basic shape. For example, compare the graph of 

y = x° with the graphs of the four other quadratic functions shown in Figure P.28. 

(c) Reflection (d) Shift left, reflect, and shift upward 

Figure P.28 

Each of the graphs in Figure P.28 is a transformation of the graph of y = x. The 

three basic types of transformations illustrated by these graphs are vertical shifts, 

horizontal shifts, and reflections. Function notation lends itself well to describing 

transformations of graphs in the plane. For instance, using 

ik (x) = x? Original function 

as the original function, the transformations shown in Figure P.28 can be represented by 

these equations. 

a. y = f(x) +2 Vertical shift up two units 

boy = fer 2) Horizontal shift to the left two units 

Cry = flr) Reflection about the x-axis 

d. y = =F =F 3) ar Ml Shift left three units, reflect about the x-axis, and shift up one unit 

Basic Types of Transformations (c > 0) 

Original graph: y = f(x) 

Horizontal shift c units to the right: y = f(x — c) 

Horizontal shift c units to the left: =y = f(x + c) 

Vertical shift c units downward: y=f(x)-—c 

Vertical shift c units upward: = f(x) +c 

Reflection (about the x-axis): = —f(x) 

Reflection (about the y-axis): y = f(—x) 

Reflection (about the origin): Te is) 
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LEONHARD EULER (1707-1783) 

In addition to making major 
contributions to almost every 
branch of mathematics, Euler was 
one of the first to apply calculus 
to real-life problems in physics. 
His extensive published writings 
include such topics as shipbuilding, 
acoustics, optics, astronomy, 
mechanics, and magnetism. 
See LarsonCalculus.com to read 

more of this biography. 

i FOR FURTHER INFORMATION 

For more on the history of the 

concept of a function, see the 

article “Evolution of the Function 

Concept: A Brief Survey” by 

Israel Kleiner in The College 

Mathematics Journal. To view this 

article, go to MathArticles.com. 

right 

Graphs of polynomial functions of even degree 

Preparation for Calculus 

Classifications and Combinations of Functions 

The modern notion of a function is derived from the efforts of many seventeenth- and 

eighteenth-century mathematicians. Of particular note was Leonhard Euler, who 

introduced the function notation y = f(x). By the end of the eighteenth century, 

mathematicians and scientists had concluded that many real-world phenomena could be 

represented by mathematical models taken from a collection of functions called 

elementary functions. Elementary functions fall into three categories. 

1. Algebraic functions (polynomial, radical, rational) 

2. Trigonometric functions (sine, cosine, tangent, and so on) 

3. Exponential and logarithmic functions 

You can review the trigonometric functions in Appendix C. The other nonalgebraic 

functions, such as the inverse trigonometric functions and the exponential and logarithmic 

functions, are introduced in Chapter 5. 

The most common type of algebraic function is a polynomial function 

where n is a nonnegative integer. The numbers a; are coefficients, with a, the leading 

coefficient and a, the constant term of the polynomial function. If a, # 0, then n is 

the degree of the polynomial function. The zero polynomial f(x) = 0 is not assigned 

a degree. It is common practice to use subscript notation for coefficients of general 

polynomial functions, but for polynomial functions of low degree, these simpler forms 

are often used. (Note that a # 0.) 

Zeroth degree: f(x) =a 

f@) =ax+b 

Second degree: f(x) = ax + bx +c 

Third degree: f(x) = ax? + bx? +cx+d 

Constant function 

First degree: Linear function 

Quadratic function 

Cubic function 

Although the graph of a nonconstant polynomial function can have several turns, 

eventually the graph will rise or fall without bound as x moves to the right or left. 

Whether the graph of 

(oS ax + 0. Tee eee a Pd, 

eventually rises or falls can be determined by the function’s degree (odd or even) and 

by the leading coefficient a,, as indicated in Figure P.29. Note that the dashed portions 

of the graphs indicate that the Leading Coefficient Test determines only the right and 

left behavior of the graph. 

a <0 a >0 a, <0 n 
n 

n 

y y by 

A A 4 
f \ Up to 

a Up to ; , left 
‘ ‘ 

| 1 ns. right - u 
’ ‘ 

! . s - © | a , oo és ft ai te by 
‘ ‘ ‘ “ i) ‘ 

it - ‘ ‘ 

H oe i matte {Down teks Down \ >» g y 

+ 
| to left \ right / to left to right \ 

r > xX a —— + — — > x 

Graphs of polynomial functions of odd degree 

The Leading Coefficient Test for polynomial functions 

Figure P.29 

North Wind Picture Archives/Alamy 



Domain of g 

f(g) 

Domain of f 

The domain of the composite function 

f° 8 
Figure P.30 
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Just as a rational number can be written as the quotient of two integers, a rational 

function can be written as the quotient of two polynomials. Specifically, a function f is 

rational when it has the form 

ewe S alx) #0 

where p(x) and g(x) are polynomials. 

Polynomial functions and rational functions are examples of algebraic functions. 

An algebraic function of x is one that can be expressed as a finite number of sums, 

differences, multiples, quotients, and radicals involving x”. For example, 

F(x) Se 1 

is algebraic. Functions that are not algebraic are transcendental. For instance, the 

trigonometric functions are transcendental. 

Two functions can be combined in various ways to create new functions. For 

example, given f(x) = 2x — 3 and g(x) = x? + 1, you can form the functions shown. 

(fe g)(x) = f(x) as g(x) aa (x - 3) af (x? ole 1) Sum 

Wes g)(x) = f(x) = g(x) = (Ox at 3) = be 4 1) Difference 

( fg)(x) = f(x)g(x) = (Dra 3) (recta) Product 

SI) 2k , 
(f/g)(x) = ae ee a Quotient 

You can combine two functions in yet another way, called composition. The 

resulting function is called a composite function. 

[ . . . . . 

Definition of Composite Function 

Let f and g be functions. The function (f ° g)(x) = f(g(x)) is the composite of f 
with g. The domain of f © g is the set of all x in the domain of g such that g(x) is 

in the domain of f (see Figure P.30). 
——————————————— 

The composite of f with g is generally not the same as the composite of g with f. 

This is shown in the next example. 

EXAMPLE 4 Finding Composite Functions 

see [> See LarsonCalculus.com for an interactive version of this type of example. 

For f(x) = 2x — 3 and g(x) = cos x, find each composite function. 

ap? 8a Deg ef 

Solution 

a. (f° g)(x) = f(g(x)) Definition of f° g 
= f(cos x) Substitute cos x for g(x). 

= 2(cos x) — 3 Definition of f(x) 

2 COSK =.3 Simplify. 

b. (g of)(x) = g(f)) Definition of g °f 
= g(2x — 3) Substitute 2x — 3 for f(x). 

= cos(2x — 3) Definition of g(x) 

Note that (f ° g)(x) # (g °f)(x). 



26 Chapter P Preparation for Calculus 

Exploration 

Use a graphing utility to 

graph each function. 

Determine whether the 

function is even, odd, or 

neither. 

fsx =x 

e(x) = 2x7 + 1 

h(x) = x8 — 2x3 + x 

Ae Sane axe 

k(x) = x? — 2x4 +x -—2 

pia) Sa? 23x — 2? + x 

Describe a way to identify a 

function as odd or even by 

inspecting the equation. 

(a) Odd function 

| g(x) = 1 + cos x| 
} my raat oe 

/ i) 

2 

(b) Even function 

Figure P.31 

In Section P.1, an x-intercept of a graph was defined to be a point (a, 0) at which 

the graph crosses the x-axis. If the graph represents a function f, then the number a is a 

zero of f. In other words, the zeros of a function f are the solutions of the equation 

f(x) = 0. For example, the function 

f(x) =x-4 

has a zero at x = 4 because f(4) = 0. 

In Section P.1, you also studied different types of symmetry. In the terminology of 

functions, a function is even when its graph is symmetric with respect to the-y-axis, and 

is odd when its graph is symmetric with respect to the origin. The symmetry tests in 

Section P.1 yield the following test for even and odd functions. 

Test for Even and Odd Functions 

The function y = f(x) is even when Y v 

The function y = f(x) is odd when 

fl—x) = —fQ). 

EXAMPLE 5 Even and Odd Functions and Zeros of Functions 

Determine whether each function is even, odd, or neither. Then find the zeros of the 

function. 

de (XR) =e b. g(x) = 1 + cosx 

Solution 

a. This function is odd because 

Ne D= Dia Ghare nea oe =a, 
The zeros of f are 

~e=—-x=0 Let f(x) = 0. 

xe? = 1) = 0 Factor. 

xx— Lie 1) =0 Factor. 

oe ORL. Zeros of f 

See Figure P31 (a). 

b. This function is even because 
“4 

g(—x) = 1 + cos(—x) = 1 + cosx = g(x). cos(—x) = cos(x) 

The zeros of g are 

1+cosx=0 Let g(x) = 0. 

cos x = —l Subtract 1 from each side. 

x = (2n + 1)z, nis an integer. Zeros of g 

See Figure P.31(b). P| 

Each function in Example 5 is either even or odd. However, some functions, such as 

f(x) =x? +x4+1 

are neither even nor odd. 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Evaluating a Function In Exercises 1-10, evaluate the 

function at the given value(s) of the independent variable. 

Simplify the results. 

1. f(x) = 7x —4 2. f(x) = Vx +5 

(a) f(0) (b) f(—3) (a) f(—4) —_(b) f (11) 

emrb) ~~ (d) f@ = 1) (c) f(4) (d) f(x + Ax) 

Sre(x) = 5.x? 4. g(x) = x2(@ — 4) 

(a) g(0) —(b) @ V5) (a) (4) (b) (3) 
fe—2) (4d) e¢— 1) (c) g(c) (d) g(t + 4) 

5. f(x) = cos 2x 6. f(x) = sinx 

(a) f(0) ~— (b) s(-3) (a) f(a) (b) fea 

(c) 2) (d) f(m) (c) (22) (a) *(-2) 

Taf) =x 8. (@) = 32.44 

fe Ax) = Fo) 
Ax ca ll 

9. f(x) = wee 10. f(x) = -—x 

f(x) — f(2) f9)=fY 
SB 55 = Il 

Finding the Domain and Range of a Function In 
Exercises 11—22, find the domain and range of the function. 

11. f(x) = 4x 12 je()i= x2 — 5 

1397) = x? 145 he 4 =x 

A5iee(x) = ~/6x 16. h(x) = —-JVx +3 

ews ix) = ~/ 16 — x? 18. f(x) = |x — 3] 

19. f(t) = see" 20. h(t) = cot t 

3 xe = 2) 
Li) =~ 22. flx) = 4 

Finding the Domain of a Function In Exercises 23-28, 

find the domain of the function. 

23. f(x) = Vx + VI — x 2A Gy — 35 + 2 

2 1 

gee) — 1 — cosx By sin x — (1/2) 

1 : | 
ils f= Ix + 3] i: 3| 28. g(x) = je — 4] 

Finding the Domain and Range of a Piecewise 
Function In Exercises 29-32, evaluate the function as 

indicated. Determine its domain and range. 

Once Ler eae) 

22: 1) eae Bere 10; 

(a) f(-1)_— (b) (0) (c) f(2) (d) f(¢2 +1) 

(a) f(=—2)- (b) 0) =~) £1) -@ f(s? +2) 

31. F(x) -|" +1,x<1 

S63 Ihe Oe == I) 

(A) fl =3) Se bye so) f(s) dg (bw 

32, f(x) = fi +4,x<5 

(6 39) 25 

(ay f(=3) Seb) Oe Key f(S) (a) Ff G0) 

Sketching a Graph of a Function In Exercises 33-40, 

sketch a graph of the function and find its domain and range. 

Use a graphing utility to verify your graph. 

33. f(x) aaa 34. 9(x) = : 

35. h(x) = Vx 36. f(x) =4et3 

37. f(x) = V9 ) 

39, g(t) = 3 sin at 

WRITING ABOUT CONCEPTS 

41. Describing a Graph 
The graph of the distance 

that a student drives in a 

10-minute trip to school 

is shown in the figure. 

Give a verbal description 

of the characteristics of the 

student’s drive to school. 

Distance (in miles) 

(O30) 24> oe Seto 

Time (in minutes) 

. Sketching a Graph A student who commutes 27 miles 

to attend college remembers, after driving a few minutes, 

that a term paper that is due has been forgotten. Driving faster 

than usual, the student returns home, picks up the paper, 

and once again starts toward school. Sketch a possible graph 

of the student’s distance from home as a function of time. 

Using the Vertical Line Test In Exercises 43—46, use the 

Vertical Line Test to determine whether y is a function of x. To 

print an enlarged copy of the graph, go to MathGraphs.com. 

43. x — y? =0 44. /x?—-4—y=0 
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Deciding Whether an Equation Is a Function In 

Exercises 47-50, determine whether y is a function of x. 

47. x2 + y? = 16 
49. y2=?-1 

48. x7 + y= 16 

50. x*y — x7 + 4y = 0 

Transformation of a Function In Exercises 51-54, the 

graph shows one of the eight basic functions on page 22 and a 

transformation of the function. Describe the transformation. 

Then use your description to write an equation for the 

transformation. 

5). Y 52. ) 
A A 

5+ 5+ 

She a D. 

2-- 

r~ 1 

x 

—h 4 Ly : 

Matching In Exercises 55-60, use the graph of y = f(x) to 
match the function with its graph. 

mn wm ll 
y fie Oy 56. 7-=y'la)}-—- 3 

.y=-f(-x)-2 58. y = —f(x — 4) nm ~—I 

59. y = f(x + 6) +2 0. y =f = IS 

61. Sketching Transformations Use the graph of f shown 

in the figure to sketch the graph of each function. To print an 

enlarged copy of the graph, go to MathGraphs.com. 

(ED Grae shh Te) ylee = ih) ) 

(jVyires iy fog Ss 

(e) 3f(x) (f) f(x) see 3 

(g) —f() (h) —f(-) 

62. Sketching Transformations Use the graph of f shown 

in the figure to sketch the graph of each function. To print an 

enlarged copy of the graph, go to MathGraphs.com. 

(a) f(x — 4) (b) f(x + 2) y 

() fx) +4 @ fi) -1 Si 
(e) 2f(x) (f) 3 f(x) 

(g) f(—x) (h) —f(x) 

Combinations of Functions In Exercises 63 and 64, 

find (a) f(x) + g(x), (b) f(x) — g(x), (c) f(x): g(x), and 
(d) f (x)/g(@). 

63. f(x) = 3x — 4 

g(x) = 4 

64. f(x) =x? +5x+4 

g(x) =x4+1 

65. Evaluating Composite Functions Given f(x) = /x 
and g(x) = x? — 1, evaluate each expression. 

(a) f(g(1)) (b) e(f()) ~— ©) f) 
@ f(e(—4)) ©) (gd) (f) (fo) 

66. Evaluating Composite Functions Given f(x) = sinx 
and g(x) = 7x, evaluate each expression. 

(a) f(g(2)) (b) f (<(3)) (c) g(f(0)) 

@ es(Z)) ree) — © eve) 
Finding Composite Functions In Exercises 67-70, find 
the composite functions f ° g and g ° f. Find the domain of each 

composite function. Are the two composite functions equal? 

67. f(x) = x2, (x) = 5/x 68. f(x) = x? — 1, g(x) = cosx 

70. (x) ="se() = > 

x 
69. f(x) = =, g(x) =x? -1 

71. Evaluating Composite 
Functions Use the graphs of f + 
and g to evaluate each expression. 

If the result is undefined, explain 

why. 

(a) (f° g)(3) 

(c) g(f(5)) 

(e) (g °f)(-—1) 

(b) g(f(2)) 

(d) (f° g)(—3) 

(f) f(g(—1)) 



72. Ripples A pebble is dropped into a calm pond, causing 

ripples in the form of concentric circles. The radius (in feet) of 

the outer ripple is given by r(t) = 0.62, where f is the time in 

seconds after the pebble strikes the water. The area of the circle 

is given by the function A(r) = wr?. Find and interpret 

(A or)(t). 

Think About It In Exercises 73 and 74, F(x) =f-g ch. 

Identify functions for f, g, and h. (There are many correct 

answers.) 

IBY, JC) = 5) 

Think About !t In Exercises 75 and 76, find the coordinates 

of a second point on the graph of a function f when the given 

point is on the graph and the function is (a) even and (b) odd. 

74, F(x) = —4sin(1 — x) 

75. (-3,4) 76. (4,9) 

77. Even and Odd Functions The graphs of f, g, and h are 
shown in the figure. Decide whether each function is even, 

odd, or neither. 

ttt x 
24 °6 

Bek 
-6>+ 

Figure for 77 Figure for 78 

78. Even and Odd Functions The domain of the function f 
shown in the figure is -6 S x S 6. 

(a) Complete the graph of f given that fis even. 

(b) Complete the graph of f given that fis odd. 

Even and Odd Functions and Zeros of Functions In 
Exercises 79-82, determine whether the function is even, odd, 

or neither. Then find the zeros of the function. Use a graphing 

utility to verify your result. 

79. f(x) = x?(4 — x?) 

$1. f(x) = x cos x 

80. f(x) = °/x 

82. f(x) = sin’ x 

Writing Functions In Exercises 83-86, write an equation 
for a function that has the given graph. 

83. Line segment connecting (—2, 4) and (0, —6) 

84. Line segment connecting (3, 1) and (5, 8) 

85. The bottom half of the parabola x + y* = 0 

86. The bottom half of the circle x* + y? = 36 

Sketching a Graph In Exercises 87-90, sketch a possible 

graph of the situation. 

87. The speed of an airplane as a function of time during a 5-hour 

flight 

88. 

89. 

90. 

91. 

92,0 

O53 
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The height of a baseball as a function of horizontal distance 

during a home run 

The amount of a certain brand of sneaker sold by a sporting 

goods store as a function of the price of the sneaker 

The value of a new car as a function of time over a period of 8 

years 

Find the value of c such that the domain of 

Flax) Es yo is — 5.5). 

Find all values of c such that the domain of 
fh oer 
vomain 

= weal ey 

x? + 3cx + 6 
f(x) 

is the set of all real numbers. 

Graphical Reasoning An electronically controlled 
thermostat is programmed to lower the temperature during the 

night automatically (see figure). The temperature 7 in degrees 

Celsius is given in terms of f, the time in hours on a 24-hour 

clock. 

ii 
A 

24+ 

20+ | \ 

16 

12+ 

i eae 
3066, 2012.15 48 91 024 

(a) Approximate 7(4) and 7(15). 

(b) The thermostat is reprogrammed to produce a temperature 

H(t) = T(t — 1). How does this change the temperature? 
Explain. 

(c) The thermostat is reprogrammed to produce a temperature 

H(t) = T(t) — 1. How does this change the temperature? 
Explain. 

94. HOW DOYOU SEE IT? Water runs into a vase 
of height 30 centimeters at a constant rate. The 

vase is full after 5 seconds. Use this information 

and the shape of the vase shown to answer the 

questions when d is the depth of the water in 

centimeters and f is the time in seconds (see figure). 

30 cm 

x21 we? | 
(a) Explain why d is a function of f. 

(b) Determine the domain and range of the function. 

(c) Sketch a possible graph of the function. 

(d) Use the graph in part (c) to approximate d(4). What 
does this represent? 
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95. The table shows the average numbers of Py 104. Volume An open box of maximum volume is to be made 

acres per farm in the United States for selected years. from a square piece of material 24 centimeters on a side by 

(Source: U.S. Department of Agriculture) cutting equal squares from the corners and turning up the 

= ed © pl P= sides (see figure). 

Year | 1960 | 1970 | 1980 | 1990 | 2000 | 2010 
_—$ $$$ $$$ | _ 

Acreage | 297 | 374 74 | 4 429 460 | 436 | 418 
ae =— 

(a) Plot the data, where A is the acreage and f is the time 

in years, with t = 0 corresponding to 1960. Sketch a 

freehand curve that approximates the data. 

(b) Use the curve in part (a) to approximate A(25). 

= pa eg ee CET 

e © 96. Automobile Aerodynamics e«eececeececece 

e The horsepower H required to overcome wind drag on a ° (a) Write the volume V as a function of x, the length of the 
* — certain automobile is approximated by e corner squares. What is the domain of the function? 

? H(x) = 0.002x2 + 0.005x — 0.029, 10 < x < 100 : (b) Use a graphing utility to graph the volume function and 

~ F ; 0 approximate the dimensions of the box that yield a 
e where x is the speed of a emma volume: 

* — the car in miles per hour. 
es f (c) Use the table feature of a graphing utility to verify your 

s (a) Use a graphing answer in part (b). (The first two rows of the table are 
utility to graph H. shown.) 

‘ (b) Rewrite the power 

: function so that x Length 

. represents the speed Height, x | and Width Volume, V 
: in kilometers per . 

= hour. [Find H(x/1.6).] i 24—2(1) | 1[24 — 2(1)P = 484 

coeoeoeoeveeveeeeeeeeeee ee ee eee ee eo © D)} 24 — 2(2) 2[24 _ 2(2)P = §00 

97. Think About It Write the function f(x) = |x| + |x — 2| 
without using absolute value signs. (For a review of absolute 

value, see Appendix C.) 

True or False? In Exercises 105-110, determine whether the 

statement is true or false. If it is false, explain why or give an 

sae ‘ it is false. 
Ay 98. Writing Use a graphing utility to graph the polynomial PS daha SY Le 

functions p,(x) = x7 — x + 1 and p(x) = x7 — x. How many 105. If f(a) 

zeros does each function have? Is there a cubic polynomial that 

has no zeros? Explain. 

= f(b), then a = b. 

106. A vertical line can intersect the graph of a function at most 

once. 

107. If f(x) = f(—x) for all x in the domain of f, then the graph of 
fis symmetric with respect to the y-axis. 

108. If fis a function, then 

flax) = af(x). 

109. The graph of a function of x cannot have symmetry with 

respect to the x-axis. 

99, Proof Prove that the function is odd. 

{Xen ssi? PP lo 2 

100. Proof Prove that the function is even. 

f(x) — I aa oi CE ae | EPG: a,x? ae a 

101. Proof Prove that the product of two even (or two odd) 

functions is even. 

102. 

103. 

Proof Prove that the product of an odd function and an 

even function is odd. 

Length A right triangle is formed in the first quadrant by 

the x- and y-axes and a line through the point (3, 2) (see 

figure). Write the length L of the hypotenuse as a function 

of x. 

110. If the domain of a function consists of a single number, then 

its range must also consist of only one number. 

PUTNAM EXAM CHALLENGE 

111. Let R be the region consisting of the points (x, y) of the 

Cartesian plane satisfying both |x y| < 1 and 
|y| < 1. Sketch the region R and find its area. 

. Consider a polynomial f(x) with real coefficients having 

the property f(g(x)) = g( f(x)) for every polynomial g(x) 
with real coefficients. Determine and prove the nature of 

f (x). 
These problems were composed by the Committee on the Putnam Prize Competition. 

© The Mathematical Association of America. All rights reserved. 

iyi nesa/iStockphoto.com 
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P4 Fitting Models to Data | 

A computer graphics drawing 

based on the pen and ink 

drawing of Leonardo da Vinci's 

famous study of human 
proportions, called Vitruvian Man 

Arm span (in inches) 

oy rie 

60 62 64 66 68 70 72 74 76 

Height (in inches) 

Linear model and data 

Figure P.32 

@ Fit a linear model to a real-life data set. 

@ Fit a quadratic model to a real-life data set. 

@ Fit a trigonometric model to a real-life data set. 

Fitting a Linear Model to Data 

A basic premise of science is that much of the physical world can be described 

mathematically and that many physical phenomena are predictable. This scientific outlook 

was part of the scientific revolution that took place in Europe during the late 1500s. Two 

early publications connected with this revolution were On the Revolutions of the 

Heavenly Spheres by the Polish astronomer Nicolaus Copernicus and On the Fabric of 

the Human Body by the Belgian anatomist Andreas Vesalius. Each of these books was 

published in 1543, and each broke with prior tradition by suggesting the use of a scientific 

method rather than unquestioned reliance on authority. 

One basic technique of modern science is gathering data and then describing the 

data with a mathematical model. For instance, the data in Example | are inspired by 

Leonardo da Vinci’s famous drawing that indicates that a person’s height and arm span 

are equal. 

EXAMPLE 1 Fitting a Linear Model to Data 

see [> See LarsonCalculus.com for an interactive version of this type of example. 

A class of 28 people collected the data shown below, which represent their heights x 

and arm spans y (rounded to the nearest inch). 

(60361), (65;65).-(68;,67), (72, 73), (615-62), (63,63), (70,,71), 

(75, 74), (71, 72), (62, 60), (65, 65), (66, 68), (62, 62), (72, 73), 

(70, 70), (69, 68), (69, 70), (60, 61), (63, 63), (64, 64), (71, 71), 

(68, 67), (69, 70), (70, 72), (65, 65), (64, 63), (71, 70), (67, 67) 

Find a linear model to represent these data. 

Solution There are different ways to model these data with an equation. The 
simplest would be to observe that x and y are about the same and list the model as 

simply y = x. A more careful analysis would be to use a procedure from statistics called 

linear regression. (You will study this procedure in Section 13.9.) The least squares 

regression line for these data is 

y = 1.006x — 0.23. Least squares regression line 

The graph of the model and the data are shown in Figure P.32. From this model, you 

can see that a person’s arm span tends to be about the same as his or her height. 

- TECHNOLOGY Many graphing utilities have built-in least squares regression 

programs. Typically, you enter the data into the calculator and then run the linear 

regression program. The program usually displays the slope and y-intercept of the 

best-fitting line and the correlation coefficient r. The correlation coefficient gives a 

measure of how well the data can be modeled by a line. The closer |r| is to 1, the better 

the data can be modeled by a line. For instance, the correlation coefficient for the model 

in Example | is r ~ 0.97, which indicates that the linear model is a good fit for the 

data. If the r-value is positive, then the variables have a positive correlation, as in 

Example 1. If the r-value is negative, then the variables have a negative correlation. cover ececccese\7 

Hal_P/Shutterstock.com 
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Height (in feet) 

Les) 

ee 8 ae ee 

OL 0205S BO 

Time (in seconds) 

Scatter plot of data 

Figure P.33 

Fitting a Quadratic Model to Data 

A function that gives the height s of a falling object in terms of the time f is called a 

position function. If air resistance is not considered, then the position of a falling object 

can be modeled by 

s(t) = Set? Te eS 

where g is the acceleration due to gravity, vg is the initial velocity, and s, is the initial 

height. The value of g depends on where the object is dropped. On Earth, g is approxi- 

mately —32 feet per second per second, or —9.8 meters per second per second. 

To discover the value of g experimentally, you could record the heights of a falling 

object at several increments, as shown in Example 2. 

EXAMPLE 2 Fitting a Quadratic Model to Data 

A basketball is dropped from a height of about on feet. The height of the basketball is 

recorded 23 times at intervals of about 0.02 second. The results are shown in the table. 

0.0 0.02 0.04 0.06 0.08 0.099996 

5.202948) 5.20393. {5.16031 5.0991 5.02707 | 4.95146 

Time | 0.119996 | 0.139992 | 0.159988 | 0.179988 | 0.199984 | 0.219984 

Height | 4.85062 4.74979 4.63096 4.50132 4.35728 4.19523 

Time mm . 0.23998," | 0.25993 alr 0.27998 4) 0.299976 | 0.319972") 0:3399aR 

Height | 4.02958 3.84593 3.65507 3.44981 S255 3.01048 

| Time | 0.359961 0.379951 | 0.399941 | 0.419941 | 0.43994] 

26921 2.52074 | 2:25786 1.98058 1.63488 

Find a model to fit these data. Then use the model to predict the time when the 

basketball will hit the ground. 

Solution Begin by sketching a scatter plot of the data, as shown in Figure P.33. From 

the scatter plot, you can see that the data do not appear to be linear. It does appear, 

however, that they might be quadratic. To check this, enter the data into a graphing 

utility that has a quadratic regression program. You should obtain the model 

§ = — 15.4577 — 113027 775.2340. Least squares regression quadratic 

Using this model, you can predict the time when the basketball hits the ground by 

substituting O for s and solving the resulting equation for t. 

Om = 15-450 B00 340 Let s = 0. 

=e 406 
ihre anu o>? Quadratic Formula 

2a 

_ —(=1.302) + /(—1.302)? — 4(—15.45)(5.2340) substitute a = — 15.45, 
a x 15.45) b = —1.302, and ¢ = 5.23403 

t ~ 0.54 Choose positive solution. 

The solution is about 0.54 second. In other words, the basketball will continue to fall 

for about 0.1 second more before hitting the ground. (Note that the experimental value 

of g is 58 = —15.45, or g = —30.90 feet per second per second.) w 



The amount of daylight received 
by locations on Earth varies with 

the time of year. 
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** REMARK For a review of 
trigonometric functions, see 

Appendix C. 
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Figure P.34 
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Fitting a Trigonometric Model to Data 

What is mathematical modeling? This is one of the questions that is asked in the book 

Guide to Mathematical Modelling. Here is part of the answer.* 

1. Mathematical modeling consists of applying your mathematical skills to obtain 

useful answers to real problems. 

2. Learning to apply mathematical skills is very different from learning mathematics 

itself. 

3. Models are used in a very wide range of applications, some of which do not appear 

initially to be mathematical in nature. 

4. Models often allow quick and cheap evaluation of alternatives, leading to optimal 

solutions that are not otherwise obvious. 

5. There are no precise rules in mathematical modeling and no “correct” answers. 

6. Modeling can be learned only by doing. 

EXAMPLE 3 Fitting a Trigonometric Model to Data 

The number of hours of daylight on a given day on Earth depends on the latitude and the 

time of year. Here are the numbers of minutes of daylight at a location of 20°N latitude 

on the longest and shortest days of the year: June 21, 801 minutes; December 22, 

655 minutes. Use these data to write a model for the amount of daylight d (in minutes) 

on each day of the year at a location of 20°N latitude. How could you check the accuracy 

of your model? 

Solution Here is one way to create a model. You can hypothesize that the model is 

a sine function whose period is 365 days. Using the given data, you can conclude that 

the amplitude of the graph is (801 — 655)/2, or 73. So, one possible model is 

Dh d eg 
Og ti2oa— TF 3) sin| —— sn 5 A 

In this model, t represents the number of each day of the year, with December 22 

represented by t = 0. A graph of this model is shown in Figure P.34. To check the 

accuracy of this model, a weather almanac was used to find the numbers of minutes of 

daylight on different days of the year at the location of 20°N latitude. 

Date Value of t Actual Daylight Daylight Given by Model 

DecwzZ 0 655 min 655 min 

Jan | 10 657 min 656 min 

Feb 1 4] 676 min 672 min 

Mar 1 69 705 min 701 min 

Apr 1 100 740 min 739 min 

May | 130 772 min 773 min 

Jun 1 161 796 min 796 min 

Jun 21 181 801 min 801 min 

Jul 1 191 799 min 800 min 

Aug | DDE 782 min 785 min 

Sep | 2a3 752 min 754 min 

Oct | 283 718 min 716 min 

Nov 1 314 685 min 681 min 

Decel 344 661 min 660 min 

You can see that the model is fairly accurate. Be | 

* Text from Dilwyn Edwards and Mike Hamson, Guide to Mathematical Modelling (Boca 

Raton: CRC Press, 1990), p. 4. Used by permission of the authors. 

hjschneider/iStockphoto.com 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Quiz Scores - LUIZ ocores 

P4 | Exercises 

Each ordered pair gives the average weekly wage x Fe 5. Ene 

for federal government workers and the average weekly wage y 

for state government workers for 2001 through 2009. (Source: 

U.S. Bureau of Labor Statistics) 

(941, 727), (LOO1, 754), (1043, 770); (1111, 791), (1151, 812), 

(1198, 844), (1248, 883), (1275, 923), (1303, 937) 

(a) Plot the data. From the graph, do the data appear to be 

approximately linear? 

(b) Visually find a linear model for the data. Graph the model. 

(c) Use the model to approximate y when x = 1075. 

The ordered pairs represent the scores on two 

consecutive 15-point quizzes for a class of 15 students. 

(7,13), (9,7), (14, 14), (15, 15), (10, 15), (9,7), (11, 14), (7,14), 

(14, 11), (14, 15), (8, 10), (15, 9), (10, 11), (9, 10), (11, 10) 

(a) Plot the data. From the graph, does the relationship between 

consecutive scores appear to be approximately linear? 

(b) If the data appear to be approximately linear, find a linear 

model for the data. If not, give some possible explanations. 

. Hooke’s Law Hooke’s Law states that the force F required 

to compress or stretch a spring (within its elastic limits) is 

proportional to the distance d that the spring is compressed or 

stretched from its original length. That is, F = kd, where k is a 

measure of the stiffness of the spring and is called the spring 

constant. The table shows the elongation d in centimeters of a 

spring when a force of F newtons is applied. 

F | 20 | 40 | 60 | 80 | 100 

d | 1.4 | DES | 4.0 | 5.3 | 6.6 

(a) Use the regression capabilities of a graphing utility to find 

a linear model for the data. 

(b) Use a graphing utility to plot the data and graph the model. 

How well does the model fit the data? Explain. 

(c) Use the model to estimate the elongation of the spring when 

a force of 55 newtons is applied. 

ing Object In an experiment, students measured the 

speed s (in meters per second) of a falling object t seconds after 

it was released. The results are shown in the table. 

om Ok ae 4 

11.0 | 19.4 29.2 | 39.4 

(a) Use the regression capabilities of a graphing utility to find 

a linear model for the data. 

(b) Use a graphing utility to plot the data and graph the model. 

How well does the model fit the data? Explain. 

(c) Use the model to estimate the speed of the object after 

2.5 seconds. 

ation and Gross National Product 

The data show the per capita energy consumptions (in millions 

of Btu) and the per capita gross national incomes (in thousands 

of U.S. dollars) for several countries in 2008. 

Energy Information Administration and The World Bank) 

(Source: U.S. 

Argentina (81, 7.19) India (17, 1.04) 

Australia (274, 40.24) Italy (136, 35.46) 

Bangladesh (6, 0.52) Japan (172, 38.13) 

Brazil (54, 7.30) Mexico (66, 9.99) 

Canada (422, 43.64) Poland (LOLSte73) 

Ecuador (35, 3.69) Turkey (57, 9.02) 

Hungary (110, 12.81) | Venezuela | (121, 9.23) | 

(a) Use the regression capabilities of a graphing utility to 

find a linear model for the data. What is the correlation 

coefficient? 

(b) Use a graphing utility to plot the data and graph the model. 

(c) Interpret the graph in part (b). Use the graph to identify the 

three countries that differ most from the linear model. 

(d) Delete the data for the three countries identified in part (c). 

Fit a linear model to the remaining data and give the 

correlation coefficient. 

6. HOW DOYOU SEE IT? Determine whether the 

data can be modeled by a linear function, a quadratic 

function, or a trigonometric function, or that there 

appears to be no relationship between x and y. 

@) (b) > 

y a) ery © Oni 

| as Milby 



Fe 7. Beam Strength Students in a lab measured the breaking Fe 10. 

BP s. 

BE 9. 

strength S (in pounds) of wood 2 inches thick, x inches high, 

and 12 inches long. The results are shown in the table. 

Pe «| 6 | 8 | 20 12 

23,860 | s | 2370 | 5460 | 10,310 | 16,250 

(a) Use the regression capabilities of a graphing utility to find 

a quadratic model for the data. 

(b) Use a graphing utility to plot the data and graph the model. 

(c) Use the model to approximate the breaking strength when 

x = 2. 

(d) How many times greater is the breaking strength for a 

4-inch-high board than for a 2-inch-high board? 

(e) How many times greater is the breaking strength for a 

12-inch-high board than for a 6-inch-high board? When the 

height of a board increases by a factor, does the breaking 

strength increase by the same factor? Explain. 

Car Performance The time ¢ (in seconds) required to 
attain a speed of s miles per hour from a standing start for a 

Volkswagen Passat is shown in the table. (Source: Car & 

Driver) 

3h) | AO) i ot) 60 | 70 | 80 | 90 

Dit || Seis || 2S) || G8 | 8.0 | ono) | DED: 

(a) Use the regression capabilities of a graphing utility to find 

a quadratic model for the data. 

(b) Use a graphing utility to plot the data and graph the model. 

(c) Use the graph in part (b) to state why the model is not 

appropriate for determining the times required to attain 

speeds of less than 20 miles per hour. 

(d) Because the test began from a standing start, add the point 

(0, 0) to the data. Fit a quadratic model to the revised data 
and graph the new model. 

(e) Does the quadratic model in part (d) more accurately 

model the behavior of the car? Explain. 

Engine Performance A V8 car engine is coupled to a 
dynamometer, and the horsepower y is measured at different 

engine speeds x (in thousands of revolutions per minute). The 

results are shown in the table. 

(a) Use the regression capabilities of a graphing utility to find 

a cubic model for the data. 

(b) Use a graphing utility to plot the data and graph the model. 

(c) Use the model to approximate the horsepower when the 

engine is running at 4500 revolutions per minute. 

P4 Fitting Models to Data 35 

Boiling Temperature The table shows the temperatures T 

(in degrees Fahrenheit) at which water boils at selected 

pressures p (in pounds per square inch). (Source: Standard 

Handbook for Mechanical Engineers) 

5 10 14.696 (1 atmosphere) 20 

fi 162,24) 193.2 1- 212.00° DYN oy 

30 40 60 80 100 
i 

ee 290.33") 9267225" We 292-71° |} 12.037) 2327:81° 

Fe 11. 

(a) Use the regression capabilities of a graphing utility to find 

a cubic model for the data. 

(b) Use a graphing utility to plot the data and graph the model. 

(c) Use the graph to estimate the pressure required for the 

boiling point of water to exceed 300°F. 

(d) Explain why the model would not be accurate for 

pressures exceeding 100 pounds per square inch. 

Automobile Costs The data in the table show the 
variable costs of operating an automobile in the United States 

for 2000 through 2010, where ¢ is the year, with t = 0 

corresponding to 2000. The functions y,, y5, and y, represent 

the costs in cents per mile for gas, maintenance, and tires, 

respectively. (Source: Bureau of Transportation Statistics) 

t v1 y2 ¥3 

0 6.9 3.6 lel 

1 7.9 3) ca 

2 Sy) 4.1 1.8 

3} he: 4.1 1.8 

4 6.5 5.4 Oy 

5 95 49 0.7 

6 8.9 4.9 0.7 

TTI rao VEO, | 

8 10.1 i 4.6 0.8 

y 11.4 4.5 0.8 

10 | 1 2k3 4.4 1.0 

(a) Use the regression capabilities of a graphing utility to find 

cubic models for y, and y3, and a quadratic model for y). 

(b) Use a graphing utility to graph y,, y, y3, and y, + yy + y3 

in the same viewing window. Use the model to estimate 

the total variable cost per mile in 2014. 



Enrollment (in millions) 

13. 
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ations The bar graph Pe 14. Temperature The table shows the normal daily high 

shows the numbers of people N (in millions) receiving 

care in HMOs for the years 1994 through 2008. (Source: 

HealthLeaders-InterStudy) 

HMO Enrollment 

90 eet Tras 
oOo co 

80 es 
FN ee ee ERR oe Pod NG BM RS 

60 fo 

50 

40 

30 

20 

- bees, thea ea . 
af: 7 8 OMG il 1B Awl We ale i 18 

Year (4 <& 1994) 

(a) Let t be the time in years, with t = 4 corresponding to 

1994. Use the regression capabilities of a graphing utility 

to find linear and cubic models for the data. 

(b) Use a graphing utility to plot the data and graph the linear 

and cubic models. 

(c) Use the graphs in part (b) to determine which is the better 

model. 

(d) Use a graphing utility to find and graph a quadratic model 

for the data. How well does the model fit the data? Explain. 

(e) Use the linear and cubic models to estimate the number of 

people receiving care in HMOs in the year 2014. What do 

you notice? 

(f) Use a graphing utility to find other models for the data. 

Which models do you think best represent the data? Explain. 

Harmonic Motion The motion of an oscillating weight 

suspended by a spring was measured by a motion detector. The 

data collected and the approximate maximum (positive and 

negative) displacements from equilibrium are shown in the 

figure. The displacement y is measured in centimeters, and the 

time f is measured in seconds. 

y 

f 
¥ (0.125 79.35) 

| 
| @%e ee 

2% °. os °e 
Cee Ce 

ae \ 
(0.375, 1.65) 

po fff t 
Li We O2MO And) GesbcOis 

(a) Is y a function of t? Explain. 

(b) Approximate the amplitude and period of the oscillations. 

(c) Find a model for the data. 

(d) Use a graphing utility to graph the model in part (c). 

Compare the result with the data in the figure. 

temperatures for Miami M and Syracuse S (in degrees 

Fahrenheit) for month ¢, with tf = | corresponding to January. 

(Source: National Oceanic and Atmospheric Administration) 

t ] 2 3 4 5) 6 

Vim) 76:5 | 77.7) 80:7 9 \ 83:8 | 872 89.5 

ae 314) 33.555) 43:1) 95.7) (08:5) |), 7720 

t i] 8 g) 10 11 12 

Vim) 90:9" 90'6" | 89:07 85:45) 81-27 Ti 

I> Sd | TO Hileat eee 47.4 | 36.3 

(a) A model for Miami is 

M(t) = 83.70 + 7.46 sin(0.4912r — 1.95). 

Find a model for Syracuse. 

(b) Use a graphing utility to plot the data and graph the model 

for Miami. How well does the model fit? 

(c) Use a graphing utility to plot the data and graph the model 

for Syracuse. How well does the model fit? 

(d) Use the models to estimate the average annual temperature 

in each city. Which term of the model did you use? 

Explain. 

(e) What is the period of each model? Is it what you expected? 

Explain. 

(f) Which city has a greater variability in temperature 

throughout the year? Which factor of the models 

determines this variability? Explain. 

WRITING ABOUT CONCEPTS 

Modeling Data In Exercises 15 and 16, describe a | 
possible real-life situation for each data set. Then describe | 

how a model could be used in the real-life setting. 

(be 16. » 
A 

PUTNAM EXAM CHALLENGE 

17. Fori = 1, 2, let 7; be a triangle with side lengths a,, b,, c; 
thle | Mites «2 

and area A;. Suppose that a, S a,, b, <= b5, c, S c>, and 

that 7, is an acute triangle. Does it follow that A, = A,? 

This problem was composed by the Committee on the Putnam Prize Competition. 

© The Mathematical Association of America. All rights reserved. 



Review Exercises 

Review Exercises 37 

Finding Intercepts In Exercises 1—4, find any intercepts. 

1. y=5x-8 Me W) = a = eee ae ID 

Save) 
en Any = (= 3)/x +4 

Testing for Symmetry In Exercises 5-8, test for symmetry 
with respect to each axis and to the origin. 

Dey AX 6. y=xt—-72+4+3 

Cay 5 S$. xy = = 2 

Using Intercepts and Symmetry to Sketch a Graph 
In Exercises 9-14, sketch the graph of the equation. Identify 

any intercepts and test for symmetry. 

9. y= —ix +3 10. y= —-2x° + 4 

Liev — Ax 12. yy =9-x 

138 y= 2/4 — x 14, y = |x —4| 4 

Finding Points of Intersection In Exercises 15-18, find 
the points of intersection of the graphs of the equations. 

155 5% - 3y = = 1 16. 2x + 4y =9 

RS Sea 6x — 4y =7 

1x y= —5 18. 2+y=1 

w= y =) ear i | 

Finding the Slope of a Line In Exercises 19 and 20, plot 
the points and find the slope of the line passing through them. 

19. (3, 1), (5, 3) 
20. (—7, 8), (—1, 8) 

Finding an Equation of a Line In Exercises 21-24, find 
an equation of the line that passes through the point and has 

the indicated slope. Then sketch the line. 

Point Slope Point Slope 

2. G,-5) vm=4 22. (-8, 1) 

23, (-3,0) .m=-—$ 24. (5, 4) m=0 

m is undefined. 

Sketching Lines in the Plane In Exercises 25-28, use the 
slope and y-intercept to sketch a graph of the equation. 

26. x = —3 

28. 3x + 2y = 12 

25. y= 6 

27. y= 4x—2 

Finding an Equation of a Line In Exercises 29 and 30, 
find an equation of the line that passes through the points. 

Then sketch the line. 

29. (0, 0), (8, 2) 

50" (= 5.5), (10; =1) 

See CalcChat.com for tutorial help.and worked-out solutions to odd-numbered exercises. “ 

31. y Equations of Lines Find equations of the lines 
passing oh (—3, 5) and having the following characteristics. 

(a) Slope of 7 

(b) Parallel to the line 5x — 3y = 3 

(c) Perpendicular to the line 3x + 4y = 8 

(d) Parallel to the y-axis 

32. | Find equations of the lines 

passing though (2 4) and sai ene the following characteristics. 

(a) Slope of =; 

(b) Perpendicular to the line x + y = 0 

(c) Passing through the point (6, 1) 

(d) Parallel to the x-axis 

33. Rate of Change The purchase price of a new machine is 
$12,500, and its value will decrease by $850 per year. Use this 

information to write a linear equation that gives the value V of 

the machine f¢ years after it is purchased. Find its value at the 

end of 3 years. 

34. Break-Even Analysis A contractor purchases a piece of 
equipment for $36,500 that costs an average of $9.25 per hour 

for fuel and maintenance. The equipment operator is paid 

$13.50 per hour, and customers are charged $30 per hour. 

(a) Write an equation for the cost C of operating this 

equipment for ¢ hours. 

(b) Write an equation for the revenue R derived from ¢ hours 

of use. 

(c) Find the break-even point for this equipment by finding the 

time at which R = C. 

Evaluating a Function In Exercises 35-38, evaluate the 

function at the given value(s) of the independent variable. 

Simplify the result. 

35. f(x) = 5x +4 36. f(x) = x — 2x 

(a) f(0) (a) f(—3) 

(b) f(5) (b) f(2) 

(c) f(—3) (c) f(-1) 

(d) f(t + 1) (Daflc st) 

37. f(x) = 4x 38. f(x) = 2x — 6 

iran) si) bee) (aoe) 
Ax il 

Finding the Domain and Range of a Function In 
Exercises 39-42, find the domain and range of the function. 

39. fx) =x +3 

40. g(x) = V6—-x 

41. fe) =| 1 

OO), IlGid) = gee 
ae ar 
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Is tical Line Test In Exercises 43-46, sketch id 51. Stress Test A machine part was tested by bending it 

the graph of the equation and use the Vertical Line Test to x centimeters 10 times per minute until the time y (in hours) of 

determine whether y is a function of x. failure. The results are recorded in the table. 

43. x —y*=6 
ae RS) 6 9 La eis) 

44.x7-y=0 

ae 2) vai Ol | 56 | 53 | 55 | 48 
5.3 = 2, 

XZ 

46.x=9-y? ba! 18 | 20 | 24 | 27 | 30 

3 ; : oe Sy || i) |) Bis) || 222 | 3) 
Pe 47. Transformations of Functions Use a graphing utility Z 

BP 4s. 

Py 49. 

50. 

to graph f(x) = x7 — 3x. Use the graph to write a formula for 
the function g shown in the figure. To print an enlarged copy 

of the graph, go to MathGraphs.com. 

(a) 6 (b) 2 
(2, 5) (2, 1) 

& 

(0, 1) 
(4, —3) 

zi 

Conjecture 

(a) Use a graphing utility to graph the functions f, g, and h in 

the same viewing window. Write a description of any 

similarities and differences you observe among the graphs. 

Odd powers: f(x) = x, g(x) = x3, h(x) =x 

Even powers: f(x) = x*, g(x) = x*, h(x) = x® 

(b) Use the result in part (a) to make a conjecture about the 

graphs of the functions y = x’ and y = x®. Use a graphing 
utility to verify your conjecture. 

Think About It Use the results of Exercise 48 to guess the 

shapes of the graphs of the functions f, g, and h. Then use a 

graphing utility to graph each function and compare the result 

with your guess. 

CV aba ae Chae 

(b) g(x) = 2 — 6)? 

(c) h(x) = x3(x — 6) 

Think About It What is the minimum degree of the 
polynomial function whose graph approximates the given 

graph? What sign must the leading coefficient have? 

Pe 52. 

SB} 

(a) Use the regression capabilities of a graphing utility to find 

a linear model for the data. 

(b) Use a graphing utility to plot the data and graph the model. 

(c) Use the graph to determine whether there may have been 

an error made in conducting one of the tests or in 

recording the results. If so, eliminate the erroneous point 

and find the model for the remaining data. 

Median Income The data in the table show the median 
income y (in thousands of dollars) for males of various ages x 

in the United States in 2009. (Source: U.S. Census Bureau) 

EX; 20 | 30 | 40 | 50 60 70 

y | 10.0 | S19 | 42.2 | 44.7 | 41.3 | 25.9 

(a) Use the regression capabilities of a graphing utility to find 

a quadratic model for the data. 

(b) Use a graphing utility to plot the data and graph the model. 

(c) Use the model to approximate the median income for a 

male who is 26 years old. 

(d) Use the model to approximate the median income for a 

male who is 34 years old. 

Harmonic Motion — The motion of an oscillating weight 

suspended by a spring was measured by a motion detector. The 

data collected and the approximate maximum (positive and 

negative) displacements from equilibrium are shown in the 

figure. The displacement y is measured in feet, and the time ft 

is measured in seconds. 

0.50 + 
eo 

0.25 °°, 

e e 4) © 

Sst eaatacafncal @ tmmsti @sas aman feta tet ce 
a LO me 20 

—0.25 + ie *ee 

(0.5, —0.25) 
—0.50 = 

(a) Is y a function of ¢? Explain. 

(b) Approximate the amplitude and period of the oscillations. 

(c) Find a model for the data. 

(d) Use a graphing utility to graph the model in part (c). 

Compare the result with the data in the figure. 
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PS. Problem Solving 39 

See CalcChat.com for tutorial help and 
worked-out solutions to odd-numbered exercises. 

1. Finding Tangent Lines Consider the circle 

Mey? = 6x —\8y =\0, 

as shown in the figure. 

(a) Find the center and radius of the circle. 

(b) Find an equation of the tangent line to the circle at the point 

(0, 0). 

(c) Find an equation of the tangent line to the circle at the point 

(6, 0). 

(d) Where do the two tangent lines intersect? 

y yy 

Figure for 1 Figure for 2 

2. Finding Tangent Lines There are two tangent lines from 
the point (0, 1) to the circle x7 + (y + 1)? = 1 (see figure). Find 
equations of these two lines by using the fact that each tangent 

line intersects the circle at exactly one point. 

3. Heaviside Function _ The Heaviside function H(x) is widely 
used in engineering applications. 

isles 2.0) 
H(x) = 

OL se <@ 

Sketch the graph of the Heaviside function and the graphs of the 

following functions by hand. 

(a) H@)-2 (b) H(x-2) (©) —AG) 
(d) H(—x) (e) 3H(x) (f) —H(x — 2) +2 

OLIVER HEAVISIDE (1850-1925) 

Heaviside was a British mathematician and physicist who contributed 
to the field of applied mathematics, especially applications of 

mathematics to electrical engineering. The Heaviside function is a 
classic type of “on-off” function that has applications to electricity 

and computer science. 

Science and Society/SuperStock 

4. Sketching Transformations Consider the graph of the 

function f shown below. Use this graph to sketch the graphs of 

the following functions. To print an enlarged copy of the graph, 

go to MathGraphs.com. 

(@) Wee se 1) (b) f(x) + 1 4 

(c) 2f() (d) f(—x) ale 

©) —1@) (f) [fOo| 

(g) f (|x|) 

—-4-+- 

. Maximum Area A rancher plans to fence a rectangular 
pasture adjacent to a river. The rancher has 100 meters of 

fencing, and no fencing is needed along the river (see figure). 

(a) Write the area A of the pasture as a function of x, the length 

of the side parallel to the river. What is the domain of A? 

(b) Graph the area function and estimate the dimensions that 

yield the maximum amount of area for the pasture. 

(c) Find the dimensions that yield the maximum amount of area 

for the pasture by completing the square. 

Figure for 5 Figure for 6 

. Maximum Area A rancher has 300 feet of fencing to 
enclose two adjacent pastures (see figure). 

(a) Write the total area A of the two pastures as a function of x. 

What is the domain of A? 

(b) Graph the area function and estimate the dimensions that 

yield the maximum amount of area for the pastures. 

(c) Find the dimensions that yield the maximum amount of area 

for the pastures by completing the square. 

. Writing a Function You are in a boat 2 miles from the 
nearest point on the coast. You are to go to a point Q located 3 

miles down the coast and | mile inland (see figure). You can row 

at 2 miles per hour and walk at 4 miles per hour. Write the total 

time T of the trip as a function of x. 
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You drive to the beach at a rate of 

| 20 kilometers per hour. On the return trip, you drive at a rate 

of 60 kilometers per hour. What is your average speed for the 

entire trip? Explain your reasoning. 

ange One of the fundamental themes 

of calculus is to find the slope of the tangent line to a curve at 

a point. To see how this can be done, consider the point (2, 4) 

x? (see figure). on the graph of f(x) = 

(a) Find the slope of the line joining (2, 4) and (3, 9). Is the 

slope of the tangent line at (2, 4) greater than or less than 

this number? 

(b) Find the slope of the line joining (2, 4) and (1, 1). Is the 
slope of the tangent line at (2, 4) greater than or less than 

this number? 

(c) Find the slope of the line joining (2, 4) and (2.1, 4.41). Is 

the slope of the tangent line at (2, 4) greater than or less 
than this number? 

(d) Find the slope of the line joining (2,4) and 
(2 +h, f(2 + h)) in terms of the nonzero number h. 
Verify that h = 1, —1, and 0.1 yield the solutions to parts 

(a)-(c) above. 

(e) What is the slope of the tangent line at (2, 4)? Explain how 
you arrived at your answer. 

Slope of aTangent Line Sketch the graph of the function 
f(x) = /x and label the point (4, 2) on the graph. 

(a) Find the slope of the line joining (4, 2) and (9, 3). Is the 
slope of the tangent line at (4, 2) greater than or less than 
this number? 

(b) Find the slope of the line joining (4, 2) and (1, 1). Is the 
slope of the tangent line at (4, 2) greater than or less than 
this number? 

(c) Find the slope of the line joining (4, 2) and (4.41, 2.1). Is 
the slope of the tangent line at (4, 2) greater than or less 
than this number? 

(d) Find the slope of the line joining (4, 2) 
(4 + h, f(4 + h)) in terms of the nonzero number h. 

and 

(e) What is the slope of the tangent line at (4, 2)? Explain how 

you arrived at your answer. 

Composite Functions Let f(x) = = 

(a) What are the domain and range of f? 

(b) Find the composition f( f(x)). What is the domain of this 

function? 

(c) Find f(f(f( 

(d) Graph f(f(f(x))). Is the graph a line? Why or why not? 

x))). What is the domain of this function? 

12. 

13. 

14. 

Ss 

Graphing an Equation 

the equation 

Explain how you would graph 

y+ [yl =x + fal. 
Then sketch the graph. 

Sound Intensity A large room contains two speakers that 

are 3 meters apart. The sound intensity / of one speaker is 

twice that of the other, as shown in the figure. (To print an 

enlarged copy of the graph, go to MathGraphs.com.) Suppose 

the listener is free to move about the room to find those 

positions that receive equal amounts of sound from both 

speakers. Such a location satisfies two conditions: (1) the sound 

intensity at the listener’s position is directly proportional to the 

sound level of a source, and (2) the sound intensity is inversely 

proportional to the square of the distance from the source. 

(a) Find the points on the x-axis that receive equal amounts of 

sound from both speakers. 

(b) Find and graph the equation of all locations (x, y) where 

one could stand and receive equal amounts of sound from 

both speakers. 

y y 
h A 

3-+- Sas 

3-- 

2-- 

fe ws 2-- i x 

(hee tf ne / me. 

d ‘ ee Dn 
/ a / rs 

/ x / \ 

Westen Ce SS Bee 
1 2 3 ihe a = Beal 

Figure for 13 Figure for 14 

Sound Intensity Suppose the speakers in Exercise 13 are 
4 meters apart and the sound intensity of one speaker is k times 

that of the other, as shown in the figure. To print an enlarged 

copy of the graph, go to MathGraphs.com. 

(a) Find the equation of all locations (x, y) where one could 

stand and receive equal amounts of sound from both 

speakers. 

(b) Graph the equation for the case k = 3. 

(c) Describe the set of locations of equal sound as k becomes 

very large. 

Lemniscate Let d, and d, be the distances from the point 
(x, y) to the points (— 1, 0) and (1, 0), respectively, as shown 

in the figure. Show that the equation of the graph of all points 

(x, y) satisfying d,d, = 1 is 

(Pty) = 2a 

This curve is called a lemniscate. Graph the lemniscate and 

identify three points on the graph. 

h 
(x, y) 

’ TA 
d, ae \d, 
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Free-Falling Object (Exercises 101 and 102, p. 69) 

Limits and Their Properties 
a oe en 

A Preview of Calculus 

Finding Limits Graphically and Numerically 

Evaluating Limits Analytically 

Continuity and One-Sided Limits 

Infinite Limits 

i i 
ae if 

1 Lac dulan c= | rit 
RR i Blt IR)» Ree RE, 

Sports (/ 

Bicyclist (Exercise 3, p. 47 
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Chapter 1 

ie 11 "A Preview of Calculus 

As you progress 

through this course, remember 

that learning calculus is just 

one of your goals. Your most 

important goal is to learn how 

to use calculus to model and 

solve real-life problems. Here 

are a few problem-solving 

strategies that may help you. 

¢ Be sure you understand the 

question. What is given? 

What are you asked to find? 

¢ Outline a plan. There are 

many approaches you could 

use: look for a pattern, solve 

a simpler problem, work 

backwards, draw a diagram, 

use technology, or any of 

many other approaches. 

Complete your plan. Be 

sure to answer the question. 

Verbalize your answer. For 

example, rather than writing 

the answer as x = 4.6, it 

would be better to write the 

answer as, “The area of the 

region is 4.6 square meters.” 

Look back at your work. 

Does your answer make 

sense? Is there a way you 

can check the reasonableness 

of your answer? 

Limits and Their Properties 

i@ Understand what calculus is and how it compares with precalculus. 

i@ Understand that the tangent line problem is basic to calculus. 

i Understand that the area problem is also basic to calculus. 

What Is Calculus? 

Calculus is the mathematics of change. For instance, calculus is the mathematics of 

velocities, accelerations, tangent lines, slopes, areas, volumes, arc lengths, centroids, 

curvatures, and a variety of other concepts that have enabled scientists, engineers, and 

economists to model real-life situations. 

Although precalculus mathematics also deals with velocities, accelerations, tangent 

lines, slopes, and so on, there is a fundamental difference between precalculus mathe- 

matics and calculus. Precalculus mathematics is more static, whereas calculus is more 

dynamic. Here are some examples. 

An object traveling at a constant velocity can be analyzed with precalculus 

mathematics. To analyze the velocity of an accelerating object, you need calculus. 

The slope of a line can be analyzed with precalculus mathematics. To analyze the 

slope of a curve, you need calculus. 

The curvature of a circle is constant and can be analyzed with precalculus mathematics. 

To analyze the variable curvature of a general curve, you need calculus. 

The area of a rectangle can be analyzed with precalculus mathematics. To analyze the 

area under a general curve, you need calculus. 

Each of these situations involves the same general strategy—the reformulation of 

precalculus mathematics through the use of a limit process. So, one way to answer the 

question “What is calculus?” is to say that calculus is a “limit machine” that involves 

three stages. The first stage is precalculus mathematics, such as the slope of a line or 

the area of a rectangle. The second stage is the limit process, and the third stage is a new 

calculus formulation, such as a derivative or integral. 

@ “"Precaleunie 4 ; ‘uheniia 7 Sa these NON 

Some students try to learn calculus as if it were simply a collection of new 

formulas. This is unfortunate. If you reduce calculus to the memorization of differenti- 

ation and integration formulas, you will miss a great deal of understanding, 

self-confidence, and satisfaction. 

On the next two pages are listed some familiar precalculus concepts coupled with 

their calculus counterparts. Throughout the text, your goal should be to learn how 

precalculus formulas and techniques are used as building blocks to produce the more 

general calculus formulas and techniques. Don’t worry if you are unfamiliar with some 

of the “old formulas” listed on the next two pages—you will be reviewing all of them. 

As you proceed through this text, come back to this discussion repeatedly. Try 

to keep track of where you are relative to the three stages involved in the study of 

calculus. For instance, note how these chapters relate to the three stages. 

Chapter P: Preparation for Calculus Precalculus 

Chapter 1: Limits and Their Properties Limit process 

Chapter 2: Differentiation Calculus 

This cycle is repeated many times on a smaller scale throughout the text. 
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= 
Value of f(x) 

when x = c 

Without Calculus With Differential Calculus 

Limit of f(x) as 

xX approaches c 

Slope of a line Slope of a curve 

Se SSS aS 4 
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to a surface 

Direction of 
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Without Calculus 

Area of a 

rectangle 

|= 

Work done by a 

constant force 

Center of a 

rectangle 

Length of a 

line segment 

Surface area 

of a cylinder 

Mass of a solid 

of constant 

density 

Volume of a 

rectangular 

solid 

Sum of a 

finite number 

of terms 

Area under 

a curve 

Work done by a 

variable force 

With Integral Calculus 

Centroid of 

a region 

Length of 

an arc 

Surface area of a 

solid of revolution 

Mass of a solid 

of variable 

density 

dpa Gyo oS (a) 
n 

al 

Volume of a 

region under 

a surface 

Sum of an 

infinite number 

of terms 
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_-— Tangent line 

The tangent line to the graph of f at P 

Figure 1.1 

GRACE CHISHOLM YOUNG 
(1868-1944) 

Grace Chisholm Young received 
her degree in mathematics from 
Girton College in Cambridge, 
England. Her early work was 
published under the name of 
William Young, her husband. 

Between 1914 and 1916, Grace 

Young published work on the 
foundations of calculus that won 
her the Gamble Prize from 
Girton College. 
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The Tangent Line Problem 

The notion of a limit is fundamental to the study of calculus. The following brief 
descriptions of two classic problems in calculus—the tangent line problem and the area 

problem—should give you some idea of the way limits are used in calculus. 

In the tangent line problem, you are given a function f and a point P on its graph 

and are asked to find an equation of the tangent line to the graph at point P, as shown 
in Figure 1.1. 

Except for cases involving a vertical tangent line, the problem of finding the 

tangent line at a point P is equivalent to finding the s/ope of the tangent line at P. You 

can approximate this slope by using a line through the point of tangency and a second 

point on the curve, as shown in Figure 1.2(a). Such a line is called a secant line. If 

P(c, f(c)) is the point of tangency and 

OC Aa fe Ax) 

is a second point on the graph of f, then the slope of the secant line through these two 

points can be found using precalculus and is 

Q(c+ Ax, f(c + Ax)) 

oa Secant 

lines 
P(c, f(c)) fle + Ax) —f(c) 

Tangent line 

> X mo X 

(a) The secant line through (c, f(c)) and 
(e4- Ax f(e-> Ax)) 

Figure 1.2 

(b) As QO approaches P, the secant lines 

approach the tangent line. 

As point Q approaches point P, the slopes of the secant lines approach the slope of 

the tangent line, as shown in Figure 1.2(b). When such a “limiting position” exists, the 

slope of the tangent line is said to be the limit of the slopes of the secant lines. (Much 

more will be said about this important calculus concept in Chapter 2.) 

Exploration 

The following points lie on the graph of f(x) = x. 

OSes enact 61-1), -O.(1.01, 701.01), 
Q,(1.001, f(1.001)), Q,(1.0001, f(1.0001)) 

Each successive point gets closer to the point P(1, 1). Find the slopes of the 

secant lines through Q, and P, Q, and P, and so on. Graph these secant lines 

on a graphing utility. Then use your results to estimate the slope of the tangent 

line to the graph of f at the point P. 

Girton College 
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The Area Problem 

In the tangent line problem, you saw how the limit process can be applied to the slope 

of a line to find the slope of a general curve. A second classic problem in calculus is 

finding the area of a plane region that is bounded by the graphs of functions. This 

problem can also be solved with a limit process. In this case, the limit process is applied 

to the area of a rectangle to find the area of a general region. 

As a simple example, consider the region bounded by the graph of the function 

y = f(x), the x-axis, and the vertical lines x = a and x = b, as shown in Figure 1.3. You 

can approximate the area of the region with several rectangular regions, as shown in 

Figure 1.4. As you increase the number of rectangles, the approximation tends 

-x* to become better and better because the amount of area missed by the rectangles 

decreases. Your goal is to determine the limit of the sum of the areas of the rectangles 

Area under a curve as the number of rectangles increases without bound. 

Figure 1.3 

HISTORICAL NOTE 

In one of the most astounding 
events ever to occur in mathe- 
matics, it was discovered that 
the tangent line problem and the 

area problem are closely related. 
This discovery led to the birth of 
calculus. You will learn about the 
relationship between these two 
problems when you study the 
Fundamental Theorem of Calculus 
in Chapter 4. 

Approximation using four rectangles Approximation using eight rectangles 

Figure 1.4 

Exploration ts 

Consider the region bounded by the graphs of 

TQ) =e V0, and, 4 = 

as shown in part (a) of the figure. The area of the region can be approximated 

by two sets of rectangles—one set inscribed within the region and the other set 

circumscribed over the region, as shown in parts (b) and (c). Find the sum of 

the areas of each set of rectangles. Then use your results to approximate the 

area of the region. 

| (a) Bounded region (b) Inscribed rectangles (c) Circumscribed rectangles 
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1 8 1 Exe rcises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Precalculus or Calculus 

the problem can be solved using precalculus or whether calculus 

is required. If the problem can be solved using precalculus, 

solve it. If the problem seems to require calculus, explain your 

In Exercises 1—5, decide whether 7. Secant nt Lines Consider the function f(x) = 6x — x? and the 

point P(2, 8) on the graph of f. 

(a) Graph f and the secant lines passing through P(2, 8) and 
O(x, f (x)) for x-values of 3, 2.5, and 1.5. 

reasoning and use a graphical or numerical approach to 

estimate the solution. 

1. Find the distance traveled in 15 seconds by an object traveling 

at a constant velocity of 20 feet per second. 

(b) Find the slope of each secant line. 

(c) Use the results of part (b) to estimate the slope of the 

tangent line to the graph of f at P(2, 8). Describe how to 

improve your approximation of the slope. 

2. Find the distance traveled in 15 seconds by an object moving 

with a velocity of v(t) = 20 + 7 cost feet per second. 
Oey HOW DOYOU SEE IT? How would you 

e 3. Rate of Changee ee eeceeece reece eccecc describe the instantaneous rate of change of an e 

eA bicyclist is riding on a path modeled by the function ° automobile’s position on a highway? 
e =f (x) = 0.04(8x — x), where x and f(x) are measured in : 
: miles (see figure). Find the rate of change of elevation 

aepatx — 2. 
e 

e 

e 

e 

e 

° 9. Approximating Area Use the rectangles in each graph to 
; approximate the area of the region bounded by y = 5/x, y = 0, 
‘ x = 1, and x = 5. Describe how you could continue this process 

e to obtain a more accurate approximation of the area. 

; > , y 
eeeeeeeeeeeeeeeeeeteeeteeeeeeeeee @ \ A 

5+ S-p 
4. A bicyclist is riding on a path y 4 pak 

modeled by the function iT aia 

f(x) = 0.08x, where x and f(x) a mee 
are measured in miles (see ai tak 

figure). Find the rate of change | ERs | 5 

of elevation at x = 2. aoeeeo Nd 5 i eee ey 

5. Find the area of the shaded region. 

y (b) 

s+ (2, 4) 
4 i 

3 Be 

2-1 

I (5, 0) 

(a) 

£1.01 3.4 4.6 

6. Secant Lines Consider the function 

GO) = /x 

: and the point P(4, 2) on the graph of f- 

(a) Graph f and the secant lines passing through P(4, 2) and 

O(x, f (x)) for x-values of 1, 3, and 5. 

(b) Find the slope of each secantine. 

(c) Use the results of part (b) to estimate the slope of the 

tangent line to the graph of f at P(4, 2). Describe how to 
improve your approximation of the slope. 

WRITING ABOUT CONCEPTS 

10. Approximating the Length of a Curve Consider 
the length of the graph of f(x) = 5/x from (1, 5) to (5, 1). | 

(1, 5) 

a 
DS ay 

(a) Approximate the length of the curve by finding the 

distance between its two endpoints, as shown in the 

first figure. 

(b) Approximate the length of the curve by finding the 

sum of the lengths of four line segments, as shown in 

the second figure. 

(c) Describe how you could continue this process to obtain 

amore accurate approximation of the length of the curve. 

Ljupco Smokovski/Shutterstock.com 
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2 : ‘alatelfatem Miealiccmete-lelel(er-linvmr-lacem MUleat-vacercl iMG 

| t 
=2 =! 1 

The limit of f(x) as x approaches | is 3. 

Figure 1.5 

lf Estimate a limit using a numerical or graphical approach. 

@ Learn different ways that a limit can fail to exist. 

lf Study and use a formal definition of limit. 

An Introduction to Limits 

To sketch the graph of the function 

pal te 
f(x) = 

n= Ml 

for values other than x = 1, you can use standard curve-sketching techniques. Atx = 1, 

however, it is not clear what to expect. To get an idea of the behavior of the graph of f 

near x = 1, you can use two sets of x-values—one set that approaches | from the left 

and one set that approaches | from the right, as shown in the table. 

| x | 0.75 | 09 | 099 | 0.999 | 1 | 1.001 } 1.01 | 11 | em 
“fls) ) 2.313 | 2.710 | 2.970 | 2.997 | 2 | 3.003 | 3.030 | 3.310 | 3.813 | 

The graph of f is a parabola that has a gap at the point (1,3), as shown in 

Figure 1.5. Although x cannot equal 1, you can move arbitrarily close to 1, and as a 

result f(x) moves arbitrarily close to 3. Using limit notation, you can write 

lim fy This is read as “the limit of f(x) as x approaches 1 is 3.” 
Dall 

This discussion leads to an informal definition of limit. If f(x) becomes arbitrarily close 

to a single number L as x approaches c from either side, then the limit of f(x), as x 

approaches c, is L. This limit is written as 

"Exploration 

The discussion above gives an example of how you can estimate a limit 

numerically by constructing a table and graphically by drawing a graph. 

Estimate the following limit numerically by completing the table. 

mee eh 
hin 
x2 se = 2 

x | 1.75 | 1.9 | 1.99 1.999 | 2 | 2.001 2 Oe tao os 

70) | ) | Peneee ? Ez ) en a ey 

Then use a graphing utility to estimate the limit graphically. 



fis undefined 

atx =0. 

The limit of f(x) as x approaches 0 is 2. 

Figure 1.6 

N 

6 

1 2 3 

The limit of f(x) as x approaches 2 is 1. 

Figure 1.7 
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EXAMPLE 1 Estimating a Limit Numerically 

Evaluate the function f(x) = x/(/x + 1 — 1) at several x-values near 0 and use the 

results to estimate the limit 

‘ x 
lim 
=0 ./ ct =e 

Solution The table lists the values of f(x) for several x-values near 0. 

x approaches 0 from the left. Pe x approaches 0 from the right. 

x =(.01 | —0.001 | —0.0001 0 | 0.0001 0.001 0.01 

ve il 99499 | 1E9 9950) I 1999958?) i) 2.00005.) 2.000507) 200499 

a a 2 < x) approaches 2. 

From the results shown in the table, you can estimate the limit to be 2. This limit is 

reinforced by the graph of f (see Figure 1.6). | 

In Example 1, note that the function is undefined at x = 0, and yet f(x) appears to 

be approaching a limit as x approaches 0. This often happens, and it is important to 

realize that the existence or nonexistence of f(x) at x = c has no bearing on the 

existence of the limit of f(x) as x approaches c. 

EXAMPLE 2 Finding a Limit 

Find the limit of f(x) as x approaches 2, where 

1, x#2 

Ha) iB a 2 

Solution Because f(x) = 1 for all x other than x = 2, you can estimate that the limit 

is 1, as shown in Figure 1.7. So, you can write 

lim of Conall 

The fact that f(2) = 0 has no bearing on the existence or value of the limit as x 

approaches 2. For instance, as x approaches 2, the function 

(ie exer 

PD Vy ape) 

has the same limit as f- | 

So far in this section, you have been estimating limits numerically and graphically. 

Each of these approaches produces an estimate of the limit. In Section 1.3, you will 

study analytic techniques for evaluating limits. Throughout the course, try to develop a 

habit of using this three-pronged approach to problem solving. 

1. Numerical approach Construct a table of values. 

2. Graphical approach Draw a graph by hand or using technology. 

3. Analytic approach Use algebra or calculus. 
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fa)s-l 

lim f(x) does not exist. 
x0 

Figure 1.8 

lim f(x) does not exist. 
x90 

Figure 1.9 

Limits and Their Properties 

Limits That Fail to Exist 

In the next three examples, you will examine some limits that fail to exist. 

Different Right and Left Behavior 

ts HG x ’ 
Show that the limit lim lel does not exist. 

x>-0 X 

Solution Consider the graph of the function 

: ae Hoe 
In Figure 1.8 and from the definition of absolute value, 

es x 2 s 
|x| = Definition of absolute value 

=i, =< O 

you can see that 

bap S Gal, Seeate 
ae | | coalemecneae 

So, no matter how close x gets to 0, there will be both positive and negative x-values 

that yield f(x) = 1 or f(x) = —1. Specifically, if 6 (the lowercase Greek letter delta) is 

a positive number, then for x-values satisfying the inequality 0 < |x| < 6, you can 

classify the values of |x|/x as 

(0, 0) or (0, 6). 

Negative x-values Positive x-values 

yield |x|/x = —1. yield |x|/x = 1. 

Because |x|/x approaches a different number from the right side of 0 than it approaches 

from the left side, the limit lim (|x|/x) does not exist. 
2a) 

EXAMPLE 4 Unbounded Behavior 

1 
Discuss the existence of the limit lim —. 

x0 Xx 

Solution Consider the graph of the function 

1 
f(x) = x2" 

In Figure 1.9, you can see that as x approaches 0 from either the right or the left, f(x) 

increases without bound. This means that by choosing x close enough to 0, you can 

force f(x) to be as large as you want. For instance, f(x) will be greater than 100 when you 

choose x within 79 of 0. That is, 

Oi ho a (x) = > 100 (6 ee 
Similarly, you can force f(x) to be greater than 1,000,000, as shown. 

i 1 0< |x| <—— =m f®=>>1 = |x| =< ‘000 f(x) ae ,000,000 

Because f(x) does not become arbitrarily close to a single number L as x approaches 0, 

you can conclude that the limit does not exist. ui 



hen ‘7e) = sin = 

lim f(x) does not exist. 
x30 

Figure 1.10 

PETER GUSTAV DIRICHLET 
(1805-1859) 

In the early development of 
calculus, the definition of a function 

was much more restricted than it 
is today, and “functions” such as 
the Dirichlet function would not 
have been considered. The modern 
definition of function is attributed 
to the German mathematician 

Peter Gustav Dirichlet. 4 
See LarsonCalculus.com to read 

more of this biography. 
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EXAMPLE 5 Oscillating Behavior 

«* «+> See LarsonCaiculus.com for an interactive version of this type of example. 

Discuss the existence of the limit lim sin -. 
x—0 BG 

Solution Let f(x) = sin(1/x). In Figure 1.10, you can see that as x approaches 0, 
f(x) oscillates between —1 and 1. So, the limit does not exist because no matter how 

small you choose 6, it is possible to choose x, and x, within 6 units of 0 such that 

sin(1/x,) = 1 and sin(1/x,) = —1, as shown in the table. 

2 2 2 2 D) 2» 

x 7 sya || Siar | Ham || Seer |) ilar x0 

cage 
sin y 1 =I 1 =I | —1 | Limit does not exist. 

econman Types of Behavior Resociated with Nonexistence 

of a Limit 

1. f(x) approaches a different number from the right side of c than it approaches 

from the left side. 

2. f(x) increases or decreases without bound as x approaches c. 

3. f(x) oscillates between two fixed values as x approaches c. 

There are many other interesting functions that have unusual limit behavior. An 

often cited one is the Dirichlet function 

0, if x is rational 
Y= é dade ‘ : 

1, if x is irrational 

Because this function has no limit at any real number c, it is not continuous at any real 

number c. You will study continuity more closely in Section 1.4. 

> TECHNOLOGY PITFALL When you use a graphing utility to investigate the 
behavior of a function near the x-value at which you are trying to evaluate a limit, 

remember that you can’t always trust the pictures that graphing utilities draw. When 

you use a graphing utility to graph the function in Example 5 over an interval 

containing 0, you will most likely obtain an incorrect graph such as that shown in 

Figure 1.11. The reason that a graphing utility can’t show the correct graph is that the 

graph has infinitely many oscillations over any interval that contains 0. 

Ue 

—0.25 0.25 

=1.2 

Incorrect graph of f(x) = sin(1/x) 

Figure 1.11 eeeeeee2»eesesv5wxseesee#ee#e¢ee8e@6&¢@ %¢ @ @ @ 

INTERFOTO/Alamy 
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@ FOR FURTHER INFORMATION A Formal Definition of Limit 
For more on the introduction of 

rigor to calculus, see “Who Gave 

You the Epsilon? Cauchy and the 

Origins of Rigorous Calculus” 

Consider again the informal definition of limit. If f(x) becomes arbitrarily close to a 

single number L as x approaches c from either side, then the limit of f(x) as x approaches 

c is L, written as 

by Judith V. Grabiner in The lim f(x) = L. 

American Mathematical Monthly. att ify ee. 
To view this article, go to At first glance, this definition looks fairly technical. Even so, it is informal because 

MathArticles.com. exact meanings have not yet been given to the two phrases 

F(x) becomes arbitrarily close to L” 

and 

“x approaches c.” 

The first person to assign mathematically rigorous meanings to these two phrases was 

Augustin-Louis Cauchy. His €-6 definition of limit is the standard used today. 

In Figure 1.12, let ¢ (the lowercase Greek letter epsilon) represent a (small) 

positive number. Then the phrase “f(x) becomes arbitrarily close to L” means that f(x) 
L+é 

lies in the interval (L — e, L + e). Using absolute value, you can write this as 
iG 9) 

lfGe) se Linste: 

a Similarly, the phrase “x approaches c” means that there exists a positive number 6 such — 

that x lies in either the interval (c — 6, c) or the interval (c, c + 5). This fact can be 

concisely expressed by the double inequality 

ie ake Wel lca, 
= ct+o : f 

c The first inequality 
c-0 

O< |x = c| The distance between x and c is more than 0. 
The e-6 definition of the limit of f(x) 
as x approaches c expresses the fact that x # c. The second inequality 

Bigures |x SS © x is within 6 units of c. 

says that x is within a distance 6 of c. 

Definition of Limit 

Let f be a function defined on an open interval containing c (except possibly 

at c), and let L be a real number. The statement 

e «[> tims (4) au 
XC 

means that for each se > O there exists a 6 > O such that if 

Ouse Selo 

then 

hones 

eoeeoe@seeeenovneve ee 8 @ &@ @ @ 
> | 

eee ee ® Fei Throughout this text, the expression 

lim f(x) = L 
x—>C 

implies two statements—the limit exists and the limit is L. 

Some functions do not have limits as x approaches c, but those that do cannot have 

two different limits as x approaches c. That is, if the limit of a function exists, then the 

limit is unique (see Exercise 75). 
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“REMARK In Example 6, 
note that 0.005 is the largest 

value of 6 that will guarantee 

|(2x ao) 1| < 0.01 

whenever 

Ea 3 <2 0, 

Any smaller positive value of 

6 would also work. 
— 

@eeeseesev ese ee e282 eo eo] > 
a 
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The next three examples should help you develop a better understanding of the 
e-6 definition of limit. 

EXAMPLE 6 Finding a 6 for a Given e 

Given the limit 

ia Oe 
find 6 such that 

Kees Se hee aKonh 

whenever 

Obs 8) | 

Solution In this problem, you are working with a given value of e—namely, 

é = 0.01. To find an appropriate 6, try to establish a connection between the absolute 

values 

(cer): al geande pee 93) 

Notice that 

255) et ere Ol eal y= 135 

Because the inequality |(2x — 5) — 1| < 0.01 is equivalent to 2|x — 3| < 0.01, 
you can choose 

=4(0.01) = 0.005. 

This choice works because 

OF |x, 3| *=-0.005 

implies that 

\(2x — 5) — 1| = 2|x — 3| < 2(0.005) = 0.01. 

As you can see in Figure 1.13, for x-values within 0.005 of 3 (x # 3), the values of f(x) 
are within 0.01 of 1. 

The limit of f(x) as x approaches 3 is 1. 

Figure 1.13 of 
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Sota 

The limit of f(x) as x approaches 2 is 4. 

Figure 1.14 

The limit of f(x) as x approaches 2 is 4. 

Figure 1.15 

In Example 6, you found a 6-value for a given es. This does not prove the 

existence of the limit. To do that, you must prove that you can find a 6 for any é, as 

shown in the next example. 

Using the ¢-6 Definition of Limit 

Use the e-6 definition of limit to prove that 

ivan (Gee — 2) = 4h. 
x2 

Solution You must show that for each e > 0, there exists a 6 > O such that 

(Gx —2) = 4lete 

whenever 

OS he = A) SO 

Because your choice of 6 depends on ¢g, you need to establish a connection between the 

absolute values |(3x — 2) — 4| and |x — 2|. 

[Gx = 2) = 4| = 3x = 6| = 32] 

So, for a given ¢ > 0, you can choose 6 = &/3. This choice works because 

E 
=) » pe (OY ed Pe 5) 

implies that 

|(3x — 2) — 4] = 3|x -2| < 3() =e. 

As you can see in Figure 1.14, for x-values within 6 of 2 (x # 2), the values of f(x) are 
within e of 4. 

Using the ¢-6 Definition of Limit 

Use the e-6 definition of limit to prove that 

liming 4: 
x—2 

Solution You must show that for each e > 0, there exists a 6 > O such that 

nt 4) c's 

whenever 

(Sd a 

To find an appropriate 6, begin by writing |x? — 4| = |x — 2||x + 2]. For all x in the 
interval (1, 3), x + 2 < 5 and thus |x + 2| < 5. So, letting 6 be the minimum of &/5 
and 1, it follows that, whenever 0 < |x — 2| < 6, you have 

x2 — 4] = |x — 2||x + 2| < (=) =e. 

As you can see in Figure 1.15, for x-values within 6 of 2 (x # 2), the values of f(x) are 
within « of 4. 

Throughout this chapter, you will use the e-6 definition of limit primarily to prove 

theorems about limits and to establish the existence or nonexistence of particular types 

of limits. For finding limits, you will learn techniques that are easier to use than the e-6 

definition of limit. 
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1 . 2 Exe rcises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Estimating a Limit Numerically In Exercises 1-6, . WIG =r = 4 ee [x/(x + 1)] — (2/3) 

complete the table and use the result to estimate the limit. Use 1. Jim x+6 2. een SD 
a graphing utility to graph the function to confirm your result. ase 

. sin 2x ; tan x 
18s lina = 14. lim 

Xa: x30 X x0 tan 2x 
an 

x4 x — 3x —4 se ka a 
Finding a Limit Graphically In Exercises 15-22, use the 

graph to find the limit (if it exists). If the limit does not exist, 

explain why. 
| BG | 3)49) | OY | 3.999 4 | 4.001 | 4.01 | 4.1 

| fs) | | | : | 15. lim (4 ~ 2) ii. dengan: 
x0 

a, i i i 
es x2 -—9 

2.9 | 2.99 | 2.999 | 3 i 

9 ; ft) ian 8 ba | aud 
ae Tt 
2 2 

A EX. ate 1 oa 1 7 

Sen 
2h) x 18. lim f(x) 

x1 

ae #1 | f) = [ erie 
| 

5. 

Dy) y 

i t 

0.001 | 0.01 | 0.1 3+ 
2+ 
oo 

p—}—}—} +-—}- +» x x 
eee a os 16. Ge 

6. ore 

=3 | 

: 1 : 
21. lim cos — 22s La tan x 

x0 x 77/2 

yi 

Estimating a Limit Numerically In Exercises 7-14, / ; 
create a table of values for the function and use the result to 

estimate the limit. Use a graphing utility to graph the function P | ae: 

to confirm your result. z Eff 3m 

me 2 xt+4 | | 
fe Lee = 6 a Ae eee ’ 

= OM oe 10. lim ~ a eo = xo-3 x +3 
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In Exercises 23 and 24, use the 

graph of the function f to decide whether the value of the given 

quantity exists. If it does, find it. If not, explain why. 

23. (ay fl) y 

(b) lim f(x) 
x 1 

(c) f(4) 

(d) lim f(x) 
v4 

DA (a) (2) 

(b) lim f(a) 
(c) f(0) 

(d) lim f(a) 

(e) f (2) 

(f) lim f(x) 

(g) f(4) 

(h) lim f(x) 

Limits of a Piecewise Function In Exercises 25 and 26, 

sketch the graph of f. Then identify the values of c for which 

lim f(x) exists. 

Ge ees 

24s (G9) = Vi Diy De ee a! 

4, 2 oh 

1 ; 
sin x, a <0 

26. fi. (66)h— COS oe ON Saree Siar, 

COs x, xs 

Sketching a Graph In Exercises 27 and 28, sketch a graph 
of a function f that satisfies the given values. (There are many 

correct answers.) 

27. f(O) is undefined. 

lim f(x) = 4 

28. f(—2) = 0 

72a 

fQ)\ = 6 lim f(x) =0 
x——2 

lim f(%) = 3 lim f(x) does not exist. 
x72 x—>2 

29. Finding a 6 for a Given € The graph of f(x) = x + 1 is 
shown in the figure. Find 6 such that if 0 < |x — 2| < 6, then 
If) — 3] < 0.4. 

i 

5 = We 

3.447 J 
f] 1 

1 1 1 

1 1 1 

i} i} ' 

1 1 1 

I | ! 

|} 
0.5 1.0 1.5\ 2.0 /2.5 3.0 

1.6 24 

30. Finding a 6 for a Given € The graph of 

is shown in the figure. Find 6 such that if 0 < |x — 2| < 6, 
then’ | f(x) Seh10.0 

201 2 199 
101 99 

+ pp x 
1 2 3 4 

31. Finding a 6 for a Given € The graph of 

| 
Td) = 2a 

X 

is shown in the figure. Find 6 such that if 0 < |x — 1| < 6, 
then | f(x) =n) = 0.1. 

y y 
a h 

D 0.9 aay f 

SY 
1 2-- B19) 

3 
ie 2.8 

=o 
iiey oe 

— 
4 

Figure for 31 Figure for 32 

32. Finding a 6 for a Given & The graph of 

fs) =? = 1 
is shown in the figure. Find 6 such that if 0 < |x — 2| < 6, 
thens| f(a) = 3.0.2: 

Finding a 6 for a Given e In Exercises 33-36, find the 
limit L. Then find 6>0 such that |f(x) —L| < 0.01 
whenever 0 < |x —c| < 6. 

43, im, (3x12) 34 clin (6 3 *) 
x2 x6 3 

35. lim (x? — 3) 36. lim (x? + 6) 
x2 x4 

Using the «-6 Definition of Limit In Exercises 37-48, 
find the limit L. Then use the ¢-6 definition to prove that the 

limit is L. 

37. lim (x + 2) 38. lim (4x + 5) 
x4 x>-2 

39. lim (jx — 1) 40. lim (7x + 1) 
x7-4 x3 

41. lim 3 42. lim (—1) 
x6 x2 

43. lim 3/x 44. lim fat 
x30 x2 

45. lim |x — 5| 46. lim |x — 3| 
x35 x3 

47. lim (x? + 1) 48. lim (x? + 4x) 
x1 x —-4 
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49. Finding a Limit What is the limit of f(x) =4 as x 
Pe Geches 72 ‘ ; WRITING ABOUT CONCEPTS 
ade Sac . Sai 57. Describing Notation rite a brief descripti * the 50. Finding a Limit What is the limit-of g(x) =x as x y oie =e station Write a brief description of the 

peernachos’? meaning of the notation 

ee oe , lim f(x) = 25. 
Writing In Exercises 51-54, use a graphing utility to graph eats 

the function and estimate the limit (if it exists). What is the . Using the Definition of Limit The definition of 

domain of the function? Can you detect a possible error in limit on page 52 requires that f is a function defined on an 

determining the domain of a function solely by analyzing the open interval containing c, except possibly at c. Why is this 
graph generated by a graphing utility? Write a short paragraph requirement necessary? 

about the importance of examining a function analytically as 

well as graphically. 
. Limits That Fail to Exist Identify three types of 
behavior associated with the nonexistence of a limit. 

51. f(x) = ~/ Gaaiss sab 3 52. f(x) = MoS Illustrate each type with a graph of a function. 

x4 a2 An 13 . Comparing Functions and Limits 

lim f(x) tim F(x) (a) If f(2) = 4, can you conclude anything about the limit 
Pree 6) of f(x) as x approaches 2? Explain your reasoning. 

53 = Pate 
Fe) Jx — 3 (b) If the limit of f(x) as x approaches 2 is 4, can you 

lim f(x) conclude anything about f(2)? Explain your reasoning. 
x9 

Bs 
54. f(x) = Te : f le ‘ 

x 61. Jewelry A jeweler resizes a ring so that its inner circumfer- 
lim f(x) ence is 6 centimeters. 
x3 

. (a) What is the radius of the ring? 

BB ss. Modeling Data For a long distance phone call, a hotel (b) The inner circumference of the ring varies between 

5.5 centimeters and 6.5 centimeters. How does the radius 

vary? 

9.99 = 0.79 =(¢ — 1] (c) Use the e-6 definition of limit to describe this situation. 

Identify ¢ and 6. 

charges $9.99 for the first minute and $0.79 for each additional 

minute or fraction thereof. A formula for the cost is given by 

where f is the time in minutes. 

(Note: |x] = greatest integer n such that n < x. For example, e 262, Sports eceeceecescccscssccsece 
[3.2] = 3 and [—1.6] = —2.) 

(a) Use a graphing utility to graph the cost function for 

Oat: 

(b) Use the graph to complete the table and observe the 

behavior of the function as t approaches 3.5. Use the graph 

and the table to find lim C(t). 
t 3:5 

A sporting goods manufacturer designs a golf ball havinga_ 

volume of 2.48 cubic inches. ¥ 

(a) What is the radius is 

of the golf ball? } 

(b) The volume of the 

golf ball varies 

between 2.45 cubic 

inches and 2.51 cubic 

inches. How does the 

radius vary? 

ane tn CN  cnnanil 
enn 

ceil 

(c) Use the e-6 definition of limit to describe this situation. 

Identify ¢ and 6. (c) Use the graph to complete the table and observe the 

behavior of the function as t approaches 3. 

63. Estimating a Limit Consider the function 

fle) = (14.2) 
Estimate 

Does the limit of C(t) as t approaches 3 exist? Explain. 

Pe 56. Repeat Exercise 55 for 

C(t) = 5.79 — 0.99[—(t — 1]. by evaluating f at x-values near 0. Sketch the graph of f- 

lim (1 + x)! 
x30 

The symbol fy indicates an exercise in which you are instructed to use graphing 

technology or a symbolic computer algebra system. The solutions of other exercises may 

also be facilitated by the use of appropriate technology. 

Tony Bowler/Shutterstock.com 
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64. | iting a Limit Consider the function 

x t 1 il ae mi 

X 
f(x) 

Estimate 

ee lace A Se ee 
line ——Sere ees 
r0 oe 

by evaluating f at x-values near 0. Sketch the graph of f. 

Pe 65. Graphical Analysis The statement 

al 5 fay) 
lim a 
x2 X— z 

means that for each « > 0 there corresponds a 6 > 0 such that 

iO | aioe) 2 0, then 

beaten 

Ce 
SA ne) 

If s = 0.001, then 

x7 —4 = 
2 

< 0.001. 
be 

Use a graphing utility to graph each side of this inequality. Use 

the zoom feature to find an interval (2 — 6, 2 + 6) such that 

the graph of the left side is below the graph of the right side of 

the inequality. 

66. HOW DOYOU SEE IT? Use the graph of f to 
identify the values of c for which lim f(x) exists. 

xc 

(a) 4 (b) z 

True or False? In Exercises 67-70, determine whether the 

statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

67. If fis undefined at x = c, then the limit of f(x) as x approaches 

c does not exist. 

68. If the limit of f(x) as x approaches c is 0, then there must exist 

a number k such that f(k) < 0.001. 

69. If f(c) = L, then lim f(x) = L. 

70. If lim f(x) = L, then f(c) = L. 

Determining a Limit In Exercises 71 and 72, consider the 

function f(x) = \/x. 

71. Is lim /x = 0.5 a true statement? Explain. 
0.25 r— 

72. Is lim /x = 0 a true statement? Explain. 
a0) 

Pe 73. Evaluating Limits Use a graphing utility to evaluate 

sin nx 
lim 
xr 30 ».% 

for several values of n. What do you notice? 

Pe 74. Evaluating Limits Use a graphing utility to evaluate 

see WENO 
ven 
x30 2G 

for several values of n. What do you notice? 

75. Proof Prove that if the limit of f(x) as x approaches c exists, 
then the limit must be unique. [Hint: Let lim f(x) = L, and 
lim f(x) = L, and prove thatL, =L,.) ~~ 
X—>C 

76. Proof Consider the line f(x) = mx + b, where m # 0. Use 

the e-6 definition of limit to prove that lim f(x) = mc + b. 
Bos 

77. Proof Prove that 

lim f(x) = L 
xc 

is equivalent to 

lim [ f(x) — L] = 0. 

78. Proof 

(a) Given that 

lim (Ga DGe= 1x? + 0.01 = 0:01 
x= 

prove that there exists an open interval (a, b) containing 0 

such that (3x + 1)(3x — 1)x? + 0.01 > 0 for all x # Oin 
(a, b). 

(b) Given that lim g(x) = L, where L > 0, prove that there 

exists an open interval (a, b) containing c such that g(x) > 0 
for all x # c in (a, Db). 

PUTNAM EXAM CHALLENGE 

79. Inscribe a rectangle of base b and height h in a circle of | 

radius one, and inscribe an isosceles triangle in a region of ; 

the circle cut off by one base of the rectangle (with that 

side as the base of the triangle). For what value of h do the | 

rectangle and triangle have the same area? 

. A right circular cone has base of radius 1 and height 3. A 

cube is inscribed in the cone so that one face of the cube is | 

contained in the base of the cone. What is the side-length | 

of the cube? 

These problems were composed by the Committee on the Putnam Prize Competition. 

© The Mathematical Association of America. All rights reserved. 
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1.3 Evaluating Limits Analytically 

Figure 1.16 

@ Evaluate a limit using properties of limits. 

@ Develop and use a strategy for finding limits. 

@ Evaluate a limit using the dividing out technique. 

@ Evaluate a limit using the rationalizing technique. 

@ Evaluate a limit using the Squeeze Theorem. 

Properties of Limits 

In Section 1.2, you learned that the limit of f(x) as x approaches c does not depend on 

the value of fat x = c. It may happen, however, that the limit is precisely f(c). In such 

cases, the limit can be evaluated by direct substitution. That is, 

lim flix) = fle). Substitute c for x. 

Such well-behaved functions are continuous at c. You will examine this concept more 

closely in Section 1.4. 

THEOREM 1.1 

Let b and c be real numbers, and let n be a positive integer. 

Some Basic Limits 

1. imb=b 
=> 

So lima =e” 
x=>C 

Zlim x" 
x= C 

Proof The proofs of Properties | and 3 of Theorem 1.1 are left as exercises (see 

Exercises 107 and 108). To prove Property 2, you need to show that for each e > 0 

there exists a 6 > 0 such that |x — c| < © whenever 0 < |x — c| < 6. To do this, 

choose 6 = gs. The second inequality then implies the first, as shown in Figure 1.16. 

ies FX AVPLE 1 Evaluating Basic Limits 

¢* REMARK When encountering 
new notations or symbols in 

mathematics, be sure you know 

how the notations are read. For 

instance, the limit in Example 

1(c) is read as “the limit of x? 

as x approaches 2 is 4.” 

@eeeeeee#kee#ete#e#eeeeeeees# > 

¢*REMARK The proof of 
Property 1 is left as an exercise 

(see Exercise 109). 

See LarsonCalculus.com for Bruce Edwards's video of this proof. ad 

. lim 3 =3 b. lim x = —4 cil? = 27 = 4 | 
x—2 x——-4 x—2 

THEOREM 1.2 Properties of Limits 

Let b and c be real numbers, let n be a positive integer, and let f and g be 

functions with the limits 

lim f(x) = Land 
x—>c 

lim g(x) = K 

. Scalar multiple: lim [bf(x)] = bL 

lim [f@) +e@)]=LAKk 

lim [ f(x)g(x)] = LK 

yibalpe. @6, 
ee) p(x), Ky 
lim [ f( x)|" = pn 

. Sum or difference: 

. Product: 

- Quotient: K#0 

. Power: 

A proof of this theorem is given in Appendix A. 

See LarsonCalculus.com for Bruce Edwards's video of this proof. 
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THE SQUARE ROOT SYMBOL 

The first use of a symbol to 
denote the square root can be 
traced to the sixteenth century. 
Mathematicians first used the 
symbol ./, which had only two 
strokes. This symbol was chosen 
because it resembled a lowercase 
r, to stand for the Latin word 
radix, meaning root. 

EXAMPLE 2 The Limit of a Polynomial 

Find the limit: lim (4x? + 3). 
x2 

Solution 

lim (4x? + 3). = lim 4x2 + lim 3 Property 2, Theorem 1.2 
x2 x2 x2 

=4 (iim 2) + lim 3 Property 1, Theorem 1.2 
x—>2 x2 

= NEN Se Properties 1 and 3, Theorem 1.1 

= 19 Simplify. P| 

In Example 2, note that the limit (as x approaches 2) of the polynomial function 

p(x) = 4x? + 3 is simply the value of p at x = 2. 

lim Da) =p) =427) = 3.= 19 

This direct substitution property is valid for all polynomial and rational functions with 

nonzero denominators. 

THEOREM 1.3 Limits of Polynomial and Rational Functions 

If p is a polynomial function and c is a real number, then 

lim p(x) = p(c). 
x—>C 

If r is a rational function given by r(x) = p(x)/q(x) and c is a real number such 
that g(c) # 0, then 

pP(c) 
qc) 

lim ee SAG 

EXAMPLE 3 The Limit of a Rational Function 

24x42 
Find the limit: lim =——_ ~ 

xl x4+i1 

Solution Because the denominator is not 0 when x = 1, you can apply Theorem 1.3 

to obtain 

xetxt2 2+1+2 4 
PoE Rese Donn = 

Polynomial functions and rational functions are two of the three basic types of 

algebraic functions. The next theorem deals with the limit of the third type of algebraic 

function—one that involves a radical. . 

THEOREM 1.4 The Limit of a Function Involving a Radical 

Let n be a positive integer. The limit below is valid for all c when n is odd, 

and is valid for c > 0 when n is even. 

lim 2/x = ¥/c 
> G 

A proof of this theorem is given in Appendix A. 

| See LarsonCalculus.com for Bruce Edwards's video of this proof. 
| 
La eeereeerennnemnensoqnemaresenrerusennneesnsensarrer ners cee niece 
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The next theorem greatly expands your ability to evaluate limits because it shows 

how to analyze the limit of a composite function. 

The Limit of a Composite Function 

If f and g are functions such that lim g(x) = L and lim f(x) = f(L), then 
x>¢ x>L 

lim f(g(x)) = stim s()) a0) 
XC 

A proof of this theorem is given in Appendix A. 

See LarsonCalculus.com for Bruce Edwards's video of this proof. 

EXAMPLE 4 The Limit of a Composite Function 

* + ¢e[> See LarsonCalculus.com for an interactive version of this type of example. 

Find the limit. 

a. lim /x? + 4 b. lim 2/2x? — 10 
x33 x>0 

Solution 

a. Because 

lim (x2 + 4) =02+4=4 and lim Vx = V4 = 2 
x0 

you can conclude that 

lim Vx? +4 = /4 = 2. 

b. Because 

lim (2x? — 10) = 2(37)— 10 = 8 and lim“/x =</8 = 2 

you can conclude that 

lim </2x? — 10 = °/8 = 2. al 

You have seen that the limits of many algebraic functions can be evaluated by 

direct substitution. The six basic trigonometric functions also exhibit this desirable 

quality, as shown in the next theorem (presented without proof). 

Let c be a real number in the domain of the given trigonometric function. 

1. lim sinx = sinc 2) limscosx—"cosic 3. lim tan x = tanic 
XC. XG: Be OS 

4. lim cot x = cotc 5. lim sec x = secc 6. lim'esc x = csc c 
+—>C xX—>C y— IC 

THEOREM 1.6 Limits of Trigonometric Functions | 

' 

EXAMPLE 5 Limits of Trigonometric Functions 

a. lim tanx = tan(0) = 0 
x0 

b. lim (x cos x) = (1im «(tim cos x) = a4rcos(m) = —7 
2. Arie LT Ge 

c. lim sin? x = lim (sin x)? = 0? = 0 ul 
x0 x0 
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A Strategy for Finding Limits 

On the previous three pages, you studied several types of functions whose limits can be 

evaluated by direct substitution. This knowledge, together with the next theorem, can 

be used to develop a strategy for finding limits. 

AEM 1.7 Functions That Agree at All but One Point 

| Let c be areal number, and let f(x) = g(x) for all x # c in an open interval 

containing c. If the limit of g(x) as x approaches c exists, then the limit of f(x) 

also exists and 

7 ba Er) 

lim f(x) = lim g(x). 

A proof of this theorem is given in Appendix A. 

See LarsonCalculus.com for Bruce Edwards’s video of this proof. 

= - a ee 

EXAMPLE 6 Finding the Limit of a Function 

Find the limit. 

oP sal 
lim 
pol ge MI 

t t—~* Solution Let f(x) = (a? — 1)/(x — 1). By factoring and dividing out like factors, 
—2 -1 1 i 

you can rewrite f as 

. 24x41 
j ipa ea da tte ti = el, Poros 

So, for all x-values other than x = 1, the functions fand g agree, as shown in Figure 1.17. 

Because lim g(x) exists, you can apply Theorem 1.7 to conclude that f and g have the 

same limit at x = 1. 

lim ed = fp ee oe rc a) Factor. 
Sh oe all ol x= I 

= lim ea! Divide out like factors. 
x wee Ws 

S | : + = Jim (x° Aapdow) Apply Theorem 1.7. 

fand g agree at all but one point. = Pose jl se il Use direct substitution. 

Figure 1.17 =3 Simplify. | 

cece eeeeesceceeseee|) > | A Strategy for Finding Limits 

**REMARK When applying 1. Learn to recognize which limits can be evaluated by direct substitution. 

this strategy for finding a limit, (These limits are listed in Theorems 1.1 through 1.6.) 

remember that some functions 2. When the limit of f(x) as x approaches c cannot be evaluated by direct 

do not have a limit (as x substitution, try to find a function g that agrees with f for all x other than 

approaches c). For instance, x = c. [Choose g such that the limit of g(x) can be evaluated by direct 
the limit below does not exist. substitution.] Then apply Theorem 1.7 to conclude analytically that 

lim fx) = lim g(x) = g(o). 
LH oe 

| 

ee | 
lim | 

| 3. Use a graph or table to reinforce your conclusion. 
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-- REM In the solution 
to Example 7, be sure you see 

the usefulness of the Factor 

Theorem of Algebra. This 

theorem states that if c is a 

zero of a polynomial function, 

then (x — c) is a factor of the 
polynomial. So, when you 

apply direct substitution to a 

rational function and obtain 

_ p{c) _ 0 
eS qc) 0 

you can conclude that (x — c) 
must be a common factor of 

both p(x) and g(x). 

fis undefined when x = —3. 

Figure 1.18 
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Dividing Out Technique 

One procedure for finding a limit analytically is the dividing out technique. This 
technique involves dividing out cominon factors, as shown in Example 7. 

EXAMPLE 7 Dividing Out Technique 

* +P See LarsonCalculus.com for an interactive version of this type of example. 

. we | x7 +x-6 
Bindthe init. —.——_— 

peep ae 3 

Solution Although you are taking the limit of a rational function, you cannot apply 

Theorem 1.3 because the limit of the denominator is 0. 

hinnnee ee — 6) = () 
x>-3 

eee tag 
x — 3 3 Xt pas 

Because the limit of the numerator is also 0, the numerator and denominator have 

a common factor of (x + 3). So, for all x # —3, you can divide out this factor to obtain 

Set Se Opa ees OZ) 

Direct substitution fails. 

lim (x + 3) =0 
x—>-3 

Using Theorem 1.7, it follows that 

2 ae = 

genie hie =" lim (%— 2) Apply Theorem 1.7. 
BS eae 3) x>-3 

a) Use direct substitution. 

This result is shown graphically in Figure 1.18. Note that the graph of the function f 

coincides with the graph of the function g(x) = x — 2, except that the graph of f has 

a gap at the point (— 3, —5). 

In Example 7, direct substitution produced the meaningless fractional form 0/0. An 

expression such as 0/0 is called an indeterminate form because you cannot (from the 

form alone) determine the limit. When you try to evaluate a limit and encounter this 

form, remember that you must rewrite the fraction so that the new denominator does not 

have 0) as its limit. One way to do this is to divide out like factors. Another way is to use 

the rationalizing technique shown on the next page. 

[>> TECHNOLOGY PITFALL A graphing utility can give misleading information 
about the graph of a function. For instance, try graphing the function from 

Example 7 
3 

ek 0 

f(x) ete 

on a standard viewing window (see Figure 1.19). fis undefined 

On most graphing utilities, the graph appears to when x =—3.. 

be defined at every real number. However, 

because f is undefined when x = —3, you know 

that the graph of fhas a hole at x = —3. You -9 

can verify this on a graphing utility using the Misleading graph of f 

trace or table feature. Figure 1.19 eoeeoeesese?es#see8stfeeeese#t%e @ 
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eoeeevenvneeee eee eee 8 of & 
be 

**REMARK The rationalizing 
perntenie for evaluating limits 

is based on multiplication by 

a convenient form of 1. In 

Example 8, the convenient 

form is 

1 Wx ar i) ap 

J/xt14+1 

j 
A 

Oe ete at § 
1 x 

eee j——> x 
—1 1 

The limit of f(x) as x approaches 0 is 5 

Figure 1.20 

Rationalizing Technique 

Another way to find a limit analytically is the rationalizing technique, which involves 

rationalizing the numerator of a fractional expression. Recall that rationalizing the 

numerator means multiplying the numerator and denominator by the conjugate of the 

numerator. For instance, to rationalize the numerator of 

J/x +4 
Xx 

multiply the numerator and denominator by the conjugate of J/x + 4, which is 

Jx — 4. 

EXAMPLE 8 Rationalizing Technique 

<f 
eC are See eee 

x30 dG 

Solution By direct substitution, you obtain the indeterminate form 0/0. 

— lim (Vx + 0 

aie ae il = Ih 
iit ——— Direct substitution fails. 
x0 Xx 

& [eae ee 
x0 

In this case, you can rewrite the fraction by rationalizing the numerator. 

ss et Lae V Xe ali Vx el 

x x Noe tak ery 

Sale) Sl 

x Vx aed =e 1) 

3 x 

Sx ap Ge 1) 

1 

Ie ee 1 

Now, using Theorem 1.7, you can evaluate the limit as shown. 

x= 0 

x0 8 x90 /x +141 

matt 

ae ll 

A table or a graph can reinforce your conclusion that the limit is . (See Figure 1.20.) 

x [_sanpates from eet > 0 from the [_sanpates from eet > x <a Of hehe <a Of hehe from the right. 

. =0.25 | Od | -0.01 =0,001 | 0 0.001 | 0.01 | O01 | 0.25 

flx) | 0.5359 | 0.5132 | 0.5013 | 0.5001 | 2 | 0.4999 | 0.4988 | 0.4881 | 0.4721 

al 



i 

! 

i] 

I 

i] 

i) 

i] 

i] 

oo Jk 
Cc 

The Squeeze Theorem 

Figure 1.21 

(cos 9, sin 0) 

. (1, tan @) 

A circular sector is used to prove 

Theorem 1.9. 

Figure 1.22 

1.3. Evaluating Limits Analytically 65 

The Squeeze Theorem 

The next theorem concerns the limit of a function that is squeezed between two other 

functions, each of which has the same limit at a given x-value, as shown in Figure 1.21. 

THE The Squeeze Theorem 

If h(x) < f(x) < g(x) for all x in an open interval containing c, except possibly 
at c itself, and if 

' lim h(x) = L = lim g(x) 
| = >G SG. 

then lim f(x) exists and is equal to L. 
Bia Gr 

A proof of this theorem is given in Appendix A. 

See LarsonCalculus.com for Bruce Edwards’s video of this proof. | 

You can see the usefulness of the Squeeze Theorem (also called the Sandwich Theorem 

or the Pinching Theorem) in the proof of Theorem 1.9. 

| THEOREM 1.9 Two Special Trigonometric Limits | 

| Ta see Tk Teh ene Ty 
x>0 X x30 35 

Proof The proof of the second limit is left as an exercise (see Exercise 121). To avoid 

the confusion of two different uses of x, the proof of the first limit is presented using 

the variable 6, where @ is an acute positive angle measured in radians. Figure 1.22 

shows a circular sector that is squeezed between two triangles. 

NN rE a a ay 

y 
1 

Area of triangle = Area of sector 2 Area of triangle 

tan 0 0 sin 0 
= = > 

eZ 2 Z 

Multiplying each expression by 2/sin @ produces 

1 6 
2S 2 || 

cos @ sin @ 

and taking reciprocals and reversing the inequalities yields 

sin 6 
0< < cos 9 

Because cos @ = cos(—@) and (sin @)/@ = [sin(—6)]/(—@), you can conclude that this 
inequality is valid for all nonzero @ in the open interval (— 71/2, 7/2). Finally, because 

lim cos 6 = 1 and lim 1 = 1, you can apply the Squeeze Theorem to conclude that 
650 > 

lim (sin 6)/@ = 1. See LarsonCalculus.com for Bruce Edwards's video of this proof. al 
00 
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EXAMPLE 9 A Limit Involving a Trigonometric Function 

5 Mate PeLaniey, 
Find the limit: lim : 

x>0 36 

Solution Direct substitution yields the indeterminate form 0/0. To solve this 

problem, you can write tan x as (sin x)/(cos x) and obtain 

Retanies : sin x 1 
lim = lim ; 
x30 xX ~SO\ os COS x 

Now, because 

. sinx 
lim = 
x>0 X 

and 

: | es 4 
lim = | 
x—0 COS X 

you can obtain 

. tanx , . Sine Wh 1 S 
lim = (iim )(rim 
x0 XG x0 Xs x30 COS X 

(1)(1) 

“REMARK Be sure you eile 

ME Mla 

=e 

The limit of f(x) as x approaches 0 is 1. 
understand the mathematical (See Figure 1.23.) Figure 1.23 

conventions regarding parentheses 

and trigonometric functions. For cite 4 ; : ; 
instance, in Example 10, sin 4x DON R See =A Limit Involving a Trigonometric Function 

means sin(4x). ee) 

cece c cece cee e eee el> Find the limit: lim ——. 
x—>0) X 

eoeeoeeeeeeees @ 

Solution Direct substitution yields the indeterminate form 0/0. To solve this 

problem, you can rewrite the limit as 

. sin 4x . sin 4x ne 
lim = Al lim ! Multiply and divide by 4. 
OY x30 4x 

Now, by letting y = 4x and observing that x approaches 0 if and only if y approaches 

0, you can write 

. sin 4x . sin 4x 
lim = 4| lim 
x0 x x30 4x 

ein 
= s{im 2) Let y = 4x. 

ao Ommey, 

=A(1)} Apply Theorem 1.9(1). 
The limit of g(x) as x approaches 0 =f 
is 4. : 

Figure 1.24 (See Figure 1.24.) P| 

Use a graphing utility to confirm the limits in the examples and 

in the exercise set. For instance, Figures 1.23 and 1.24 show the graphs of 

tan x sin 4x fo) == and g(x) = SS 
Xx 

Note that the first graph appears to contain the point (0, 1) and the second graph 

appears to contain the point (0, 4), which lends support to the conclusions obtained 
in Examples 9 and 10. 



1.3 Exercises 

1.3. Evaluating Limits Analytically 67 

See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

acd Estimating Limits In Exercises 1—4, use a graphing utility 
to graph the function and visually estimate the limits. 

12(-/x — 3 
ik, (AGS) = =o ae the 2. g(x) = 

Se) 

(a) lim h(x) (a) lim g(x) 

(b) lim g(x) 

3. f(x) = x cos x 4. f(t) 

(a) lim f (x) 

(b) ou (x) 

(b) lim Atx) 

= t|t — 4| 

(a) lim f (2) 

(b) lim fo) 

Finding a Limit In Exercises 5—22, find the limit. 

33. lim sin x 345 lim! cos x 
x>577/6 x5 17/3 

TX ' TX 
35. lim tan( 36. lim sec| — 

x3 4 x37 6 

Evaluating Limits In Exercises 37—40, use the information 

to evaluate the limits. 

37. lim f(x) = 3 38. lim f(x) = 
xc x4¢ 

lim g(x) =2 lim g(x) = 3 

(a) lim [5e(x)] (a) lim [4f(x)] 

(b) lim Lf(x) + gx] (b) lim [f(x) + g(x)] 

(c) lim Lf (x) g(x)] (c) lim [ f(x) g(x)] 

f(x) ey) 
(d) in g(x) (d) im. g(x) 

39. lim f(x) = 4 40. lim f(x) = 27 

(a) tim [f)P (a) tim FG) 

(b) tim YFG) 0) tim Ee) 
(c) lim [3f (x)] 

(d) lim [f(@)P? 
(c) lim [f(x)]? 

(d) lim [f(a)]?/3 
x36 

Finding a Limit In Exercises 41-46, write a simpler function 
that agrees with the given function at all but one point. Then 

find the limit of the function. Use a graphing utility to confirm 

5. lim x 6. lim x4 
x2 c 3) 

emi 2X1.) 8. lim (2x + 3) 
x>0 x= =4 

9. lim (x? + 3x) 10. lim (—x? + 1) 
=o x2 

11. lim (2x? + 4x + 1) 129 lin (2x oe 5) 
x3-3 x1 

13. lim wear Ml 14. lim aes Ss 
— x> 

15. lim (x + 3)? 16. lim (3x — 2)4 
x—>—4 x0 ° 

onal! 
ute a 5 1s x3 

; x 5 Be ED 

eet? + a Oe el 

i ——= Dis he 
a7 ~/x% + 2 323 Gar 2) 

Finding Limits In Exercises 23-26, find the limits. 

23. f(x) = 

252 71x) = 4 — x7, g(x) = 

(b) iim g(x) 

ge 2x2 = 3x, ea) = </n6 

(b) lim g(x) 

(a) lim f (x) 

(a) lim, f() 

(a) lim f(x) 

(a) lim f(x) 

5 — x, ex) = x 

(b) lim g(x) 

Paty ix) = x + 7, 9(x) =x? 

(b) lim g(x) 

el 

(c) lim g( f(x) 

(©) tim, g( FC) 

(©) tim g(f0)) 

(6) tim @( FC) 

Finding a Limit of aTrigonometric Function In Exercises 
27-36, find the limit of the trigonometric function. 

27. 

29. 

Sik 

lim sin x 
x 1/2 

: TX 
lim cos — 
x1 3 

lim sec 2x 
x30 

28. 

30. 

32. 

lim tan x 
xT 

‘ qs 
in Sih 
x2 2, 

lim cos 3x 
PS oy | i 

your result. 

Xe 3x 

Xx 

DIES 

Pe. ite eee 
FS=l) Xt 

3 
45. lim es 8 
ean) ap = 

41. lim 
x0 

Finding a Limit 

47. lim 
x30 i 

an 
49. lim — 

x4 ae = 6) 

. w2t+x-6 

= es x2 —9 

+ aes 

eee accu ae) 
x4 Be ee 4 

els Se 
55. lim 

x0 

L/G + “I — (1/3) 

eee _\ 
34% 

57. lim 
x0 

rf 

3 

42. 

44, 

46. 

48. 

50. 

52. lim 

54. 

56. 

58. 

x = 5x2 

Bi% ak Soe = 2 

58 ae 

5. oe SP al 

eal 

In Exercises 47—62, find the limit. 

hint +—$—= 
x30 x2 + 4x 

Lee == BS; 

Sx ae 

tp et = 

O) REeR = 
lin 
x33 cs 

a V2tx-— V2 ay) 
im 
x0 

i [1/@ + 4) =A) 
im 
x0 x 
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Pe 26 AS ae 60. |; (Co ae ANGE = et Ay Using the Squeeze Theorem In Exercises 91-94, use a 

a & a Ax : nae Ax graphing utility to graph the given function and the equations 

a aN) cae | asa lel ek ak | y = |x| and y = — |x| in the same viewing window. Using the 
61. lim — = = =< = graphs to observe the Squeeze Theorem visually, find lim f(x). 

Ax>0 Ax eG 

fo AG eae 91. f(x) = |x| sinx 92. f(x) = |x| cosx 
62. hn) SS 

Ax>0 Ax , ; i | 

93. f(x) = x sin— 94. h(x) = x cos - 
Xx AG 

it nding a Limit of a Trigonometric Function In 

Exercises 63-74, find the limit of the trigonometric function. 
WRITING ABOUT CONCEPTS 

6358 sin x 64a 3U = cos x) 95. Functions That Agree at All but One Point 
130 3X x30 x 

ot, (a) In the context of finding limits, discuss what is meant 

65. lim peo: 66. lim a by two functions that agree at all but one point. 
x0 we 650 

Ege neal (b) Give an example of two functions that agree at all but 

oy — 62m one point. 
= = OMEN 
i: hy? . Indeterminate Form What is meant by an indetermi- 

69, im CSOSA 70. lim sec p nate form? 
h->0 oo 

. Squeeze Theorem In your own words, explain the 

Tein ese Woy, Abiaa ee Squeeze Theorem. 
x—7/2 COt X x 7/4 SIN X > COS xX 

Tens 
30 2t 

oe Sits : ef sin 2 3x HOW DOYOU SEE IT? Would you use | 

ee eae sin 3x | Hint: od ban x 3 sin 3x)" the dividing out technique or the rationalizing — 

technique to find the limit of the function? ie 

acd Graphical, Numerical, and Analytic Analysis In Explain your reasoning. i 
Exercises 75-82, use a graphing Bulity to graph the function a era — 

and estimate the limit. Use a table to reinforce your conclusion. (a) lim i oe (0) LO orc 4 

Then find the limit by analytic methods. bated is oes a 

aise D = ie 75 ee ee eee 
x30 3 S16 Xa LO 

D se = (ly/2 a= 77. Vim et sie f 
x0 x = op =?) 

5. Silty Si pe COSeGne—ml 
79. lim S02 in, 

ti>0:)~ Oot x30 DG 

sha 82. lim —— 
x0 Xx x30 Vx 

fy 99, Writing Use a graphing utility to graph 
Finding a Limit In Exercises 83-88, find 5 aa 

: sin x 
_ f(x + Ax) — f(x) f(x) =x, g(x) =sinx, and A(x) = 
fini, 
Ax—0 Ax 

in the same viewing window. Compare the magnitudes of f (x) 

83. f(x) = 3x — 2 84. f(x) = —6x + 3 and g(x) when x is close to 0. Use the comparison to write a 
85.7) =2x° = ay 86. f(x) = Vx short paragraph explaining why 

esc! ayes lim A(x) = 1. 
87. f(x) fa Sao 88. f(x) ae x2 x0 

: Py 100. Writing Usea graphing utility to graph 
Using the Squeeze Theorem In Exercises 89 and 90, use 

the Squeeze Theorem to find lim f(x). een eee) part eaiasad eh re sin? x 

89. c = 0 

A eG) <A ee in the same viewing window. Compare the magnitudes of i (x) 
and g(x) when x is close to 0. Use the comparison to write a 

90. c=a short paragraph explaining why 

b— x al = f(a) Dox = al inne 

x30 



e e Free-Falling Object eeoeoeeeeeeeeeeee @ 

In Exercises 101 and 102, use the position function 

s(t) = —16t? + 500, which gives the height (in feet) of 
an object that has fallen for ¢ seconds from a height of 

500 feet. The velocity at time ¢ = a seconds is given by 

101. A construction worker drops a full paint can from a 

102. 

._ S(a) — s(t) 
Dine 
ta a—t 

height of 500 feet. How fast will the paint can be 

falling after 2 seconds? 

A construction 

worker drops a full 

paint can from a 

height of 500 feet. 

When will the paint 

can hit the ground? 

At what velocity 

will the paint can 

impact the ground? 

Free-Falling Object In Exercises 103 and 104, use the 
position function s(t) = —4.9¢* + 200, which gives the height 
(in meters) of an object that has fallen for ¢ seconds from a 

height of 200 meters. The velocity at time t = a seconds is 

given by 

fan 8 90. 
ta 

103 

104 

105 

106. 

107. 

108. 

109. 

110. 

111. 

112. 

a-t 

. Find the velocity of the object when ¢ = 3. 

. At what velocity will the object impact the ground? 

. Finding Functions Find two functions f and g such that 
lim f(x) and lim g(x) do not exist, but 
x0 x0 

tim [f0) + eC] 
does exist. 

Proof Prove that if lim f(x) 
Xe 

does not exist, then lim g(x) does not exist. 
x. 

exists and lim [ f(x) + g(x 
xe 

Proof Prove Property 1 of Theorem 1.1. 

Proof Prove Property 3 of Theorem 1.1. (You may use 

Property 3 of Theorem 1.2.) 

Proof Prove Property 1 of Theorem 1.2. 

Proof Prove that if lim f(x) = 0, then lim | f(x)| = 0. 

Proof Prove that if lim f(x) = 0 aa |g(x)| < M for a 

fixed number M and Ne 2 c, then lim f(x)g(x) = 0. 

Proof | 

(a) Prove that if lim | f(x)| = 0, then lim f(x) = 0. 

(Note: This is the converse of Exercise 110.) 

(b) Prove that if lim f(x) = L, then lim | f(x)| = |L]. 

[Hint: Use ie inequality || f(x)| — |LI| < |f(x) — L].] 

113. 

114. 

True or False? 

1.3 Evaluating Limits Analytically 69 

so a ff AL ms ie 

Think About | Find a function f to show that the 

converse of Exercise 112(b) is not true. [Hint: Find a function 

f such that lim | f(x)| = |Z| but lim f(x) does not exist.] 
X—>¢ X—>C 

Think About It When using a graphing utility to generate 

a table to approximate 

sin x 
lim 
x>0 X 

a student concluded that the limit was 0.01745 rather than 1. 

Determine the probable cause of the error. 

In Exercises 115-120, determine whether the 

statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

115. 

117. 

118. 

119. 

120. 

121. 

122. 

)] 
PP 123. 

124. 

iy Pty 16a ha et 
x>0 X Soh x, 

If f(x) = g(x) for all real numbers other than x = 0, and 
lim f(x) = L, then lim g(x) = L. 

If lim f(x) = L, then f(c) = L. 

lim f(x) = 3, where f(x) = it i 2 ‘ 

If f(x) < g(x) for all x # a, then lim f(x) < lim g(x). 
xa x 7a 

Proof Prove the second part of Theorem 1.9. 

». Ib S@esee 
imn—=<$$_ = —0 
x0 x 

Piecewise Functions Let 

fe 0, if xis rational 

1, if x is irrational 

and 

Goce 0, if xis rational 

B\% x, if x is irrational’ 

Find (if possible) lim f(x) and lim g(x). 

: : : =i 
Graphical Reasoning Consider f(x) = eakies 

(a) Find the domain of f. 

(b) Use a graphing utility to graph f. Is the domain of f 

obvious from the graph? If not, explain. 

(c) Use the graph of f to approximate lim Hiesy 

(d) Confirm your answer to part (c) analytically. 

Approximation 

| — 

(a) Find lim ——— 
x30 x 

(b) Use your answer to part (a) to derive the approximation 

cos x = 1 — 3x? for x near 0. 

(c) Use your answer to part (b) to approximate cos(0.1). 

(d) Use a calculator to approximate cos(0.1) to four decimal 

places. Compare the result with part (c). 

Kevin Fleming/Corbis 
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; Continuity Talo mOlat-trel(el-re Mm Mae 

Exploration 

Informally, you might say 

that a function is continuous 

on an open interval when its 

graph can be drawn with a 

pencil without lifting the 

pencil from the paper. Use 

a graphing utility to graph 

each function on the given 

interval. From the graphs, 

which functions would you 

say are continuous on the 

interval? Do you think you 

can trust the results you 

obtained graphically? 

Explain your reasoning. 

Function Interval 

a. ye aL (=353) 

by=—> (-3,3) 

v= ant (ae) 

d. y = wad (oe) 

i FOR FURTHER INFORMATION 

For more information on the 

concept of continuity, see the 

article “Leibniz and the Spell of 

the Continuous” by Hardy Grant 

in The College Mathematics 

Journal. To view this article, 

go to MathArticles.com. 

i Determine continuity at a point and continuity on an open interval. 

i Determine one-sided limits and continuity on a closed interval. 

il Use properties of continuity. 

lf Understand and use the Intermediate Value Theorem. 

Continuity at a Point and on an Open Interval 

In mathematics, the term continuous has much the same meaning as it has in everyday 

usage. Informally, to say that a function fis continuous at x = c means that there is no 

interruption in the graph of f at c. That is, its graph is unbroken at c, and there are no 

holes, jumps, or gaps. Figure 1.25 identifies three values of x at which the graph of fis 

not continuous. At all other points in the interval (a, b), the graph of f is uninterrupted 

and continuous. 

‘. 1 1 4 1 ' h ! ! 

i ficdis ee ae ! | 7 
not defined. does not exist. | lim f(x) + flc) 

3 ! ! ! , ° ! 

| pea | je ! je 
a Cc b a G b a G b 

Three conditions exist for which the graph of fis not continuous at x = c. 

Figure 1.25 

In Figure 1.25, it appears that continuity at x = c can be destroyed by any one of 

three conditions. 

1. The function is not defined at x = c. 

2. The limit of f(x) does not exist at x = c. 

3. The limit of f(x) exists at x = c, but it is not equal to f(c). 

If none of the three conditions is true, then the function fis called continuous at c, as 

indicated in the important definition below. 

Definition of Continuity 

Continuity at a Point 

A function f 1s continuous at c when these three conditions are met. 

1. f(c) is defined. 

2. lim f(x) exists. 

3. lim f(x) = flo) 
Continuity on an Open Interval 

| A function is continuous on an open interval (a, b) when the function is 

continuous at each point in the interval. A function that is continuous on the 

entire real number line (— oo, 00) is everywhere continuous. 



( 
oS SS 

ee = ee 
y % 

9 > 

(a) Removable discontinuity 

qgos-- ccc cc- 

y * 

> Cc 

(b) Nonremovable discontinuity 

—- “< 

a G b 

(c) Removable discontinuity 

Figure 1.26 

ee ee i 

**REMARK Some people may 
refer to the function in Example 

1(a) as “discontinuous.” We 

have found that this terminology 

can be confusing. Rather than 

saying that the function is 

discontinuous, we prefer to 

say that it has a discontinuity 

atx = 0. 

1.4 Continuity and One-Sided Limits 71 

Consider an open interval / that contains a real number c. If a function f is 

defined on / (except possibly at c), and f is not continuous at c, then f is said to 

have a discontinuity at c. Discontinuities fall into two categories: removable and 

nonremovable. A discontinuity at c is called removable when f can be made continuous 

by appropriately defining (or redefining) f(c). For instance, the functions shown in 

Figures 1.26(a) and (c) have removable discontinuities at c and the function shown in 

Figure 1.26(b) has a nonremovable discontinuity at c. 

EXAMPLE 1 Continuity of a Function 

Discuss the continuity of each function. 

1 x2 - | x 1S esa) 
a. f(x) = bo 2(x)— @ aCe) = fle) g(x) = 7 nl) (shee iy = a yi—"sine S : 

Solution 

a. The domain of fis all nonzero real numbers. From Theorem 1.3, you can conclude 

that fis continuous at every x-value in its domain. At x = 0, f has a nonremovable 

discontinuity, as shown in Figure 1.27(a). In other words, there is no way to define 

f(0) so as to make the function continuous at x = 0. 

b. The domain of g is all real numbers except x = 1. From Theorem 1.3, you can 

conclude that g is continuous at every x-value in its domain. At x = 1, the function 

has a removable discontinuity, as shown in Figure 1.27(b). By defining g(1) as 2, the 
“redefined” function is continuous for all real numbers. 

c. The domain of h is all real numbers. The function h is continuous on (—oo, 0) and 

(0, co), and, because 

lim h(x) = 1 
x30 

h is continuous on the entire real number line, as shown in Figure 1.27(c). 

d. The domain of y is all real numbers. From Theorem 1.6, you can conclude that the 

function is continuous on its entire domain, (— 00, co), as shown in Figure 1.27(d). 

(a) Nonremovable discontinuity at x = 0 

iy, 

4 

(c) Continuous on entire real number line (d) Continuous on entire real number line 

Figure 1.27 | 
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“; |Ceaaoee i ee 

(b) Limit as x approaches c from the left. 

Figure 1.28 

f > Xx 

The limit of f(x) as x approaches —2 
from the right is 0. 

Figure 1.29 

Limits and Their Properties 

One-Sided Limits and Continuity on a Closed Interval 

To understand continuity on a closed interval, you first need to look at a different type 

of limit called a one-sided limit. For instance, the limit from the right (or right-hand 

limit) means that x approaches c from values greater than c [see Figure 1.28(a)]. This 

limit is denoted as 

Limit from the right 

Similarly, the limit from the left (or left-hand limit) means that x approaches c from 

values less than c [see Figure 1.28(b)]. This limit is denoted as 

Limit from the left 

One-sided limits are useful in taking limits of functions involving radicals. For instance, 

if n is an even integer, then 

A One-Sided Limit 

Find the limit of f(x) = 4 — x? as x approaches —2 from the right. 

Solution As shown in Figure 1.29, the limit as x approaches — 2 from the right is 

lim /Y4— x? =0. ual 
x>—2* 

One-sided limits can be used to investigate the behavior of step functions. One 

common type of step function is the greatest integer function [x], defined as 

Greatest integer function 

For instance, [2.5] = 2 and [—2.5] = —3. 

EXAMPLE 3 The Greatest Integer Function 

Find the limit of the greatest integer function 7 Bee 

f(x) = |b] as x approaches 0 from the left and ' 

from the right. 

Solution As shown in Figure 1.30, the limit as Na 

x approaches 0 from the left is 

lim [x] = —1 = 2 aes 1 2 3 
x07 

and the limit as x approaches 0 from the right is 

lim [x] = 0. 
x0? 

o—o -2+ 

The greatest integer function has a discontinuity Greatest integer function 

at zero because the left- and right-hand limits at —_‘ Figure 1.30 

zero are different. By similar reasoning, you 

can see that the greatest integer function has a discontinuity at any integer n. | 



ie 
Continuous function on a closed interval 

Figure 1.31 

| 
b 

=i 

fis continuous on [—1, 1]. 

Figure 1.32 

1.4 Continuity and One-Sided Limits 73 

When the limit from the left is not equal to the limit from the right, the (two-sided) 

limit does not exist. The next theorem makes this more explicit. The proof of this 

theorem follows directly from the definition of a one-sided limit. 

The Existence of a Limit 

Let f be a function, and let c and L be real numbers. The limit of f(x) as x 

approaches c is L if and only if 

lim f(x) =L and lim f(x) = L. 
x30 x ct 

The concept of a one-sided limit allows you to extend the definition of continuity 

to closed intervals. Basically, a function is continuous on a closed interval when it is 

continuous in the interior of the interval and exhibits one-sided continuity at the 

endpoints. This is stated formally in the next definition. 

yrmecsnsscsescunsesnssesnscenseasnsenenssaiscns coun os nnn — tne AS EAs A CNSR RIS SNOUT tare hastens 

| Definition of Continuity on a Closed Interval 

A function f is continuous on the closed interval [a, b] when f is continuous 
on the open interval (a, b) and 

tim, fla) = fla) 
and 

tim fO) =f). 
The function fis continuous from the right at a and continuous from the left 

at b (see Figure 1.31). 
cocno2ocoepnanmTa tt SorRR eMC OR Me Onna nA ORES SO BERENS SHAE PS SI ECR ESSN PESTO NNO RON GAA IEE 

Similar definitions can be made to cover continuity on intervals of the form (a, b] 

and [a, b) that are neither open nor closed, or on infinite intervals. For example, 

f(x) = Vx 
is continuous on the infinite interval [0, 00), and the function 

gl) = V2=% 
is continuous on the infinite interval (— oo, 2]. 

EXAMPLE 4 Continuity on a Closed Interval 

Discuss the continuity of 

A) nl) exe, 

Solution The domain of f is the closed interval [—1, 1]. At all points in the open 
interval (—1, 1), the continuity of f follows from Theorems 1.4 and 1.5. Moreover, 

because 

limt</ PShe =O 1) Continuous from the right 
x>-1* 

and 

limes Lo — OF 7 (1) Continuous from the left 
x17 

you can conclude that f is continuous on the closed interval [—1, 1], as shown in 

Figure 1.32. a 
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Charles’s Law 

for gases (assuming constant 

pressure) can be stated as 

V=kT 

where V is volume, k is a 

constant, and T is temperature. 

In 2003, researchers at the 

Massachusetts Institute of 

Technology used lasers and 

evaporation to produce a super- 
cold gas in which atoms overlap. 

This gas is called a Bose-Einstein 

condensate. They measured a 

temperature of about 450 pK 

(picokelvin), or approximately 

— 273.14999999955°C. (Source: 

Science magazine, September 12, 
2003) 

Limits and Their Properties 

The next example shows how a one-sided limit can be used to determine the value 

of absolute zero on the Kelvin scale. 

EXAMPLE 5 : Charles’s Law and Absolute Zero 

On the Kelvin scale, absolute zero is the temperature 0 K. Although temperatures very 

close to 0 K have been produced in laboratories, absolute zero has never been attained. 

In fact, evidence suggests that absolute zero cannot be attained. How did scientists 

determine that O K is the “lower limit” of the temperature of matter? What is absolute 

zero on the Celsius scale? 

Solution The determination of absolute zero stems from the work of the French 

physicist Jacques Charles (1746-1823). Charles discovered that the volume of gas at a 

constant pressure increases linearly with the temperature of the gas. The table illustrates 

this relationship between volume and temperature. To generate the values in the table, 

one mole of hydrogen is held at a constant pressure of one atmosphere. The volume V 

is approximated and is measured in liters, and the temperature T is measured in degrees 

Celsius. 

T | ~40 ~20 | 0 | 20 40 | 60 80 

V | 19.1482 | 20.7908 | 22.4334 | 24.0760 | 25.7186 | 27.3612 29.0038 

The points represented by the table are shown M 

in Figure 1.33. Moreover, by using the points 

in the table, you can determine that T and V 

are related by the linear equation 

V = 0.082137 + 22.4334. 

Solving for T, you get an equation for the 

temperature of the gas. 

Vem 24034 

0.08213 ———» T 

: -300 -200 -100 100 
By reasoning that the volume of the gas 

can approach 0 (but can never equal or 

go below 0), you can determine that the 

The volume of hydrogen gas depends 

on its temperature. 

“least possible temperature” is Figure 1.33 

: a a = 224334 

ea o.0sp fe 

BU es a ee 
0.08213 se direct substitution. 

a N(R ee 

So, absolute zero on the Kelvin scale (0 K) is approximately — 273.15° on the Celsius 

scale. uf 

The table below shows the temperatures in Example 5 converted to the Fahrenheit 

scale. Try repeating the solution shown in Example 5 using these temperatures and 

volumes. Use the result to find the value of absolute zero on the Fahrenheit scale. 

| T —40 | —4 | 32 | 68 104 140 176 

V | 19.1482 | 20.7908 | 22.4334 | 24.0760 | 25.7186 | 27.3612 | 29.0038 

Massachusetts Institute of Technology(MIT) 



AUGUSTIN-LOUIS CAUCHY 
(1789-1857) 

The concept of a continuous 
function was first introduced by 
Augustin-Louis Cauchy in 1821. 
The definition given in his text 
Cours d’Analyse stated that 
indefinite small changes in y 

were the result of indefinite small 

changes in x. “... f(x) will be called 
a continuous function if ... the 
numerical values of the difference 
f(x + a) — f(x) decrease 
indefinitely with those of @....” 
See LarsonCalculus.com to read 
more of this biography. 

cece ere reese cece ee[> 

ne REMARK One consequence 

of Theorem 1.12 is that when 
fand g satisfy the given 

conditions, you can determine 

the limit of f(g(x)) as x 
approaches c to be 

lim f(g) = f(g(o)). 

1.4 Continuity and One-Sided Limits 75 

Properties of Continuity 

In Section 1.3, you studied several properties of limits. Each of those properties yields 

a corresponding property pertaining to the continuity of a function. For instance, 

Theorem 1.11 follows directly from Theorem 1.2. 

Properties of Continuity 

| If b is a real number and f and g are continuous at x = c, then the functions 

listed below are also continuous at c. 

1. Scalar multiple: bf 2. Sum or difference: f + g 

3. Product: fg 4. Quotient: f g(c) #0 
g 

A proof of this theorem is given in Appendix A. 

See LarsonCalculus.com for Bruce Edwards's video of this proof. 

ore Seed 

It is important for you to be able to recognize functions that are continuous at every 

point in their domains. The list below summarizes the functions you have studied so far 

that are continuous at every point in their domains. 

IPolynomialigakp) Sa Witte ee a ta, 

2. Rational: Ax).= US. q(x) #0 
q(x) 

3. Radical: (Qi 2/a 

4. Trigonometric: sin x, cos x, tan x, cot x, sec x, csc x 

By combining Theorem 1.11 with this list, you can conclude that a wide variety of 

elementary functions are continuous at every point in their domains. 

Applying Properties of Continuity 

cee > See LarsonCalculus.com for an interactive version of this type of example. 

By Theorem 1.11, it follows that each of the functions below is continuous at every 

point in its domain. 

xe al 

COS x 
(ci Goes (j= stan x, fix) = | 

The next theorem, which is a consequence of Theorem 1.5, allows you to determine 

the continuity of composite functions such as 

TO) ="smow fa) =e + 1, and f(x) = tan - 

THEOREM 1.12 Continuity of a Composite Function 

If g is continuous at c and fis continuous at g(c), then the composite function 

given by (f° g)(x) = f(g(x)) is continuous at c. 

Proof By the definition of continuity, lim g(x) = g(c) and im fx) =if (e(c)). 

Apply Theorem 1.5 with L = g(c) to obtain lim /\ (g(x) = f{lim g(x)) = f(g(c)). So, 

(f° g)(x) = f(g(x)) is continuous at c. ; 

See LarsonCalculus.com for Bruce Edwards's video of this proof. | 

© Bettmann/CORBIS 
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wee a eS 

i 
(a) fis continuous on each open interval in 

its domain. 

Figure 1.34 

> X 

EXAMPLE 7 Testing for Continuity 

Describe the interval(s) on which each function is continuous. 

c. A) = a. f(x) = tan x b. 
0, x= 0 0, x=0 

[irs x #0 bie. x70 
g(x) = x x 

Solution 

a. The tangent function f(x) = tan x is undefined at 

T : : 
X=—a i Ni, mis an integer. 

2 

At all other points, f is continuous. So, f(x) = tan x is continuous on the open 

intervals 

eaeeierasacard 26) ae 9 IP poy | Sp a 

as shown in Figure 1.34(a). 

i Because y = 1/x is continuous except at x = 0 and the sine function is continuous 

for all real values of x, it follows from Theorem 1.12 that 

naed| 
y = sin— 

Bi 

is continuous at all real values except x = 0. Atx = 0, the limit of g(x) does not exist 

(see Example 5, Section 1.2). So, g is continuous on the intervals (— oo, 0) and 

(0, co), as shown in Figure 1.34(b). 

c. This function is similar to the function in part (b) except that the oscillations are 

damped by the factor x. Using the Squeeze Theorem, you obtain 

, x #0 =i Shen |x 
x 

and you can conclude that 

lim h(x) = 0. 

So, / is continuous on the entire real number line, as shown in Figure 1.34(c). 

smi 
hele i sin xx #0 

0, x=) 

(b) g is continuous on (—oo, 0) and (0, 00). (c) his continuous on the entire real number line. 
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The Intermediate Value Theorem 

Theorem 1.13 is an important theorem concerning the behavior of functions that are 

continuous on a closed interval. 

Intermediate Value Theorem 

If fis continuous on the closed interval [a, b], f(a) # f(b), and k is any number 

between f(a) and f(b), then there is at least one number c in [a, b] such that 

f(c) =k. 

The Intermediate Value Theorem tells you that at least one number c 

exists, but it does not provide a method for finding c. Such theorems are called 

existence theorems. By referring to a text on advanced calculus, you will find that 

a proof of this theorem is based on a property of real numbers called completeness. The 

Intermediate Value Theorem states that for a continuous function f, if x takes 

on all values between a and b, then f(x) must take on all values between f(a) and f(b). 

As an example of the application of the Intermediate Value Theorem, consider a 

person’s height. A girl is 5 feet tall on her thirteenth birthday and 5 feet 7 inches tall on 

her fourteenth birthday. Then, for any height between 5 feet and 5 feet 7 inches, there 

must have been a time ft when her height was exactly h. This seems reasonable because 

human growth is continuous and a person’s height does not abruptly change from one 

value to another. 

The Intermediate Value Theorem guarantees the existence of at least one number c 

in the closed interval [a, b]. There may, of course, be more than one number c such that 

f(c) =k 
as shown in Figure 1.35. A function that is not continuous does not necessarily exhibit 

the intermediate value property. For example, the graph of the function shown in 

Figure 1.36 jumps over the horizontal line 

eee 

and for this function there is no value of c in [a, b] such that f(c) = k. 

f is continuous on [a, b]. fis not continuous on [a, 5]. 
[There exist three c’s such that f(c) = k.] [There are no c’s such that f(c) = k.] 

Figure 1.35 Figure 1.36 

The Intermediate Value Theorem often can be used to locate the zeros of a function 

that is continuous on a closed interval. Specifically, if f is continuous on [a, b] and f(a) 

and f(b) differ in sign, then the Intermediate Value Theorem guarantees the existence of 

at least one zero of f in the closed interval [a, b]. 
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‘EXAMPLE 8 An Application of the Intermediate Value Theorem 

Use the Intermediate Value Theorem to show that the polynomial function 

AG) =e ae Pee I 

has a zero in the interval [0, 1]. 

Solution Note that f is continuous on the closed interval [0, 1]. Because 

f(0) = 02 + 2(0) —1 = —-1 and f(1) = 13+ 2(1)-—1=2 

it follows that f(0) < 0 and f(1) > 0. You can therefore apply the Intermediate Value 

Theorem to conclude that there must be some c in [0, 1] such that 

f(c) =0 f has a zero in the closed interval [0, 1]. 

as shown in Figure 1.37. 

f(x) =x? +2x-1 

f is continuous on [0, 1] with f(0) < 0 and f(1) > 0. 

Figure 1.37 | 

The bisection method for approximating the real zeros of a continuous function is 

similar to the method used in Example 8. If you know that a zero exists in the closed 

interval [a, b], then the zero must lie in the interval [a, (a + b)/2] or [(a + b)/2, b]. 
From the sign of f([a + b]/2), you can determine which interval contains the zero. By 

repeatedly bisecting the interval, you can “close in” on the zero of the function. 

-> TECHNOLOGY You can use the root or zero feature of a graphing utility to 
aan the real zeros of a continuous function. Using this feature, the zero of 

the function in Example 8, f(x) = x* + 2x — 1, is approximately 0.453, as shown 

in Figure 1.38. 

Zero of f(x) = x° + 2x — 1 

Figure 1.38 
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Limits and Continuity In Exercises 1-6, use the graph to 
determine the limit, and discuss the continuity of the function. 

(a) lim S(x) (b) lim f(x) (c) lim f(x) 

1. 

(si Daan 

SA ns (160) \ 

Finding a Limit In Exercises 7-26, find the limit (if it 

exists). If it does not exist, explain why. 

: 1 i 
ib e x + 8 - — x+2 

x—5 Hes 5 
. lim ——> 10. lim ——— 
Be 2 25 PL 16 

ein ——— 2. fae 
x3-3- ./x? — 9 x34- x —4 

= i) 
13. tim Hl AP agg 

R0- 4 SSO Se KO) 

eae 
+ 

ii 4 
Ax>07 Ax 

gd Je = 2 te ——s (xt Ax)? +x Ax = (x74 x) 

Ax30+ Ax 

+ 

2 5 a 722 3} 

Ey. jim f(x), where f(x) = sinetions 
suet 5 

: bal eae GS. Ix, <13 

13. lim f(x), pace sa) = ee ap Abe = De 

19. lim f(x), where f(x) = f z 

20. tim f(x), where f(x) = fi 

21. lim cot x 
xT 

7. lim (eal = 7) 

25. lim Qe x1) 

Continuity of a Function 
continuity of each function. 

l 27. {=a 

|| = 56 

BDF 

24. 

26. 

lnuan) SECs 
x3 7/2 

lim, (2x — [x]) 

uim(1 - [-3]) 
In Exercises 27—30, discuss the 

28. 
x — | 

sear Il 
f(x) = 

Continuity on a Closed Interval In Exercises 31-34, 

discuss the continuity of the function on the closed interval. 

Function 

Sinaia 19a 

25/013. -/9—2 

Res oe SO 

Da) ( 4 ax a0) 

1 

—4 
34. g(x) = 2 

Interval 

(7a 

[353] 

(=i) 

[-1, 2] 

Removable and Nonremovable Discontinuities In 

Exercises 35-60, find the x-values (if any) at which f is not 

continuous. Which of the discontinuities are removable? 

35. f(x) = co 
= 

37. f(x) =2-9 

4 
36. f(x) =—> 

5¢ —= (0) 

38. f(x) =x? —4x4 + 4 
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a aoe 
39. f(x) = 4 = 2 40. f(x) = SE 

Al. Ax) = 3% — cos x 42. f(x) = cos — 

i 1 eee 43. f(x) = =— 44. f(x) = a 

45. f(x) = 5 = 46. f(x) = o ae 

Kick? 5 ant Ra ad ee 

Oy a ea 
Pee I Ted ee 49.50) ee 50. f(x) = ~— 

51. f(x) = ke iooe 
oe Sell 

on ae Png ae Bee II 
52. f(x) = Fe ie 

53. f(x) ES irale 26S 2 
. f(x) = 

; my S> 2 

phi. 8 SY) 

sel Je eet Re ey, 
tan 7 | alee a! 

55. f(x) = 
a 

() man GS = 2 
56. f(x) = 

emt) ea” 

57. f(x) = csc 2x 58. f(x) = tan on 

59. f(x) = [x — 8] 60. f(x) = 5 — fb] 

Making a Function Continuous In Exercises 61-66, find 

the constant a, or the constants a and b, such that the function 

is continuous on the entire real number line. 

3x2, Bee lh - x 

fea eG 62a) fe +5, x>1 

4 sin x 
= = 

63. fy = | ae : 64 76. eh ere ane 
Here kane Gs Te EW 

Dp 5, = — il 

(EE Ca = Wem aris ih Sap 23 

= ime 3h 

ae 

66. g(x) =}; x-a’ a 

8, x=a 

Continuity of a Composite Function In Exercises 67-72, 
discuss the continuity of the composite function h(x) = f(g(x)). 

67. fe) =x 68. f(x) = 5x 4+ 1 

ga) = g(x) = x3 

ale on 
69. f(x) = nag 70. f(x) = 7 

g(x) = x7 45 g(x) =x—-1 

72. f(x) = sinx 

Nis 

Pe Finding Discontinuities In Exercises 73-76, use a graphing 

utility to graph the function. Use the graph to determine any 

x-values at which the function is not continuous. 

73. f(x) = [el — x 74. h(x) = ee ote 

“5 Gi a xe > A! 

hee) oh Ete eee 

COS 

76. f(x) = i Sg 

She ea () 

Testing for Continuity In Exercises 77-84, describe the 
interval(s) on which the function is continuous. 

- Ke ected 
TT. [) & are 78. f(x) = Jx 

79. f(x) =3 — Vx 80. f(x) = xJ/x + 

81. f(x) = seo $2. f(x) = ah 

ie = Il ~ 

$3.) =) ey a4. fo) = | + 
2 x=1 I, x= 

Pe Writing In Exercises 85 and 86, use a graphing utility to 
graph the function on the interval [—4, 4]. Does the graph of 
the function appear to be continuous on this interval? Is the 

function continuous on [—4, 4]? Write a short paragraph about 
the importance of examining a function analytically as well as 

graphically. 

4 =f ho 

85. f(x) = = 86. f(x) = —— : 

Writing In Exercises 87-90, explain why the function has a 
zero in the given interval. 

Function Interval 

87. f(x) =pxt-— 2x3 +4 Lie] 

88. f(x) = 29 Sa = 3 [0, 1] 

89. f(x) = x? = 2 =icos.x [0, 77] 

5 TX 
90. f(x) = iD + tn( 7) [1, 4] 

Ay Using the Intermediate Value Theorem In Exercises 
91-94, use the Intermediate Value Theorem and a graphing 

utility to approximate the zero of the function in the interval 

[0, 1]. Repeatedly “zoom in’ on the graph of the function to 
approximate the zero accurate to two decimal places. Use the 

zero or root feature of the graphing utility to approximate the 

zero accurate to four decimal places. 

91. fix) =e 4-41 

Ws ies a= 8 ap Sig Sal 
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93. g(t) = 2 cost — 3t lrue or False? In Exercises 103-106, determine whether the 

94, h(6) = tan6+ 36-4 statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

Using the Intermedi falue Theorem i rel tt é ; 
g . rmediate Value Theorem In Exercises 103. If lim f(x) = L and f(c) = L, then fis continuous at c. 

95-98, verify that the Intermediate Value Theorem applies to re 

the indicated interval and find the value of c guaranteed by the 104. If f(x) = g(x) for x # c and f(c) # g(c), then either f or g is 

theorem. not continuous at c. 

95. f(x) =24+x-1, [0, 5], f(c) = 11 105. A rational function can have infinitely many x-values at 

which it is not continuous. 
96. f(x) =x?- 6x + 8, [0,3], fi) =0 cone >, (0,3), fons 106. The function 

xe + 5 eee as 98. f(x) = : = _ B 4| f(c) = 6 fle) je = 

is continuous on (— 0d, oo). 

WRITING ABOUT CONCEPTS 107 

99. Using the Definition of Continuity State how 
continuity is destroyed at x = c for each of the following f(z) =3 +] and g(x) =3—-[-o] 

graphs. differ. 
(a) (b) 

. Think About It Describe how the functions 

08. HOW DOYOU SEE IT? Every day you 

dissolve 28 ounces of chlorine in a swimming 

pool. The graph shows the amount of chlorine 

f(t) in the pool after t days. Estimate and interpret 
lim f(t) and lim f(?). 
to4- to4t 

y 

140 ~- 

112 

1 
\ 
f 
I 

\ 
1 

Cc 

7 

i et 
| 
i 
i 

\ 
1 
i 
f 

Cc 

109. Telephone Charges A long distance phone service 
charges $0.40 for the first 10 minutes and $0.05 for each 

additional minute or fraction thereof. Use the greatest integer 

lim f(x) =1 and lim f(x) = 0. function to write the cost C of a call in terms of time f¢ (in 

ge oe minutes). Sketch the graph of this function and discuss its 

100. Sketching a Graph Sketch the graph of any | 
function f such that 

Is the function continuous at x = 3? Explain. continuity. 

. Continuity of Combinations of Functions If | ° 110. Inventory Management «eecccccecce 
the functions fand g are continuous for all real x, is f + g 

always continuous for all real x? Is f/g always continuous 

for all real x? If either is not continuous, give an example 

to verify your conclusion. 

The number of units in inventory in a small company is 

given by 

Nt) = 25(2[ - 2] ™ ‘ 

where f¢ is the time in 

months. Sketch the 

graph of this function 

and discuss its continuity. — 

How often must this 

company replenish its 

inventory? 

. Removable and Nonremovable Discontinuities | 
Describe the difference between a discontinuity that | 

is removable and one that is nonremovable. In your | 

explanation, give examples of the following descriptions. 

(a) A function with a nonremovable discontinuity at | 

x=4 

(b) A function with a removable discontinuity atx = —4 | 

(c) A function that has both of the characteristics 

described in parts (a) and (b) 

Christian Delbert/Shutterstock.com 
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111. Deja Vu At 8:00 A.M. on Saturday, a man begins running 118. Creating Models A swimmer crosses a pool of width b 

up the side of a mountain to his weekend campsite (see by swimming in a straight line from (0, 0) to (2b, b). (See 

figure). On Sunday morning at 8:00 A.M., he runs back down figure.) 

the mountain. It takes him 20 minutes to run up, but only , 

10 minutes to run down. At some point on the way down, he ) (2b, b) 

realizes that he passed the same place at exactly the same 

time on Saturday. Prove that he is correct. [Hint: Let s(t) 

and r(t) be the position functions for the runs up and down, = 

and apply the Intermediate Value Theorem to the function 

fd) = s(t) — r().J 

(a) Let fbe a function defined as the y-coordinate of the point 

on the long side of the pool that is nearest the swimmer 

at any given time during the swimmer’s crossing of the 

pool. Determine the function f and sketch its graph. Is f 

continuous? Explain. 

(b) Let g be the minimum distance between the swimmer 

and the long sides of the pool. Determine the function g 

Nordrawnio scale and sketch its graph. Is g continuous? Explain. 
Saturday 8:00 A.M. Sunday 8:00 A.M. 

119. Making a Function Continuous Find all values of c 
112. Volume _ Use the Intermediate Value Theorem to show that such that f is continuous on (— 0, 00). 

for all spheres with radii in the interval [5, 8], there is one 

with a volume of 1500 cubic centimeters. f(x) = Pei, Bae 
a6, ene 

113. Proof Prove that if f is continuous and has no zeros on 

[a, b], then either 120. Proof Prove that for any real number y there exists x in 

f(x) > O forall xin[a,b] or f(x) <0 for all x in [a, b]. oa es ae 
121. Making a Function Continuous Let 

eiaiutae we 
0, if x is rational f(x) = ayy aes GS 

114. Dirichlet Function Show that the Dirichlet function 

1, if x is irrational 
ra{ 

What is the domain of f? How can you define f at x = 0 in 
is not continuous at any real number. order for f to be continuous there? 

115. Continuity of a Function Show that the function 122. Proof Prove that if 

_ |0, if x is rational lim f(c + Ax) = f(c) 

Oe fe if x is irrational aa 

, : ; then fis continuous at c. 
is continuous only at x = 0. (Assume that k is any nonzero 
real number.) 123. Continuity of a Function Discuss the continuity of the 

. : : clas function h(x) = x|x]. 
116. Signum Function The signum function is defined by 

124. Proof 

i oko (a) Let f,(x) and f,(x) be continuous on the closed interval 
sen(x) = 40, x=0. bl If df (b h 

; va La, b]. If f(a) < f(a) and f,(b) > f,(d), prove that there 
exists c between a and b such that f,(c) = f,(c). 

Sketch a graph of sgn(x) and find the following (if possible). acd (b) Show that there exists c in [o, z| such that cos x = x. Use 

(a) lim sgn(x) (b) lim sgn(x)  (c) lim sgn(x) a graphing utility to approximate c to three decimal places. 
x 0s +507 x0 

117. Modeling Data The table lists the speeds S (in feet per PUTNAM EXAM CHALLENGE 
second) of a falling object at various times f (in seconds). 125, Proveldr disprové® Te and’y'ae'real nuith bers av an 

and y(y + 1) < (x + 1), then y(y — 1) < x2. 

126. Determine all polynomials P(x) such that 

P(x? + 1) = (P(Q))? + 1 and P(O) = 0. 

(a) Create a line graph of the data. These problems were composed by the Committee on the Putnam Prize Competition. 
: © The Mathematical Association of America. All rights reserved. 

(b) Does there appear to be a limiting speed of the object? If 

there is a limiting speed, identify a possible cause. 
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sMo mee illite ellis 

f(x) 

i} 

-\-------t------------ 
iH] 

& | le nm 

f (x) increases and decreases without 

bound as x approaches 2. 

Figure 1.39 

lim f(x) = © 
XE 

> X 

Infinite limits 

Figure 1.40 

@ Determine infinite limits from the left and from the right. 

@ Find and sketch the vertical asymptotes of the graph of a function. 

Infinite Limits 

Consider the function f(x) = 3/(x — 2). From Figure 1.39 and the table, you can see 

that f(x) decreases without bound as x approaches 2 from the left, and f(x) increases 

without bound as x approaches 2 from the right. 

mG [_Fippmacies2 ome 2 [_Fippmacies2 ome the left. x appro 2 om te eh appro 2 om te eh 2 from the right. 

: 15 | 19 | 199. | 1.999 | 2 200 BOR 
fom -6 | 230 Mes00 | — 3000 | 2 | 3000 | 30 0 | 30 

[Federer witout bond > decreases without bound. Fea ees witb increases without bound. 

This behavior is denoted as 

lim eC) f (x) decreases without bound as x approaches 2 from the left. 
Sy age ve 

and 

lim = Co. f(x) increases without bound as x approaches 2 from the right. 
rp se —= D 

The symbols co and —oo refer to positive infinity and negative infinity, respectively. 

These symbols do not represent real numbers. They are convenient symbols used to 

describe unbounded conditions more concisely. A limit in which f(x) increases or 

decreases without bound as x approaches c is called an infinite limit. 

Definition of Infinite Limits 

Let f be a function that is defined at every real number in some open interval 

containing c (except possibly at c itself). The statement 

lim f(x) = 

means that for each M > 0 there exists a 6 > 0 such that f(x) > M whenever 

0 < |x — c| < 6 (see Figure 1.40). Similarly, the statement 

lim f(%) = —co 

means that for each N < 0 there exists a 5 > 0 such that f(x) < N whenever 

Once ele ed. 

To define the infinite limit from the left, replace 0 < |x — c| < 6 by 
c — 6 <x < c. To define the infinite limit from the right, replace 

Opeaiaeecimecno by cuxax < ¢ + 0. 

Be sure you see that the equal sign in the statement lim f (x) = co does not mean 

that the limit exists! On the contrary, it tells you how the limit fails to exist by denoting 

the unbounded behavior of f(x) as x approaches c. 
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Exploration me 6EXAMPLE 1 Determining Infinite Limits from a Graph 

Use a graphing utility to Determine the limit of each function shown in Figure 1.41 as x approaches | from the 

graph each function. For | left and from the right. 

each function, analytically 

find the single real number c | 

that is not in the domain. 

Then graphically find the 

limit (if it exists) of f(x) as x 

approaches c from the left 

and from the right. 

3 
a. f(a) = 

yp = a 

(a) (b) 
Each graph has an asymptote at x = 1. 

Figure 1.41 

Solution 

a. When x approaches | from the left or the right, (x — 1)? is a small positive number. 

Thus, the quotient 1/(x — 1)? is a large positive number, and f(x) approaches infinity 
from each side of x = 1. So, you can conclude that 

iit =<) "Sy Limit from each side is infinity. 
x1 (e = 1)? 

Figure 1.41(a) confirms this analysis. 

b. When x approaches | from the left, x — 1 is a small negative number. Thus, the 

quotient —1/(x — 1) is a large positive number, and f(x) approaches infinity from 

the left of x = 1. So, you can conclude that 

= 
lim = 0. Limit from the left side is infinity. 
cia 

When x approaches | from the right, x — 1 is a small positive number. Thus, the 

quotient —1/(x — 1) is a large negative number, and f(x) approaches negative 

infinity from the right of x = 1. So, you can conclude that 

=I 
lim = = Co) Limit from the right side is negative infinity. 
rt ite 

Figure 1.41(b) confirms this analysis. a 

: *’ Remember that you can use a numerical approach to analyze 

a rite For instance, you can use a graphing utility to create a table of values to 

analyze the limit in Example 1(a), as shown in Figure 1.42. 

Enter x-values using ask mode. 

As x approaches | from the left, f(x) 

increases without bound. 

As x approaches 1 from the right, f(x) 

increases without bound. 

Figure 1.42 
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Use a graphing utility to make a table of values to analyze the limit in Example 1(b). 
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¢e REMARK If the graph of 
a function f has a vertical 

asymptote at x = c, then fis 

not continuous at c. 

(c) 
Functions with vertical asymptotes 

Figure 1.43 
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Vertical Asymptotes 

If it were possible to extend the graphs in Figure 1.41 toward positive and negative 

infinity, you would see that each graph becomes arbitrarily close to the vertical line 

x = |. This line is a vertical asymptote of the graph of f. (You will study other types 

of asymptotes in Sections 3.5 and 3.6.) 

| Definition of Vertical Asymptote 

| If f(x) approaches infinity (or negative infinity) as x approaches c from the right 

or the left, then the line x = c is a vertical asymptote of the graph of f. 

In Example 1, note that each of the functions is a quotient and that the vertical 

asymptote occurs at a number at which the denominator is 0 (and the numerator is not 

0). The next theorem generalizes this observation. 

THEOREM 1.14 Vertical Asymptotes 

Let f and g be continuous on an open interval containing c. If f(c) # 0, g(c) = 0, 
and there exists an open interval containing c such that g(x) # 0 for all x # c in 

the interval, then the graph of the function 

— 
1 

i) 
AM ioe 

has a vertical asymptote at x = c. 

A proof of this theorem is given in Appendix A. 

See LarsonCalculus.com for Bruce Edwards’s video of this proof. 

EXAMPLE 2 Finding Vertical Asymptotes 

see. > See LarsonCalculus.com for an interactive version of this type of example. 

a. When x = —1, the denominator of 

1 

i Diana) 

is 0 and the numerator is not 0. So, by Theorem 1.14, you can conclude that x = — 1 

is a vertical asymptote, as shown in Figure 1.43(a). 

b. By factoring the denominator as 

Rell mart | 

disagree eH) pre) 
you can see that the denominator is 0 at x = —1 and x = 1. Also, because the 

numerator is not 0 at these two points, you can apply Theorem 1.14 to conclude that 

the graph of f has two vertical asymptotes, as shown in Figure 1.43(b). 

c. By writing the cotangent function in the form 

COS X 
23) = Oils ==, 

fix) sin x 

you can apply Theorem 1.14 to conclude that vertical asymptotes occur at all values 

of x such that sin x = 0 and cos x # 0, as shown in Figure 1.43(c). So, the graph of 

this function has infinitely many vertical asymptotes. These asymptotes occur at 

x = n7r, where n is an integer. gd 



86 Chapter 1 

| f(x) 

Vertical 4-- Undefined 
asymptote when x = 2 

atx=-2 

f(x) increases and decreases without 
bound as x approaches — 2. 

Figure 1.44 

—6 

fhas a vertical asymptote at x = 1. 

Figure 1.45 

Limits and Their Properties 

Theorem 1.14 requires that the value of the numerator at x = c be nonzero. When 

both the numerator and the denominator are 0 at x = c, you obtain the indeterminate 

form 0/0, and you cannot determine the limit behavior at x = c without further 

investigation, as illustrated in Example 3. 

EXAMPLE 3 A Rational Function with Common Factors 

Determine all vertical asymptotes of the graph of 

oe gS 
1 De Pee Se i= 

Solution Begin by simplifying the expression, as shown. 

x2 + 2x — 8 

Os x°—4 

_ x + 4-2) 
aah) 

peex Beet 

Het? 
Naa 

At all x-values other than x = 2, the graph of f coincides with the graph of 

g(x) = (x + 4)/(x + 2). So, you can apply Theorem 1.14 to g to conclude that there is 
a vertical asymptote at x = —2, as shown in Figure 1.44. From the graph, you can see 

that 

oe ae ees wee ly 8 
Line OO ANC ee 
2 cat pao Xa — 4 

Note that x = 2 is not a vertical asymptote. 

EXAMPLE 4 Determining Infinite Limits 

Find each limit. 

eS Bhs ee Ss 
Litt pee eee QC kT) coe 
2S ge Il seul op 

Solution Because the denominator is 0 when x = | (and the numerator is not zero), 

you know that the graph of 

5 gies 3 fe) = 
has a vertical asymptote at x = |. This means that each of the given limits is either 

co or —co. You can determine the result by analyzing f at values of x close to 1, or by 

using a graphing utility. From the graph of f shown in Figure 1.45, you can see that the 

graph approaches co from the left of x = 1 and approaches —oo from the right of 

x = 1. So, you can conclude that 

hein Ox a. eee ie 
lim, === 6O The limit from the left is infinity. 
Ze ap 3 

and 

ae wom iter ae a 243 
hit) ——_— = = 6 The limit from the right is negative infinity. = | 
rae re || 

HN GY P| TrALL When using a graphing utility, be careful to interpret 

eect tn ih of a function with a vertical asymptote—some graphing utilities 

have difficulty drawing this type of graph. 
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solution to Example 5(d) uses 

Property | from Theorem 1.15 

for which the limit of f(x) as x 
approaches c is —©o. 

Se ec 
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Vi 1.15 Properties of Infinite Limits 

| Let c and L be real numbers, and let f and g be functions such that 

lim f(x) = co and limg(x) = L. 
x>¢ xc 

3. Quotient: lim ae) 

Similar properties hold for one-sided limits and for functions for which the limit 

| of f(x) as x approaches c is — co [see Example 5(d)]. 

Proof Here is a proof of the sum property. (The proofs of the remaining properties 

are left as an exercise [see Exercise 70].) To show that the limit of f(x) + g(x) is 

infinite, choose M > 0. You then need to find 6 > 0 such that [ f(x) + g(x)| > M 

whenever 0 < |x — c| < 6. For simplicity’s sake, you can assume L is positive. 
Let M, = M + 1. Because the limit of f(x) is infinite, there exists 6, such that 
f(x) > M, whenever 0 < |x — c| < 6,. Also, because the limit of g(x) is L, there exists 
5, such that |g(x) — L| < 1 whenever 0 < |x — c| < 6,. By letting 6 be the smaller of 
6, and 6, you can conclude that 0 < |x —c| < 6 implies f(x) > M+ 1 and 
|g(x) — L| < 1. The second of these two inequalities implies that g(x) > L — 1, and, 
adding this to the first inequality, you can write 

f(x) + g(x) > (M+ 1)+(L-1)=M+L>M. 

So, you can conclude that 

lim [f(z) + g(a)] = 00. 

See LarsonCalculus.com for Bruce Edwards’s video of this proof. ee | 

EXAMPLE 5 Determining Limits 

: rr : 
a. Because lim | = | and lim — = ©, you can write 

x0 x2 x0 

j 1 
Lin | er ft — 100. Property 1, Theorem 1.15 
x0 2 Ga 

b. Because lim (x? + 1) = 2 and lim (cot 7x) = —oo, you can write 
x17 x17 

wl bx 1 
lim = 0. Property 3, Theorem 1.15 
x—1- Cot 77x 

c. Because lim 3 = 3 and lim cot.x = oo, you can write 
x—0* x—0* 

lim 3 cot x = oo. Property 2, Theorem 1.15 
x—0* 

ily 3 ord 
d. Because lim x* = 0 and lim — = —oco, you can write 

x07 x0" X 

1 
lim (3 af *) = —0o. Property 1, Theorem 1.15 a 
a> 0R XxX 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Infinite Limits from a Graph In Exercises 

1-4, determine whether f(x) approaches oo or —oo as x 

approaches —2 from the left and from the right. 

x 1 
fy — 9 ‘i ee —s Lh) a i 2. F(x) oo) 

y y 

= 
: Sh : 

4 1 Se 

evel 

3. f(x) = tan 4. f(x) = seo 4 4 

y y 

I y ) (J \ 

Hips oe 
og Meats + +—+—+> x 
2, 6 -6 Sa 2, 6 

i \if) 
Determining Infinite Limits In Exercises 5-8, determine 
whether f(x) approaches oo or — 00 as x approaches 4 from the 
left and from the right. 

5. f@) =— 6. f) =— 

7. f(x) = (x = A)? 8. f(x) = (x =i 

Numerical and Graphical Analysis In Exercises 9-12, 

determine whether f(x) approaches co or — oo as x approaches 

—3 from the left and from the right by completing the table. 

Use a graphing utility to graph the function to confirm your 

answer. 

x 3.5 | 3.1 | 3.01 | —3.001 | -3 | L 

om || as 
x | —2.999 | -2.99 | -29 | ~2.5 

£0) | 

9. fo) =— 10. f(x) = =~ aay, A Mesics 75 

ne Te 
11. f(x) mae 

12. f(x) = cot re 

Finding Vertical Asymptotes In Exercises 13-28, find the 

vertical asymptotes (if any) of the graph of the function. 

1 2 
13. f(x) = 2 14. f(x) = G — 3) 

ie 16. f(x) = 
Ae x2-4 aang 

i=l 315. ae 2! 17. 8) = 5 tO 

3 x>—8 
19. f(x) = Pipe 5 20. g(x) = See 

4x? + 4x — 24 

21 i emer 5,2. 195 
x*—9 

gah) x3 + 3x2 — x — 3 

x* — 2x — 15 

23:if 0) = ae hy = 5 

= Dy 24. h(t) = {—— 

25. f(x), = cse mx 26. f(x) = tan mx 

t _ tan@ 
Dias) eas 28. ¢(0) = 6 

Vertical Asymptote or Removable Discontinuity In 
Exercises 29-32, determine whether the graph of the function 

has a vertical asymptote or a removable discontinuity at 

x = —1. Graph the function using a graphing utility to confirm 

your answer. 

hae | Lae = 

29. f(x) = z re 30. f(x) = eoess 

31. f(x) = wnt 32. f(x) = sinks TU) 

Finding a One-Sided Limit In Exercises 33-48, find the 
one-sided limit (if it exists). 

, 1 : = 

ORs rae 50 Sie 1 ec im (& — 1)? 

; ‘ x 
se sae $6.,,lin song 

x+3 6x2 +x —- 1 37. lim 38° iim ———— ae 
ae x7+x-6 ere 4x? — 4x — 3 

39. lim (: ole 1) 40. lim (6 = 5) 
x0 ext x—0t x 

Re WX . lim [2+ . lim (+ = ate tim (e+) 42 tm (5 + cor} 
43. Ae Adnan peace 

x50+ sin x x—>(1/2)* COS X 

45. lim 46. lee 
xt CSC X x0- cotx 
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47. lim, wseO Wx 48. lim, _x? tan 1x 
its eee 60. HOW DO YOU SEE IT? Fora quantity of gas 

Fe One-Sided Limit In Exercises 49-52, use a graphing utility at a constant temperature, the pressure P is inversely 
to graph the function and determine the one-sided limit. proportional to the volume V. What is the limit of P 

as V approaches 0 from the right? Explain what this 
i eatpecu Uclaccs al means in the context of th bl 49, = eae ie eae ne problem. 

F(x) ie dl 30a) Get Cect hl 
P 

lim, f(x) lim f(x) 

I WX 
51. = . f(x) = == f(x) er 52) f(x) = sec A 2 

i. eure j Jim feo) Jim, f@) E 

WRITING ABOUT CONCEPTS aa ale 
olume 

53. Infinite Limit In your own words, describe the meaning 
of an infinite limit. Is co a real number? 

54. Asymptote In your own words, describe what is 61. Rate of Change A 25-foot ladder is leaning against a 
meant by an asymptote of a graph. house (see figure). If the base of the ladder is pulled away from 

55. Writing a Rational Function Write a rational the house at a rate of 2 feet per second, then the top will move 

function with vertical asymptotes at x = 6 and x = —2, down the wall at a.rate of 

and with a zero at x = 3. 2x 
: =) It Set 

. Rational Function Does the graph of every rational 625 — x° 
function have a vertical asymptote? Explain. where x is the distance between the base of the ladder and the 

. Sketching a Graph Use the graph of the function f Bue une gps tee rate ec second: 
(see figure) to sketch the graph of g(x) = 1/f(x) on the 
interval [—2, 3]. To print an enlarged copy of the graph, go 
to MathGraphs.com. 

(a) Find the rate r when x is 7 feet. 

(b) Find the rate r when x is 15 feet. 

58. Relativity According to the theory of relativity, the mass m (c) Find the limit of r as x approaches 25 from the left. 
of a particle depends on its velocity v. That is, mere mNyarnae Gnsedaect eccrine cic s siete ere cis 

eee 
ib — (v2 fc7) 

where m, is the mass when the particle is at rest and c is the 

speed of light. Find the limit of the mass as v approaches c 

from the left. 

On a trip of d miles to another city, a truck driver’s average 

speed was x miles per hour. On the return trip, the average 

speed was y miles per hour. The average speed for the round 

trip was 50 miles per hour. 

(a) Verify that 

m= 

EE 59. Numerical and Graphical Analysis Use a graphing 
utility to complete the table for each function and graph each 

function to estimate the limit. What is the value of the limit 

when the power of x in the denominator is greater than 3? 

a Qe 

D mii 25, 

What is the domain? 

(b) Complete the table. 

Bo[o[s[o : 
F r+ 7 sakes e _ ee tit aed Bud: * Bei : 

7 le 

Are the values of y different than you expected? Explain. ‘ 

fo) tim epi on 25 (ay tin ie - x (c) Find the limit of y as x approaches 25 from the right and ~ 

0 pape © Be interpret its meaning. ° 

WendellandCarolyn/iStockphoto.com eoeoeoeoevevevevee ee eeeeeee eee eee 8 8 @ 
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BB os. U rical and Graphical Analysis Consider the 

shaded region outside the sector of a circle of radius 10 meters 

and inside a right triangle (see figure). 

10m 

(a) Write the area A = f(@) of the region as a function of 0. 

Determine the domain of the function. 

(b) Use a graphing utility to complete the table and graph the 

function over the appropriate domain. 

6 0308 \0:6 4 100.9 

(9) 

(c) Find the limit of A as 6 approaches 7/2 from the left. 

64. Numerical and Graphical Reasoning A crossed belt 
connects a 20-centimeter pulley (10-cm radius) on an electric 

motor with a 40-centimeter pulley (20-cm radius) on a saw 

arbor (see figure). The electric motor runs at 1700 revolutions 

per minute. 

10cm v , 20 cm 

(a) Determine the number of revolutions per minute of the saw. 

(b) How does crossing the belt affect the saw in relation to the 

motor? 

(c) Let L be the total length of the belt. Write L as a function of 

d, where @ is measured in radians. What is the domain of 

the function? (Hint: Add the lengths of the straight sections 

of the belt and the length of the belt around each pulley.) 

(d) Use a graphing utility to complete the table. 

(e) Use a graphing utility to graph the function over the 

appropriate domain. 

(f) Find lim ZL. Use a geometric argument as the basis of 
(77/2) 

a second method of finding this limit. 

(g) Find lim L. 
o>0* 

True or False? In Exercises 65-68, determine whether the 

statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

65. The graph of a rational function has at least one vertical 

asymptote. 

66. The graphs of polynomial functions have no vertical 

asymptotes. 

67. The graphs of trigonometric functions have no vertical 

asymptotes. 

68. If f has a vertical asymptote at x = 0, then f is undefined at 

x=0. 

69. Finding Functions Find functions f and g such that 
lim f(x) = co and lim g(x) = 00, but lim [ f(x) — g(x)] 4 0. 

XC te 

70. Proof Prove the difference, product, and quotient properties 

in Theorem 1.15. 

71. Proof Prove that if lim f(x) = 00, then lim a 0. 
XG x>C f(x) 

72. Proof Prove that if 

1 
lim ~~ = 0 
xc f(x) 

then lim f(x) does not exist. 
BFE 

Infinite Limits In Exercises 73 and 74, use the e-6 definition 

of infinite limits to prove the statement. 

TBs Wien SH 
: i 

pL Reo ar Ya 74. lim me loo) 
XS apie ~ 

fourle)\\h:):fen| on k eeeeeecec$ceeeeeeereeeseesceeeseeeseeeeeeeeeeeeneteeetseeee © 

Graphs and Limits of Trigonometric Functions 
Recall from Theorem 1.9 that the limit of f(x) = (sin x)/x as x 

approaches 0 is 1. 

(a) Use a graphing utility to graph the function f on the interval 

—m7 <x < qm. Explain how the graph helps confirm this 

theorem. 

(b) Explain how you could use a table of values to confirm the 

value of this limit numerically. 

(c) Graph g(x) = sin x by hand. Sketch a tangent line at the point 

(0, 0) and visually estimate the slope of this tangent line. 

(d) Let (x, sin x) be a point on the graph of g near (0, 0), and write 
a formula for the slope of the secant line joining (x, sin x) and 

(0, 0). Evaluate this formula at x = 0.1 and x = 0.01. Then 

find the exact slope of the tangent line to g at the point (0, 0). 

(e) Sketch the graph of the cosine function h(x) = cos x. What is 

the slope of the tangent line at the point (0, 1)? Use limits to 
find this slope analytically. 

(f) Find the slope of the tangent line to k(x) = tan x at (0, 0). 
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Review Exercises 91 

See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. os 

Precalculus or Calculus In Exercises 1 and 2, determine 
whether the problem can be solved using precalculus or 

whether calculus is required. If the problem can be solved using 

precalculus, solve it. If the problem seems to require calculus, 

explain your reasoning and use a graphical or numerical 

approach to estimate the solution. 

1. Find the distance between the points (1, 1) and (3, 9) along the 

curve y = x?. 

2. Find the distance between the points (1, 1) and (3, 9) along the 

line y = 4x — 3. 

Estimating a Limit Numerically In Exercises 3 and 4, 
complete the table and use the result to estimate the limit. Use 

a graphing utility to graph the function to confirm your result. 

? pas 

3. ie x2 — 7x + 12 

ge 2.9 | 2.99 | Mo) || 3} | 3.001 | SO || Bell 

xe 
ee XA 

on 
x 

=o.1 | SOO" |, SOMO |) 0 0.001 0.01 | 0.1 | 

| a ! 
Finding a Limit Graphically In Exercises 5 and 6, use the 
graph to find the limit (if it exists). If the limit does not exist, 

explain why. 

Saye —2 

5. Ae) = =—* =—— 

» y 

Oo 

: EA eS oe 

(a) lim A(x) (b) lim h(x) (a) lim g(x) —(b) lim g(x) 
x1 x3 x30 

Using the e«-—6 Definition of a Limit In Exercises 7-10, 
find the limit L. Then use the e—6 definition to prove that the 

limit is L. 

8. lim /x 
x9 

10. lim 9 
x5 

7. lim (x + 4) 
x1 

9. lim (1 ~ 2?) 

Finding a Limit In Exercises 11-28, find the limit. 

ioe tim x7 
x>-6 

12. lim (5x — 3) 

13. lim t+2 14. lim ~/x — 3 
. x3 —5 

15. lim Ga)? 16. lim (x — 4)3 

17. lim 18. lim —— 
x34 % l EW) Sees || 

t+2 t? — 16 
19. | Sli 2 eT eee FT 
ieee afl se se 2 21. m2 po ira ee ee a 
x4 35 — x30 26 

1 a= 11} = i lla Gi 
23. Tin ee ce 24. lim (1/1 +s) = 1 

x30 XxX s30 Ss 

ate ee Vay a ee 
x30 sin x x>7/4 tan x 

: ao 
27. lim sin[(77/6) + Ax] — (1/2) 

Ax>0 NGG 

[Hint: sin(@ + ) = sin Ocos ¢ + cos @sin d] 

cos(a + Ax) + 1 
m 

Ax30 Ax 

[Hint: cos(@ + d) = cos #cos @ — sin Osin A] 

Evaluating a Limit In Exercises 29-32, evaluate the limit 
given lim f(x) = —6 and lim g(x) = 4. 

29. im [/(ae(o)] 30. tim 2 
31. lim Lf(x) + 2g(x)] 32. lim [f(x)P 

I Graphical, Numerical, and Analytic Analysis In 
Exercises 33-36, use a graphing utility to graph the function 

and estimate the limit. Use a table to reinforce your conclusion. 

Then find the limit by analytic methods. 

Sea = Vie as 
ee eee aaa eee) 

x30 x x30 a 

et ial 
35 i 564 

PSS BP APS x0 

Free-Falling Object In Exercises 37 and 38, use the position 
function s(t) = —4.9t? + 250, which gives the height (in 
meters) of an object that has fallen for ¢ seconds from a height 

of 250 meters. The velocity at time ¢ = a seconds is given by 

. s(a) — s(t) 
hn 
toa GE 

37. Find the velocity of the object when t = 4. 

38. At what velocity will the object impact the ground? 

Finding a Limit In Exercises 39-48, find the limit (if it 

exists). If it does not exist, explain why. 

J 1 : 0 

323 oan xe SS) ol he a = KS 

sae 42. lim rae 
x—4 Sale Le 

41. lim 
x47 
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(Ce De ee 

Ss 

je S| 

x>1* eal 

43. lim f(x), where f(x 
i) 

44. lim g(x), where g(x 

pce il 

S(t + 1, Pe 

—s?—45—2, 5 < —2 

go de ay 6, GS =—2 

48. lim [x ~ 1] 

45. lim h(t), where h(t) = acs 

46. lim, f(s), where f(s) = | 

47. lim (2[x] + 1) 

Removable and Nonremovable Discontinuities In 

Exercises 49-54, find the x-values (if any) at which f is not 

continuous. Which of the discontinuities are removable? 

49, f(x) =x? —4 We) =x — xe 20 

1 
51. f(x) = iG 52. f(x) = Roar 

xot S 
53. f@) == S45) Citar iar s 

55. Making a Function Continuous Determine the value 
of c such that the function is continuous on the entire real 

number line. 

acta oe irs 2D 

fe) = fn Kee 

56. Making a Function Continuous Determine the values 

of b and c such that the function is continuous on the entire 

real number line. 

FG) = a ; il eee 3 

Boe (oberon nel 2 7) ee 

Testing for Continuity In Exercises 57-62, describe the 
intervals on which the function is continuous. 

57. (a) 3 

2: = 

f(x) = Vx 

ae aoe 
a) SS 

sed bate} 
0, x=1 

63. Using the Intermediate Value Theorem Use the 

Intermediate Value Theorem to show that f(x) = 2x3 — 3 has 

a zero in the interval [1, 2]. 

64. Delivery Charges The cost of sending an overnight package 

from New York to Atlanta is $12.80 for the first pound and 

$2.50 for each additional pound or fraction thereof. Use the 

greatest integer function to create a model for the cost C of 

overnight delivery of a package weighing x pounds. Sketch the 

graph of this function and discuss its continuity. 

65. Finding Limits Let 

Find each limit (if it exists). 

(a) lim ee) Jim, Fie). |) lim f(x) 

66. Finding Limits Let f(x) = /x(@ — 1). 

(a) Find the domain of f. 

(b) Find jim icc): 

(c) Find Jim, ite) 

Finding Vertical Asymptotes In Exercises 67-72, find the 
vertical asymptotes (if any) of the graph of the function. 

67. f(x) = 2 68. f(x) = @ = >: 

3 

69. fix) = =— 5 70. h(x) = as 

71. g(x) = a 4 72. f(x) = ese mx 

Finding a One-Sided Limit In Exercises 73-82, find the 
one-sided limit (if it exists). 

2+2x+1 
730 tn 74. lim 

x17 ie = I FD Zoe — Il 

see Il cee il 
eli == 76. ii 

aS oe et] . cee xt ] 

TH At (x = +) 78. lim Ee sek? 
: Ber x? a2 Se = 

in 4. 19s $0. lim! 
x20+ 5x +50 aes 

2 

Rane 82. iim == 
BO AN OF 

83. Environment A utility company burns coal to generate 

electricity. The cost C in dollars of removing p% of the air 

pollutants in the stack emissions is 

80,000p 
= < 100. [00k he a 

(a) Find the cost of removing 15% of the pollutants. 

(b) Find the cost of removing 50% of the pollutants. 

(c) Find the cost of removing 90% of the pollutants. - 

(d) Find the limit of C as p approaches 100 from the left and 

interpret its meaning. 

84. Limits and Continuity The function f is defined as 
shown. 

tan 2x 
Lo) = ——— oe 

x 

tae 
(a) Find lim a (if it exists). 

x= 

(b) Can the function f be defined at x = 0 such that it is 

continuous at x = 0? 



PS. Problem Solving 

P.S. Problem Solving 93 

See CalcChat.com for tutorial help and 
worked-out solutions to odd-numbered exercises. = 

1. Perimeter Let P(x, y) be a point on the parabola y = x? in 
the first quadrant. Consider the triangle APAO formed by P, 

A(0, 1), and the origin O(0, 0), and the triangle APBO formed 

by P, B(, 0), and the origin. 

y 

A 
1 

(a) Write the perimeter of each triangle in terms of x. 

(b) Let r(x) be the ratio of the perimeters of the two triangles, 

Perimeter APAO 

Perimeter APBO’ 
r(x) = 

Complete the table. Calculate lim Alia) 
x—0t 

1 “0. | 0.01 | 

2. Area Let P(x, y) be a point on the parabola y = x? in the first 
quadrant. Consider the triangle APAO formed by P, A(0, 1), 

and the origin O(0, 0), and the triangle APBO formed by P, 

B(1, 0), and the origin. 

(a) Write the area of each triangle in terms of x. 

(b) Let a(x) be the ratio of the areas of the two triangles, 

_ Area APBO 

a(x) = Area APAO’ 

Complete the table. Calculate lim, a(x). 
x? 

x 

(a) Find the area of a regular hexagon inscribed in a circle of 

radius |. How close is this area to that of the circle? 

(b) Find the area A,, of an n-sided regular polygon inscribed in 

a circle of radius 1. Write your answer as a function of n. 

(c) Complete the table. What number does A, approach as n 

gets larger and larger? 

4. Tangent Line Let P(3,4) be a point on the circle 
52 de y= DS. 

(a) What is the slope of the line joining P and O(0, 0)? 

(b) Find an equation of the tangent line to the circle at P. 

(c) Let Q(x, y) be another point on the circle in the first 
quadrant. Find the slope m, of the line joining P and Q in 

terms of x. 

(d) Calculate lim m,. How does this number relate to your 
Oe 

answer in part (b)? 

Figure for 5 Figure for 4 

5. Tangent Line Let P(5,—12) be a point on the circle 

x? + y? = 169. 

(a) What is the slope of the line joining P and O(0, 0)? 

(b) Find an equation of the tangent line to the circle at P. 

(c) Let Q(x, y) be another point on the circle in the fourth 

quadrant. Find the slope m, of the line joining P and Q in 

terms of x. 

(d) Calculate lim m,. How does this number relate to your 
x5 . 

answer in part (b)? 
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Find the values of the constants a and b 

such that 

fat ox — S3 Im 
heer eye 
x30 Xi 

imits Consider the function 

/3+x1/3—-2 
{= — ‘ 

ae = I 

(a) Find the domain of f. 

Pe (b) Use a graphing utility to graph the function. 

8. 

oO: 

10. 

(c) Calculate lim se) 

(d) Calculate lim HiGor 

Making a Function Continuous Determine all values 
of the constant a such that the following function is continuous 

for all real numbers. 

ax 

fe) = fame FE" 
Gas =< 0 

Choosing Graphs Consider the graphs of the four 
functions g,, 85, 83, and g,. 

y y 
A h 

Bae BAe e 

2+ e1 a ae 

I+ 1+ 

I = —f +} > x 
i 2 3 1 ») B 

y y 
4 A 

le 2 an 
&4 

ee 24 e 
§3 

1+ oo 1+ 

+—+t i t + =x 
ee} P Des 

For each given condition of the function f, which of the graphs 

could be the graph of f? 

(a) lim f (J—=s 

(b) fis continuous at 2. 

(c) lim f(a) = 3 

Limits and Continuity Sketch the graph of the function 

(a) Evaluate #(4). f). and f(1). 

(b) Evaluate the limits lim f(x), lim, f(x), lim f(x), and 
lita f(x). x1 x>1 x0 

x0* 

(c) Discuss the continuity of the function. 

11. 

12. 

13. 

14. 

Limits and Continuity Sketch the graph of the function 

f() = bl) + [-o1- 
(a) Evaluate f(1), (0), f(4), and f(—2.7). 

(b) Evaluate the limits lim fea): lim f(x), and — TEs): 
x x17 Py PS 

(c) Discuss the continuity of the function. 

Escape Velocity To escape Earth’s gravitational field, a 

rocket must be launched with an initial velocity called the 

escape velocity. A rocket launched from the surface of Earth 

has velocity v (in miles per second) given by 

2GM ee GV 192,000 5 
v= ar Wor = + ve — 48 

r R r 

where v, is the initial velocity, r is the distance from the rocket 

to the center of Earth, G is the gravitational constant, M is the 

mass of Earth, and R is the radius of Earth (approximately 

4000 miles). 

(a) Find the value of vp for which you obtain an infinite limit 

for r as v approaches zero. This value of vp is the escape 

velocity for Earth. 

(b) A rocket launched from the surface of the moon has 

velocity v (in miles per second) given by 

v= ./ al bryce r2elel: 

Find the escape velocity for the moon. 

wm 

(c) A rocket launched from the surface of a planet has velocity 

v (in miles per second) given by 

v= oe + v2 - 6.99. 

Find. the escape velocity for this planet. Is the mass of this 

planet larger or smaller than that of Earth? (Assume that 

the mean density of this planet is the same as that of 

Earth.) 

Pulse Function For positive numbers a < b, the pulse 

function is defined as 

Oa <a 

Pt) = A@ — a) — HGR Pi) ae 

GC 2% 

= 

where H(x) = ae o is the Heaviside function. 
Ora 

(a) Sketch the graph of the pulse function. 

(b) Find the following limits: 

(i), lim, Po) (ii) lim P,,,(x) 
xa xa cs 

(iii) Jim, P. p(x) (iv) im P(x) 

(c) Discuss the continuity of the pulse function. 

l 
(d) Why is U(x) = ae P__,(x) called the unit pulse function? 

b 

Proof Letabeanonzero constant. Prove that if lim f@=L, 

then lim f(ax) = L. Show by means of an example that a must 
x=> 

be nonzero. 
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The Derivative and the Tangent Line Problem 

Basic Differentiation Rules and Rates of Change 

Product and Quotient Rules and Higher-Order Derivatives 

The Chain Rule 

Implicit Differentiation 

Related Rates 
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Rate of Change 7 
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Velocity of a Falling Object 

Stopping Distance 
NS: 

Clockwise from top left, Tischenko Irina/Shutterstock.com; Russ Bishop/Alamy; 
me SO ese Ff OS Soe ee Serer 
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he Derivative and the Tangent Line Problem 

ISAAC NEWTON (1642-1727) 

In addition to his work in calculus, 

Newton made revolutionary 
contributions to physics, including 
the Law of Universal Gravitation 
and his three laws of motion. 
See LarsonCalculus.com to read 

more of this biography. 

Exploration 

Use a graphing utility to graph 

fity =e ee 
On the same screen, graph 

= VS, — ae rand 

y = 3x — 5. Which of these 

lines, if any, appears to be 

tangent to the graph of f at 

the point (0, —5)? Explain 

your reasoning. 

i Find the slope of the tangent line to a curve at a point. 

l@ Use the limit definition to find the derivative of a function. 

i Understand the relationship between differentiability and continuity. 

The Tangent Line Problem 

Calculus grew out of four major problems that European mathematicians were working 

on during the seventeenth century. 

1. The tangent line problem (Section 1.1 and this section) 

2. The velocity and acceleration problem (Sections 2.2 and 2.3) 

3. The minimum and maximum problem (Section 3.1) 

4. The area problem (Sections 1.1 and 4.2) 

Each problem involves the notion of a limit, and calculus can be introduced with any of 

the four problems. 

A brief introduction to the tangent line problem is given in Section 1.1. Although 

partial solutions to this problem were given by Pierre de Fermat (1601-1665), René 

Descartes (1596-1650), Christian Huygens (1629-1695), and Isaac Barrow 

(1630-1677), credit for the first general solution is usually given to Isaac Newton 

(1642-1727) and Gottfried Leibniz (1646-1716). Newton’s work on this problem 

stemmed from his interest in optics and light refraction. 

What does it mean to say that a line is 

tangent to a curve at a point? For a circle, the y 

tangent line at a point P is the line that is 

perpendicular to the radial line at point P, as 

shown in Figure 2.1. 

For a general curve, however, the problem PP 

is more difficult. For instance, how would you 

define the tangent lines shown in Figure 2.2? 

You might say that a line is tangent to a curve 

at a point P when it touches, but does not cross, 

the curve at point P. This definition would work 

for the first curve shown in Figure 2.2, but not 

for the second. Or you might say that a line is 

tangent to a curve when the line touches or 

intersects the curve at exactly one point. This 

definition would work for a circle, but not for 

more general curves, as the third curve in 

Figure 2.2 shows. 

Tangent line to a circle 

Figure 2.1 

< 

>< 

eX 

Tangent line to a curve at a point 

Figure 2.2 

Mary Evans Picture Library/Alamy 



(c + Ax, f(c + Ax)) 

The secant line through (c, f(c)) and 

fone sic + Ax)) 

Figure 2.3 

THE TANGENT LINE PROBLEM 

In 1637, mathematician René 

Descartes stated this about the 
tangent line problem: 

“And | dare say that this is not 
only the most useful and general 
problem in geometry that | know, 

but even that | ever desire to know.” 

! f(e + Ax) —f(c) = Ay 

2.1. The Derivative and the Tangent Line Problem 97 

Essentially, the problem of finding the tangent line at a point P boils down to the 
problem of finding the slope of the tangent line at point P. You can approximate this 
slope using a secant line* through the point of tangency and a second point on the 
curve, as shown in Figure 2.3. If (c, f(c)) is the point of tangency and 

(cme x7 (etx) 

is a second point on the graph of f, then the slope of the secant line through the two 
points is given by substitution into the slope formula 

omen 
i) = 

Noy ee 

ie ine se Avg) fle) Change in y 
sec (c+ Ax) -—c Change in x 

Slope of secant line 

The right-hand side of this equation is a difference quotient. The denominator Ax is 

the change in x, and the numerator 

Ay = f(c_+ Ax) — f(c) 

is the change in y. 

The beauty of this procedure is that you can obtain more and more accurate 

approximations of the slope of the tangent line by choosing points closer and closer to 

the point of tangency, as shown in Figure 2.4. 

G Fo), 

Tangent line Tangent line 

Tangent line approximations 

Figure 2.4 

Definition of Tangent Line with Slope m 

If fis defined on an open interval containing c, and if the limit 

Ay eM oT) iy (6) 1): 
lim —= lim 
Ax->0 Ax Ax>0 Ax 

exists, then the line passing through (c, f(c)) with slope m is the tangent line to 
the graph of f at the point (c, f(c)). 

The slope of the tangent line to the graph of f at the point (c, f(c)) is also called the 
slope of the graph of f at x = c. 

* This use of the word secant comes from the Latin secare, meaning to cut, and is not a 

reference to the trigonometric function of the same name. 
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bo 

The slope of f at (2, 1) is m = 2. 

Figure 2.5 

Tangent line 

[> &OFN) 

Tangent 

line at 

Gry) 

The slope of f at any point (c, f(c)) is 
m = 2c. 

Figure 2.6 

y Vertical 

Nn tangent 

line 

(c, f(c)) 

The graph of f has a vertical tangent 

line at (c, f(c)). 

Figure 2.7 

Differentiation 

EXAMPLE 1 The Slope of the Graph of a Linear Function 

To find the slope of the graph of f(x) = 2x — 3 when c = 2, you can apply the 

definition of the slope of a tangent line, as shown. 

LOE Aye) OR TAx) = 3) 122) 53) 
lim = lim 
Ax—>0 Ax Ax>0 Ax 

| 

= lim 2 

=2 

The slope of fat (c, f(c)) = (2, 1) ism = 2, as shown in Figure 2.5. Notice that the limit 

definition of the slope of f agrees with the definition of the slope of a line as discussed 

in Section P.2. w 

The graph of a linear function has the same slope at any point. This is not true of 

nonlinear functions, as shown in the next example. 

=> @.\\\i 85 =Tangent Lines to the Graph of a Nonlinear Function 

Find the slopes of the tangent lines to the graph of f(x) = x? + 1 at the points (0, 1) 
and (— 1, 2), as shown in Figure 2.6. 

Solution Let (c, f(c)) represent an arbitrary point on the graph of f. Then the slope 
of the tangent line at (c, f(c)) can be found as shown below. [Note in the limit process 
that c is held constant (as Ax approaches 0).] 

tes leo Nec) 2 (erat) cee | eco aL) 
lim 

Ax—>0 Ax Ax30 Ax 

_ ¢2 + 2c(Ax) + (Ax)? +1—c? =—1 
= lim 

Ax30 Ax 

ad 2c(Ax) + (Ax)2 

Ax->0 Ax 

= lim (2e7 Ax) 
Ax->0 

=2¢ 

So, the slope at any point (c, f(c)) on the graph of f is m = 2c. At the point (0, 1), the 
slope is m = 2(0) = 0, and at (—1, 2), the slope is m = 2(—1) = —2. | 

The definition of a tangent line to a curve does not cover the possibility of a 

vertical tangent line. For vertical tangent lines, you can use the following definition. If 

fis continuous at c and 

sey) se Metin Ao el (at 
im 700 

Ax->0 Ax 

nen ais Ciet AN) he) a 
or lim =! (66) 

Ax->0 Ax 
a 

then the vertical line x = c passing through (c, f(c)) is a vertical tangent line to the 
graph of f. For example, the function shown in Figure 2.7 has a vertical tangent line at 

(c, f(c)). When the domain of f is the closed interval [a,b], you can extend the 
definition of a vertical tangent line to include the endpoints by considering continuity 

and limits from the right (for x = a) and from the left (for x = 5). 
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ay REMARK The notation f’(x) 

is read as “f prime of x.” 

@@ FOR FURTHER INFORMATION 

For more information on the 

crediting of mathematical discoveries 

to the first “discoverers,” see the 

article “Mathematical Firsts— 

Who Done It?” by Richard H. 

Williams and Roy D. Mazzagatti in 

Mathematics Teacher. To view this 

article, go to MathArticles.com. 

*REMARK When using the 
definition to find a derivative of 

a function, the key is to rewrite 

the difference quotient so that 

Ax does not occur as a factor 

of the denominator. 
cece cee ecco reece e[> 

2.1. The Derivative and the Tangent Line Problem 99 

The Derivative of a Function 

You have now arrived at a crucial point in the study of calculus. The limit used to define 

the slope of a tangent line is also used to define one of the two fundamental operations 

of calculus—differentiation. 

Definition of the Derivative of a Function I 

The derivative of f at x is 

f(x) Le rice us Ax) ar) 

Ax>0 Ax 

provided the limit exists. For all x for which this limit exists, f’ is a function of x. 

Be sure you see that the derivative of a function of x is also a function of x. This 

“new” function gives the slope of the tangent line to the graph of f at the point (x, f(x), 
provided that the graph has a tangent line at this point. The derivative can also be used 

to determine the instantaneous rate of change (or simply the rate of change) of one 

variable with respect to another. 

The process of finding the derivative of a function is called differentiation. A 

function is differentiable at x when its derivative exists at x and is differentiable on an 

open interval (a, b) when it is differentiable at every point in the interval. 
In addition to f(x), other notations are used to denote the derivative of y = f(x). 

The most common are 

Notation for derivatives 

The notation dy/dx is read as “the derivative of y with respect to x” or simply “dy, 

dx.” Using limit notation, you can write 

Finding the Derivative by the Limit Process 

* © +. See LarsonCalculus.com for an interactive version of this type of example. 

To find the derivative of f(x) = x? + 2x, use the definition of the derivative as shown. 

f(x + Ax) — FQ) 
fi (x) = dim, eet Stl a Definition of derivative 

Gel An) ee Dir Ax) Oe x) 
= lim 

Ax-0 Ax 

iN} x3 + 3x2Ax + 3x(Ax)? + (Ax)? + 2x + 2Ax — x3 — 2x 

eet Ax 

Wear Ax ox Axe (Ax) - 2Ax 
= lim 
Ax0 Ax 

_ b& [3x2 + 3xAx + (Ax)? + 2] 
= lim 

Ax>0 AK 

jim, [3x2 + 3xAx + (Ax)? + 2] 

3x2 +2 . | 
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Remember that 

the derivative of a function fis 

itself a function, which can be 

used to find the slope of the 

tangent line at the point 

(x, f(x)) on the graph of f. 

; + = [-—> x 
(0,0) 4 2 3 4 

The slope of f at (x, f(x)), x > 0, is 

m= 1/(2Vx). 

Figure 2.8 

rm, 
eseeeseeseeeees 2? © 8 © ©} > 

| 

° 

o °F ARK In many 
applications, it is convenient 

to use a variable other than x 

as the independent variable, 

as shown in Example 5. 

At the point (1, 2), the line 

y = —2t + 4 is tangent to the graph 

of y = 2/t. 

Figure 2.9 

Differentiation 

EXAMPLE 4 Using the Derivative to Find the Slope at a Point 

Find f’(x) for f(x) = x. Then find the slopes of the graph of f at the points (1, 1) and 

(4, 2). Discuss the behavior of f at (0, 0). 

Solution Use the procedure for rationalizing numerators, as discussed in Section 1.3. 

Hike A) ts FO) 
f(x) = lim Definition of derivative 

: Ax 0 Ax 

— Sx + Ax -— Vx 
= lim 

Ax>0 NX 

lim (= + Ax — x I ap AME ae “ 

Ax>0 Ax Jx + Ax + Vx 

(Cac wa) 5 
= lim 

Ax0 Ax( Vx “Pe AX. J/x) 

: At 
= lim 

Ax0 Ag(/x + Ax + /x) 
| 

= shim 
Ax30' ./x Ax + Sx 

= %, S40) 
Oo 

At the point (1, 1), the slope is f(1) = 4. At the point (4, 2), the slope is f(4) = 4. See 
Figure 2.8. At the point (0, 0), the slope is undefined. Moreover, the graph of f has a 

vertical tangent line at (0, 0). 

EXAMPLE 5 Finding the Derivative of a Function 

: ©. See LarsonCalculus.com for an interactive version of this type of example. 

Find the derivative with respect to ¢ for the function y = 2/t. 

Solution Considering y = f(t), you obtain 

dy _ ,,, f+ 4) —f0 
Definition of derivative 

dt Ato At 

2 _2 
ep eral ou Poe A) ==" and 7) == 

At>0 At t+ At t 

2t — 2(¢ + Ad) 

t(t + At) 
= iim IN, Combine fractions in numerator. 

, OPE id, 
= iim, M(t + Ad Divide out common factor of Ar: 

= lim aoe Simplify. 
Aro t(t + At) 

Zs 
= Sy Evaluate limit as At— 0. wi 

7 I = € Bi 
sites )LOGY_ A graphing utility can be used to reinforce the result given 

in Example 5. For instance, using the formula dy/dt = —2/t?, you know that the 

slope of the graph of y = 2/t at the point (1, 2) is m = —2. Using the point-slope 
form, you can find that the equation of the tangent line to the graph at (1, 2) is 

y—2=—26 — 1). or y= a 

» as shown in Figure 2.9. 
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**REMARK A proof of the 
equivalence of the alternative 

form of the derivative is 

given in Appendix A. 

See LarsonCalculus.com for Bruce 

Edwards's video of this proof. 

The greatest integer function is not 

differentiable at x = O because it is 

not continuous at x = 0. 

Figure 2.11 

2.1. The Derivative and the Tangent Line Problem 101 

Differentiability and Continuity 

The alternative limit form of the derivative shown below is useful in investigating the 

relationship between differentiability and continuity. The derivative of f at c is 

oa) = = fl) 
o)= jm =H rah ae Les 

Alternative form of derivative 

provided this limit exists (see Figure 2.10). 

a7 

A ~ 

(x, f@) 

(c, f(c)) 

——,— 

F(x) —f(c) 

1 1 

i} i 

1 1 

1 1 

' 1 

1 1 

i} 1 

' 1 

1 1 

1 1 

1 1 

1 1 

1 ' 
1 1 

1 i} 

| i 
1 L 

Cc x 

As x approaches c, the secant line 

approaches the tangent line. 

Figure 2.10 

Note that the existence of the limit in this alternative form requires that the one-sided 

limits 

mn Lf) 
ue KaaG: 

and 

m £0) = flo) 

exist and are equal. These one-sided limits are called the derivatives from the left and 

from the right, respectively. It follows that fis differentiable on the closed interval 

[a, b] when it is differentiable on (a, b) and when the derivative from the right at a and 
the derivative from the left at b both exist. 

When a function is not continuous at x = c, it is also not differentiable at x = c. 

For instance, the greatest integer function 

FQ) = bl 

is not continuous at x = QO, and so it is not differentiable at x = 0 (see Figure 2.11). You 

can verify this by observing that 

SOE ON eerie tm 
co Derivative from the left 

eo x-—O x>07- x, 

and 

: x 0 iim B= 0 
lim fois HO) ios f ee lim elie) = 0. Derivative from the right 
x0 x= Se esa x 

Although it is true that differentiability implies continuity (as shown in Theorem 2.1 on 

the next page), the converse is not true. That is, it is possible for a function to be 

continuous at x = c and not differentiable at x = c. Examples 6 and 7 illustrate this 

possibility. 



102 Chapter 2 Differentiation 

f is not differentiable at x = 2 because 

the derivatives from the left and from 

the right are not equal. 

Figure 2.12 

fis not differentiable at x = 0 because 

fhas a vertical tangent line at x = 0. 

Figure 2.13 
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TECHNOLOGY Some 
graphing utilities, such as 

Maple, Mathematica, and the 

Tl-nspire, perform symbolic 

differentiation. Others perform 

numerical differentiation by 

finding values of derivatives 

using the formula 

fie Ax) = f= Ax) 

A Graph with a Sharp Turn 

: «© ¢f> See LarsonCalculus.com for an interactive version of this type of example. 

The function f(x) = |x — 2 
one-sided limits, however, 

, shown in Figure 2.12, is continuous at x = 2. The 

; 5) = jP e 5 Al 0) 
lim AC ea AC) = lim | | = 1 Derivative from the left 
x2 Xe x2 pie 2 

and 

2 = 2) =O 
lim im es oil (2) hee lim [ae 2 lea = | Derivative from the right 
we ge Do.) FA 

are not equal. So, f is not differentiable at x = 2 and the graph of f does not have a 

tangent line at the point (2, 0). 

A Graph with a Vertical Tangent Line 

The function f(x) = x!/> is continuous at x = 0, as shown in Figure 2.13. However, 

because the limit 

Vem 1 

ear fe See aren 
x0 oA x0 Xe x0 x2/3 

is infinite, you can conclude that the tangent line is vertical at x = 0. So, f is not 

differentiable at x = 0. w 

From Examples 6 and 7, you can see that a function is not differentiable at a point 

at which its graph has a sharp turn or a vertical tangent line. 

THEOREM 2.1 _ Differentiability Implies Continuity 

If fis differentiable at x = c, then fis continuous at x = c. 

Proof You can prove that f is continuous at x = c by showing that f(x) approaches 

f(c) as xc. To do this, use the differentiability of f at x = c and consider the 
following limit. 

lim [f(x) — f(o)] = lim & sires ae| 

“ im (wa 
5 im 2

2 (o= Galenich 

= OF] 

=0 
Because the difference f(x) — f(c) approaches zero as x—>c, you can conclude that 

Pale oe 

where Ax is a small number 

such as 0.001. Can you see any 

problems with this definition? 

For instance, using this 

definition, what is the value 

of the derivative of f(x) = |x| 
when x = 0? 

lim f(x) = f(c). So, fis continuous at x = c. 
xc 

See LarsonCalculus.com for Bruce Edwards’s video of this proof. ual 

The relationship between continuity and differentiability is summarized below. 

1. If a function is differentiable at x = c, then it is continuous at x = c. So, differentia- 

bility implies continuity. 

2. It is possible for a function to be continuous at x = c and not be differentiable at 

= c. So, continuity does not imply differentiability (see Example 6). 
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2.1 Exercises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. = 

Estimating Slope In Exercises 1 and 2, estimate the slope 21. f(x) = 1 22. f(x) l 

of the graph at the points (x,, y,) and (x,, y,). "aes Kut | ~ 2 

1. 23. f(x) = Vx +4 24. f(x) = a 
xX 

Ae Finding an Equation of a Tangent Line In Exercises 
25-32, (a) find an equation of the tangent line to the graph of f 

at the given point, (b) use a graphing utility to graph the 

function and its tangent line at the point, and (c) use the 

derivative feature of a graphing utility to confirm your results. 

25. f(x) =x? + 3, (-1,4) 

27. f(x) =x?, (2,8) 

9. f(x) = Vx, (1, 1) 
4 

31. f(x) =x+ a (—=4,—5) 

a HCA) Sa sb De = 1, (UL, ®) 

28. fa) eck ie) 
30:2 ye) 

Slopes of Secant Lines In Exercises 3 and 4, use the graph 
shown in the figure. To print an enlarged copy of the graph, go 

to MathGraphs.com. 
32. f(x) = (0, 3) mck 

ae i DY 

Finding an Equation of a Tangent Line In Exercises 
33-38, find an equation of the line that is tangent to the graph 

of f and parallel to the given line. 

3.’ Identify or sketch each of the quantities on the figure. 

(a) f(1) and f(4) (b) f(4) — f() 

Function Line 

33. f(x) = x? ey) 

fF) = 2x2 4x +y+3=0 

S507 (oy Sy ele) 

36. f(x) = +2 34 y= 4-0 

f= FU) 
reg ay 31. fle) = =p x+2y-6=0 

4. Insert the proper inequality symbol (< or >) between the 1 

given quantities. 38. f(x) = al x+2y+7=0 

pe) fQ) fas) 
4—1 4-3 

coz FO) ag ec) 

Finding the Slope of a Tangent Line In Exercises 5-10, 
find the slope of the tangent line to the graph of the function at 

the given point. 

5 f(x)=3—5x, (-1,8) 6. g(x) =3x4+1, (—2,-2) 

Teme x) =x" 90(2) =5) Sf) S552 GR 4) 

See) = 3¢ — #7, = (0,0) 10. A@) = + 44, (1,5) 

Finding the Derivative by the Limit Process In 
Exercises 11-24, find the derivative of the function by the limit 

process. 

lief G@) = 7 
13. f(x) = —10x 

15. h(s) = 3 + 3s 

Mies) =x*+x—3 

Pos) = x — 12x 

12. g(x) = - 

iy — ix 3 

16. f(x) = 5 — ox 

(PS pee 
20. f(x) = x3 + x? 

WRITING ABOUT CONCEPTS 

Sketching a Derivative In Exercises 39-44, sketch the 
graph of f’. Explain how you found your answer. 
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_ 

| WRITING ABOUT CONCEPTS (continued) 

43. y 44, y 

45. Sketching a Graph Sketch a graph of a function 
whose derivative is always negative. Explain how you 

found the answer. 

. Sketching a Graph Sketch a graph of a function 
whose derivative is always positive. Explain how you 

found the answer. 

47. Using a Tangent Line The tangent line to the graph of 
y = g(x) at the point (4,5) passes through the point (7, 0). 
Find g(4) and g (4). 

48. Using a Tangent Line The tangent line to the graph of 
y = A(x) at the point (—1, 4) passes through the point (3, 6). 

Find A(—1) and h’(—1). 

Working Backwards In Exercises 49-52, the limit repre- 

sents f(c) for a function f and a number c. Find f and c. 

_ [5 — 3(1 + Ax)] -— 2 _ (-2+ Ax)? +8 
Me Ae Ax eile 8 Ax 

ae) we 

stn 52. lim 2vix = 6 
x96 x—6 x39 x—-9 

Writing a Function Using Derivatives In Exercises 53 

and 54, identify a function f that has the given characteristics. 

Then sketch the function. 

53. 7 (0) = 237) = 3 fOtin 001 koe 

54. f(0) = 4; f’(0) = 0; f’(x) < 0 forx < 0;f’(x) > Oforx > 0 

Finding an Equation of a Tangent Line In Exercises 55 
and 56, find equations of the two tangent lines to the graph of 

f that pass through the indicated point. 

55. f(x) = 4x — x? 56.7 (hex 

Py 57. Graphical Reasoning Use a graphing utility to graph 

each function and its tangent lines at x = —1,x = 0, and 

x = 1. Based on the results, determine whether the slopes of 

tangent lines to the graph of a function at different values of x 

are always distinct. 

(ay fic) (occ 

Os) HOW DOYOU SEE IT? The figure shows the 
graph of g’. 

(b)ie'G) = (a) ¢(0) = 
(c) What can you conclude about the graph of g knowing 

/ vas 8 t 
that 2"(1)\= —3? ' 

(d) What can you conclude about the graph of g knowing 

that g’(—4) = 4? 

(e) Is g(6) — g(4) positive or negative? Explain. 

(f) Is it possible to find g(2) from the graph? Explain. 

mee SSS 

ad 59. Graphical Reasoning Consider the function f(x) = 322. 

(a) Use a graphing utility to graph the function and estimate 

the values of f’(0), f’(5), f(1), and f’(2). 

(b) Use your results from part (a) to determine the values of 

f(-4).f(C 0), and f(-2). 
(c) Sketch a possible graph of f”. 

(d) Use the definition of derivative to find f’(x). 

Pe 60. Graphical Reasoning Consider the function f(x) = pe 

(a) Use a graphing utility to graph the function and estimate 

the values of f’(0), f’(4), f(),.f(2), and f’(3). 

(b) Use your results from part (a) to determine the values of 

f'(-4),f(- 0), £2), and f(—3). 
(c) Sketch a possible graph of f”. 

(d) Use the definition of derivative to find f’(x). 

BS Graphical Reasoning In Exercises 61 and 62, use a 
graphing utility to graph the functions f and g in the same 

viewing window, where 

f(x + 0.01) — f(x) 
st) = 0.01 

Label the graphs and describe the relationship between them. 

61. f(x) = 2x — x? 62. f@) = 37% 

Approximating a Derivative In Exercises 63 and 64, 
evaluate f(2) and f(2.1) and use the results to approximate f(2). 

63. f(x) = x(4 — x) 64. f(x) = ix3 

Using the Alternative Form of the Derivative In 
Exercises 65-74, use the alternative form of the derivative to 

find the derivative at x = c (if it exists). 

65. f(x) =x? =—5, c=3 66. g(x) =x? —x,'c=1 

67. f@) =a + 2x7 -F Ie = — 
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68. f(x) = x27 + 6x, c=2 Determining Differentiability In Exercises 89 and 90, 

69. 2(x) = Jie), AEG 70. f(x) = 3/x, c=4 determine whether the function is differentiable at x = 2. 

a) “y i 

ee () = (x — 6/73, c=6 89. f(x “1. ae ee : onal GaKee) 
a 90. f(x) = 37 

me x)= (x es 3) 1/3, QS 2 f 4x — 3h x SH Fix) JS 2x, of ay 

73. i er 7, = — 4. f(x) oly = Ol, c= 6 91. Graphical Reasoning A line with slope m passes 

e : _ Ch through the point (0, 4) and has the equation y = mx + 4. 
Determining Differentiability In Exercises 75-80, 
describe the x-values at which / is differentiable. 

2 é S. ; ‘ 
75. f(x) = a 76. f(x) = |x? — 9| Py (b) Use a graphing utility to graph the function d in part (a). 

= 2) : : = ; 
Based on the graph, is the function differentiable at every 

value of m? If not, where is it not differentiable? 

(a) Write the distance d between the line and the point (3, 1) 

as a function of m. 

92. Conjecture Consider the functions f(x) =x? and 

g(x) = x. 

(a) Graph f and f’ on the same set of axes. 

(b) Graph g and g’ on the same set of axes. 

(c) Identify a pattern between f and g and their respective 

derivatives. Use the pattern to make a conjecture about 

hx) if h(x) = x", where n is an integer and n = 2. 
77. f(x) = (x + 4) 

=4 (d) Find f(x) if f(x) = x*. Compare the result with the 
y conjecture in part (c). Is this a proof of your conjecture? 

Explain. 

True or False? In Exercises 93-96, determine whether the 

statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

93. The slope of the tangent line to the differentiable function f at 

the point (2, f(2)) is 

{2 FAX) = FQ) 
NG a 

eee a 

Toate) = a/x = 1 

94. If a function is continuous at a point, then it is differentiable at 

that point. 

95. If a function has derivatives from both the right and the left at 

a point, then it is differentiable at that point. 
{+> x 

4 96. If a function is differentiable at a point, then it is continuous at 

[ that point. 

97. Differentiability and Continuity Let 

. Pe Graphical Reasoning In Exercises 81-84, use a graphing ber ray 
utility to graph the function and find the x-values at which f is f(x) b Pad 

differentiable. 0, x=0 

4 
81. f(x) = |x — 5 BAe fe) _ ; and 

onal 
Earne/D 2 = #0 

83. f(x) = x sw =[* sin x , 

abe =2 3} =i LE x= 
84. f(x) = (: BS iy els 

: a Show that f is continuous, but not differentiable, at x = 0. 

Determining Differentiability In Exercises 85-88, find ry Show that g is differentiable at 0, and find g'(0). 
98 the derivatives from the left and from the right at x = 1 (if they . Writing Use a graphing utility to graph the two functions 

exist). Is the function differentiable at x = 1? f(x) = x? + Land g(x) = |x| + 1 in the same viewing window. 

: Use the zoom and trace features to analyze the graphs near 

85. f(x) = |x _ is 86. f(x) = V1 — x? the point (0, 1). What do you observe? Which function is 

= 1)2, 9 x x Ss I differentiable at this point? Write a short paragraph describing 

87. f(x) = (x - iH sul 88. f(x) = Teer the geometric significance of differentiability at a point. 
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2 Basic Differentiation Rules and Rates of Change 

The slope of a 

horizontal line 

is 0. 

The derivative of a 

constant function 

is 0. 

Notice that the Constant Rule is 

equivalent to saying that the slope of a 

horizontal line is 0. This demonstrates 

the relationship between slope and 

derivative. 

Figure 2.14 

@ Find the derivative of a function using the Constant Rule. 

@ Find the derivative of a function using the Power Rule. 

@ Find the derivative of a function using the Constant Multiple Rule. 

i@ Find the derivative of a function using the Sum and Difference Rules. 

@ Find the derivatives of the sine function and of the cosine function. 

il Use derivatives to find rates of change. 

The Constant Rule 

In Section 2.1, you used the limit definition to find derivatives. In this and the next two 

sections, you will be introduced to several “differentiation rules” that allow you to find 

derivatives without the direct use of the limit definition. 

THEOREM 2.2 The Constant Rule 

The derivative of a constant function is 0. That is, if c is a real number, then 

d 
aed = 0. (See Figure 2.14.) 
LX 

Proof Let f(x) = c. Then, by the limit definition of the derivative, 

<[l =F) 
: bP ce aes) ay ie aa ae 

= lim ——* 
Ax>0 Ax 

= Jim, 0 
= 0. 

See LarsonCalculus.com for Bruce Edwards's video of this proof. i 

Using the Constant Rule 

Function Derivative 

a. y=7 dy/dx = 0 

b. f(x) = 0 Fx) 0 
ce. s@) = —3 S(t) "0 

d. y = ka’, k is constant y’=0 iP | 

Exploration 

Writing a Conjecture Use the definition of the derivative given in Section 2.1 

to find the derivative of each function. What patterns do you see? Use your 

results to write a conjecture about the derivative of f(x) = x”. 

anf (xpse ad b. f(x) = x? co f(x) =e 

de fy ae Cif tx) = oa te) ee 
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The Power Rule 

Before proving the next rule, it is important to review the procedure for expanding a 

binomial. 

(ee Ay) ee 2x Ax + Ay) 

(x + Ax)? = x3 + 3x7Ax + 3x(Ax)? + (Ax)3 

( )4 = x4 + 4x3Ax + 6x?2(Ax)? + 4x(Ax)3 + (Ax)4 

(x + Ax)? = x° + 5xtAx + 10x3(Ax)? + 10x2(Ax)? + 5x(Ax)* + (Ax)5 

The general binomial expansion for a positive integer n is 

(x + Ax)" = x" + nx" "(Ax) + me i (an)? +++ ++ (Ax)", 
SS SS eee 

(Ax)? is a factor of these terms. 

This binomial expansion is used in proving a special case of the Power Rule. 

THEOREM 2.3 The Power Rule 

If n is a rational number, then the function f(x) = x” is differentiable and 

d 
waka = nx?! 

secre eee reseecesee[> For f to be differentiable at x = 0, n must be a number such that x”~! is defined 

By. REMARK From Example 7 on an interval containing 0. 

in Section 2.1, you know that 

the function f(x) = x!/3 is 
defined at x = 0, but is not Proof If 7 is a positive integer greater than 1, then the binomial expansion produces 

. ee Behera es a) eee lin Cae eee 
; dx Ax>0 Ax 

on an interval containing 0. 
(A Fl) x" 5 sania oN 5) a (Ax)? ++» - + (Ax)” — x" 

fen Ax 

— | nD 

= lim co sit. nee a) tee a de aye] 

Ax->0 

=nx"1+0+++-+0 
= ia 

This proves the case for which n is a positive integer greater than 1. It is left to you to prove 

the case for n = 1. Example 7 in Section 2.3 proves the case for which n is a negative 

integer. In Exercise 71 in Section 2.5, you are asked to prove the case for which n is 

rational. (In Section 5.5, the Power Rule will be extended to cover irrational values of 7.) 

See LarsonCalculus.com for Bruce Edwards’s video of this proof. ee | 

When using the Power Rule, the case for which n = | is best thought of as a 

separate differentiation rule. That is, 

Power Rule when n = | 

The slope of the line y = xis 1. This rule is consistent with the fact that the slope of the line y = x is 1, as shown in 

Figure 2.15 Figure 2.15. 
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EXAMPLE 2 Using the Power Rule 

Gil) (1, 1) 

=f (0, 0) 1 

Note that the slope of the graph is 

negative at the point (—1, 1), the 
slope is zero at the point (0, 0), and 

the slope is positive at the point (1, 1). 

Figure 2.16 

The line y = —4x — 4 is tangent to the 

graph of f(x) = x at the point (—2, 4). 

Figure 2.17 

Function Derivative 

a. f(x) =x f(x) = 3x 

We bie Feet We ee ee oe | b. g(x) Sx iy (x) ie [x ] 3 32/3 

1 dy d D) 
3 = —S= = ae = 9) a —— 

Pe x? dx dx be?) = (—2)x x? - 

In Example 2(c), note that before differentiating, 1/x? was rewritten as x. 

Rewriting is the first step in many differentiation problems. 

, = 

a> 22 

' Differentiate: — 
ie ce = 
ED aes: -2)s ae 

Finding the Slope of a Graph 
tee > See LarsonCalculus.com for an interactive version of this type of example. 

Find the slope of the graph of 

yeas ee 
for each value of x. 

aS a) Dex Ole Cy al 

Solution The slope of a graph at a point is the value of the derivative at that point. 

The derivative of fis f(x) = 4x°. 

a. When x = ~1, the slope is f(—1) = 4(—1)? = —4. Slope is negative. 

b. When x = 0, the slope is f’(0) = 4(0)? = Slope is zero. 

c. When x = 1, the slope is f(1) = 4(1)? = 4. Slope is positive. 

See Figure 2.16. 

Finding an Equation of a Tangent Line 

* © +P See LarsonCalculus.com for an interactive version of this type of example. 

Find an equation of the tangent line to the graph of f(x) = x? when x = —2. 

Solution To find the point on the graph of f, evaluate the original function at 
bn yh 

ie 2) a2 4) 

To find the slope of the graph when x = —2, evaluate the derivative, f(x) = 2x, at 

x= —-2. 

m= f(—2) =—4 

Point on graph 

Slope of graph at (—2, 4) 

Now, using the point-slope form of the equation of a line, you can write 

Yu Ses mx = X,) Point-slope form 

y-4= —4[x = (—2)] Substitute for y,, m, and x,. 

y= —4x - 4. Simplify. 

see Figure 2.17. ul 
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«* REMARK Before 
differentiating functions 

involving radicals, rewrite 

the function with rational 

exponents. 
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The Constant Multiple Rule 

EOREM 2.4 The Constant Multiple Rule 

| If fis a differentiable function and c is a real number, then cf is also 
| 1 
| differentiable and ~lefls)] = cf(x). 
| dx 

Proof 

d eo Chee Ax) scf@) veing Cyenpt 
His [cf(x)] = Jim, ie Definition of derivative 

_ |}; GAs f(x) 
2 hes c| Ax 

i re slate A eo) 
=C tim, Ne Apply Theorem 1.2. 

= of (x) 
See LarsonCalculus.com for Bruce Edwards's video of this proof. iad 

Informally, the Constant Multiple Rule states that constants can be factored out of 

the differentiation process, even when the constants appear in the denominator. 

oe 
Par an “lef (x)] = Fa) cha) 

iL] all] - ().to00- (ro 
Using the Constant Multiple Rule 

S(t Ben 

Function Derivative _ 

5 ian dela e = = [531 = 5“ [x] Gee 156 

by =? ® = Zip t] = 22 rl] = a-I? = 

(= py = S)Fe| = 2414) - S00 = 51 
d. y = 2Vx 2 = = [ax = aff? =x = = 

crops Eade gem- ah 
wet vedhledo-4 , 

The Constant Multiple Rule and the Power Rule can be combined into one rule. 

The combination rule is 
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EXAMPLE 6 Using Parentheses When Differentiating 

Original Function Rewrite Differentiate Simplify 

ae ye =a ry eo es -—4 pay ER AED Fo y= 5 ) y= Ail 3x4) VES 

ae 37-3 pea ON eels ie 1S b y= (ox) y= g(t ) y= 3 3x04) y ax4 

7 7 7 14x 
= >= —(x2 /— —(Jy f= ——— Cian as y 3 ) y 3 (2x) y 3 

uy. , day = y = 63(x2) y’ = 63(2x) y’ = 126x ud 
(2x) == 

The Sum and Difference Rules 

| THEORE™M 2.5 The Sum and Difference Rules 

The sum (or difference) of two differentiable functions f and gis itself 

differentiable. Moreover, the derivative of f + g (or f — g) is the sum (or 

difference) of the derivatives of f and g. 

CFG) + @I=S'0) + 90) Sum Rute 
“LF() =>9(x) t= fe) a es(x) Difference Rule 

Proof A proof of the Sum Rule follows from Theorem 1.2. (The Difference Rule can 

be proved in a similar way.) 

sin Lfee + Av) + gx + And] - [fle) + 60] “LA + 80] 
Ax>0 Ax 

— ty LO + AN) + lx + Av) — £0) — al) 
= ying 

Ax>0 Ax 

Bg Ee RN) eae eee At) se 
J feat | Ax Ax 

Srey) Of ran) eit) & Parte An) oa) 
7 ean Ax iy feu Ax 

Silo ar e03) 

See LarsonCalculus.com for Bruce Edwards's video of this proof. al 

The Sum and Difference Rules can be extended to any finite number of functions. 

For instance, if F(x) = f(x) + g(x) — h(x), then F(x) = f(x) + g(x) — h’G@). 
In Example 7(c), 

- note that before differentiating, : : 
: ce i oa EXAMPLE 7 Using the Sum and Difference Rules 

3x7 -—x+1 

a6 Function Derivative 

= 3 — / = Qi 

was rewritten as a. f(x) =x 4x + 5 PA) Ot a 
4 

%G 
b. e(x) = —— + 3x3 — 2x “x) = —2x3 + 9x2 -—2 

Be g(x) D g(x) 

x 
3x7 —x+1 1 1 947 = 4 

oe ee eer ma ee i, = = —|l+- fa —_—_— = Cony, - Spe s y 2 2 wi 
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ill FOR FURTHER INFORMATION Derivatives of the Sine and Cosine Functions 
For the outline of a geometric 

proof of the derivatives of the 

sine and cosine functions, see the SIA eet ee COS AY 

article “The Spider’s Spacewalk Keats Ax = 1 and im, Ax ra: 

Derivation of sin’ and cos’” by 

Tim Hesterberg in The College 

Mathematics Journal. To view this 

article, go to MathArticles.com. 

In Section 1.3, you studied the limits 

These two limits can be used to prove differentiation rules for the sine and cosine 

functions. (The derivatives of the other four trigonometric functions are discussed in 

Section 2.3.) 

Derivatives of Sine and Cosine Functions 

d d fee i 
| i —|sin x| = cos. x ao [cos x] = —sin x 

Proof Here is a proof of the first rule. (The proof of the second rule is left as an 

24 exercise [see Exercise 118].) 

: ths ee sin(x + Ax) — sinx 2 eee 
| (ee ‘ Sa eile eg Shia efinition of derivative 

a= f dx Ax30 Ax 
= > xX 

1 1 sin x cosvAx =hicos'x sin. Ax — sin x 
2 = lim 
; Ax>0 Ax 
i] 

1 1 y= 0 1 & 3 

yincreasing decreasing  y increasing bites cos x sin Ax — (sin x)(1 — cos Ax) 

Ax30 Ax 

y’ positive y’ negative y’ positive ’ sin Ax 1'— cos Ax 
= lim | (cos x == (sini x) | =<————— 

A Ax—0 Ax Ax 

: Sui ie. (1 1 =e As) e054 my ay) Sih 
: Qn . see — (sin x)(0) 

The derivative of the sine function is This differentiation rule is shown graphically in Figure 2.18. Note that for each x, the 

the cosine function. slope of the sine curve is equal to the value of the cosine. 

Figure 2.18 See LarsonCalculus.com for Bruce Edwards’s video of this proof. | 

> ON Je=8-98 Derivatives Involving Sines and Cosines 

° © © *P See LarsonCalculus.com for an interactive version of this type of example. 

Function Derivative 

a. y = 2 sinx y’=2cosx 

b sine oe Lie Pod cl ce Oe 
y= —— = — sin x => - Sel 12410. 2 ead 2 

c y=x+cosx y’=1-sinx 

as , 7 
d. cos.x — = sin x sin x — 3 cos x a 

h> TECHNOLOGY A graphing utility can provide insight into the interpretation 
= l = sin x => sinx of a derivative. For instance, Figure 2.19 shows the graphs of 

y=asinx 
ie. 
dx Pea) = 2008 fora = os if 3, and 2. Estimate the slope of each graph at the point (0, 0). Then verify 

your estimates analytically by evaluating the derivative of each function when x = 0. Figure 2.19 
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Time-lapse photograph of a 

free-falling billiard ball 

Rates of Change 

You have seen how the derivative is used to determine slope. The derivative can also 

be used to determine the rate of change of one variable with respect to another. 

Applications involving rates of change, sometimes referred to as instantaneous rates of 

change, occur in a wide variety of fields. A few examples are population growth rates, 

production rates, water flow rates, velocity, and acceleration. 

A common use for rate of change is to describe the motion of an object moving in 

a straight line. In such problems, it is customary to use either a horizontal or a vertical 

line with a designated origin to represent the line of motion. On such lines, movement 

to the right (or upward) is considered to be in the positive direction, and movement to 

the left (or downward) is considered to be in the negative direction. 

The function s that gives the position (relative to the origin) of an object as a 

function of time ¢ is called a position function. If, over a period of time Ar, the object 

changes its position by the amount 

As = s(t + At) — s(t) 

then, by the familiar formula 

distance 
Rate = ——— — 

time 

the average velocity is 

Average velocity 

Finding Average Velocity of a Falling Object 

A billiard ball is dropped from a height of 100 feet. The ball’s height s at time f is the 

position function 

s = —16t2 + 100 Position function 

where s is measured in feet and ft is measured in seconds. Find the average velocity over 

each of the following time intervals. 

as (2p abot S15] Secale 0) 

Solution 

a. For the interval [1, 2], the object falls from a height of s(1) = —16(1)? + 100 = 84 
feet to a height of s(2) = —16(2)? + 100 = 36 feet. The average velocity is 

AS08045 
(Wit Gea bat ATE A8 feet per second. 

b. For the interval [1, 1.5], the object falls from a height of 84 feet to a height of 

s(1.5) = —16(1.5)? + 100 = 64 feet. The average velocity is 

As 64184, —20 Wee = 40 feet per second. 

c. For the interval [1, 1.1], the object falls from a height of 84 feet to a height of 
s(1.1) = —16(1.1)? + 100 = 80.64 feet. The average velocity is 

As  80.64—84  —3.36 
M~ S11 10a 33.6 feet per second. 

Note that the average velocities are negative, indicating that the object is moving 

downward. ul 
Richard Megna/Fundamental Photographs 



Tangent line 

yA 
Secant line 

t,=1 

The average velocity between 1, and f, 

is the slope of the secant line, and the 

instantaneous velocity at f, is the slope 

of the tangent line. 

Figure 2.20 

Velocity is positive when an object is 

rising, and is negative when an object 
is falling. Notice that the diver moves 

upward for the first half-second 

because the velocity is positive for 

Ory < 5 When the velocity is 0, the 
diver has reached the maximum height 

of the dive. : 

Figure 2.21 

2.2 Basic Differentiation Rules and Rates of Change 113 

Suppose that in Example 9, you wanted to find the instantaneous velocity (or 

simply the velocity) of the object when t = 1. Just as you can approximate the slope of 

the tangent line by calculating the slope of the secant line, you can approximate the 

velocity at t = 1 by calculating the average velocity over a small interval [1, 1 + Ar] 

(see Figure 2.20). By taking the limit as At approaches zero, you obtain the velocity 

when t = 1. Try doing this—you will find that the velocity when t = | is —32 feet per 

second. 

In general, if s = s(t) is the position function for an object moving along a straight 
line, then the velocity of the object at time f is 

Velocity function 

Ba, Re CH Sy oa ae tig 80+ AD 900 aay 

In other words, the velocity function is the derivative of the position function. Velocity 

can be negative, zero, or positive. The speed of an object is the absolute value of its 

velocity. Speed cannot be negative. 

The position of a free-falling object (neglecting air resistance) under the influence 

of gravity can be represented by the equation 

Position function 

where 5, is the initial height of the object, vg is the initial velocity of the object, and g 

is the acceleration due to gravity. On Earth, the value of g is approximately —32 feet 

per second per second or —9.8 meters per second per second. 

> N28 set Using the Derivative to Find Velocity 

At time t = 0, a diver jumps from a platform diving board that is 32 feet above the 

water (see Figure 2.21). Because the initial velocity of the diver is 16 feet per second, 

the position of the diver is 

KGS SNe 1 Ne Boe Position function 

where s is measured in feet and f is measured in seconds. 

a. When does the diver hit the water? 

b. What is the diver’s velocity at impact? 

Solution 

a. To find the time t when the diver hits the water, let s = 0 and solve for t. 

—16r? + 16 + 32 =0 Set position function equal to 0. 

—16(t + 1)(¢ — 2) =0 Factor. 

t= —lor2 Solve for f. 

Because t = 0, choose the positive value to conclude that the diver hits the water at 

t = 2 seconds. 

b. The velocity at time fis given by the derivative 

s(t) = —32t+ 16. Velocity function 

So, the velocity at time ¢ = 2 is 

s’(2) = —32(2) + 16 = —48 feet per second. a 
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In Exercises 1 and 2, use the graph to 

estimate the slope of the tangent line to y = x” at the point 

(1, 1). Verify your answer analytically. To print an enlarged 

Differentiation 

See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

copy of the graph, go to MathGraphs.com. 

Finding a Derivative In Exercises 3-24, use the rules of 

(b) y= 

(b) Veaty 

differentiation to find the derivative of the function. 

3h 

5. 

te 

y = 

Yr x 

ye 
n x 

9. f(x) = 27x 
11. 

13. 

15. 

17. 

19. 

21. 

7a}, 

Rewriting a 

f(x) 

f(t) 

=x-+ ll 

= —277+ 3t-—6 

g(x) = x? + 4x3 

s(t) 

y= 

y= 

Ve 

i FOr = Sts 

aa 
> sin 6 — cos 6 
2 

x2 — 4 cosx 

| ; 
= == Bias 
5G 

function. 

Original Function 

4.. f(x) = —9 

6. y = x!? 

3 
8 y= Z 

10. g(x) = 4x 

12. 2(x) = 6x + 3 

oy =2)= 3641 
16. y = 4x — 3x3 

1823) = 2x2 +f 6x2 = 1 

20. g(t) = wcost 

22. y= 7 + sinx 

24. y= aD = 2iCOSEG .y Gay 

Rewrite 

Function Before 

Differentiate 

Differentiating In 
Exercises 25-30, complete the table to find the derivative of the 

Simplify 

Original Function 

7 

28. Y = Gy? 

ee 
Xx 

4 
30. y= — 

Bae 

Rewrite Differentiate Simplify 

Finding the Slope of a Graph In Exercises 31-38, find 
the slope of the graph of the function at the given point. Use the 

derivative feature of a graphing utility to confirm your results. 

Function 

31. f) = 5 Be 

32. fl) =2-- 

33. fi) = -} + £3 

BEL pS Die = 3 

35. y = (4x + 1)? 

36. f(x) = 2% — 4)? 

37. f(6) = 4sin 6 — 6 
38. 2(f) = —2 cost + 5 

Finding a Derivative 
derivative of the function. 

39. fix) = se 5 — ox" 

4 
41. g(t) = t? — 3 

3 2 43. 4G) = 4x She 

iG 

ee nor a 4 
45.°f(x) = 2 

AT y= ey) 

49. f(x) = Vx — 6x 

51. f(x) = 6V/x + Scosx 

Point 

(0, 1) 

(2, 8) 

(0, 0) 

(a, 7) 

In Exercises 39-52, find the 

40. f(@) = x° = 2x 4 Sa 

42 ie ee 
x2 

2x" — x 
44. f(x) = 3 

Aga 2x ae 46. h(x) = eT? 

48. y = x?(2x? — 3x) 

50. f =?" — fh +4 

52. f(x) = = “+ 3 COSe, 

Ay Finding an Equation of a Tangent Line In Exercises 
53-56, (a) find an equation of the tangent line to the graph of f at 

the given point, (b) use a graphing utility to graph the function 

and its tangent line at the point, and (c) use the derivative 

feature of a graphing utility to confirm your results. 

Function 

53) y = xh\-13x2 + 2 

54. y = x3 — 3x 

2 
55. f(x) = Te 

56. y = (« — 2)(x2 + 3x) 

Point 

(1, 0) 

(2, 2) 

(i, 2) 

(1, —4) 



2.2 

Horizontal Tangent Line In Exercises 57-62, determine 
the point(s) (if any) at which the graph of the function has a 

horizontal tangent line. 

Sy anys a 207+ 3, 58. y=x74+x 

59. y= 60. y=x?74+9 

Oye esin x, (0. = x < 277 

62. y= ~/3x.+ 20s x, OS gS Dap 

Finding a Value In Exercises 63-68, find k such that the 
line is tangent to the graph of the function. 

Function Line 

63. f(x) =k — x? rye OK | 

64. f(x) = kx? y=-2x+3 

65. f(x) =~ y=nixt3 

66. f(x) = kV/x y=x +4 

67. f(x) = y= ei Lt 

68. f(x) = y=4x-1 = 

69. Sketching a Graph Sketch the graph of a function f such 
that f’ > O for all x and the rate of change of the function is 

decreasing. 

Exploring a Relationship In Exercises 71-74, 
- relationship between f and g is given. Explain the 

. ‘relationship between f’ and g’. 

gees fl) + 6 

[7 2G) 576) | 
72. a(x) = 2f@) 

MAD gx) = 37) — 1 

AB ss. 
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WRITING ABOUT CONCEPTS (continued) 

A Function and Its Derivative In Exercises 75 and 76, 
the graphs of a function f and its derivative f’ are shown in 

the same set of coordinate axes. Label the graphs as f or f’ 

and write a short paragraph stating the criteria you used in 

making your selection. To print an enlarged copy of the 

graph, go to MathGraphs.com. 

77. Finding Equations of Tangent Lines Sketch the 
graphs of y = x? and y = —x? + 6x — 5, and sketch the two 
lines that are tangent to both graphs. Find equations of these 

lines. 

78. Tangent Lines Show that the graphs of the two equations 

1 
y=x and Diane 

have tangent lines that are perpendicular to each other at their 

point of intersection. 

79. Tangent Line Show that the graph of the function 

F)= 32 sin a2 

does not have a horizontal tangent line. 

80. Tangent Line Show that the graph of the function 

JU) — eae 3x + SX 

does not have a tangent line with a slope of 3. 

Finding an Equation of a Tangent Line In Exercises 81 
and 82, find an equation of the tangent line to the graph of the 

function f through the point (x, yp) not on the graph. To find 
the point of tangency (x, y) on the graph of f, solve the equation 

oe 

$1) 7G) = Ve 82. f(x) == 

(os Yo) = (-4, 0) (, Yo) = (5, 0) 

Linear Approximation Use a graphing utility with a square 
window setting to zoom in on the graph of 

fle) = 4-48 
to approximate f’(1). Use the derivative to find f’(1). 

. Linear Approximation Use a graphing utility with a square 
window setting to zoom in on the graph of 

f(x) =4Vx +1 

to approximate f’(4). Use the derivative to find f’(4). 
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Consider the function f(x) = x3/7 
with the solution point (4, 8). 

(a) Use a graphing utility to graph f. Use the zoom feature 

to obtain successive magnifications of the graph in the 

neighborhood of the point (4, 8). After zooming in a few 

times, the graph should appear nearly linear. Use the trace 

feature to determine the coordinates of a point near (4, 8). 

Find an equation of the secant line S(x) through the two 

points. 

(b) Find the equation of the line 

T(x) = f(A) — 4) + #4) 

tangent to the graph of f passing through the given point. 

Why are the linear functions S and T nearly the same? 

(c) Use a graphing utility to graph f and 7 in the:same set of 

coordinate axes. Note that T is a good approximation of f 

when x is close to 4. What happens to the accuracy of the 

approximation as you move farther away from the point of 

tangency? 

(d) Demonstrate the conclusion in part (c) by completing the 

table. 

BP 86. Linear Approximation Repeat Exercise 85 for the 

function f(x) = x3, where T(x) is the line tangent to the graph 
at the point (1, 1). Explain why the accuracy of the linear 
approximation decreases more rapidly than in Exercise 85. 

True or False? In Exercises 87-92, determine whether the 

statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

87. If f(x) = g(x), then f(x) = g(x). 

88. If f(x) = g(x) + c, then f(x) = g(x). 

89. If y = 7, then dy/dx = 27. 

90. If y = x/7, then dy/dx = 1/7. 

91. If g(x) = 3f(a), then g’(x) = 3f(x). 

| | 
O27 L(x) ——, then ats) 

f(x) x” t en f (x) nx"! 

Finding Rates of Change In Exercises 93-96, find the 
average rate of change of the function over the given interval. 

Compare this average rate of change with the instantaneous 

rates of change at the endpoints of the interval. 

93. f(t) =4¢+5, [1,2] 

95. f(x) = = [1, 2] 

94. f(t) =12-7, [3,31] 

96. f(x) = sin x, 0 z| 

Vertical Viotion In Exercises 97 and 98, use the position 

function s(t) = —16t? + yt + sy for free-falling objects. 

97. A silver dollar is dropped from the top of a building that is 

1362 feet tall. 

(a) Determine the position and velocity functions for the 

coin. 

(b) Determine the average velocity on the interval [1, 2]. 

(c) Find the instantaneous velocities when t = | and t = 2. 

(d) Find the time required for the coin to reach ground level. 

(e) Find the velocity of the coin at impact. 

98. A ball is thrown straight down from the top of a 220-foot 

building with an initial velocity of — 22 feet per second. What 

is its velocity after 3 seconds? What is its velocity after 

falling 108 feet? 

Vertical Motion In Exercises 99 and 100, use the position 
function s(t) = —4.9t? + vot + sy for free-falling objects. 

99. A projectile is shot upward from the surface of Earth with an 

initial velocity of 120 meters per second. What is its velocity 

after 5 seconds? After 10 seconds? 

100. To estimate the height of a building, a stone is dropped from 

the top of the building into a pool of water at ground level. 

The splash is seen 5.6 seconds after the stone is dropped. 

What is the height of the building? 

Think About It In Exercises 101 and 102, the graph of a 
position function is shown. It represents the distance in miles 

that a person drives during a 10-minute trip to work. Make a 

sketch of the corresponding velocity function. 

ii za °& 02 

S L é 10 re 10 -- = L 

E 34 ed 
& 6+ & 64 
8 4 orc 
& 2 — a 2 
el La WEST t ie) 7 ep Aeleea lt i) t 

A 0,0) 2 4 6 8 10 A 0,0) 2 4 6 8 10 

Time (in minutes) Time (in minutes) 

Think About It In Exercises 103 and 104, the graph of a 
velocity function is shown. It represents the velocity in miles 

per hour during a 10-minute trip to work. Make a sketch of the 

corresponding position function. 

103. — i“ 104. _ K 
a h Gc . 

= - S 60+ 
S| = 50 
AS & 40 

2 @ 204 5 “3 20; 

© S 10- 
x t ie 1s oe oye se t 

24 6 810 

Time (in minutes) Time (in minutes) 

105. Volume The volume of a cube with sides of length s is 
given by V = s°. Find the rate of change of the volume with 

respect to s when s = 6 centimeters. 

106. Area The area of a square with sides of length s is given by 

A = s*. Find the rate of change of the area with respect to s 

when s = 6 meters. 
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e ¢ 107. Modeling Data eee eee e errr eeceees 109. Velocity Verify that the average velocity over the time 
interval [t) — Ar, tj + Ar] is the same as the instantaneous The stopping distance of an automobile, on dry, level ; : 
velocity at t = ft, for the position function pavement, traveling at a speed v (in kilometers per hour) 

is the distance R (in meters) the car travels during the 

reaction time of the driver plus the distance B (in meters) 

the car travels after the brakes are applied (see figure). 

The table shows the results of an experiment. 

] 7 

sA= ini iS 

110. Inventory Manager gement The annual inventory cost C 

for a manufacturer is 
Reaction 

time 

Braking 

| distance 
1 

G 7 

_ 1,008,000 
Q 

where Q is the order size when the inventory is replenished. 

Find the change in annual cost when Q is increased from 

C + 6.30 

ny a 
Driver sees __ Driver applies Car 350 to 351, and compare this with the instantaneous rate of 

obstacle brakes stops change when Q = 350. 

111. Finding an Equation of a Parabola Find an equation 
| Speed, v 20 40 60 80 100 of the parabola y = ax? + bx + c that passes through (0, 1) 

Bee odon Ti and is tangent to the line y = x — | at (1, 0). 
eee 83 | 167 | 25.0 | 33.3 | 41.7 | Distance, R 112. Proof Let (a,b) be an arbitrary point on the graph of 
— y = 1/x,x > 0. Prove that the area of the triangle formed by 

| Braking Time the tangent line through (a, b) and the coordinate axes is 2. 
3) || SO) || XO || ses | si 

Dist B ase : ! 
2 wala 113. Finding Equation(s) of Tangent Line(s) Find the 

equation(s) of the tangent line(s) to the graph of the curve 

y = x° — 9x through the point (1, —9) not on the graph. est | (a) Use the regression 

capabilities of a f 
graphing utility to 

find a linear model 

for reaction time 

distance R. 

— a neaninin seit 
sesaccansnOls 

nals 

114. Finding Equation(s) of Tangent Line(s) Find the 
equation(s) of the tangent line(s) to the graph of the parabola 

y = x through the given point not on the graph. 

(a) (0,a) — (b) (a, 0) 

Are there any restrictions on the constant a? (b) Use the regression 

capabilities of a 
Making a Function Differentiable In Exercises 115 and graphing utility to 

find a quadratic model 116, find a and b such that f is differentiable everywhere. 

for braking time distance B. — fax’, wes 

(c) Determine the polynomial giving the total stopping 115. f(x) = pa rae) 

distance T. 
we ; 116. f(x) = COS X, ae <0 

(d) Use a graphing utility to graph the functions R, B, and : Geb w= 0 

T in the same viewing window. 

117. Determining Differentiability Where are the functions 
f,(x) = |sin x| and f,(x) = sin |x| differentiable? 

(e) Find the derivative of T and the rates of change of the 

total stopping distance for v = 40, v = 80, and v = 100. 

(f) Use the results of this exercise to draw conclusions 

about the total stopping distance as speed increases. 
118. Proof Prove that < [cos x] = —sin x. 

i FOR FURTHER INFORMATION For a geometric interpre- 

tation of the derivatives of trigonometric functions, see the article 

“Sines and Cosines of the Times” by Victor J. Katz in Math 

Horizons. To view this article, go to MathArticles.com. 

108. Fuel Cost A car is driven 15,000 miles a year and gets 
x miles per gallon. Assume that the average fuel cost is 

$3.48 per gallon. Find the annual cost of fuel C as a function 

of x and use this function to complete the table. 

PUTNAM EXAM CHALLENGE 

119. Find all differentiable functions f : R—R such that 

yin) — fie) 

ad n f(x) 

for all real numbers x and all positive integers n. 
Who would benefit more from a one-mile-per-gallon increase 

in fuel efficiency—the driver of a car that gets 15 miles per 

gallon, or the driver of a car that gets 35 miles per gallon? 

Explain. 

This problem was composed by the Committee on the Putnam Prize Competition. 

© The Mathematical Association of America. All rights reserved. 

Tumar/Shutterstock.com 
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cele trovar:)alemOlucehai-Jaj am atel(-t-m-lare Malle |at-)e@lcel-)am PI-ValVe-Lah ety 

e*®eeeeeesees 

A version of the 

Product Rule that some people 

prefer is 

“[Aedg@l = Fgh) + f08'Q, 
The advantage of this form 

is that it generalizes easily 

to products of three or more 

factors. 

[fal] 

The proof of the 

Product Rule for products of 

more than two factors is left as 

an exercise (see Exercise 137). 

i Find the derivative of a function using the Product Rule. 

@ Find the derivative of a function using the Quotient Rule. 

i Find the derivative of a trigonometric function. 

@ Find a higher-order derivative of a function. 

The Product Rule 

In Section 2.2, you learned that the derivative of the sum of two functions is simply the 

sum of their derivatives. The rules for the derivatives of the product and quotient of two 

functions are not as simple. 

TH MI “Ate Brodie: Rule 

The product of two differentiable functions f and g is itself differentiable. 

| Moreover, the derivative of fg is the first function times the derivative of the 

| second, plus the second function times the derivative of the first. 
i 

| SL Ae)g@)] = fog’) + gO) 
lL nssanpracseseepenenverennrenemnenseprecenmmcnescomvennnenscneste.necepenesanee tenses aetna Teen Roe SoC eoanD neste aCetet DIOP SET ttt tsa tan ee SSR TN TT ESCO RSPEI een Pan TEESE 

Proof Some mathematical proofs, such as the proof of the Sum Rule, are straight- 

forward. Others involve clever steps that may appear unmotivated to a reader. This 

proof involves such a step—subtracting and adding the same quantity—which is shown 

in color. 

=m LO Aadgle + Ax) = fla)60) 
Ax>0 INGE 

— tim Let Andale + Ax) = fle + Axdglx) + fla + Ardea) — fds) 
Ax->0 Ax 

=e; g(x + Ax) — g(x) f(x + Ax) ~ fQ) 
- ia Ke ae Ax +8) Ax 

= Jim, [fe aay i. | + a ae 
= dim, f(x ae Ax) > m fe Bae oe he Jim, g(x) - m fe *4 ae f(x) 

Ax Ax 

= f(x)g(x) + g(x)f oe 

Note that Jim, f(x + Ax) = f(x) because f is given to be differentiable and therefore 

is continuous. 

See LarsonCalculus.com for Bruce Edwards's video of this proof. tad 

The Product Rule can be extended to cover products involving more than two 

factors. For example, if f, g, and h are differentiable functions of x, then 

<[fledeladhta)] = MedgC)Ala) + flade"ahla) + fC 'C. 

So, the derivative of y = x? sin x cos x is 

dy ; ; sis 
ae 2x sin x cos x + x* cos x cos x + x2 sin x(— sin x) 

ms 

= 2x sin x cos x + x*(cos*x — sin? x). 



«> REMARK 
notice that you use the Product 

e®ee0e3s2?2te#8#8 8 @ @ @ 

THE PRODUCT RULE 

When Leibniz originally wrote a 

formula for the Product Rule, he 

was motivated by the expression 

(x + dx)(y + dy) — xy 

from which he subtracted dx dy 
(as being negligible) and obtained 
the differential form x dy + y dx. 
This derivation resulted in the 
traditional form of the Product 
Rule. (Source: The History of 
Mathematics by David M. Burton) 

In Example 3, 

Rule when both factors of the 

product are variable, and you 

use the Constant Multiple Rule 

when one of the factors is a 

constant. 
. 
i. 

eee se 10S) 958 8) SPOOL eet 
oa 

2.3. Product and Quotient Rules and Higher-Order Derivatives 119 

The derivative of a product of two functions is not (in general) given by the product 

of the derivatives of the two functions. To see this, try comparing the product of the 

derivatives of 

LO) ese re 

and 

e(x) = 5 4x 

with the derivative in Example 1. 

EXAMPLE 1 Using the Product Rule 

Find the derivative of h(x) = (3x — 2x?)(5 + 4x). 

Solution 

Derivative of 

First second 

as ir =) 

hi C= (Bx) [5 + 4x] + (5 + 4x) < [3x = pie 

Derivative 

Second of first 
SSN ir > 

Apply Product Rule. 

= (3x — 2x7)(4) + (5 + 4x)(3 — 4x) 

(12x — 8x7) + (15 — 8x — 16x”) 

— Ax? + 4x + 15 | 

In Example 1, you have the option of finding the derivative with or without the 

Product Rule. To find the derivative without the Product Rule, you can write 

DO ee at) (Sa) ee Bee” 4 15x 

= —DAxA Axe 15, 

In the next example, you must use the Product Rule. 

EXAMPLE 2 Using the Product Rule 

Find the derivative of y = 3x? sin x. 

Solution 

3x" sin.x| = 3x2 [sin x] + sin x < [3x7] Apply Product Rule. 

= 3x? cos x + (sin x)(6x) 

= 3x? cos x + 6x sin x 

= 3x(x cos x + 2 sin x) 

EXAMPLE 3 Using the Product Rule 

Find the derivative of y = 2x cos x — 2 sin x. 

Solution 

Product Rule 

SO 

Constant Multiple Rule 
SS 

dy # — (2(Zfoos x) + (cos.)(-Af2x)) = 2-2 fsina 
II (2x)(—sin x) + (cos x)(2) — 2(cos x) 

= 2S X = | 
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From the Quotient 

Rule, you can see that the 

derivative of a quotient is not 

(in general) the quotient of 

the derivatives. 

ECH A graphing 

utility can be used to compare 

the graph of a function with 

the graph of its derivative. 

For instance, in Figure 2.22, 

the graph of the function in 

Example 4 appears to have 

two points that have horizontal 

tangent lines. What are the 

values of y’ at these two points? 

¥, —5x? +4x+5 

(x2 + 1)? 

Graphical comparison of a 

function and its derivative 

Figure 2.22 

The Quotient Rule 

The Quotient Rule 

The quotient f/g of two differentiable functions f and g is itself differentiable 

at all values of x for which g(x) # 0. Moreover, the derivative of f/g is given 

by the denominator times the derivative of the numerator minus the numerator 

times the derivative of the denominator, all divided by the square of the 

denominator. 

d Ea _ £¢) fF efile) 

dx|_g(x) [g(x)]? 
g(x) #0 

Proof As with the proof of Theorem 2.7, the key to this proof is subtracting and 

adding the same quantity. 

flx+ Ax) _ f(x) 
| £2) = im 82 * A gx) 

Definition of derivative 
dx|_g(x) Ax>0 Ax 

= jim Sfx + Ax) = flax + Ax) 
ee Axg(x)g(x + Ax) 

= jim SOLE + Ax) ~ FD e(x) + flees) — fO)g(e + Ax) 
opie Axg(x)e(x + Ax) 

‘Rega sol fx + Ax) — fod] _ in fle + Ax) — g(@)] 
Ax>0 Ax Ax>0 Ax 

dim [sQ)g(x + Ax)] 

il n, f249 =) oo 8 = 
‘ [e(x)g(x + Ax)] lim 

; Ax>0 

© gor @) ~F@e@) 
[e(x)]? 

Note that Jim. g(x + Ax) = g(x) because g is given to be differentiable and therefore 

is continuous. 

See LarsonCalculus.com for Bruce Edwardsss video of this proof. | 

EXAMPLE 4 Using the Quotient Rule 

: oe LaOt = 2 
Find the derivative of y = re 

Solution 

(2 + Asx — 2] - (5x — Eft + 1] 
£\2 :|= dx dx ra aa 
He @ + 1) pply Quotient Rule. 

_ (x2 + 1)(5) = (5x — 2)(2x) 
(?=91,)2 

4 (5x? + 5) — (10x? — 4x) 

(x? + 1)? 
ie Ok eee 

(x? + 1)2 



| =) Oo | Gaiear= 

ae eee HK 

The line y = | is tangent to the graph 

of f(x) at the point (—1, 1). 

Figure 2.23 

fy, 
eeeeoeeneeee8e 02828820086 @ 

- > REMARK 
a 

To see the benefit 

of using the Constant Multiple 

Rule for some quotients, try 

using the Quotient Rule to 

differentiate the functions in 

Example 6—you should 

obtain the same results, but 

with more work. 
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Note the use of parentheses in Example 4. A liberal use of parentheses is 

recommended for all types of differentiation problems. For instance, with the Quotient 

Rule, it is a good idea to enclose all factors and derivatives in parentheses, and to pay 

special attention to the subtraction required in the numerator. 

When differentiation rules were introduced in the preceding section, the need for 

rewriting before differentiating was emphasized. The next example illustrates this point 

with the Quotient Rule. 

EXAMPLE 5 Rewriting Before Differentiating 

Find an equation of the tangent line to the graph of f(x) = - 

Solution Begin by rewriting the function. 

(Aes) = Aol Write original function. 

6) Xx 
- x(x + 5) Multiply numerator and denominator by x. 

2 goer 
DeyBASs5y Rewrite. 

Next, apply the Quotient Rule. 

wee 00) (3) owe 1) Ox 435) 
(a= PERG? Quotient Rule 

PO ox) (6x? 113x795) 

(x2 + 5x)? 

i ee eee 

ee or 

To find the slope at (— 1, 1), evaluate f’(— 1). 

J eal) = () Slope of graph at (—1, 1) 

Then, using the point-slope form of the equation of a line, you can determine that the 

equation of the tangent line at (— 1, 1) is y = 1. See Figure 2.23. ial 

Not every quotient needs to be differentiated by the Quotient Rule. For instance, 

each quotient in the next example can be considered as the product of a constant times 

a function of x. In such cases, it is more convenient to use the Constant Multiple Rule. 

EXAMPLE 6 Using the Constant Multiple Rule 

Original Function Rewrite Differentiate Simplify 

a, y= y = (2 + 3y) y’ = 2(2x + 3) yet 

b. y= ae ess a! I= (4x3) vier 213 

C. ye Aaa y= =3%3 — 2x) i -=(-2) y=? 
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see eee 8 ¢ 8B ®@ eoee28 8 @ @ 

In the proof of 

Theorem 2.9, note the use of 

the trigonometric identities 

sin? x + cos*x = 1 

and 

| 

cos x 
SCC X= 

These trigonometric identities 

and others are listed in 

Appendix C and on the 

formula cards for this text. 

Differentiation 

In Section 2.2, the Power Rule was proved only for the case in which the 

exponent n is a positive integer greater than 1. The next example extends the proof to 

include negative integer exponents. 

EXAMPLE 7 Power Rule: Negative Integer Exponents 

If n is a negative integer, then there exists a positive integer k such that n = —k. So, by 

the Quotient Rule, you can write 

Cee oa ake 
ane Fs £\< 

jl Ural I eee) 
= Quotient Rule and Power Rule (x*)? 

Rel esa 
aa 2k 

== hye eo 

a nx", n= =k 

So, the Power Rule 

d =] SA) ase Power Rule 
dx 

is valid for any integer. In Exercise 71 in Section 2.5, you are asked to prove the case 

for which n is any rational number. wa 

Derivatives of Trigonometric Functions 

Knowing the derivatives of the sine and cosine functions, you can use the Quotient Rule 

to find the derivatives of the four remaining trigonometric functions. 

REM 2.9 > | THEORET! Derivatives of Trigonometric Functions 
i 
| d d 

—|tan x] = sec? x = COtx w= Cseax 7 tan x] 7loot 2] 

ieee x] = sec x tan x Grade i = Cse ny col, 
dx dx 

|perescsaneenaneenaremannienncinneewrereenewer 

Proof Considering tan x = (sin x)/(cos x) and applying the Quotient Rule, you 

obtain 

Lie vale ral su | 
dx dx| cos x 

i (cos x)(cos x) — (sin x)(— sin x) 
R Apply Quotient Rule. 

COS~ x 

cos? x + sin?x 

cos? x 

1 

cos? x 
y) 

—SCCaK. 

See LarsonCalculus.com for Bruce Edwards’s video of this proof. 

The proofs of the other three parts of the theorem are left as an exercise (see 

Exercise 87). i 



2.3. Product and Quotient Rules and Higher-Order Derivatives 123 

EXAMPLE 8 Differentiating Trigonometric Functions 

* + ° +P See LarsonCalculus.com for an interactive version of this type of example. 

Function 

he a WENN 

Derivative 

dy j 
= — Seco x 

«REMARK Because of 

trigonometric identities, the 

derivative of a trigonometric 

function can take many forms. 

This presents a challenge when 

you are trying to match your 

answers to those given in the 

back of the text. 

dx 

y’ = x(sec x tan x) + (sec x)(1) 

= (sec x)(1 + x tan x) 

EXAMPLE 9 Different Forms of a Derivative 

Differentiate both forms of 

b. y = x sec x 

COSEG 
ies oe ee meen COCLU Sara COU Xs 

sin x 

Solution 

eek COSEY 
First form: y = ao 

in x 

, _. (sin x)(sin'x) = (19 =*cos x)(cos x) 

- sin? x 

sin? x — cos x + cos? x 

sin? x 

an COSES 
= SS sin? x + cos? x = 1 

sin? x 

Second form: y = csc x — cotx 

y’ = —cesce x cot x + csc? x 

To show that the two derivatives are equal, you can write 

ae COSES 1 COS x 

sin? x sin? x 

A -( I ye) 
sin? x sin x/\ sin x 

"CSC — GSC x COLT: | 

sin? x 

The summary below shows that much of the work in obtaining a simplified form 

of a derivative occurs after differentiating. Note that two characteristics of a simplified 

form are the absence of negative exponents and the combining of like terms. 

f(x) After Differentiating f(x) After Simplifying 

(3x — 2x)(4) + (5 + 4x)(3 — 4x) — 24x? + 4x + 15 

- Example 3 ] (2x)(—sin x) + (cos x)(2) — 2(cos x) oy Sint 

E ea (x? + 1)(5) — (5x —.2)(2x) —5x2 + 4x + 5 
XamMpile (x2 rf 1)? (2 ab 1 

i tae (RoE )(G) ox 1) (2x. + 5) —3x2 + 2x +5 
aes (x2 + 5x)? ox) 

Banned (sin x)(sin x) atl — cos x)(cos x) l z ae x 

sin? x sin? x 
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The second 

derivative of a function is the 

derivative of the first derivative 

of the function. 

The moon’s mass is 7.349 x 1072 
kilograms, and Earth's mass is 

5.976 x 104 kilograms. The moon's 
radius is 1737 kilometers, and 

Earth’s radius is 6378 kilometers. 

Because the gravitational force 

on the surface of a planet is 

directly proportional to its mass 

and inversely proportional to the 

square of its radius, the ratio of 

the gravitational force on Earth 

to the gravitational force on the 

moon is 

(5.976 x 104) /6378? _ 

(7.349 x 1022)/17372 — 

Differentiation 

Higher-Order Derivatives 

Just as you can obtain a velocity function by differentiating a position function, you 

can obtain an acceleration function by differentiating a velocity function. Another way 

of looking at this is that you can obtain an acceleration function by differentiating a 

position function twice. 

s(t) Position function 

Vc )e—ms((p) 

AG) = w= s@ 

The function a(t) is the second derivative of s(t) and is denoted by s”(7). 

The second derivative is an example of a higher-order derivative. You can define 

derivatives of any positive integer order. For instance, the third derivative is the deriv- 

ative of the second derivative. Higher-order derivatives are denoted as shown below. 

Velocity function 

Acceleration function 

dy dd j ivative:  y’ 4G). : (x Dy First derivative: — y’, fs) rr rica): Ly] 

° ° y 7 d*y de 2 Second derivative: y’, fo) sf ~lwitale D2L[y] 
dx- dvs 

13 23 
Third derivative: y””, qe Ae ak fe le (x)], Dy] 

Fourth derivative: y“ f(x) me) | f(x)] D4[y| 
— : dx (ihe ‘ = 

dq” d” 

nth derivative: y”), veloc) 4 My FG): Di Ly] 
ax fa be 

PENN RSet = =Finding the Acceleration Due to Gravity 

Because the moon has no atmosphere, a falling 

object on the moon encounters no air resistance. 

In 1971, astronaut David Scott demonstrated that eal 

a feather and a hammer fall at the same rate on s(t) =—0.8147 +2 

the moon. The position function for each of these 3 

falling objects is 

s(t 0.8117 2 1+ 

where s(t) is the height in meters and f is the 
time in seconds, as shown in the figure at the eH rat 

right. What is the ratio of Earth’s gravitational I 2 3 

force to the moon’s? 

Solution To find the acceleration, differentiate the position function twice. 

s(t) =O. Gir ae 

Sf) = 1627 

s(t) =~1.62 

Position function 

Velocity function 

Acceleration function 

So, the acceleration due to gravity on the moon is — 1.62 meters per second per second. 

Because the acceleration due to gravity on Earth is —9.8 meters per second per second, 

the ratio of Earth’s gravitational force to the moon’s is 

Earth’s gravitational force _ — 9.8 

Moon’s gravitational force —1.62 

= 6.0. | 

NASA 
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2 . 3 Exe rcises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Using the Product Rule In Exercises 1-6, use the Product Finding a Derivative In Exercises 25-38, find the derivative 

Rule to find the derivative of the function. of the algebraic function. 

— 24 3)(x2 — Xx = oa ap 5 1. a (x Y(x 4x) 72, 3) = (Bue = NER SP 5)) 25, f(x) = 4 é x— Xx 26. f(x) = x zt 5x rs 6 

n= 1(l' = 2) 4. g2(s) = ./s(s2 + 8) Cie ie — Al 

4 D 
x) = x* cos x 6. o(x) = /xsinx a7). AGA) = ( = TG a 2 5. f( g sg rede sree 28. f(x) = x4{1 — 

Using the Quotient Rule In Exercises 7-12, use the Rome Oke a2 2 
Quotient Rule to find the derivative of the function. 29. f(x) = Jx 30. f(x) = Ja Vx i } 

aS gil 31) his) =(s" =12)? BPA Aba) = (Gre ae Bie 

At z 1 Bei aaa ate 

De 5 cane: 
9. h 10) 33} fa) = Q= Oe aes 

AT? 1 
11. g(x) = 12. f() = 34, g(x) = =(2 ia ) 

35h = (Die +e SS = MCr ap 22 
Finding and Evaluating a Derivative In Exercises 13-18, on aN Me 

find f(r) and c). 36. fla) = (8 — le? + 2x? +x - 1 
j 2 ah 2 f 

Function Value of c 37. f(x) = =~ - c is a constant 

omy — Ge?  4x)(3x? + 2x — 5) Coa) E33 

14. y= ae Se yee Ves 1) ah: 38. f(x) = pq» cisa constant 

A 
CN Ce 2 ee Finding a Derivative of a Trigonometric Function In 

: Exercises 39-54, find the derivative of the trigonometric 

oid = = function. 16. f(x) eae a) 

9. f(t) = t? sint 40. f(0) = (6 + 1) cos 0 

17. f(x) = x cosx c=2 i cos sin x : al. f() == 42. f(x) = 
sin x or 

18. f(x) = ait 6 43. f(x) = —x + tanx 44, y =ax= cotx 

Using the Constant Multiple Rule In Exercises 19-24, 45. o(t) = Yt + 6csct 46. h(x) = — — 12 sec x 

complete the table to find the derivative of the function without 

using the Quotient Rule. GE = 31 = sin x) AG ae 
; 2 COS x ‘ a 

Function Rewrite Differentiate | Simplify A cae. = Rane 50 pyrite 8 cos x 

Ne tak Be aoe bok y: 
19. y= os 51. f(x) = x? tanx 52. f(x) = sin x cos x 

_ 5x2 3 53 = aie x COSA 54. h(0) = 50sec 0 + @tan 0 
ae 

20. 
A Ay Finding a Derivative Using Technology In Exercises 

Die = Loy 55-58, use a computer algebra system to find the derivative of 

Sa sheila the function. 

eld I 
22. y= 33 55. g(x) = (2S )eox 5) 

Ax372 es 3 
23. y = a ae He ree Sc. 56. f(x) SS (x2 ) 

2x 0 
240 y= ee Wa 5 

Pek 37. s(®) 1 — sin 0 

sin 6 
58. f(0) = 

i= cosi¢ 
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In Exercises 59-62, evaluate the 

derivative of the function at the given point. Use a graphing 

utility to verify your result. 

Function Point 

—— (z 3] 
: LE — esex 6 

60. f(x) = tan x cot x (a) 

sec t | 
61. h(t) = — (x, -1) 

t T 

62. f(x) = sin x(sin x + cos x) (z ) 

BB Finding an Equation of a Tangent Line In Exercises 

63-68, (a) find an equation of the tangent line to the graph of 

f at the given point, (b) use a graphing utility to graph the 

function and its tangent line at the point, and (c) use the 

derivative feature of a graphing utility to confirm your results. 

63, fa) = (4 Die — 2), 4) 

64. f(x) = & = 2)? 44) eC, =5) 

65. f@) =—=5, (-5,5) 66. f@) ===3, 47) 

67. f(x) = tan x, (z i 68. f(x) = sec x, (z 2) 

Famous Curves In Exercises 69-72, find an equation of the 

tangent line to the graph at the given point. (The graphs in 

Exercises 69 and 70 are called Witches of Agnesi. The graphs in 

Exercises 71 and 72 are called serpentines.) 

69. Y 70. 
A 4 

Grits GEE 

4-- 4-- 

t 
ee ar ae” eA soak thon ey 

-2+ ele 

TAs 2s y 

a 
344 

— 4 

27 (25) 
fees finest Fame alia! aah 7. + j : x ae Lee 

8 a ea od —§ + it 

Horizontal Tangent Line In Exercises 73-76, determine 

the point(s) at which the graph of the function has a horizontal 

tangent line. 

Pie he all Be ree 74, f(x) == 
2 

+ x 

5 

x 
75. f(x) = 76. f(x) = - 

nN yin a a 

77. Tangent Lines Find equations of the tangent lines to the 
graph of f(x) = (x + 1)/(x — 1) that are parallel to the line 

2y + x = 6. Then graph the function and the tangent lines. 

78. tangent Lines Find equations of the tangent lines to the 

graph of f(x) = x/(x« — 1) that pass through the point (— 1, 5). 
Then graph the function and the tangent lines. 

Exploring a Relationship In Exercises 79 and 80, verify 

hat f(x) = g(x), and explain the relationship between f and g. 

He ou Sx + 4 

UE AES) = xt 2’ g(x) = x+2 

: Sal oe = Bye Sin x, + 2% 
80. f(x) = ig see g(x) = — a 

Evaluating Derivatives In Exercises 81 and 82, use the 

graphs of f and g. Let p(x) = f(x)g(x) and q(x) = f(x)/g(). 

81. (a) Find p“(1). 82. (a) Find p (4). 

(b) Find q(4). (b) Find q’(7). 
y y 

\ i, ee 4 
AO ota Oi 

el 

t 8 Bit peel 

83. Area The length of a rectangle is given by 6t + 5 and its 

height is ae where f is time in seconds and the dimensions are 

in centimeters. Find the rate of change of the area with respect 

to time. 

84. Volume The radius of a right circular cylinder is given by 
/t + 2 and its height is 3 /t, where f is time in seconds and 
the dimensions are in inches. Find the rate of change of the 

volume with respect to time. 

85. Inventory Replenishment The ordering and transporta- 
tion cost C for the components used in manufacturing a 

product is 

200 2 

xe tee! aia C= 100 

where C is measured in thousands of dollars and x is the order 

size in hundreds. Find the rate of change of C with respect to 

x when (a) x = 10, (b) x = 15, and (c) x = 20. What do these 

rates of change imply about increasing order size? 

86. Population Growth A population of 500 bacteria is 
introduced into a culture and grows in number according to the 

equation 

4t 
= + P(t) 5001 ce 5] 

where f is measured in hours. Find the rate at which the 

population is growing when ¢ = 2. 
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87. Proof Prove the following differentiation rules. 

(a) asec x] = sec x tanx 

(b) —[csc x] = —cscx cot x 
dx 

d si 
(c) 7 loot x| = —csc? x 

88. Rate of Change Determine whether there exist any 

values of x in the interval [0, 277) such that the rate of change 

of f(x) = secx and the rate of change of g(x) = csc x are 
equal. 

89. Modeling Data The table shows the health care 

expenditures / (in billions of dollars) in the United States and 

the population p (in millions) of the United States for the years 

2004 through 2009. The year is represented by ¢, with t = 4 

corresponding to 2004. (Source: U.S. Centers for Medicare 

& Medicaid Services and U.S. Census Bureau) 

Pp 293 | 296 PEO) 302 | 305 | 307 

(a) Use a graphing utility to find linear models for the health 

care expenditures h(t) and the population p(t). 

(b) Use a graphing utility to graph each model found in part 

(a). 

(c) Find A = A(t)/p(t), then graph A using a graphing utility. 
What does this function represent? 

(d) Find and interpret A’(¢) in the context of these data. 

90. Satellites When satellites observe Earth, they can scan 
only part of Earth’s surface. Some satellites have sensors that 

can measure the angle @ shown in the figure. Let h represent 

the satellite’s distance from Earth’s surface, and let r represent 

Earth’s radius. 

(a) Show that h = r(csc 0 — 1). 

(b) Find the rate at which h is changing with respect to 6 when 

6 = 30°. (Assume r = 3960 miles.) 

Finding a Second Derivative In Exercises 91-98, find the 
second derivative of the function. 

Hops x4 +2 = 3x2 x 

93. f(x) =:4x3/2 

92. fae) = 4x? = Di GP 5x" 

D4 Sf) axe 3x2 

X7 3x 
96. f(x) = a a 

98. f(x) = secx 

95. f(x) = 7 

97, f(x) = x'sin x 

Finding a Higher-Order D ; In Exercises 99-102, 

find the given higher-order derivative. 

99. f(x) = x2, f(x) 

tO 100.7") = 2 = 7G) 
bay 

101.5 f(x) = 2./x, f OG) 

102. f(x) = 2x +1, f(x) 

Using Relationships In Exercises 103-106, use the given 

information to find f (2). 

g(2)=3 and g(2)=—- 

h(2)=—-1 and h(2)=4 

103. f(x) = 2g(x) + h(x) 

104. f(x) = 4 — h(x) 

a 105. f(x) = (a) 

106. f(x) = g(x)A(x) 

WRITING ABOUT CONCEPTS 

107. Sketching a Graph Sketch the graph of a differen- 
tiable function f such that f(2)=0, f’ <0 for 

oor Dy andy ="0on 2 0 — cor Explain how 

you found your answer. 

. Sketching a Graph Sketch the graph of a differen- 
tiable function f such that f > 0 and f’ < O for all real 

numbers x. Explain how you found your answer. 

identifying Graphs In Exercises 109 and 110, the graphs 
of f, f’, and f’ are shown on the same set of coordinate axes. 

Identify each graph. Explain your reasoning. To print an 

enlarged copy of the graph, go to MathGraphs.com. 

y 

Sketching Graphs In Exercises 111-114, the graph of f is 
shown. Sketch the graphs of f’ and f”. To print an enlarged 

copy of the graph, go to MathGraphs.com. 

111. Y 112. y 
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) 114. Y 
A 

4 pe 44 

34 
5 

are 

Acceleration 

second is 

The velocity of an object in meters per 

v(t) = 36 — 

for0 < t < 6. Find the velocity and acceleration of the object 

when ft = 3. What can be said about the speed of the object 

when the velocity and acceleration have opposite signs? 

Acceleration The velocity of an automobile starting from — 
rest is 

100¢ 

1 Earererr 

where v is measured in feet per second. Find the acceleration 

at (a) 5 seconds, (b) 10 seconds, and (c) 20 seconds. 

Stopping Distance A car is traveling at a rate of 66 feet 
per second (45 miles per hour) when the brakes are applied. 

The position function for the car is s(t) = —8.25t? + 66t, 
where s is measured in feet and ¢ is measured in seconds. Use 

this function to complete the table, and find the average 

velocity during each time interval. 

Finding a Pattern In Exercises 119 and 120, develop a 

general rule for f(x) given f(x). 

11957 (Ges 120. f(x) =- 

121. Finding a Pattern Consider the function f(x) = g(x)A(x). 

(a) Use the Product Rule to generate rules for finding f”(x), 
f(x), and f(x). 

(b) Use the results of part (a) to write a general rule for f(x). 

122. Finding a Pattern Develop a general rule for [xf(x)]™, 
where fis a differentiable function of x. 

Finding a Pattern In Exercises 123 and 124, find the 
derivatives of the function f for n = 1, 2, 3, and 4. Use the 

results to write a general rule for f(x) in terms of n. 

COS X 
123. f@) =x sm.x 124.57 Ge 

Differential Equations In Exercises 125-128, verify that 
the function satisfies the differential equation. 

Function Differential Equation 

125. y=~,x > 0 ey tox yO 

126. y = 2x3 — 6x + 10 ay a ay, Sy CHa 

127. y = 2sinx + 3 y"t+ty=3 

128. y = 3cosx + sinx y’t+y=0 

True or False? In Exercises 129-134, determine whether the 
statement is true or false. If it is false, explain why or give an 

example that shows it is false. 
Tu 4 

129. Ify = Hee. then “ =f (xe (a): \ 7 

aiyise 
ans 

131. Iff(c) and g (c) are zero and h(x) = f(x)g(x), then h(c) = 0. 

132. If f(x) is an nth-degree polynomial, then f* (x) = 

133. The second derivative represents the rate of change of the 
‘first derivative. 

whe 
4 

130. If y= @ + 1)Ge+ 2)(x + 3)(x + 4), then —= = 0. 

= a 

mn 

134. If the velocity of an object is constant, then its acceleration is 

zero. 

= 

135. Absolute Value Find the derivative of f(x) = x|x|.Does 
f’(O) exist? (Hint: Rewrite the function as a ri 
function and then differentiate each part.) 

136. Think About !t Let fand g be functions whose first and 
second derivatives exist on an interval 7. Which of the 

following formulas is (are) true? 

@ fe’ = = Ue’ =F's)”  ) se" Fo = Cs) 
137. Proof Use the Product Rule twice to prove that if f, g, and 

h are differentiable functions of x, then 

mali (x)g(hQx)] = fo ghx) + fg h(x) + fO)g@dhQr). 
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2.4 The Chain Rule 

Axle 1: y revolutions per minute 

Axle 2: u revolutions per minute 

Axle 3: x revolutions per minute 

Figure 2.24 

@ Find the derivative of a composite function using the Chain Rule. 

@ Find the derivative of a function using the General Power Rule. 

@ Simplify the derivative of a function using algebra. 

@ Find the derivative of a trigonometric function using the Chain Rule. 

The Chain Rule 

This text has yet to discuss one of the most powerful differentiation rules—the Chain 

Rule. This rule deals with composite functions and adds a surprising versatility to the 

rules discussed in the two previous sections. For example, compare the functions shown 

below. Those on the left can be differentiated without the Chain Rule, and those on the 

right are best differentiated with the Chain Rule. 

Without the Chain Rule With the Chain Rule 

VvVieic el y= Sx? +1 

y = sin x y = sin 6x 

y=3x+2 y = (x + 2) 

y=x +t tanx y = 0+ tan x? 

Basically, the Chain Rule states that if y changes dy/du times as fast as u, and u changes 

du/dx times as fast as x, then y changes (dy/du)(du/dx) times as fast as x. 

EXAMPLE 1 The Derivative of a Composite Function 

A set of gears is constructed, as shown in Figure 2.24, such that the second and third 

gears are on the same axle. As the first axle revolves, it drives the second axle, which 

in turn drives the third axle. Let y, u, and x represent the numbers of revolutions per 

minute of the first, second, and third axles, respectively. Find dy/du, du/dx, and dy/dx, 

and show that 

dy _ dy | du 
he Ge ibe 

Solution Because the circumference of the second gear is three times that of the 

first, the first axle must make three revolutions to turn the second axle once. Similarly, 

the second axle must make two revolutions to turn the third axle once, and you can write 

dy du 
—— ="3. and —~= 2! 
du dx 

Combining these two results, you know that the first axle must make six revolutions to 

turn the third axle once. So, you can write 
= 

In other words, the rate of change of y with respect to x is the product of the rate of 

change of y with respect to wu and the rate of change of u with respect to x. Pe | 
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Exploration 

Using the Chain Rule Each 

of the following functions 

can be differentiated using 

rules that you studied in 

Sections 2.2 and 2.3. For 

each function, find the 

derivative using those rules. 

Then find the derivative 

using the Chain Rule. 

Compare your results. 

Which method 1s simpler? 

2 

pee: bbe ae Il 

b. (x + 2)3 

c. sin 2x 

eoeee3s#e?e 

eos e 2, 
Vata The alternative 

limit form of the derivative was 

given at the end of Section 2.1. 

eeoseeeteeeej} > 

Differentiation 

Example | illustrates a simple case of the Chain Rule. The general rule is stated in 

the next theorem. 

The Chain Rule 

If y = f(u) is a differentiable function of u and u = g(x) is a differentiable 

function of x, then y = f(g(x)) is a differentiable function of x and 

dy dy du 

dx du dx 

or, Tes 

£F f(g) = f(e(a))9'00. 
dx 

Proof Let A(x) = f(g(x)). Then, using the alternative form of the derivative, you need 
to show that, for x = c, 

hc) = f(glc))g Co) 

An important consideration in this proof is the behavior of g as x approaches c. 

A problem occurs when there are values of x, other than c, such that 

glx) i= ete). 
Appendix A shows how to use the differentiability of fand g to overcome this problem. 

For now, assume that g(x) # g(c) for values of x other than c. In the proofs of the 

Product Rule and the Quotient Rule, the same quantity was added and subtracted to 

obtain the desired form. This proof uses a similar technique—multiplying and dividing by 

the same (nonzero) quantity. Note that because g is differentiable, it is also continuous, 

and it follows that g(x) approaches g(c) as x approaches c. 

_, lst) = fel) 
h’(c) lin a Alternative form of derivative 

f(g) = flg(o)) , g&) = slo) 
“te yg g(x) — Forel atx) * gc) 

im | SED f(g) , sg) = go 
wel g@) — ale) x—¢ 
is f (g(x) = ame gx) = | 

gan glx) =te(C) aaa aeeae 

= f(g(c))g (c) 
See LarsonCalculus.com for Bruce Edwards’ video of this proof. al 

When applying the Chain Rule, it is helpful to think of the composite function gue g 

as having two parts—an inner part and an outer part. 

Outer function 

fade 
y = f(e(x)) = flu) 

ee 
Inner function 

The derivative of y = f(u) is the derivative of the outer function (at the inner function w) 

times the derivative of the inner function. 

y’ = flu) -u’ 



eeeeeeeeskeee#8ee2e @® @€ #@ @ 6 

° 

**REMARK You could also 

solve the problem in Example 3 

without using the Chain Rule by 

observing that 

eet 3 OG El 

and 

y= 6x + 12x? + 6x. 

Verify that this is the same as 

the derivative in Example 3. 

Which method would you use 

to find 

(2 + 1502 
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EXAMPLE 2 Decomposition of a Composite Function 

y = f(g(x)) u = g(x) y=flu) 

ae vee =. 
oo arre rn ale 

b. y = sin 2x u = 2x y = sinu 

(Cs i) SB Senden Oe ey et y= w/t 

d. y = tan*x u = tanx y=wv 

EXAMPLE 3 Using the Chain Rule 

Find dy/dx for 

Wi = (iS eta). 

Solution For this function, you can consider the inside function to be u = x? + 1 

and the outer function to be y = u3. By the Chain Rule, you obtain 

= B(x? tb 1) 2x) = Gx(x2 + 1): 

sel sete. = i 
dy du 

du dx al 

The General Power Rule 

The function in Example 3 is an example of one of the most common types of 

composite functions, y = [u(x)]". The rule for differentiating such functions is called 

the General Power Rule, and it is a special case of the Chain Rule. 

| THEOREM 2 11 “The General Srey Rule 

If y = [w(x)]", where wu is a differentiable function of x and n is a rational 

number, then 
| 

| 
ae = nur? 

| 
oat 

or, equivalently, 

aa pris pe =u le". 
dx 

anne erro nenererennemceannmnrrre nthe Ann CAE enone es AY Ane eee on econ cmenmncmnans ee ns oe _ ener ae ene a 

Proof Because y = [u(x)}" = uw", you apply the Chain Rule to obtain 

ae (Gala) dx du)\ dx 

d du 

elas 
By the (Simple) Power Rule in Section 2.2, you have D,,[u"] = nu"~', and it follows 

that 

dys n—1 au 

dx dx 

See LarsonCalculus.com for Bruce Edwards's video of this proof. wi 
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| 

aff ee 

The derivative of fis 0 at x = O and is 

undefined at x = +1. 

Figure 2.25 

Try differentiating 

the function in Example 6 using 

the Quotient Rule. You should 

obtain the same result, but 

using the Quotient Rule is 

less efficient than using the 

General Power Rule. 

EXAMPLE 4 Applying the General Power Rule 

Find the derivative of f(x) = (3x — 2x?)?. 

Solution Let uw = 3x — 2x’. Then 

fa) = (3x — 2)? = 

and, by the General Power Rule, the derivative is 

n we u’ 

2 1 D 

Fa) = 3(3x = D2)? me i 2x2] Apply General Power Rule. 
ax 

= 3(3x — 2x7)2(3 — 4x). Differentiate 3x — 2x?. 

EXAMPLE 5 Differentiating Functions Involving Radicals 

Find all points on the graph of 

fl) = GTP 
for which f(x) = 0 and those for which f(x) does not exist. 

Solution Begin by rewriting the function as 

fla) = G2 = 1 
Then, applying the General Power Rule (with u = x* — 1) produces 

yu" 1 u 
n 

| ——-—. 

2 
fx= ze — 1)7!/3(2x) Apply General Power Rule. 

4x 
Soe a Write in radical form. 
385 = il 

So, f(x) = 0 when x = 0, and f(x) does not exist when x = +1, as shown in 

Figure 2.25. 

DONE awe Differentiating Quotients: Constant Numerators 

Differentiate the function 

gl) = rae. 

Solution Begin by rewriting the function as 

e(4) = —7024 — 3) > 

Then, applying the General Power Rule (with u = 2t — 3) produces 

n ee. ul 

‘aatoen\ cammmmtnmmmmmny aon 

g(t) = (—7)\(=2)(2t = 8) (2) Apply General Power Rule. 
Wey, 

Constant 

Multiple Rule 

= 28(2t p= Sie Simplify. 

28 
=p ee Write with positive exponent. 
Cray . : 



[> TECHNOLOGY Symbolic 

eeeee*evs*#*ftkeesee#eee#2eee080 8 @ 

differentiation utilities are 

capable of differentiating very 

complicated functions. Often, 

however, the result is given in 

unsimplified form. If you have 

access to such a utility, use it 

to find the derivatives of the 

functions given in Examples 7, 

8, and 9. Then compare the 

results with those given in 

these examples. 
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Simplifying Derivatives 

The next three examples demonstrate techniques for simplifying the “raw derivatives” 
of functions involving products, quotients, and composites. 

EXAMPLE 7 Simplifying by Factoring Out the Least Powers 

Find the derivative of f(x) = x?/1 — x?. 

Solution 

Ak) Se ee Write original function. 

= i ( ay x2)1/2 Rewrite. 

fe) =e a [1 — x?)!/2] + (1 = x?)1/2 a [xe Product Rule 
dx dbo 

1 
= 50 = x2)-/(—23)| aig (1 a i)! (2x) General Power Rule 

= Se] a Fee ap 2x(1 = poe Simplify. 

= "x(1 — x2) V4 —x2(1) + 21 — x?)] Factor. 

_ x2 - 3x?) oe 
—————<$<—— implify. Tee pity 

DONE: =6Simplifying the Derivative of a Quotient 

alee) = eS Original function 

teage hcelete Rewrit = (oan ayia ewrite. 

Gein was cereal 3) et ote A 2x) 
f(x) = (2 i 4)2/3 Quotient Rule 

Behan ap) a : = 3% + 4) Ga 4)2/3 Factor. 

Nerul ie. 
Simplify. ~ 32 + 4473 

EXAMPLE 9 Simplifying the Derivative of a Power 

: + © ©. See LarsonCalculus.com for an interactive version of this type of example. 

ny obese ah 

y Fe ee! 

n ee? u’ 

_— oF 

ee ae 
ee x2 + 3) dx|x2+3 

2 eye AG) Gx ve] 

Original function 

General Power Rule 

Quotient Rule 
x? +3 Ge ae 

7 2 Biya) Wess Sw eka ah Male ae 2) tduttipy, 

(x? + 3)? 

ht pV er) Z 2(3x — 1)(—3x2 + 2x + 9) Simplify, “a 
(2 + 3) 
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Trigonometric Functions and the Chain Rule 

The “Chain Rule versions” of the derivatives of the six trigonometric functions are 

shown below. 

Le d ; } 
“sin u] = (cos u)u’ =-lcos u| = —(sin uu 
dx dx 

d ely d F 
—[tan u] = (sec? u)u —|cot u] = —(cse* u)u 
dx dx 

d / / —|[sec u] = (sec u tan u)u —[esc u] = —(csc u cot u)u 
dx dx 

> ON Ri §=6The Chain Rule and Trigonometric Functions 

u COS u pe 
oy eS 

a. y = sin 2x y’ = cos 2x < [2x] = (cos 2x)(2) = 2 cos 2x 

i —(sin u) u’ 
(aN | 

d 
bay = cost. — 1) Sp Sil) yas = i sini i) 

u (sec? u) Te 

aa Sa 

Coy tans y= sec? 3x < [3x] =\(SeCc>-3x) (3) s=esesec-( 3x) a 

Be sure you understand the mathematical conventions regarding parentheses and 

trigonometric functions. For instance, in Example 10(a), sin 2x is written to mean sin(2x). 

> ON" 8h Parentheses and Trigonometric Functions 

a» yi =" cos 3x**="c0s(3x7) yy? = isin 3xe)(6x)*— "6x sin 3x- 

b. y = (cos 3)x? y’ = (cos’3) (2x) = 2.c0s3 

C:, y= cos(3x)2 = cos(9x=) y’ = (= sin 9x2)(18x) == 18xsin 9x2 
ye = 2(cos'x)(— sin x) =" 2 cose sine sync OS? A= C08 1) - 

1 sin x 
cos x = (cos x)!/2 y’ = —(cos x)~!/2(—sin x) = ———== Speirs eo ae eT. ey 

To find the derivative of a function of the form k(x) = f(g(h(x))), you need to apply 

the Chain Rule twice, as shown in Example 12. 

Repeated Application of the Chain Rule 

f(t) = sin? 4t Original function 

= (sin 4t)° Rewrite. 

f(t) = 3(sin 4t)? [sin 4t] Apply Chain Rule once. 
a 

, d ; 
= 3(sin 4t)*(cos 4t) ae [41] Apply Chain Rule a second time. 

= 3(sin 41)?(cos 41)(4) 

12 sin? 4t cos 4t Simplify. | 



y [ Fx) = 2 sinx + cos 2x 

Figure 2.26 
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ON eki =©6Tangent Line of a Trigonometric Function 

Find an equation of the tangent line to the graph of f(x) = 2 sin x + cos 2x at the point 

(zr, 1), as shown in Figure 2.26. Then determine all values of x in the interval (O, 27r) at 

which the graph of fhas a horizontal tangent. 

Solution Begin by finding f(x). 

fa) 2 Site COSY 

f(x) = 2 cos x + (—sin 2x)(2) 

DICOSEGiee SING 

Write original function. 

Apply Chain Rule to cos 2x. 

Simplify. 

To find the equation of the tangent line at (7, 1), evaluate f(z). 

f (a) = 2 cos 7 — 2 sin 27 

=we) 
Substitute. 

Slope of graph at (77, 1) 

Now, using the point-slope form of the equation of a line, you can write 

yoy ire x) 

Viet (ae) 

Point-slope form 

Substitute for y,, m, and x,. 

y aaliease Nee TT: Equation of tangent line at (7, 1) 

You can then determine that f(x) = 0 when x = = 2 2 and = So, f has horizontal 

5 
tangents at x = a ee and =z P| 

This section concludes with a summary of the differentiation rules studied so far. 

To become skilled at differentiation, you should memorize each rule in words, not 

symbols. As an aid to memorization, note that the cofunctions (cosine, cotangent, and 

cosecant) require a negative sign as part of their derivatives. 

SUMMARY OF DIFFERENTIATION RULES 

General Differentiation Rules 

Derivatives of Algebraic 

Functions 

Derivatives of Trigonometric 

Functions 

Chain Rule 

Let f, g, and u be differentiable functions of x. 

Constant Multiple Rule: 

<lefl =f’ 
Product Rule: 

d 
& bases = vf + )é ped ee a 

Sum or Difference Rule: 

d er je = Phe Gl aiftsl=f ts 

Quotient Rule: 

mar ees be 18h 
dx| g o 

(Simple) Power Rule: Constant Rule: 

d d ipyitad 
= -|yr| — n — aa “lel = 0 stoi yreepia eek 

ater + d vont os 
7 esin | ="cos x Ay [tan x] = sec?x 

a 
dx 

d 
—[sec x] = sec x tan x 
dx 

se [cos x] = —sin x [cot x] = —ese?.x 
dx 

Chain Rule: 

< [flu] = fw) w’ Filet) = nut’ 

d 
— [esc x] = —esc x cot x 
dx 

General Power Rule: 
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2.4 Exercises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

omposite Function In Exercises 

1—6, complete the table. 

y = f(g(x)) u = g(x) y =flu) 

1. y = (5x — 8)4 

2y= : 
; Jx+1 

3. y=J/e-7 
4. y = 3 tan(7x7) 

5. y = csc3x 

6. y = sin = 

Finding a Derivative In Exercises 7-34, find the derivative 

of the function. 

7. y = (4x = 1)° $y =SQ— )4 

9. 2(x) = 3(4 — 9x)* 10. f@) = (9t + 2) 

Wf S71 12. 2(x) = /4 — 3x2 

1S, 3p =] Ge? El 14,55 fee ex? = A 

Sy 16. (@) = 3/125 

1 i 
So agrees 1S" a ea 

eee 3 19. f(t) = (. 2 ;| he eer 

1 
Oe ——— 22. g(t) = 

vege rae ac: 80 = a5 
23. f(x) x(n — 2) 24. f(x) = x(2x —5)2 

25. y=xJ/1 — x2 26. y =3x?/16 — x2 

x x 
Lh 28. y= 

; Pama : uae ck 

x+5\ 2 \2 
29. g(x) = (3 =z | 30. A(t) = ee 5) 

= ee ree oy.\ Pry ih een 
31. fo) = ($=) 32. a(x) = (22) 

33. f(x) = (x? + 3)° + x)? 34. e(x) = 2 + @? + 1)4) 

EB Finding a Derivative Using Technology In Exercises 
35-40, use a computer algebra system to find the derivative of 

the function. Then use the utility to graph the function and its 

derivative on the same set of coordinate axes. Describe the 

behavior of the function that corresponds to any zeros of the 

graph of the derivative. 

+ 
pape et 36. y = ze 

Bee aI ; 9 Fe II 

eetael 
37. y= y= 38. e(x) = /x-—14+Vx+1 

SOSMaT Ie nies COS 7X | ] 
40. y = x* tan— 

r x 

Slope of a Tangent Line In Exercises 41 and 42, find the 

slope of the tangent line to the sine function at the origin. 

Compare this value with the number of complete cycles in the 

interval [0, 277]. What can you conclude about the slope of the 
sine function sin ax at the origin? 

(b) 

—2-+ 

Finding a Derivative In Exercises 43-64, find the 
derivative of the function. 

43. y = cos 4x 44, y = sin 7x 

45. g(x) = 5 tan 3x 46. h(x) = sec x? 

47. y = sin(ax)? 48.-y = cos(1 = 2x)? 

49. h(x) = sin 2x cos 2x 50. g(0) = sec(36) tan($0) 

cot x cos v 
51. fx) = et 52. g(v) = se 

53. y = 4 sec? x 54. g(t) = 5 cos? mt 

55. f(0) = tan? 50 56. (0) = cos? 86 

57. f(0) =} sin? 20 58. A(t) = 2 cot?(at + 2) 

59. f(t) = 3 sec*(at — 1) 60. y = 3x — 5 cos(arx)? 

61. y= Vx + ;sin(2x)? 62. y = sin x + ¥sinx 

63. y = sin(tan 2x) 64. y = cos/sin(tan 7x) 

Evaluating a Derivative In Exercises 65-72, find and 

evaluate the derivative of the function at the given point. Use a 

graphing utility to verify your result. 

652.59 = ee) 66. y = /3x° + 4x, ae 

5 1 67. fl) = =", ( 2, ;| 

2 Lei I 
Oo I) = eae (4 a 

69. f(t) = “ i = (0,-2) 70. fla) = = 4. (9, 1) 

l 2 
71. y = 26—sec?4x, (0,25) 72. y= Z + /cos x, (z 2) 



BB Finding an Equation of a Tangent Line In Exercises 

73-80, (a) find an equation of the tangent line to the graph 

of f at the given point, (b) use a graphing utility to graph the 

function and its tangent line at the point, and (c) use the 

derivative feature of the graphing utility to confirm your results. 

Tam) — /2x? — 7, (4,5) Th fey axa? + 5, (2, 2) 

(9 Toye=ae + 3)"; (—1,;1) 76. f(x) = (9 — x?)?/3, (1, 4) 

9 

77. f(x) = sin 2x, (7, 0) 78. y = cos 3x, (z -~2) 

79. f(x) = tan? x, (Z 7 80. y = 2 tan? x, (z 2] 

Pe Famous Curves In Exercises 81 and 82, find an equation of 
the tangent line to the graph at the given point. Then use a 

graphing utility to graph the function and its tangent line in the 

same viewing window. 

81. Top half of circle 82. Bullet-nose curve 

83. Horizontal Tangent Line Determine the point(s) in the 

interval (0, 277) at which the graph of 

ix) = 2.cos-x + sin 2x 

has a horizontal tangent. 

84. Horizontal Tangent Line Determine the point(s) at 

which the graph of 

Oa re 
has a horizontal tangent. 

Finding a Second Derivative In Exercises 85-90, find the 
second derivative of the function. 

Boe) = 5(2 — 7x)* 

87. f(x) = — | 88. f(x) = cay 
89. f(x) = sin x? 

f(x) = 662 + 4) 

90. f(x) = sec? wx 

Evaluating a Second Derivative In Exercises 91-94, 
evaluate the second derivative of the function at the given 

point. Use a computer algebra system to verify your result. 

91. h(x) = 53x ci)? (1,2) 92. f(x) = == (0 ;) 

SAME Minato? (Z J3) 935 f(x) = cos x*, (0,1) 
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WRITING ABOUT CONCEPTS 

ienti In Exercises 95-98, the graphs of a 

feeerion fail its derivative f’ are shown. Label the graphs 

as f or f’ and write a short paragraph stating the criteria 

you used in making your selection. To print an enlarged 

copy of the graph, go to MathGraphs.com. 

Describing a Relationship In Exercises 99 and 100, 
the relationship between f and g is given. Explain the 

relationship between f’ and g’. 

99, 2(x) = f(3x) 100. g(x) = f(x’) 

101. Think About It The table shows some values of the 
derivative of an unknown function f. Complete the table by 

finding the derivative of each transformation of f, if possible. 

(a) g(x) = f(x) — 2 

(b) h(x) = 2 f(x) 

(c) r(x) = f(—3x) 

(d) s(x) = f(x + 2) 

102. Using Relationships Given that g(5) = —3, 9’(5) = 6, 
h(5): = 35-and h’(5) = —2,, find .f’(5).. foreach, of the 
following, if possible. If it is not possible, state what 

additional information is required. 

(a) f(x) = g(a)h(x) (b) f(x) = g(A()) 

() f(x) = ae (d@) f(x) = [e} 
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Finding Derivatives In Exercises 103 and 104, the graphs Fe 109. \Viodeling Data The normal daily maximum temperatures 
of f and g are shown. Let h(x) = f(g(x)) and s(x) = g(f(x)). T (in degrees Fahrenheit) for Chicago, Illinois, are shown 

Find each derivative, if it exists. If the derivative does not exist, in the table. (Source: National Oceanic and Atmospheric 

explain why. Administration) 

103. (a) Findh(1). 104. (a) Find h(3). 
Jan Feb | Mar | Apr 

(b) Find s (5). (b) Find s (9). 

y 
Temperature 58.0 

2 re a a a | 

EDA Get 8-+ 10 Temperature | 

105. Doppler Effect The frequency F of a fire truck siren (a) Use a graphing utility to plot the data and find a model 
heard by a stationary observer is for the data of the form 

ae 132,400 T(t) = a + bsin(ct — d) 
SSIEE WV 

where T is the temperature and fis the time in months, 
where +v represents the velocity of the accelerating fire truck with t = 1 corresponding to January. 

in meters per second (see figure). Find the rate of change of 
Fesithaespect toyayhen (b) Use a graphing utility to graph the model. How well does 

the model fit the data? 
1 i t it t (a) the fire truck is approaching at a velocity of 30 meters per (@) Find Wandaise a eraphing utility fo saph the dea 

second (use —y). 
(d) Based on the graph of the derivative, during what times 

does the temperature change most rapidly? Most slowly? 

Do your answers agree with your observations of the 

_ 132,400 p= 132,400 temperature changes? Explain. 

~ 3314y - 

(b) the fire truck is moving away at a velocity of 30 meters 

per second (use +). 

106. Harmonic Motion The displacement from equilibrium 
of an object in harmonic motion on the end of a spring is 

1 ie 
ier fe Wap 4 sin 12t 

where y is measured in feet and ¢ is the time in seconds. 

Determine the position and velocity of the object when 

b= 77/8. 

107. Pendulum A 15-centimeter pendulum moves according 
to the equation 6 = 0.2 cos 8t, where @ is the angular 

displacement from the vertical in radians and f is the time in 

seconds. Determine the maximum angular displacement and 

the rate of change of 6 when t = 3 seconds. 

108. Wave Motion A buoy oscillates in simple harmonic 
motion y = A cos wf as waves move past it. The buoy moves 

a total of 3.5 feet (vertically) from its low point to its high 

point. It returns to its high point every 10 seconds. 

(a) Write an equation describing the motion of the buoy if it 

is at its high point at t = 0. 

(b) Determine the velocity of the buoy as a function of f. 



eelll. Biology eeeeeceerecececececececececceccece 

The number JN of bacteria in a culture after rt days is 

modeled by 

js ae i 4001 ex = 

Find the rate of 

change of N with 

respect to f when 

(a) ¢ = 0, (b) ¢ = 1, 

(c) t = 2, (d) t = 3, 

and (e) t = 4. (f) What 

can you conclude? 

112. Depreciation The value V of a machine t years after it is 
purchased is inversely proportional to the square root of 

t + 1. The initial value of the machine is $10,000. 

(a) Write V as a function of t. 

(b) Find the rate of depreciation when ¢ = 1. 

(c) Find the rate of depreciation when t = 3. 

113. Finding a Pattern Consider the function f(x) = sin Bx, 
where is a constant. 

(a) Find the first-, second-, third-, and fourth-order derivatives 

of the function. 

(b) Verify that the function and its second derivative satisfy 

the equation f’(x) + B? f(x) = 0. 

(c) Use the results of part (a) to write general rules for the 

even- and odd-order derivatives f@(x) and f?~ (x). 
[Hint: (—1)* is positive if k is even and negative if k is 
odd.] 

114. Conjecture Let fbe a differentiable function of period p. 

(a) Is the function f’ periodic? Verify your answer. 

(b) Consider the function g(x) = f(2x). Is the function g’(x) 
periodic? Verify your answer. 

115. Think About It Let r(x) = f(g(x)) and s(x) = g( f(x), 
where f and g are shown in the figure. Find (a) r’(1) and 

(b) s’(4). 

116. Using Trigonometric Functions 

(a) Find the derivative of the function g(x) = sin? x + cos? x 
in two ways. 

(b) For f(x) = sec? x and g(x) = 

f(x) =g'(x). 

tan? x, show that 
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117. E en 

(a) Show that the derivative of an odd function is even. That 

is, iy (x) — 7 (x), then 7 (—"x) = 7's): 

(b) Show that the ae ative of an even function is odd. That 

is, if f(—x) = f(x), then f(—x) = —f’@). 

118. Proof Let wbe a differentiable function of x. Use the fact 

that |u| = /u? to prove that 

d Ati, 
lel] =u ial’ u# 0. 

Using Absolute Value In Exercises 119-122, use the result 

of Pxercite 118 to find the derivative of the function. 

119. g(x) = [3x — 5| 120. 
121. h(x) = |x| cos x 

= |x? — 9| 

122; a = |sin x| 

Linear and Quadratic Approximations The linear and 

quadratic approximations of a function f at x = a are 

P(x) = f(a) — a) + f(@) and 

P(x) = 3 f'(a)(x — a)? + f'@(x — a) + f@. 

In Exercises 123 and 124, (a) find the specified linear and 

quadratic approximations of f, (b) use a graphing utility to 

graph f and the approximations, (c) determine whether P, or 

P, is the better approximation, and (d) state how the accuracy 

changes as you move farther from x = a. 

123. f(x) = tan x; a=— Fi 1245 fi k= sec xa = 
oN) 

True or False? In Exercises 125-128, determine whether the 

statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

125. Ify = (1 — x)"/2, then y’ = (1 = x)= 1/2, 

126. If f(x) = sin?(2x), then f(x) = 2(sin 2x)(cos 2x). 

127. If y is a differentiable function of u, and wu is a differentiable 

function of x, then y is a differentiable function of x. 

128. If y is a differentiable function of u, wu is a differentiable 

function of v, and v is a differentiable function of x, then 

dy _ dy dudv 

dx dudv dx’ 

PUTNAM EXAM CHALLENGE 

129. Let f(x) =a, sinx + a, sin 2x ++ - - + a, sinnx, where 
,,4>,. . ., 4, are real numbers and where n is a positive 

integer. Given that |f(x)| < |sinx| for all real x, prove 
that |a, + 2a, + -+na,| < 

. Let k be a fixed positive integer. The nth derivative 

P(x) 
GF yt where P,,(x) is a 
a 

OW : has the form 
ge = Il 

polynomial. Find P,,(1). 

These problems were composed by the Committee on the Putnam Prize Competition. 

© The Mathematical Association of America. All rights reserved. 

Tischenko Irina/Shutterstock.com 
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2.5 Implicit Differentiation 

@ Distinguish between functions written in implicit form and explicit form. 

l@ Use implicit differentiation to find the derivative of a function. 

Implicit and Explicit Functions 

Up to this point in the text, most functions have been expressed in explicit form. For 

example, in the equation y = 3x? — 5, the variable y is explicitly written as a function 

of x. Some functions, however, are only implied by an equation. For instance, the 

function y = | /x is defined implicitly by the equation 

xy = 1. Implicit form 

To find dy/dx for this equation, you can write y explicitly as a function of x and then 

differentiate. 

Implicit Form Explicit Form Derivative 

1 dy 1 
—= 1 a = SS i= — x2 —— 

es oi dx ae 

This strategy works whenever you can solve for the function explicitly. You cannot, 

however, use this procedure when you are unable to solve for y as a function of x. For 

instance, how would you find dy/dx for the equation 

i = 2y bay = 2? 

For this equation, it is difficult to express y as a function of x explicitly. To find dy/dx, 

you can use implicit differentiation. 

To understand how to find dy/dx implicitly, you must realize that the differentiation 

is taking place with respect to x. This means that when you differentiate terms involving 

x alone, you can differentiate as usual. However, when you differentiate terms involving 

y, you must apply the Chain Rule, because you are assuming that y is defined implicitly 

as a differentiable function of x. 

EXAMPLE 1 Differentiating with Respect to x 

d 
a. wribas wax Variables agree: use Simple Power Rule. 

| 
Variables agree 

u” nu®—} ul 

aN 
di, 2 dy 

b. —[y?] =3y2 = Variables disagree: use Chain Rule. 
dx yr ndx 

Variables disagree 

d dy d 
Chie  eeteSyll =I" se 3 Chain Rule: —[3y] = 3y’ a t 3x a2 jul 

d d d 
d. —[xy?] = x—[y?] + y?—[x Product Rule 
ne pals Le Ape 

dy 
= (ry) yr () Chain Rule 

dx 

dy 
= NY by Simplify. | 

dx 
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Implicit Differentiation 

GUIDELINES FOR IMPLICIT DIFFERENTIATION 

1. Differentiate both sides of the equation with respect to x. 

2. Collect all terms involving dy/dx on the left side of the equation and move 
all other terms to the right side of the equation. 

3. Factor dy/dx out of the left side of the equation. 

. Solve for dy/dx. 

In Example 2, note that implicit differentiation can produce an expression for 
dy/dx that contains both x and y. 

EXAMPLE 2 Implicit Differentiation 

Find dy/dx given that y* + y2 — Sy — x2 = —4. 

Solution 

1. Differentiate both sides of the equation with respect to x. 

d d 
aes 3 ak 2 Sy a | wae = Al eeteg Chee) a, a4] 

Dae epee ee Sy ee Fly'] + 2199) - Sf5y] - Se] = Sf] 
dy dy dy 2 Bia 

=! dx - au UE 

2. Collect the dy/dx terms on the left side of the equation and move all other terms to 

the right side of the equation. 

2x = 0 

dy dy laser oie tN aay WY ete eee 3y re 2Y ie a5 Dx 

3. Factor dy/dx out of the left side of the equation. 

d pas + 2y — 5) = 2x 

4. Solve for dy/dx by dividing by (3y? + 2y — 5). 
ye +y*—Sy—x27=-4 = 

dau 2X a 
Point on Graph Slope of Graph dx 3y?+2y-5 

| . . 

(1, —3) 8 To see how you can use an implicit derivative, consider the graph shown in 

x=0 0 Figure 2.27. From the graph, you can see that y is not a function of x. Even so, the 

feet) Undefined derivative found in Example 2 gives a formula for the slope of the tangent line at a point 

ee, ‘ on this graph. The slopes at several points on the graph are shown below the graph. 
The implicit equation 

ee ye 4 >> TECHNOLOGY With most graphing utilities, it is easy to graph an equation that 
explicitly represents y as a function of x. Graphing other equations, however, can 

require some ingenuity. For instance, to graph the equation given in Example 2, use 
has the derivative 

gy. 5 * : . a graphing utility, set in parametric mode, to graph the parametric representations 

et 2S © x=JP4+P—5t+4,y=tandx = -J/P+?-5t+4,y=4,for—5 <t<5. 
Figure 2.27 e How does the result compare with the graph shown in Figure 2.27? 
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(a) 

(b) 

. 

A | 
(1, 0) 

+ é xX 

=il ‘| 

(c) 

Some graph segments can be 

represented by differentiable functions. 

Figure 2.28 

it) 
; eS 

x? 4+4y?=4 

\ 

Figure 2.29 

Differentiation 

It is meaningless to solve for dy/dx in an equation that has no solution points. (For 

example, x7 + y? = —4 has no solution points.) If, however, a segment of a graph can 

be represented by a differentiable function, then dy/dx will have meaning as the slope 

at each point on the segment. Recall that a function is not differentiable at (a) points 

with vertical tangents and (b) points at which the function is not continuous. 

EXAMPLE 3 Graphs and Differentiable Functions 

If possible, represent y as a differentiable function of x. 

ae ey = 0 boxe ye = Coke = 1 

Solution 

a. The graph of this equation is a single point. So, it does not define y as a differentiable 

function of x. See Figure 2.28(a). 

b. The graph of this equation is the unit circle centered at (0, 0). The upper semicircle 

is given by the differentiable function 

Vise le an 

and the lower semicircle is given by the differentiable function 

= || 2x < Il 

2 WS il ere: se ih ce vere ale 

At the points (—1, 0) and (1, 0), the slope of the graph is undefined. See Figure 
2.28(b). 

c. The upper half of this parabola is given by the differentiable function 

Se Ny ae Pee 

and the lower half of this parabola is given by the differentiable function 

baeon i Vrs Lx, 

At the point (1, 0), the slope of the graph is undefined. See Figure 2.28(c). 

Finding the Slope of a Graph Implicitly 
eee > See LarsonCalculus.com for an interactive version of this type of example. 

Determine the slope of the tangent line to the graph of x7 + 4y? = 4 at the point 

Lye. = ye). See Figure 2.29. 

Solution 

x? + 4y? =4 Write original equation. 

dy Ame iiaedy. 
De se ye = 0 Differentiate with respect to x. 

X 

aye 25 dy 
= Solve for —. 
dx 8y dx 

— Simplif = implify. 

So, at (72, = Wea the slope is 

dy _ —/2 = y l 
¢ 3 _ i ts} =o Evaluate lk when x = \/2 andj Wie wi 

Ep tieor 
d 

C mile 

To see the benefit of implicit differentiation, try doing Example 4 using 

the explicit function y = —5/4 — x2. 



Lemniscate 

Figure 2.30 

dy 1 
The derivative is — = : 

dx S/l|—x 

Figure 2.31 
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EXAMPLE 5 Finding the Slope of a Graph Implicitly 

Determine the slope of the graph of 

3(x? + y2)? = 100xy 

at the point (3, 1). 

Solution 

d d 
ribs er 2 ah. 2\2 == sa [S@aihey2)2] 71 00x9] 

I 3(2)(e2 + y)(2x > ry 100] x 2 r v(1)| 
d. d. 

d d 
12y(x? + y?) x = 100x = LO0y = 12x(xa 7) 

dx dx é 

d 
[12y(x2 + y?) — 10x] = 100y — 12x(x? + y?) 

dy __100y — 12x(x* + y’) 

Ai AO0- al 2y (eit) 

Daviess ora ay) 

Saye ae ByyGe! sp 4) 

At the point (3, 1), the slope of the graph is 

Oye 2 ie Gea) PR a eels 

ie 5G) (Ge 4) © 15 30m = 45.8 

as shown in Figure 2.30. This graph is called a lemniscate. 

EXAMPLE 6 Determining a Differentiable Function 

Find dy/dx implicitly for the equation sin y = x. Then find the largest interval of the 

form —a < y < aon which y is a differentiable function of x (see Figure 2.31). 

Solution 

Oe. d 
asin y]= med 

cos y2 = 1 

dye — #1 

dx cosy 

The largest interval about the origin for which y is a differentiable function of x is 

—m/2 < y < w/2. Tosee this, note that cos y is positive for all y in this interval and is 

0 at the endpoints. When you restrict y to the interval — 7/2 < y < 7/2, you should 
be able to write dy/dx explicitly as a function of x. To do this, you can use 

cos y = /1 — sin’? y 

= i See SA Se 

and conclude that 

dy _ 1 

eae 
You will study this example further when inverse trigonometric functions are defined in 

Section 5.6. ud 
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With implicit differentiation, the form of the derivative often can be simplified (as 

in Example 6) by an appropriate use of the original equation. A similar technique can 

be used to find and simplify higher-order derivatives obtained implicitly. 

EXAMPLE 7 Finding the Second Derivative Implicitly 

9 

Given x7 + y? = 25, find ae 
abe 

Solution Differentiating each term with respect to x produces 

dy 2x +e2y — | =0 
ni Yk 

dy 
ISAAC BARROW (1630-1677) 2y We = —2x 

The graph in Figure 2.32 is called 
dates 2% the kappa curve because it 

resembles the Greek letter kappa, dx 2y 
k. The general solution for the 
tangent line to this curve was =—-, 
discovered by the English mathe- y 

matician Isaac Barrow. Newton 
was Barrow’s student, and 

they corresponded frequently d2 1 acs dy/dx 
regarding their work in the uz OD) al vids) 

Differentiating a second time with respect to x yields 

Quotient Rule 2 
early development of calculus. dx y 
See wegen etna to read Pes (x)(—x/y) ae dy 
more of this biography. y? nd 

Mr tis aK 
= ae Simplify. 

y 

25 : 
= eck Substitute 25 for x? + y?. 

Finding a Tangent Line to a Graph 

Find the tangent line to the graph of x?(x? + y?) = y? at the point (2/2, Sipe as 
shown in Figure 2.32. 

46 v2) Solution By rewriting and differentiating implicitly, you obtain 

RAE Key? — ye A) 

4x3 + (22) ok 2y 2 = () - 

¥) 9 . >) 

Ket) y= Diy ieee yo Sa 2x2" by?) 

gc xa tye 
The kappa curve ie yl — x2) 

Figure 2.32 

At the point (22: </ 20), the slope is 

dy _ (/2/2)[2/2) + (1/2)] _ 3/2 _ 
24 (2 ial ee 

and the equation of the tangent line at this point is 

ciah ls 

3 

es 
yi Satay 2: | 

The Granger Collection, New York 
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Finding a Derivative In Exercises 1-16, find dy/dx by 
implicit differentiation. 

eo y? = IY, oe IBS 

Gare aes y'/? = 16 A, 2x7 = 3y- = 64 

Sep xy + y2=7 6.4779 + yx = =2 

Taxy —y=x 8. J/xy = xy t+ 1 

OG) Oxy + 2xy-— 12) 10) 4’cosxsiny = 1 

11. smx + 2. cos 2y = 1 12. (sin 7x + cos ary)? = 2 

13. sin x = x(1 + tan y) 14 coty——o— 

ys. y = sin xy 16. x = sec 

‘ Finding Derivatives Implicity and Explicitly In 
/ Exercises 17-20, (a) find two explicit functions by solving the 

equation for y in terms of x, (b) sketch the graph of the 

equation and label the parts given by the corresponding explicit 

functions, (c) differentiate the explicit functions, and (d) find 

dy/dx implicitly and show that the result is equivalent to that of 

part (c). 

ix ty? = 64 

19. 16y? — x? = 16 

B0nx + y> — 4x + 6y +9 =0 

18. 25x? + 36y* = 300 

Finding and Evaluating a Derivative In Exercises 21-28, 
find dy/dx by implicit differentiation and evaluate the derivative 

at the given point. 

21) xy =6, (-6,-1) 22. y3—x2=4, (2,2) 
Ny x2 — 49 

x2 + 49’ 

25. (x + y2=x2+y3, (-1,1) 

26) x3 + y? = 6xy— 1, (2,3) 

Symes (mesa yo 5 (8.1) 

‘27 tan(x + y) =x, (0,0) 28. x cos y = 1, (2, 2) 

Famous Curves In Exercises 29-32, find the slope of the 
tangent line to the graph at the given point. 

29. Witch of Agnesi: 30. Cissoid: 

(x? + 4)y=8 (4 — x)y? = x 

Point: (2, 1) ~ Point: (2, 2) 

y 

i t 

MP 

Ags t {> x 

Seat 
$$} 4} ps 
ne] 1 

“17 : 

See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. ee 

31. /Bifolium: 

(x2 + y2)? = 4x2y 

Point: (1, 1) 

32. Folium of Descartes: 

ie y= Oxy = "0 

Point: ie ) 

y 

3 

Famous Curves In Exercises 33-40, find an equation of the 

tangent line to the graph at the given point. To print an 

enlarged copy of the graph, go to MathGraphs.com. 

33. Parabola 34. Circle 

(x +2)? + (y—3)? =37 

35. Rotated hyperbola 36. Rotated ellipse 

7 [7x2 -— 6/3xy + 13y?- 16=0) 
3 oy 

A 
2-- 

ENG) oT 
ee ovr ek (V3, 1) 

=3 He td. 3 
bd }—+> x 

a =e Be. 3 
L ree 

—3-- 

37. Cruciform 38. Astroid 

[x2y? ~9x? —Ay* = 0] 
y 

Nt 
dial Agr el 

(—4, 2/3) + 
tas 
Ore? iit 

read 
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40. Kappa curve 39, Lemniscate 

3(x? + y2)? = 100(x? — y2)] [y2(a? + y2) = 222] 

\ (4, 2) 

| 

FA t oye 

—6 | -—3-+ 

41. Ellipse 

(a) Use implicit differentiation to find an equation of the 
5 

tangent line to the ellipse = + a = 1 at (1, 2). 

(b) Show that the equation of the tangent line to the ellipse 

5 bern - “0% . Joy 
=e ap se = WAG Steep = 1. 
a oD (Yo) a ue 

42. Hyperbola 

(a) Use implicit differentiation to find an equation of the 
2 2 

tangent line to the hyperbola a - a = 1sat (3,:—2): 

(b) Show that the equation of the tangent line to the hyperbola 

eye 2 pe MY 
te 1 at (Xp, Yo) is im im ile 

Determining a Differentiable Function In Exercises 43 
and 44, find dy/dx implicitly and find the largest interval of the 

form —a < y < aor 0 <y <a such that y is a differentiable 

function of x. Write dy/dx as a function of x. 

43. tany = x 44, cosy =x 

Finding a Second Derivative In Exercises 45-50, find 
d?y/dx* implicitly in terms of x and y. 

45.x7+y=4 46. xy — 4x = 5 

AT.éx*e ye = 36 48. xy -1=2x+ y? 

49, y2 = x3 50; y? = 4x 

acd Finding an Equation of a Tangent Line In Exercises 51 
and 52, use a graphing utility to graph the equation. Find an 

equation of the tangent line to the graph at the given point and 

graph the tangent line in the same viewing window. 

a eel 5 51. /x+ Jy =5, (9,4) 52. y2=— (2.2) 
x2+ 7 5 

fy Tangent Lines and Normal Lines In Exercises 53 and 54, 

find equations for the tangent line and normal line to the circle 

at each given point. (The normal line at a point is perpendicular 

to the tangent line at the point.) Use a graphing utility to graph 

the equation, tangent line, and normal line. 

53, x7 by? =. 25 

(4, 3), (—3, 4) 

54, x2 + y? = 36 
(6, 0), (5, /11) 

55. Normal Lines Show that the normal line at any point on 

the circle x? + y? = r? passes through the origin. 

56. Circles Two circles of radius 4 are tangent to the graph of 

y? = 4x at the point (1, 2). Find equations of these two circles. 

Vertical and Horizontal Tangent Lines In Exercises 57 

and 58, find the points at which the graph of the equation has 

a vertical or horizontal tangent line. 

57.) 25x* + l6y? + 200x — 160y + 400 = 0 

58. 4x? + y? — 8x + 4y + 4=0 

BB orthogonal Trajectories In Exercises 59-62, use a 
graphing utility to sketch the intersecting graphs of the 

equations and show that they are orthogonal. [Two graphs are 

orthogonal if at their point(s) of intersection, their tangent lines 

are perpendicular to each other.] 

59. 2x? + y? =6 60. yy =x 

y? = 4x 2x? + 3y? = 5 

61. x+y =0 62008 =3(y—1) 

x = siny x(3y — 29) = 3 

Fe Orthogonal Trajectories In Exercises 63 and 64, verify 
that the two families of curves are orthogonal, where C and K 

are real numbers. Use a graphing utility to graph the two 

families for two values of C and two values of K. 

63. xy = CG, x* = y= Ki 64. x2 + y2=C*, y= Kx 

WRITING ABOUT CONCEPTS 

65. Explicit and Implicit Functions Describe the [ 
difference between the explicit form of a function and an 

implicit equation. Give an example of each. 

66. Implicit Differentiation In your own words, state the 
guidelines for implicit differentiation. 

67. Orthogonal Trajectories The figure below shows the 
topographic map carried by a group of hikers. The hikers are 

in a wooded area on top of the hill shown on the map, and they 

decide to follow the path of steepest descent (orthogonal 

trajectories to the contours on the map). Draw their routes if 

they start from point A and if they start from point B. Their 

goal is to reach the road along the top of the map. Which 

starting point should they use? To print an enlarged copy of the 

map, go to MathGraphs.com. 
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71. Proof Prove (Theorem 2.3) that 

68. HOW DOYOU SEE IT? Use the graph to 

answer the questions. aia = pyr! 
dx 

ly? —9y? + 27y + 5x2 =47 
for the case in which n is a rational number. (Hint: Write 

‘ 

ct 
+ y = x’/@ in the form y’ =x? and differentiate implicitly. 

al Assume that p and gq are integers, where q > 0.) 
4 ae 

a 72. Slope Find all points on the circle x2 + y? = 100 where the 
Be is 2 slope is 7. 

Sed 73. Tangent Lines Find equations of both tangent lines to the 

graph of the ellipse " +2 =| that pass through the point 
(a) Which is greater, the slope of the tangent line at 9 

x = —3 or the slope of the tangent line at x = —1? CRM teyaee 
74. Normals to a Parabola The graph shows the normal 

lines from the point (2, 0) to the graph of the parabola x = y?. 

How many normal lines are there from the point (x, 0) to the 

graph of the parabola if (a) x) = vi (b) x9 = = and (c) x) = 1? 

For what value of x9 are two of the normal lines perpendicular 
ee meee to each other? 

(b) Estimate the point(s) where the graph has a vertical 

tangent line. 

(c) Estimate the point(s) where the graph has a 

horizontal tangent line. 

EE 69. Finding Equations of Tangent Lines Consider the y 
equation x* = 4(4x? — y?). 

(a) Use a graphing utility to graph the equation. 
(2, 0) 

(b) Find and graph the four tangent lines to the curve for y = 3. N, 

(c) Find the exact coordinates of the point of intersection of 

the two tangent lines in the first quadrant. 

70. Tangent Lines and Intercepts Let L be any tangent 
fet the curve Normal Lines (a) Find an equation of the normal line to 

ee the ellipse = + = = | at the point (4, 2). (b) Use a graphing 

‘ : utility to graph the ellipse and the normal line. (c) At what 

Show that the sum of the x- and y-intercepts of L is c. other point does the normal line intersect the ellipse? 

SECTION PROJECT =) e 8 (6 O66 6 667,06 os 86 eo 'e eo @ e@ eroooaooaocaeoeoeoeceeos#»o1u.8e8e0e080 6 

Optical Illusions 
In each graph below, an optical illusion is created by having (c) Lines: ax = by (d) Cosine curves: y = C cos x 

lines intersect a family of curves. In each case, the lines appear x= /3,y =3, = ipee 2 
to be curved. Find the value of dy/dx for the given values of SER dae C= 3 

x and y. Ge Sid 7 7 
y y 

(a) Circles: x? + y? = C? (b) Hyperbolas: xy = C 

x=3,y=4,C=5 x=l1y=4,C=4 

By 

> X 

ff FOR FURTHER INFORMATION For more information on 

the mathematics of optical illusions, see the article “Descriptive 

Models for Perception of Optical Illusions” by David A. Smith in 

The UMAP Journal. 
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| Related Rates 

ts, 

Volume is related to radius and height. 

Figure 2.33 

@ FOR FURTHER INFORMATION 

To learn more about the history 

of related-rate problems, see the 

article “The Lengthening Shadow: 

The Story of Related Rates” by 

Bill Austin, Don Barry, and 

David Berman in Mathematics 

Magazine. To view this article, 

go to MathArticles.com. 

@ Find a related rate. 

li Use related rates to solve real-life problems. 

Finding Related Rates 

You have seen how the Chain Rule can be used to find dy/dx implicitly. Another 

important use of the Chain Rule is to find the rates of change of two or more related 

variables that are changing with respect to time. 

For example, when water is drained out of a conical tank (see Figure 2.33), the 

volume V, the radius r, and the height h of the water level are all functions of time t. 

Knowing that these variables are related by the equation 

Y= 

oly 
rh Original equation 

you can differentiate implicitly with respect to ¢ to obtain the related-rate equation 

d d| 7 
hl oz 
dt dt|_ 3 

a — A GC dh + nl 2r “)| Differentiate with respect to f. 

From this equation, you can see that the rate of change of V is related to the rates of 

change of both / and r. 

Exploration 

Finding a Related Rate In the conical tank shown in Figure 2.33, the height 

of the water level is changing at a rate of —0.2 foot per minute and the radius 

is changing at a rate of —0.1 foot per minute. What is the rate of change in the 

volume when the radius is r = | foot and the height is h = 2 feet? Does the 

rate of change in the volume depend on the values of r and h? Explain. 

EXAMPLE 1 Two Rates That Are Related 

The variables x and y are both differentiable functions of ¢ and are related by the 

equation y = x? + 3. Find dy/dt when x = 1, given that dx/dt = 2 when x = 1. 

Solution Using the Chain Rule, you can differentiate both sides of the equation with 

respect to t. 

y= aS Write original equation. 

d d 
[a1 = ae a0 3| Differentiate with respect to f. 
dt ~ dt 

dy dx 
ap SS Oa Chain Rule 
dt dt 

When x = 1| and dx/dt = 2, you have 

dy 

dt 
= 2(1)(2) = 4. wi 
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Problem Solving with Related Rates 

In Example 1, you were given an equation that related the variables x and y and were 
asked to find the rate of change of y when x = 1. 

Equation: y=x*+3 

Given rate: =2 when x=1 

’ d 
Find: when x=1 

dt 

In each of the remaining examples in this section, you must create a mathematical 
model from a verbal description. 

EXAMPLE 2 Ripples in a Pond 

A pebble is dropped into a calm pond, causing ripples in the form of concentric circles, 

as shown in Figure 2.34. The radius r of the outer ripple is increasing at a constant rate 

of 1 foot per second. When the radius is 4 feet, at what rate is the total area A of the 

disturbed water changing? 

Solution The variables r and A are related by A = wr”. The rate of change of the 
radius r is dr/dt = 1. 

Equation: A= mr? 

dr 
Given rate: ie =] 

Find: ae, when 7=4 
dt 

With this information, you can proceed as in Example 1. 
Total area increases as the outer radius 

increases. ie [A] = Sg Differentiate with respect to t. 
Figure 2.34 dt dt 

ai =2 net Chain Rul dt T dt ain Kule 

= 27(4)(1) Substitute 4 for r and 1 for . 

= 87 square feet per second Simplify. 

When the radius is 4 feet, the area is changing at a rate of 87 square feet per second. 

a 

**REMARK When using 

e these guidelines, be sure you GUIDELINES FOR SOLVING RELATED-RATE PROBLEMS 
; rform Step 3 before Step 4. ae ; 
. Pe incting the eae . Identify all given quantities and quantities to be determined. Make a sketch 

: values of the variables before and label the quantities. 
* differentiating will produce an . Write an equation involving the variables whose rates of change either are 

* inappropriate derivative. given or are to be determined. 

i a . Using the Chain Rule, implicitly differentiate both sides of the equation with 

respect to time t. 

. After completing Step 3, substitute into the resulting equation all known 

values for the variables and their rates of change. Then solve for the required 

rate of change. 

Russ Bishop/Alamy 
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Inflating a balloon 

Figure 2.35 

Differentiation 

The table below lists examples of mathematical models involving rates of change. 

For instance, the rate of change in the first example is the velocity of a car. 

Verbal Statement Mathematical Model 

The velocity of a car after traveling for x = distance traveled 
1 hour is 50 miles per hour. dx ! 

— = 50 mi/h whent = 1 
dt 

Water is being pumped into a swimming V = volume of water in pool 
pool at a rate of 10 cubic meters per hour. dV 

— = 10 m?/h 
dt 

A gear is revolving at a rate of 25 revolutions | 6 = angle of revolution 
per minute (1 revolution = 27 rad). do 

— = 25(27) rad/min 
dt 

A population of bacteria is increasing at a x = number in population 
rate of 2000 per hour. dx 

fe: 2000 bacteria per hour 

SON" eae An Inflating Balloon 

Air is being pumped into a spherical balloon (see Figure 2.35) at a rate of 4.5 cubic feet 

per minute. Find the rate of change of the radius when the radius is 2 feet. 

Solution Let V be the volume of the balloon, and let r be its radius. Because the 

volume is increasing at a rate of 4.5 cubic feet per minute, you know that at time ¢ the 

rate of change of the volume is dV/dt = 2. So, the problem can be stated as shown. 

: avo) 
Given rate: Fie (constant rate) 

dr Find: when r=2 
dt 

To find the rate of change of the radius, you must find an equation that relates the radius 

r to the volume V. 

Equation: V= 3 ar? Volume of a sphere 

Differentiating both sides of the equation with respect to t produces 

be Aar? ad Differentiate with dt T dt ifferentiate with respect to f. 

dt Aanr2 dt 5 Olve for dt: 

Finally, when r = 2, the rate of change of the radius is 

dr ] 9 : 
ia a3) ~ (0.09 foot per minute. | 

In Example 3, note that the volume is increasing at a constant rate, but the radius is 

increasing at a variable rate. Just because two rates are related does not mean that they 

are proportional. In this particular case, the radius is growing more and more slowly as 

t increases. Do you see why? 
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The Speed of an Airplane Tracked by Radar 

e* ee See LarsonCalculus.com for ai interactive version of this type of example. 

An airplane is flying on a flight path that will take it directly over a radar tracking 

station, as shown in Figure 2.36. The distance s is decreasing at a rate of 400 miles per 

hour when s = 10 miles. What is the speed of the plane? 

Solution Let x be the horizontal distance from the station, as shown in Figure 2.36. 
Notice that when s = 10, x = / 107 — 36 = 8. 

Given rate: ds/dt = —400 when s = 10 

Find: dx/dt when s=10 and x=8 

You can find the velocity of the plane as shown. 

An airplane is flying at an altitude of Equation: fee (SF ea ye Pythagorean Theorem 

6 miles, s miles from the station. dx ds 
Figure 2.36 Ds a = 2s i, Differentiate with respect to f. 

dx _ s{ds dx 
Ai = +() Solve for de 

10 : ds 
a i ( 400) Substitute for s, x, and re 

= —500 miles per hour Simplify. 

* « [> Because the velocity is —500 miles per hour, the speed is 500 miles per hour. wi 

ee eeeREMARK The velocity in Example 4 is negative because x represents a distance 
that is decreasing. 

A Changing Angle of Elevation 

Find the rate of change in the angle of elevation of the camera shown in Figure 2.37 at 

10 seconds after lift-off. 

Solution Let @ be the angle of elevation, as shown in Figure 2.37. When t = 10, the 

height s of the rocket is s = 50t? = 50(10)” = 5000 feet. 

Given rate: ds/dt = 100t = velocity of rocket 

Find: d0/dt when t=10 and s = 5000 

Using Figure 2.37, you can relate s and 6 by the equation tan 6 = s/2000. 

6 S ’ 
Equation: tan 0 = 3000 See Figure 2.37. 

ee. ids ; 
(sec 6) ‘7 = 3000 \ dt Differentiate with respect to ?. 

a0 BOUL ' ds 
7 | bi, = cos~ 0 3000 Substitute 1007 for i 

A television camera at ground level =e ( 2000 y 100¢ eee 2000 

is filming the lift-off of a rocket that /52 + 20002/ 2000 s2 + 20002 

is rising vertically according to the ie iW 

position equation s = 5077, where s is When ¢ = 10 and s = 5000, you have 

measured in feet and ¢ is measured in d@ 2000(100)(10) : 

i C 2 = — radian per second. seconds. The camera is 2000 feet from dt 50002 + 20002 29 P 

the launch pad. 

Figure 2.37 So, when t = 10, 0 is changing at a rate of os radian per second. | 
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[2 

Law of Cosines: 

b? = a? + c* — 2ac cos 0 

Figure 2.39 

oesee 

Differentiation 

EXAMPLE 6 The Velocity of a Piston 

In the engine shown in Figure 2.38, a 7-inch connecting rod is fastened to a crank of radius 

3 inches. The crankshaft rotates counterclockwise at a constant rate of 200 revolutions per 

minute. Find the velocity of the piston when 6 = 7/3. 

Piston 
Crankshaft 

Connecting rod 

The velocity of a piston is related to the angle of the crankshaft. 

Figure 2.38 

Solution Label the distances as shown in Figure 2.38. Because a complete 

revolution corresponds to 27r radians, it follows that d@/dt = 200(27) = 4007 radians 
per minute. 

Given rate: ae = 4007 (constant rate) 
dt 

‘ dx Ear 
Find: i when @= 3 

You can use the Law of Cosines (see Figure 2.39) to find an equation that relates x and 6. 

Equation: 77 = 32 +.x%7 —2(3)(%) cos 0 

dx 5 glo dx 
QO = 2x Fy ~ of -xsino + cos 0) 

dx ede 
(6 cos @ — 2x) Fl 6x sin 0 7 

dx yy 6x sin 6 (2) 

ate 6cos 0 2 ab 

When 6 = 77/3, you can solve for x as shown. 

72 = 32 + x2 — 2(3)(x) cos— 
3 

1 
49 = 05x — ex(5) 

2 

O37 — 40) 

0=( — 8)@+ 5) 

x=8 Choose positive solution. 

So, when x = 8 and 6 = 7/3, the velocity of the piston is 

dx  6(8)(/3/2 
dt 6(1/2) — 60) 

_ 96007 /3 
= 43 

—4018 inches per minute. | ul 

»« REIVIARK The velocity in Example 6 is negative because x represents a distance that 

is decreasing. 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Using Related Rates In Exercises 1—4, assume that x and 
y are both differentiable functions of ¢ and find the required 

values of dy/dt and dx/dt. 

Equation Find Given 

Poy sx (a)  whenx = 4 <= 3 

(b) S when x = 25 a9 

Save tax 5x (a) when x = 3 o=2 

(b) S when x = 2 D4 

3. xy = 4 (a) when x = 8 = =10 

(b) & when x = | & = ~6 

A. x? by? = 25 (a) @ when x = 3,y =4 8 

(b) when x = 4,y =3 @ - -2 

Moving Point In Exercises 5-8, a point is moving along the 
graph of the given function at the rate dx/dt. Find dy/dt for the 

given values of x. 

dx F 
pape 2x? + 1: ie. 2 centimeters per second 

(a) x= —-1 (b) x =0 (c) x= 1 

1 dx : 
6. y= fee fh ak 6 inches per second 

(a) x = —2 (b) x = 0 (c)x=2 

7. y = tan x; a = 3 feet per second 

7 7 
(a) x= 3 (b) x = A (c) x =0 

8. y = cos x; “ = 4 centimeters per second 

T T 7 
@x=— DIRS 4 ()x=3 

WRITING ABOUT CONCEPTS 

9. Related Rates Consider the linear function 

y=axtb. 

If x changes at a constant rate, does y change at a constant 

rate? If so, does it change at the same rate as x? Explain. 

10. Related Rates 
for solving related-rate problems. 

In your own words, state the guidelines 

11. 

12. 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

fi Avan 
Area The radius 7 of a circle is increasing at a rate of 

4 centimeters per minute. Find the rates of change of the area 

when (a) r = 8 centimeters and (b) r = 32 centimeters. 

Area_ The included angle of the two sides of constant equal 

length s of an isosceles triangle is 0. 

(a) Show that the area of the triangle is given by A = $32 sin 0. 

(b) The angle @ is increasing at the rate of 3 radian per minute. 

Find the rates of change of the area when 6 = 7/6 and 

= ll). 

(c) Explain why the rate of change of the area of the triangle 

is not constant even though d@/dt is constant. 

Volume The radius r of a sphere is increasing at a rate of 
3 inches per minute. 

(a) Find the rates of change of the volume when r = 9 inches 

and r = 36 inches. 

(b) Explain why the rate of change of the volume of the sphere 

is not constant even though dr/dt is constant. 

Volume A spherical balloon is inflated with gas at the 
rate of 800 cubic centimeters per minute. How fast is the 

radius of the balloon increasing at the instant the radius is 

(a) 30 centimeters and (b) 60 centimeters? 

Volume All. edges of a cube are expanding at a rate of 

6 centimeters per second. How fast is the volume changing 

when each edge is (a) 2 centimeters and (b) 10 centimeters? 

Surface Area All edges of a cube are expanding at a 
rate of 6 centimeters per second. How fast is the surface area 

changing when each edge is (a) 2 centimeters and 

(b) 10 centimeters? 

Volume At a sand and gravel plant, sand is falling off a 
conveyor and onto a conical pile at a rate of 10 cubic feet per 

minute. The diameter of the base of the cone is approximately 

three times the altitude. At what rate is the height of the pile 

changing when the pile is 15 feet high? (Hint: The formula for 

the volume of a cone is V = farh.) 

Depth A conical tank (with vertex down) is 10 feet across 

the top and 12 feet deep. Water is flowing into the tank at a rate 

of 10 cubic feet per minute. Find the rate of change of the 

depth of the water when the water is 8 feet deep. 

Depth A swimming pool is 12 meters long, 6 meters wide, 
1 meter deep at the shallow end, and 3 meters deep at the deep 

end (see figure). Water is being pumped into the pool at i cubic 

meter per minute, and there is 1 meter of water at the deep end. 

(a) What percent of the pool is filled? 

(b) At what rate is the water level rising? 
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A trough is 12 feet long and 3 feet across the top (see 

figure). Its ends are isosceles triangles with altitudes of 3 feet. 

(a) Water is being pumped into the trough at 2 cubic feet per 

minute. How fast is the water level rising when the depth 

his | foot? 

(b) The water is rising at a rate of 3 inch per minute when 

h = 2. Determine the rate at which water is being pumped 

into the trough. 

Moving Ladder A ladder 25 feet long is leaning against 

the wall of a house (see figure). The base of the ladder is pulled 

away from the wall at a rate of 2 feet per second. 

(a) How fast is the top of the ladder moving down the wall 

when its base is 7 feet, 15 feet, and 24 feet from the wall? 

(b) Consider the triangle formed by the side of the house, the 

ladder, and the ground. Find the rate at which the area of 

the triangle is changing when the base of the ladder is 

7 feet from the wall. 

(c) Find the rate at which the angle between the ladder and the 

wall of the house is changing when the base of the ladder 

is 7 feet from the wall. 

Figure for 21 Figure for 22 

@ FOR FURTHER INFORMATION For more information 

on the mathematics of moving ladders, see the article “The Falling 

Ladder Paradox” by Paul Scholten and Andrew Simoson in 

The College Mathematics Journal. To view this article, go to 

MathArticles.com. 

22. Construction A construction worker pulls a five-meter 
plank up the side of a building under construction by means 

of a rope tied to one end of the plank (see figure). Assume the 

opposite end of the plank follows a path perpendicular to 

the wall of the building and the worker pulls the rope at a rate 

of 0.15 meter per second. How fast is the end of the plank 

sliding along the ground when it is 2.5 meters from the wall of 

the building? 

23. Construction A winch at the top of a 12-meter building 

Figure for 23 

pulls a pipe of the same length to a vertical position, as shown 

in the figure. The winch pulls in rope at a rate of —0.2 meter 

per second. Find the rate of vertical change and the rate of 

horizontal change at the end of the pipe when y = 6. 

Not drawn to scale 

Figure for 24 

24. Boating A boat is pulled into a dock by means of a winch 

25. 

12 feet above the deck of the boat (see figure). 

(a) The winch pulls in rope at a rate of 4 feet per second. 

Determine the speed of the boat when there is 13 feet of 

rope out. What happens to the speed of the boat as it gets 

closer to the dock? 

(b wa Suppose the boat is moving at a constant rate of 4 feet per 

second. Determine the speed at which the winch pulls in 

rope when there is a total of 13 feet of rope out. What 

happens to the speed at which the winch pulls in rope as 

the boat gets closer to the dock? 

Air Traffic Control An air traffic controller spots two 
planes at the same altitude converging on a point as they fly at 

right angles to each other (see figure). One plane is 225 miles 

from the point moving at 450 miles per hour. The other plane 

is 300 miles from the point moving at 600 miles per hour. 

(a) At what rate is the distance between the planes decreasing? 

(b) How much time does the air traffic controller have to get 

one of the planes on a different flight path? 

Figure for 25 

26. 

Distance (in miles) 

Figure for 26 

Air Traffic Control An airplane is flying at an altitude of 
5 miles and passes directly over a radar antenna (see figure). 

When the plane is 10 miles away (s = 10), the radar detects 

that the distance s is changing at a rate of 240 miles per hour. 

What is the speed of the plane? 



27. Sports A baseball diamond has the shape of a square with 

sides 90 feet long (see figure). A player running from second 

base to third base at a speed of 25 feet per second is 20 feet 

from third base. At what rate is the player’s distance s from 

home plate changing? 

O35 
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Evaporation Asa spherical raindrop falls, it reaches a layer 

of dry air and begins to evaporate at a rate that is proportional 

to its surface area (S = 47r2). Show that the radius of the 

raindrop decreases at a constant rate. 

34. HOW DOYOU SEEIT? Using the graph of f, 

(a) determine whether dy/drt is positive or negative 

given that dx/dt is negative, and (b) determine 

whether dx/dt is positive or negative given that 

dy/dt is positive. 

@) » (ii) y 

Figure for 27 and 28 Figure for 29 

28. Sports For the baseball diamond in Exercise 27, suppose 

the player is running from first base to second base at a speed 

of 25 feet per second. Find the rate at which the distance from 

home plate is changing when the player is 20 feet from second 

base. 

29. Shadow Length A man 6 feet tall walks at a rate of 5 feet 35. Electricity The combined electrical resistance R of two 
per second away from a light that is 15 feet above the ground resistors R, and R,, connected in parallel, is given by 
(see figure). 

(a) When he is 10 feet from the base of the light, at what rate ; = x 3 . 
1 2 is the tip of his shadow moving? 

(b) When he is 10 feet from the base of the light, at what rate 

is the length of his shadow changing? 

30. Shadow Length Repeat Exercise 29 for a man 6 feet tall 
walking at a rate of 5 feet per second toward a light that is 

20 feet above the ground (see figure). 

Figure for 30 Figure for 31 

31. Machine Design The endpoints of a movable rod of 
length 1 meter have coordinates (x, 0) and (0, y) (see figure). 
The position of the end on the x-axis is 

Us atta 
xt) = 5 Sin 

where f is the time in seconds. 

(a) Find the time of one complete cycle of the rod. 

(b) What is the lowest point reached by the end of the rod on 

the y-axis? 

(c) Find the speed of the y-axis endpoint when the x-axis 
endpoint is (, 0). 

32. Machine Design - Repeat Exercise 31 for a position function 
Lee ser i of x(t) = 2 sin art. Use the point (;, 0) for part (c). 

36. 

37. 

38. 

where R, R,, and R, are measured in ohms. R, and R, are 

increasing at rates of 1 and 1.5 ohms per second, respectively. At 

what rate is R changing when R, = 50 ohms and R, = 75 ohms? 

Adiabatic Expansion When a certain polyatomic gas 
undergoes adiabatic expansion, its pressure p and volume V 

satisfy the equation pV'~ = k, where k is a constant. Find the 

relationship between the related rates dp/dt and dV/dt. 

Roadway Design Cars on a certain roadway travel on a 
circular arc of radius r. In order not to rely on friction alone to 

overcome the centrifugal force, the road is banked at an angle 

of magnitude 6 from the horizontal (see figure). The banking 

angle must satisfy the equation rg tan 6 = v*, where v is the 

velocity of the cars and g = 32 feet per second per second is 

the acceleration due to gravity. Find the relationship between 

the related rates dv/dt and d6/dt. 

Angle of Elevation A balloon rises at a rate of 4 meters 
per second from a point on the ground 50 meters from an 

observer. Find the rate of change of the angle of elevation of 

the balloon from the observer when the balloon is 50 meters 

above the ground. 
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39. Angle of Elevation A fish is reeled in at a rate of 1 foot 

per second from a point 10 feet above the water (see figure). 

At what rate is the angle 6 between the line and the water 

changing when there is a total of 25 feet of line from the end 

of the rod to the water? 

Figure for 40 Figure for 39 

40. Angle of Elevation An airplane flies at an altitude of 
5 miles toward a point directly over an observer (see figure). 

The speed of the plane is 600 miles per hour. Find the rates at 

which the angle of elevation @ is changing when the angle is 

(a) 0 = 30°, (b) 6 = 60°, and (c) 6 = 75°. 

41. Linear vs. Angular Speed A patrol car is parked 50 feet 
from a long warehouse (see figure). The revolving light on top 

of the car turns at a rate of 30 revolutions per minute. How fast 

is the light beam moving along the wall when the beam makes 

angles of (a) 6 = 30°, (b) 6 = 60°, and (c) @ = 70° with the 

perpendicular line from the light to the wall? 

Figure for 41 Figure for 42 

42. Linear vs. Angular Speed A wheel of radius 
30 centimeters revolves at a rate of 10 revolutions per second. A 

dot is painted at a point P on the rim of the wheel (see figure). 

(a) Find dx/dt as a function of 0. 

(b) Use a graphing utility to graph the function in part (a). 

(c) When is the absolute value of the rate of change of x 

greatest? When is it least? 

(d) Find dx/dt when 6 = 30° and 6 = 60°. 

43. Flight Control An airplane is flying in still air with an 
airspeed of 275 miles per hour. The plane is climbing at an 

angle of 18°. Find the rate at which it is gaining altitude. 

44. Security Camera A security camera is centered 50 feet 
above a 100-foot hallway (see figure). It is easiest to design the 

camera with a constant angular rate of rotation, but this results 

in recording the images of the surveillance area at a variable 

rate. So, it is desirable to design a system with a variable rate 

of rotation and a constant rate of movement of the scanning 

beam along the hallway. Find a model for the variable rate of 

rotation when |dx/dt| = 2 feet per second. 

as 100: SS 

Figure for 44 

45. Think About It Describe the relationship between the rate 
of change of y and the rate of change of x in each expression. 

Assume all variables and derivatives are positive. 

Qua dy _ oy, _ )& a - (b) hE \ oP 0 = ae 

Acceleration In Exercises 46 and 47, find the acceleration of 

the specified object. (Hint: Recall that if a variable is changing 

at a constant rate, its acceleration is zero.) 

46. Find the acceleration of the top of the ladder described in 

Exercise 21 when the base of the ladder is 7 feet from the wall. 

47. Find the acceleration of the boat in Exercise 24(a) when there 

is a total of 13 feet of rope out. 

48. [Viodeling Data The table shows the numbers (in millions) 

of single women (never married) s and married women m in 

the civilian work force in the United States for the years 2003 

through 2010. (Source: U.S. Bureau of Labor Statistics) 

Fe (a) Use the regression capabilities of a graphing utility to find 

a model of the form m(s) = as* + bs? + cs + d for the 
data, where f is the time in years, with tf = 3 corresponding 

to 2003. 

Find dm/dt. Then use the model to estimate dm/dt for 
t = 7 when it is predicted that the number of single 

women in the work force will increase at the rate of 0.75 

million per year. 

49. Moving Shadow 
A ball is dropped from 

a height of 20 meters, 

12 meters away from ) * 

the top of a 20-meter dag ee 

lamppost (see figure). 

The ball’s shadow, 

caused by the light at 

the top of the lamppost, is moving along the level ground. 

How fast is the shadow moving | second after the ball is 

released? (Submitted by Dennis Gittinger, St. Philips College, 

San Antonio, TX) 

(b ma 

‘ 

‘ Shadow 
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Review Exercises 157 

See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Finding the Derivative by the Limit Process In 
Exercises 1—4, find the derivative of the function by the limit 

process. 

1. f(x) = 12 2. f(x) = 5x —-4 

ae 70) = eee Are 

Using the Alternative Form of the Derivative In 
Exercises 5 and 6, use the alternative form of the derivative to 

find the derivative at x = c (if it exists). 

6. f(x) = a) Serie 20° — 3x, C= 2 elinesa 

Determining Differentiability In Exercises 7 and 8, 
describe the x-values at which f is differentiable. 

3x 
pa 3)" Sit Nemearer 

y y 

8 

| 6 

14 

‘9 
sy is pa 
3-21 in2 

Finding a Derivative In Exercises 9-20, use the rules of 
differentiation to find the derivative of the function. 

9. y = 25 

aya) = x3 — 11x? 

13. A(x) = 6V/x + 33/x 

2 
15. g(t) = 372 

17. f(6) = 40 — 5sin 0 

sin 0 

A 

10. f(t) = 4¢4 

12.7e(s) = 35> — 2s* 

14S) =? = x 

8 
16. h(x) = 5x4 

18. g(a) = 4cosa+ 6 

S sina _ 

3 
19. f(6) = 3cos 8 — 20. g(a) = 2a 

Finding the Slope of a Graph In Exercises 21-24, find 
the slope of the graph of the functions at the given point. 

21. fx) = = (3, 1) Doheny (1 1) 

ae 7) = 2x*— 8, (0,—8) 

24. f(0) = 3 cos @— 26, (0,3) 

25. Vibrating String When a guitar string is plucked, it 
vibrates with a frequency of F = 200./T. , where F is measured 

in vibrations per second and the tension T is measured in 

pounds. Find the rates of change of F when (a) T = 4 and 

(b) T= 9. 

26. Volume _ The surface area of a cube with sides of length ¢ is 

given by S = 6€°. Find the rates of change of the surface area 

with respect to € when (a) € = 3 inches and (b) € = 5 inches. 

Vertical Motion In Exercises 27 and 28, use the position 

function s(t) = —16f7 + vot + sy for free-falling objects. 

27. A ball is thrown straight down from the top of a 600-foot 

building with an initial velocity of —30 feet per second. 

(a) Determine the position and velocity functions for the ball. 

(b) Determine the average velocity on the interval [1, 3]. 

(c) Find the instantaneous velocities when t = | and t = 3. 

(d) Find the time required for the ball to reach ground level. 

(e) Find the velocity of the ball at impact. 

28. To estimate the height of a building, a weight is dropped from 

the top of the building into a pool at ground level. The splash 

is seen 9.2 seconds after the weight is dropped. What is the 

height (in feet) of the building? 

Finding a Derivative In Exercises 29—40, use the Product 
Rule or the Quotient Rule to find the derivative of the function. 

295) f(x) = (5x7 + 8) Ax = 6) 

30.) s(x)" = "(0x2 5x) (3x — 4) 

31. h(x) = /x sin x 32. f(t) = 28 cost 

x7+x-1 Qx+7 
33. f(x) = wiptreiie 34. f(x) = 33 Av 

sin x 
~y= 36. y= 

ecb COs x y Xe 

37. y = 3x7 sec x 38. y = 2x — x* tan x 

39. y = xcosx — sinx 

40. g(x) = 3xsinx + x cosx 

Finding an Equation of a Tangent Line In Exercises 
41-44, find an equation of the tangent line to the graph of f at 

the given point. 

AVG (Cte) Os 5) 16) 

42. f(x) = @—4)@? + 6x — 1), (0,4) 

43. f(x) = = 7 (3 3) 

fy Cees (= i) 
1 — cosx’ 

Finding a Second Derivative In Exercises 45-50, find the 

second derivative of the function. 

46, h(x) = 6x92 7x7 

48. f(x) = 203/x 

50. h(t) = 10 cost — 15 sint 

45. o(r= 8h — ort 12 

47. f(x) = 15x9/? 
49, f(0) = 3 tan 0 
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mn feat . Acceleration The velocity of an object in meters per 

second is v(t) = 20 — t?, 0 < t < 6. Find the velocity and 

acceleration of the object when t = 3. 

52. Acceleration § The velocity of an automobile starting from 

rest is 

90t 
v(t) = 

4t + 10 

where v is measured in feet per second. Find the acceleration 

at (a) 1 second, (b) 5 seconds, and (c) 10 seconds. 

Finding a Derivative In Exercises 53-64, find the derivative 

of the function. 

53. y = (7x + 3)4 54. y = (x? — 6)? 

1 
55. y= yen 56. f(x) = (Gx + 12 

57. y = 5cos(9x + 1) 58> y = 1 — cos 24 4. 2 cose x 

i Gan ye sec’x  sec?x 59s an aria 60. y= : 

61. y = x(6x.+ 1) 62... f(s) = (s* —.1)°/2(s2 + 5) 

3x x+5\ 63. fl) = 64. A(x) = (3 i ;) 

Evaluating a Derivative In Exercises 65-70, find and 
evaluate the derivative of the function at the given point. 

65. f(x). = W/1 Se, (253) 66. fo) =H ere 1, G2) 

Sear dl 
67. f(x) = eer (]152) 2268. (G) = ee (4, 1) 

1 Td 
69. y = 5 esc 2x, (z.3) 

70. y = csc 3x + cot 3x, (2, 7 

Finding a Second Derivative In Exercises 71-74, find the 
second derivative of the function. 

1 
- y = (8x + 5)? y= 71...y.=.(8x 5) Tay, Sean 

73. f(x) = cotx 74. -y = sin+ x 

75. Refrigeration The temperature T (in degrees Fahrenheit) 
of food in a freezer is 

700 

chy Oh arate al 

where ¢ is the time in hours. Find the rate of change of T with 

respect to t at each of the following times. 

(a)t=1 (6) f=3 (© tf=5 «@d@) f—10 

76. Harmonic Motion The displacement from equilibrium of 
an object in harmonic motion on the end of a spring is 

| | 
y = 7 008 Bf — 7 sin 8 

where y is measured in feet and f is the time in seconds. 

Determine the position and velocity of the object when t = 77/4. 

Finding a Derivative In Exercises 77—82, find dy/dx by 

implicit differentiation. 

11, x* + y7 = 64 

Th) soy = 357° = 4 

78. x? + 4xy — y? = 6 

80. /xy = x — 4y 

81. x sin y = ycos x 82. cos(x + y) =x 

Pe Tangent Lines and Normal Lines In Exercises 83 and 84, 

find equations for the tangent line and the normal line to the 

graph of the equation at the given point. (The normal line at a 

point is perpendicular to the tangent line at the point.) Use a 

graphing utility to graph the equation, the tangent line, and the 

normal line. 

S3.0x%-01y- =110. (G21) $4. x? — y* = 20, (6,4) 

85. Rate of Change A point moves along the curve y = //x 
in such a way that the y-value is increasing at a rate of 2 units 

per second. At what rate is x changing for each of the 

following values? 

Gyr= sry =f (chr 4 

86. Surface Area All edges of a cube are expanding at a rate 
of 8 centimeters per second. How fast is the surface area 

changing when each edge is 6.5 centimeters? 

87. Linear vs. Angular Speed A rotating beacon is located 
1 kilometer off a straight shoreline (see figure). The beacon 

rotates at a rate of 3 revolutions per minute. How fast (in 

kilometers per hour) does the beam of light appear to be 

moving to a viewer who is 3 kilometer down the shoreline? 

88. Vioving Shadow A sandbag is dropped from a balloon 
at a height of 60 meters when the angle of elevation to the 

sun is 30° (see figure). The position of the sandbag is 

s(t) = 60 — 4.92. 

Find the rate at which the shadow of the sandbag is traveling 

along the ground when the sandbag is at a height of 35 meters. 

Position: 

s(t) = 60 — 4.977 
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see CalcChat.com for tutorial help and 
worked-out solutions to odd-numbered exercises. 

Pe 1. Finding Equations of Circles Consider the graph of the 
parabola y = x?. 

(a) Find the radius r of the largest possible circle centered on 

the y-axis that is tangent to the parabola at the origin, as 

shown in the figure. This circle is called the circle of 

curvature (see Section 12.5). Find the equation of this 

circle. Use a graphing utility to graph the circle and parabola 

in the same viewing window to verify your answer. 

(b) Find the center (0, b) of the circle of radius 1 centered on 

the y-axis that is tangent to the parabola at two points, as 

shown in the figure. Find the equation of this circle. Use a 

graphing utility to graph the circle and parabola in the same 

viewing window to verify your answer. 

BE 3, 

A 

- Osa w4 eer 
= 1 1 

Figure for 1(a) Figure for 1(b) 

2. Finding Equations of Tangent Lines Graph the two 

parabolas 

y=x? and y=-x2+2x-5 

in the same coordinate plane. Find equations of the two lines 

that are simultaneously tangent to both parabolas. 

3. Finding a Polynomial Find a third-degree polynomial 
p(x) that is tangent to the line y = 14x — 13 at the point (1, 1), 
and tangent to the line y = —2x — 5 at the point (—1, —3). 

4. Finding a Function Find a function of the form 
f(x) = a + bcos cx that is tangent to the line y = | at the point 
(0, 1), and tangent to the line 

3 7 
= +-—-- — 

Boe FA 

t the point (z 3) a Pp eo) 

5. Tangent Lines and Normal Lines 

(a) Find an equation of the tangent line to the parabola y = x? 

at the point (2, 4). 

(b) Find an equation of the normal line to y = x? at the point 

(2, 4). (The normal line at a point is perpendicular to the 
tangent line at the point.) Where does this line intersect the 

parabola a second time? 

(c) Find equations of the tangent line and normal line to y = ie: 

at the point (0, 0). 

(d) Prove that for any point (a,b) # (0,0) on the parabola 
y = x’, the normal line intersects the graph a second time. 

6. Finding Polynomials 

(a) Find the polynomial P,(x) = a, + a,x whose value and 

slope agree with the value and slope of f(x) = cos x at the 

point x = 0. 

(b a Find the polynomial P(x) = a) + a,x + a,x? whose value 
and first two derivatives agree with the value and first 

two derivatives of f(x) = cosx at the point x = 0. This 
polynomial is called the second-degree Taylor polynomial 

of f(x) = cos x atx = 0. 

(c) Complete the table comparing the values of f(x) = cos x 
and P(x). What do you observe? 

6 =O || Us | —0.001 | 0 | 0.001 | 0.1 =e 

cos x 

P, (x) | | 

(d) Find the third-degree Taylor polynomial of f(x) = sin x at 
x= 0. 

Pe 7. Famous Curve The graph of the eight curve 

x* = a(x? — y*), a0 

is shown below. 

(a) Explain how you could use a graphing utility to graph this 

curve. 

(b) Use a graphing utility to graph the curve for various values 

of the constant a. Describe how a affects the shape of the 

curve. 

(c) Determine the points on the curve at which the tangent line 

is horizontal. 

> xX ~ xX 

—@ a a 

Figure for 8 Figure for 7 

Ae 8. Famous Curve The graph of the pear-shaped quartic 

bye a x), eaove ao 

is shown above. 

(a) Explain how you could use a graphing utility to graph this 

curve. 

(b) Use a graphing utility to graph the curve for various values 

of the constants a and b. Describe how a and b affect the 

shape of the curve. 

(c) Determine the points on the curve at which the tangent line 

is horizontal. 
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Figure for 9 

10. 

11. 

12. 

Chapter 2 Differentiation 

Shadow Length A man 6 feet tall walks at a rate of 5 feet 

per second toward a streetlight that is 30 feet high (see figure). 

The man’s 3-foot-tall child follows at the same speed, but 

10 feet behind the man. At times, the shadow behind the child 

is caused by the man, and at other times, by the child. 

(a) Suppose the man is 90 feet from the streetlight. Show that 

the man’s shadow extends beyond the child’s shadow. 

(b) Suppose the man is 60 feet from the streetlight. Show that 

the child’s shadow extends beyond the man’s shadow. 

(c) Determine the distance d from the man to the streetlight at 

which the tips of the two shadows are exactly the same 

distance from the streetlight. 

(d) Determine how fast the tip of the man’s shadow is moving 

as a function of x, the distance between the man and the 

streetlight. Discuss the continuity of this shadow speed 

function. 

Figure for 10 

Moving Point A particle is moving along the graph of 
y = ¥/x (see figure). When x = 8, the y-component of the 

position of the particle is increasing at the rate of 1 centimeter 

per second. 

(a) How fast is the x-component changing at this moment? 

(b) How fast is the distance from the origin changing at this 

moment? 

(c) How fast is the angle of inclination @ changing at this 

moment? 

Projectile Motion An astronaut standing on the moon 
throws a rock upward. The height of the rock is 

Zs 
Gs sae aE as Ss 10° Mies O 

where s is measured in feet and ¢ is measured in seconds. 

(a) Find expressions for the velocity and acceleration of the 

rock. 

(b) Find the time when the rock is at its highest point by 

finding the time when the velocity is zero. What is the 

height of the rock at this time? 

(c) How does the acceleration of the rock compare with the 

acceleration due to gravity on Earth? 

Proof Let E be a function satisfying E(0) = E’(0) = 1. 
Prove that if E(a + b) = E(a)E(b) for all a and b, then E is 

differentiable and E’(x) = E(x) for all x. Find an example of a 

function satisfying E(a + b) = E(a)E(b). 

13. 

BP 14. 

(Ey, 

Proof Let L be a differentiable function for all x. Prove that 

if L(a + b) = L(a) + L(b) for all a and b, then L’(x) = L’(0) 

for all x. What does the graph of L look like? 

Radians and Degrees The fundamental limit 

sin x 
al im 

> Olek 

assumes that x is measured in radians. Suppose you assume 

that x is measured in degrees instead of radians. 

(a) Set your calculator to degree mode and complete the table. 

z (in degrees) 0.1 | 0.01 0.0001 | 

(b) Use the table to estimate 

.  SiNeZ 
him 
z>0 Z 

for z in degrees. What is the exact value of this limit? 

(Hint: 180° = 7 radians) 

Use the limit definition of the derivative to find (c) 

es sin 
dz 4 

for z in degrees. 

(d) Define the new _ functions S(z) = sin(cz) and 
C(z) = cos(cz), where c = 7/180. Find S(90) and 
C(180). Use the Chain Rule to calculate 

d 
qo): 

(e) Explain why calculus is made easier by using radians 

instead of degrees. 

Acceleration and Jerk If a is the acceleration of an 
object, then the jerk j is defined by j = a(t). 

(a) Use this definition to give a physical interpretation of j. 

(b) Find for the slowing vehicle in Exercise 117 in Section 2.3 

and interpret the result. 

(c) The figure shows the graphs of the position, velocity, 

acceleration, and jerk functions of a vehicle. Identify each 

graph and explain your reasoning. 
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Rolle’s Theorem and the Mean Value Theorem 
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Limits at Infinity 

A Summary of Curve Sketching 

Optimization Problems 

Newton's Method 
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Estimation of Error 

(Example 3, p. 233) 

Path of a Projectile 
(Example 5, p. 182) 

Speed (Exercise 57 p.175) 
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3.1 Extrema on an Interval 

Gus (2, 5) - Maximum 

Nota 

minimum 
f | | |. meer 
= | 2 3 

(c) g is not continuous, [—1, 2] is closed. 

Figure 3.1 

@ Understand the definition of extrema of a function on an interval. 

@ Understand the definition of relative extrema of a function on an open interval. 

@ Find extrema on a closed interval. 

Extrema of a Function 

In calculus, much effort is devoted to determining the behavior of a function f on an 

interval J. Does fhave a maximum value on J? Does it have a minimum value? Where 

is the function increasing? Where is it decreasing? In this chapter, you will learn how 

derivatives can be used to answer these questions. You will also see why these questions 

are important in real-life applications. 

| Definition of Extrema 

Let f be defined on an interval / containing c. 

1. f(c) is the minimum of f on J when f(c) < f(x) for all x in /. 

2. f(c) is the maximum of f on J when f(c) = f(x) for all x in J. 

1 

The minimum and maximum of a function on an interval are the extreme 

values, or extrema (the singular form of extrema is extremum), of the function 

| on the interval. The minimum and maximum of a function on an interval are 

| also called the absolute minimum and absolute maximum, or the global 

minimum and global maximum, on the interval. Extrema can occur at interior 

points or endpoints of an interval (see Figure 3.1). Extrema that occur at the 

endpoints are called endpoint extrema. 

A function need not have a minimum or a maximum on an interval. For instance, 

in Figure 3.1(a) and (b), you can see that the function f(x) = x? + 1 has both a 

minimum and a maximum on the closed interval [— 1, 2], but does not have a maximum 

on the open interval (— 1, 2). Moreover, in Figure 3.1(c), you can see that continuity (or 

the lack of it) can affect the existence of an extremum on the interval. This suggests the 

theorem below. (Although the Extreme Value Theorem is intuitively plausible, a proof 

of this theorem is not within the scope of this text.) 

If fis continuous on a closed interval [a, b], then f has both a minimum and a 

] THEOREM 3.1. The Extreme Value Theorem 

| maximum on the interval. 
{ 

Exploration 

Finding Minimum and Maximum Values The Extreme Value Theorem 

(like the Intermediate Value Theorem) is an existence theorem because it tells 

of the existence of minimum and maximum values but does not show how to 

find these values. Use the minimum and maximum features of a graphing 

utility to find the extrema of each function. In each case, do you think the 

x-values are exact or approximate? Explain your reasoning. 

a. f(x) = x? — 4x + 5 on the closed interval [—1, 3] 

b. f(x) = x3 — 2x? — 3x — 2 on the closed interval [—1, 3] 
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Relative Extrema and Critical Numbers 

In Figure 3.2, the graph of f(x) = x* — 3x” has a relative maximum at the point (0, 0) 

and a relative minimum at the point (2, —4). Informally, for a continuous function, 

you can think of a relative maximum as occurring on a “hill” on the graph, and a 

relative minimum as occurring in a “valley” on the graph. Such a hill and valley can 

occur in two ways. When the hill (or valley) is smooth and rounded, the graph has a 

horizontal tangent line at the high point (or low point). When the hill (or valley) is sharp 

and peaked, the graph represents a function that is not differentiable at the high point 

(or low point). 

fhas a relative maximum at (0, 0) and | Rea ae ‘ is eles 
a relative minimum at (2, —4). | Definition of Relative Extrema 

Figure 3.2 : ; FO : Ene : 
8 1. If there is an open interval containing c on which f(c) is a maximum, then 

f(c) is called a relative maximum of f, or you can say that f has a relative 
maximum at (c, f(c)). 

2. If there is an open interval containing c on which f(c) is a minimum, then 

f(c) is called a relative minimum of f, or you can say that fhas a relative 
minimum at (c, f(c)). 

The plural of relative maximum is relative maxima, and the plural of relative 

minimum is relative minima. Relative maximum and relative minimum are 

ee sometimes called local maximum and local minimum, respectively. 

3,2) . 

i x : a: Example | examines the derivatives of functions at given relative extrema. (Much 

more is said about finding the relative extrema of a function in Section 3.3.) 

EXAMPLE 1 The Value of the Derivative at Relative Extrema 

(a) f’(3) =0 Find the value of the derivative at each relative extremum shown in Figure 3.3. 

Solution 

ome 
a. The derivative of f(x) = ee is 

3 2 gS 2 
es) => ued i “ NG Differentiate using Quotient Rule. 

3 

(OR 7) a 
5S ee Simplify. 

iG 

At the point (3, 2), the value of the derivative is f(3) = 0 [see Figure 3.3(a)]. 

b. At x = 0, the derivative of f(x) = |x| does not exist because the following one-sided 
limits differ [see Figure 3.3(b)]. 

Relati nye wie z og = lui" Lin eA Limit from the left ™ 1) elative im ae mean ae 
maximum 0) _ | | 

lim HOES ff ( lim le 1 Limit from the right 
ba et 3 a x>0t X 

c. The derivative of f(x) = sin x is 

f(x) = cos x. 

(7 (30 - At the point (7/2, 1), the value of the derivative is f’(7/2) = cos(7/2) = 0. At the 

8 Cs) aot ( 2 ms point (37/2, —1), the value of the derivative is f(37/2) = cos(37/2) = 0 [see 

Figure 3.3 Figure 3.3(c)]. a 
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PIERRE DE FERMAT (1601-1665) 

For Fermat, who was trained as 

a lawyer, mathematics was more 
of a hobby than a profession. 
Nevertheless, Fermat made 

many contributions to analytic 
geometry, number theory, calculus, 
and probability. In letters to 
friends, he wrote of many of the 
fundamental ideas of calculus, 
long before Newton or Leibniz. 
For instance, Theorem 3.2 is 
sometimes attributed to Fermat. 
See LarsonCalculus.com to read 

more of this biography. 

Applications of Differentiation 

Note in Example | that at each relative extremum, the derivative either is zero or 

does not exist. The x-values at these special points are called critical numbers. Figure 

3.4 illustrates the two types of critical numbers. Notice in the definition that the critical 

number c has to be in the domain of f, but c does not have to be in the domain of f”. 

Definition of a Critical Number 

Let f be defined at c. If f(c) = 0 or if fis not differentiable at c, then c is a 

critical number of /. 

f(c) does not exist. 

Ff @O=0 
Horizontal 

tangent 

> X 

c is a critical number of f. 

Figure 3.4 

THEOREM 3.2 Relative Extrema Occur Only at Critical Numbers 

If f has a relative minimum or relative maximum at x = c, then c is a critical 

number of f. 

Proof 

Case 1: If fis not differentiable at x = c, then, by definition, c is a critical number of 

f and the theorem is valid. 

Case 2: If f is differentiable at x = c, then f(c) must be positive, negative, or 0. 
Suppose fc) is positive. Then 

(oy = tin SR 

which implies that there exists an interval (a, b) containing c such that 

lata > 0, for all x # c in (a, b). [See Exercise 78(b), Section 1.2.] 

Because this quotient is positive, the signs of the denominator and numerator must 

agree. This produces the following inequalities for x-values in the interval (a, b). 

Left of c: 

Right of c: 

k <.c and, ((x)s< f (c) => f(c) is not a relative minimum. 

x >c and f(x) > f(c) m f(c) is nota relative maximum. 

So, the assumption that fc) > 0 contradicts the hypothesis that f(c) is a relative 
extremum. Assuming that fc) < 0 produces a similar contradiction, you are left with 
only one possibility—namely, f’(c) = 0. So, by definition, c is a critical number of f 

and the theorem is valid. 

See LarsonCalculus.com for Bruce Edwards’s video of this proof. | 

The Print Collector/Alamy 



On the closed interval [—1, 2], fhas a 
minimum at (1, —1) and a maximum 
at (2, 16). 

Figure 3.5 
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Finding Extrema on a Closed Interval 

Theorem 3.2 states that the relative extrema of a function can occur only at the critical 

numbers of the function. Knowing this, you can use the following guidelines to find 

extrema on a closed interval. 

GUIDELINES FOR FINDING EXTREMA ON A CLOSED INTERVAL 

To find the extrema of a continuous function f on a closed interval [a, b], use 

these steps. 

1. Find the critical numbers of f in (a, b). 

2. Evaluate f at each critical number in (a, b). 

3. Evaluate f at each endpoint of [a, b]. 

4. The least of these values is the minimum. The greatest is the maximum. 

The next three examples show how to apply these guidelines. Be sure you see that 

finding the critical numbers of the function is only part of the procedure. Evaluating the 

function at the critical numbers and the endpoints is the other part. 

EXAMPLE 2 Finding Extrema on a Closed Interval 

Find the extrema of 

foesaxr S43 

on the interval [—1, 2]. 

Solution Begin by differentiating the function. 

(x)= Ox ee Write original function. 

eel D2 Differentiate. 

To find the critical numbers of fin the interval (— 1, 2), you must find all x-values for 

which f’(x) = 0 and all x-values for which f(x) does not exist. 

12x? — 12x =0 Set f(x) equal to 0. 

12x44 —31)"= 0 Factor. 

x= 0,1 Critical numbers 

Because f’ is defined for all x, you can conclude that these are the only critical numbers 

of f. By evaluating f at these two critical numbers and at the endpoints of [—1, 2], you 

can determine that the maximum is f(2) = 16 and the minimum is f(1) = —1, as 
shown in the table. The graph of fis shown in Figure 3.5. 

as 
Minimum | Maximum wl 

In Figure 3.5, note that the critical number x = 0 does not yield a relative minimum 

or a relative maximum. This tells you that the converse of Theorem 3.2 is not true. In 

other words, the critical numbers of a function need not produce relative extrema. 
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y 

A . 

(0, 0) Maximum 
t — +—> x 

—2 —| 

Minimum 

(-1,-5) \ { 
. Ne = 

f(x) = 2x = 3x9 

On the closed interval [—1, 3], fhas a 
minimum at (—1, —5) and a maximum 

at (0, 0). 

Figure 3.6 

. 3) Maximum 

Qi,—1) 

(5-3) (ee-3) 
=< Zo 
Minima 

On the closed interval [0, 277], f has 
two minima at (7277/6, — 3/2) and 
(1127/6, —3/2) and a maximum 

at (7/2, 3). 

Figure 3.7 

(0, -1) 

Applications of Differentiation 

EXAMPLE 3 Finding Extrema on a Closed Interval 

Find the extrema of f(x) = 2x — 3x?/3 on the interval [—1, 3]. 

Solution Begin by differentiating the function. 

Fale) a? Shes 

Dy, 
x 1/3 

ceed 
=2 x1/3 

From this derivative, you can see that the function has two critical numbers in the 

interval (—1,3). The number 1 is a critical number because f(1) = 0, and the 

number 0 is a critical number because f’(0) does not exist. By evaluating f at these two 

numbers and at the endpoints of the interval, you can conclude that the minimum is 

f(—1) = —5 and the maximum is f(0) = 0, as shown in the table. The graph of f is 
shown in Figure 3.6. 

Write original function. 

Differentiate. 

Simplify. 

Left Critical Critical Right 
Endpoint Number Number Endpoint 

Fe 5. | af (O)ee0 ai, Sipe 
Minimum Maximum FY) 1 | £3) = 6 - 39/9 wee 

EXAMPLE 4 Finding Extrema on a Closed Interval 

e ° «© e[> See LarsonCalculus.com for an interactive version of this type of example. 

Find the extrema of 

f(x) = 2 sin x — cos 2x 

on the interval [0, 277]. 

Solution Begin by differentiating the function. 

FG) =2 sink — cos 2x 

f’) = 2 cosx + 2 sin 2x 

= 2cosx + 4cos x sinx 

= 2(cosx)(1 + 2 sin x) 

Write original function. 

Differentiate. 

sin 2x = 2 cos x sin x 

Factor. 

Because f is differentiable for all real x, you can find all critical numbers of f by 

finding the zeros of its derivative. Considering 2(cos x)(1 + 2 sin x) = 0 in the interval 
(0,27), the factor cosx is zero when x = w/2 and when x = 3277/2. The factor 

(1 + 2 sin x) is zero when x = 77/6 and when x = 1177/6. By evaluating f at these 

four critical numbers and at the endpoints of the interval, you can conclude that the 

maximum is f(a/2) = 3 and the minimum occurs at two points, f(77/6) = —3/2 and 
f(117/6) = —3/2, as shown in the table. The graph is shown in Figure 3.7. 

Left 
Endpoint 

Right | 
Endpoint 

Critical 

Number 

Critical 

Number 

Critical 

Number 

0) 
Maximum Minimum 
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i 1 1 Exe rcises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Finding the Value of the Derivative at Relative Extrema 9, ; 10. y 

In Exercises 1—6, find the value of the derivative (if it exists) at 5+ P 

each indicated extremum. 

- : 

(Piles 
2. f(x) = cos > 

Finding Critical Numbers In Exercises 11-16, find the 
critical numbers of the function. 

11) f@) = x — 3x 12. g(x) = x* — 8x? 

13. \e(t) = t/4—t, t< 3 14. f(x) = ae = 

15. h(x) = sin? x + cos x 16. f(0) = 2 sec 6 + tan @ 

4 Ol S277, Or =< Qa 

Finding Extrema on a Closed Interval In Exercises 
17-36, find the absolute extrema of the function on the closed 

interval. 

Wi f= 3x, [1,2] 18. f(x) = + 2, [0,4] 

19, e(x) = 2x2 -— 8x, [0,6] 20. A(x) = 5 — x2, [-3, 1] 

2. fla) = x9 = 32°, [1,2] 22. f(x) = 2x3 6x; [0,3] 
\ 5. I (x) = (x + 2)%3 

=. 23.\y = 3x23 — 2x, [-1,1] 2. g(x) = ¥x, [—8,8] 

25. 9(1) = vet Lt] 26. f@)=5 [-2,2] 

27. h(s) = —;, [0,1] 28. h(t) = ra [-1, 6] 

eae Tp a 30. g(x) = oe 
31. f(x) = bl, [-2, 2] 32. h(x) = [2 — x], [-2, 2] 

33, f(x) = sin x, Ee ad 34. g(x) = sec x, |-2. z| 
Approximating Critical Numbers In Exercises 7-10, | 
approximate the critical numbers of the function shown in the 35. } = 2yeesry aA 36. y= tan (= =) [o, 2] 

graph. Determine whether the function has a relative 

maximum, a relative minimum, an absolute maximum, an 

absolute minimum, or none of these at each critical number on Finding Extrema on an Interval In Exercises 37—40, find 

the interval shown. the absolute extrema of the function (if any exist) on each 

ae interval. 
[ 7. y 8. 
) RY Re ACL Ane | 38. f{@) =S—=x 

7A (a) [0,2]  (b) [0, 2) (a) [1,4] — ®) [1,4) 

(c) (0, 2] (d) (0, 2) (c) (1, 4] (d) (1, 4) 

39. f(x) = x? — 2x 40. f(x) = V4 — x? 

(a) [=1,2] )_):(1, 3] (@)N=232]) «(b): 25.0) 

(c) (0, 2) (d) [1, 4) (ey 2,2) © @) [1,2) 
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Fe Finding Absolute Extrema In Exercises 41-44, use a 

graphing utility to graph the function and find the absolute 

extrema of the function on the given interval. 

4) =, 4] 4 FW =5>, [0,) 

43/ fx) =x? 2 xi [1,3] 

44. f(x) = x + cos : [0, 277] 

Fy Finding Extrema Using Technology In Exercises 45 and 
46, (a) use a computer algebra system to graph the function 

and approximate any absolute extrema on the given interval. 

(b) Use the utility to find any critical numbers, and use them 

to find any absolute extrema not located at the endpoints. 

Compare the results with those in part (a). 

45.7) =32 er sxe 35x, [0,1] 

46. f(x) = sxJ/3 —x, [0,3] 

ad Finding Maximum Values Using Technology In 
Exercises 47 and 48, use a computer algebra system to find the 

maximum value of | f’(x)| on the closed interval. (This value is 
used in the error estimate for the Trapezoidal Rule, as 

discussed in Section 4.6.) 

1 1 

xe +1’ le 5 

ad Finding Maximum Values Using Technology In 
Exercises 49 and 50, use a computer algebra system to find the 

maximum value of | f“(x)| on the closed interval. (This value 
is used in the error estimate for Simpson’s Rule, as discussed in 

Section 4.6.) 

49. f(x) = (x + 1), [0,2] 

[= ils 1] 

AT. fa) = ~/ 1 oe (052) 48, fa) = 

il 
50. f(x) a x2 a iP 

51. Writing Write a short paragraph explaining why a continuous 
function on an open interval may not have a maximum or 

minimum. Illustrate your explanation with a sketch of the 

graph of such a function. 

WRITING ABOUT CONCEPTS 

Creating the Graph of a Function In Exercises 53 
and 54, graph a function on the interval [—2, 5] having the 
given characteristics. 

53. Absolute maximum at x = —2 

Absolute minimum at x = | 

Relative maximum at x = 3 

54. Relative minimum at x = —1 

Critical number (but no extremum) at x = 0 

Absolute maximum at x = 2 

Absolute minimum at x = 5 

Using Graphs In Exercises 55-58, determine from the 
graph whether f has a minimum in the open interval (a, 5). 

55. (a) (b) 
y 
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59. Power The formula for the power output P of a battery is 62. Highway Design In order to build a highway, it is 

a oeee necessary to fill a section of a valley where the grades (slopes) 

of the sides are 9% and 6% (see figure). The top of the filled 

where V is the electromotive force in volts, R is the resistance region will have the shape of a parabolic arc that is tangent to 

in ohms, and / is the current in amperes. Find the current that the two slopes at the points A and B. The horizontal distances 

corresponds to a maximum value of P in a battery for which from A to the y-axis and from B to the y-axis are both 500 feet. 

V = 12 volts and R = 0.5 ohm. Assume that a 15-ampere fuse 

bounds the output in the intervalO < J < 15. Could the power 

output be increased by replacing the 15-ampere fuse with a 

20-ampere fuse? Explain. 

60. Lawn Sprinkler A lawn sprinkler is constructed in such a 
way that d6/dt is constant, where 6 ranges between 45° and 

135° (see figure). The distance the water travels horizontally is 

v? sin 20 
= ———_. or = ° a5 37 CEN TIE 

where v is the speed of the water. Find dx/dt and explain why 

this lawn sprinkler does not water evenly. What part of the 
lawn receives the most water? (b) Find a quadratic function y= ax” -- bx Fe for 

—500 < x < 500 that describes the top of the filled region. 

(a) Find the coordinates of A and B. 

ee = ° Ly, Pa fa) 

ea aos 2 . nee ie (c) Construct a table giving the depths d of the fill for 

1 bas ae x = —500, —400, —300, —200, — 100, 0, 100, 200, 300, 

Oe Se ipa oe ey: 400, and 500. 

(d) What will be the lowest point on the completed highway? 

Will it be directly over the point where the two hillsides 

come together? 

Water sprinkler: 45° < 6 < 135° 
True or False? In Exercises 63-66, determine whether the 

lf FOR FURTHER INFORMATION For more information on statement is true or false. If it is false, explain why or give an 

the “calculus of lawn sprinklers,” see the article “Design of an example that shows it is false. 
Oscillating Sprinkler” by Bart Braden in Mathematics Magazine. 

: ; ; é 63. The maxi tion that is continuous on a closed 
To view this article, go to MathArticles.com. Se ee ae ¥ is 

interval can occur at two different values in the interval. 

ne ge outiaee ates Or acelinina honeycomb 1s 64. If a function is continuous on a closed interval, then it must 

Rh: + 28- /3 — cos 0 have a minimum on the interval. 

ad 2 sin 6 65. If x = c is a critical number of the function f, then it is also a 

critical number of the function g(x) = f(x) + k, where k is a 
where / and s are positive constants and 6 is the angle at which constant. 
the upper faces meet the altitude of the cell (see figure). Find the 
ee 6 a6 = 6 7/2) thal raintmizes the surface area S. 66. If x = c is a critical number of the function f, then it is also a 

critical number of the function g(x) = f(x — k), where k is a 

constant. 

67. Functions Let the function f be differentiable on an 
interval / containing c. If f has a maximum value at x = c, 

show that —fhas a minimum value at x = c. 

68. Critical Numbers Consider the cubic function 
f(x) = ax3 + bx? + cx + d, where a # 0. Show that f can 
have zero, one, or two critical numbers and give an example of 

each case. 

PUTNAM EXAM CHALLENGE 

69. Determine all real numbers a > 0 for which there exists 

a nonnegative continuous function f(x) defined on [0, a] 
with the property that the region R = {(x,y);0 < x < a, 

@@ FOR FURTHER INFORMATION For more information on 
the geometric structure of a honeycomb cell, see the article “The 

Design of Honeycombs” by Anthony L. Peressini in UMAP 

Module 502, published by COMAP, Inc., Suite 210, 57 Bedford 
Street, Lexington, MA. ; 0 < y < f(x)} has perimeter & units and area k square 

units for some real number k. 

This problem was composed by the Committee on the Putnam Prize Competition. 

© The Mathematical Association of America. All rights reserved. 
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Exploration 

Extreme Values in a Closed 

Interval Sketch a rectangular 

coordinate plane on a piece 

of paper. Label the points 

(1, 3) and (5, 3). Using a 

pencil or pen, draw the graph 

of a differentiable function f 

that starts at (1, 3) and ends 

at (5, 3). Is there at least one 
point on the graph for which 

the derivative is zero? Would 

it be possible to draw the 

graph so that there isn’t a 

point for which the derivative 

is zero? Explain your 

reasoning. 

ROLLE’S THEOREM 

French mathematician Michel 

Rolle first published the theorem 
that bears his name in 1691. 

Before this time, however, Rolle 

was one of the most vocal critics 

of calculus, stating that it gave 
erroneous results and was based 
on unsound reasoning. Later in 
life, Rolle came to see the 

usefulness of calculus. 

32 | s{e)| (-Mom MaYevo)a-)oamrcyale mm ael-M\(-t-laM clo mm Belcve)a-Jan) 

Applications of Differentiation 

@ Understand and use Rolle’s Theorem. 

@ Understand and use the Mean Value Theorem. 

Rolle’s Theorem 

The Extreme Value Theorem (see Section 3.1) states that a continuous function on a 

closed interval [a, b] must have both a minimum and a maximum on the interval. Both 

of these values, however, can occur at the endpoints. Rolle’s Theorem, named after the 

French mathematician Michel Rolle (1652-1719), gives conditions that guarantee the 

existence of an extreme value in the interior of a closed interval. 

“Vi 3.3 Rolle’s Theorem 

ay 

Let f be continuous on the closed interval [a, b] and differentiable on the open 

interval (a, b). If f(a) = f(b), then there is at least one number c in (a, b) such 

that f(c) = 0. 

Proof Let f(a) = d= f(b). 

Case 1: If f(x) = d for all x in[a, b], then fis constant on the interval and, by Theorem 

222 (x) = 0 for all xin (ano): 

Case 2: Consider f(x) > d for some x in (a, b). By the Extreme Value Theorem, you 
know that fhas a maximum at some c in the interval. Moreover, because f(c) > d, this 

maximum does not occur at either endpoint. So, f has a maximum in the open 

interval (a, b). This implies that f(c) is a relative maximum and, by Theorem 3.2, c is a 
critical number of f. Finally, because f is differentiable at c, you can conclude that 

KOM 
Case 3: When f(x) < d for some x in (a, b), you can use an argument similar to that in 
Case 2, but involving the minimum instead of the maximum. 

See LarsonCalculus.com for Bruce Edwards's video of this proof. al 

From Rolle’s Theorem, you can see that if a function f is continuous on [a, b] and 

differentiable on (a,b), and if f(a) = f(b), then there must be at least one x-value 
between a and b at which the graph of f has a horizontal tangent [see Figure 3.8(a)]. 

When the differentiability requirement is dropped from Rolle’s Theorem, f will still 

have a critical number in (a, b), but it may not yield a horizontal tangent. Such a case 

is shown in Figure 3.8(b). 

Relative 

maximum 

Relative 

maximum 

(a) fis continuous on [a, b] and (b) fis continuous on [a, b]. 
differentiable on (a, b). 

Figure 3.8 



Horizontal 

tangent 

The x-value for which f’(x) = 0 is 

between the two x-intercepts. 

Figure 3.9 

fCD)=0 4 F(D=0 

f(x) = 0 for more than one x-value in 

the interval (—2, 2). 

Figure 3.10 

-3 

Figure 3.11 

3.2  Rolle’s Theorem and the Mean Value Theorem 

EXAMPLE 1 Illustrating Rolle’s Theorem 

Find the two x-intercepts of 

(iste hase 

171 

and show that f(x) = 0 at some point between the two x-intercepts. 

Solution Note that fis differentiable on the entire real number line. Setting f(x) equal 

to 0 produces 

i — 3x2, =" 0) 

C1) C2) 0 

alee 

Set f(x) equal to 0. 

Factor. 

x-values for which f(x) = 0 

So, f(1) = f(2) = 0, and from Rolle’s Theorem you know that there exists at least one 
c in the interval (1, 2) such that f(c) = 0. To find such a c, differentiate f to obtain 

jf jean 3 Differentiate. 

and then determine that f(x) = 0 when x = 2. Note that this x-value lies in the open 

interval (1, 2), as shown in Figure 3.9. wl 

Rolle’s Theorem states that when f satisfies the conditions of the theorem, there 

must be at least one point between a and b at which the derivative is 0. There may, of 

course, be more than one such point, as shown in the next example. 

EXAMPLE 2 Illustrating Rolle’s Theorem 

Let f(x) = x* — 2x?. Find all values of c in the interval (—2, 2) such that f’(c) = 0. 

Solution To begin, note that the function satisfies the conditions of Rolle’s Theorem. 

That is, fis continuous on the interval [ — 2, 2] and differentiable on the interval (—2, 2). 
Moreover, because f(— 2) = f(2) = 8, you can conclude that there exists at least one c 
in (—2, 2) such that f(c) = 0. Because 

if (x)= 4 4x Differentiate. 

setting the derivative equal to 0 produces 

4x3 — 4x = 0 Set f(x) equal to 0. 

4x(x — 1)(x + 1) =0 Factor. 

jp =), I, =k x-values for which f(x) = 0 

So, in the interval (— 2, 2), the derivative is zero at three different values of x, as shown 

in Figure 3.10. | 

[> TECHNOLOGY PITFALL A graphing utility can be used to indicate whether 
the points on the graphs in Examples | and 2 are relative minima or relative maxima 

of the functions. When using a graphing utility, however, you should keep in mind 

that it can give misleading pictures of graphs. For example, use a graphing utility to 

graph 

| 
~ 4000 — 1)/7 + 1° f(s) = 1- &- 1) 

With most viewing windows, it appears that the function has a maximum of | when 

x = 1 (see Figure 3.11). By evaluating the function at x = 1, however, you can see 

that f(1) = 0. To determine the behavior of this function near x = 1, you need to 

examine the graph analytically to get the complete picture. 
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The Mean Value Theorem 

Rolle’s Theorem can be used to prove another theorem—the Mean Value Theorem. 

THEOREM 3.4 The Ronn value THeorern 

The “mean” inthe | If fis continuous on the closed interval [a, b] and differentiable on the open 

Mean Value Theorem refers to | interval (a, b), then there exists a number c in (a, b) such that 

the mean (or average) rate of fb) — fa) hie ) 

change of f on the interval [a, b]. | fc) = ee 

| 

Slope of tangent line = f’(c) Proof Refer to Figure 3.12. The equation of the secant line that passes through the 

points (a, f(a)) and (b, f(b)) is 

Tangent line b) — fla 

y= [POM - a) +700. 
‘3 

Let g(x) be the difference between f(x) and y. Then 
Secant line 

(b, f(b) g(x) = f(x) — y 

: : = f(e) - | —LO |e. - «) - Fa. 
ls : b ny By evaluating g at a and b, you can see that 

Figure 3.12 g(a) = 0 = g(b). 

Because f is continuous on [a, b], it follows that g is also continuous on [a, b]. 
Furthermore, because f is differentiable, g is also differentiable, and you can apply 

Rolle’s Theorem to the function g. So, there exists a number c in (a, b) such that 

g’(c) = 0, which implies that 

gc) =0 

flo) - Mea te) = fa) - 0. 

So, there exists a number c in (a, b) such that 

Pere Has f(b) = fla) 
= @ 

See LarsonCalculus.com for Bruce Edwards‘ video of this proof. i | 

Although the Mean Value Theorem can be used directly in problem solving, it is 

used more often to prove other theorems. In fact, some people consider this to be the 

most important theorem in calculus—it is closely related to the Fundamental Theorem 

of Calculus discussed in Section 4.4. For now, you can get an idea of the versatility 

of the Mean Value Theorem by looking at the results stated in Exercises 77-85 in this 

JOSEPH-LOUIS LAGRANGE oo 
(1736-1813) The Mean Value Theorem has implications for both basic interpretations of the 

The Mean Value Theorent wvac derivative. Geometrically, the theorem guarantees the existence of a tangent line that 

first proved by the famous mathe- is parallel to the secant line through the points 

matician Joseph-Louis Lagrange. 
Born in Italy, Lagrange held a (a, f(a)) and (b, f(b), 

fe et ae ee as shown in Figure 3.12. Example 3 illustrates this geometric interpretation of the Mean 

See Tareanlahaiis come Value Theorem. In terms of rates of change, the Mean Value Theorem implies that there 

more of this biography. must be a point in the open interval (a, b) at which the instantaneous rate of change is 

equal to the average rate of change over the interval [a, b]. This is illustrated in Example 4. 
©Mary Evans Picture Library/The Image Works 



Tangent line 

(4,4) 

Secant line 

The tangent line at (2, 3) is parallel 
to the secant line through (1, 1) and 
(4, 4). 

Figure 3.13 

At some time ¢, the instantaneous 

velocity is equal to the average velocity 

over 4 minutes. 

Figure 3.14 

3.2  Rolle’s Theorem and the Mean Value Theorem 173 

EXAMPLE 3 Finding a Tangent Line 

* +» ©D See LarsonCalculus.com for an interactive version of this type of example. 

For f(x) = 5 — (4/x), find all values of c in the open interval (1, 4) such that 

Arman) =f) Ol =e 

Solution The slope of the secant line through (1, f(1)) and (4, f(4)) is 

f(4)-fQ) _4-1_ 
A\ c= || Al — || 

Ite Slope of secant line 

Note that the function satisfies the conditions of the Mean Value Theorem. That is, f is 

continuous on the interval [1, 4] and differentiable on the interval (1, 4). So, there exists 

at least one number c in (1, 4) such that f’(c) = 1. Solving the equation f(x) = 1 yields 

2 all Set f’(x) equal to 1. 

which implies that 

x= 42. 

So, in the interval (1, 4), you can conclude that c = 2, as shown in Figure 3.13. 

EXAMPLE 4 Finding an Instantaneous Rate of Change 

Two stationary patrol cars equipped with radar are 5 miles apart on a highway, as shown 

in Figure 3.14. As a truck passes the first patrol car, its speed is clocked at 55 miles per 

hour. Four minutes later, when the truck passes the second patrol car, its speed is 

clocked at 50 miles per hour. Prove that the truck must have exceeded the speed limit 

(of 55 miles per hour) at some time during the 4 minutes. 

Solution Let ¢ = 0 be the time (in hours) when the truck passes the first patrol car. 

The time when the truck passes the second patrol car is 

4 1 
t= 60 15 hour. 

By letting s(t) represent the distance (in miles) traveled by the truck, you have s(0) = 0 

and s() = 5. So, the average velocity of the truck over the five-mile stretch of 

highway is 

SUL/S) arash sal Sc 
= = i hour. (1/15) — 0 1/15 75 miles per hour. Average velocity = 

Assuming that the position function is differentiable, you can apply the Mean Value 

Theorem to conclude that the truck must have been traveling at a rate of 75 miles per 

hour sometime during the 4 minutes. Fe | 

A useful alternative form of the Mean Value Theorem is: If fis continuous on [a, b] 
and differentiable on (a, b), then there exists a number c in (a, b) such that 

Alternative form of Mean Value Theorem 

When doing the exercises for this section, keep in mind that polynomial functions, 

rational functions, and trigonometric functions are differentiable at all points in their 

domains. 
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2 Exercises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Writing In Exercises 1-4, explain why Rolle’s Theorem does 

not apply to the function even though there exist a and b such 

that f(a) = f(b). 

2 

LO; Asey Cale </ (2 20/2) [1 

1.7@)= HY [—1, 1] 2. f(x) = cot ms [ ar, 377] 

3.70) = te 1, 

Intercepts and Derivatives In Exercises 5-8, find the two 

x-intercepts of the function f and show that f’(x) = 0 at some 
point between the two x-intercepts. 

Sy Ga) Bae = 52 = W 

thy (G9) = sea/og aP al 

6. f(x) = x? + 6x 

Saf (Go 

Using Rolle’s Theorem In Exercises 9-22, determine 

whether Rolle’s Theorem can be applied to f on the closed 

interval [a, b]. If Rolle’s Theorem can be applied, find all values 

of c in the open interval (a, b) such that f’(c) = 0. If Rolle’s 
Theorem cannot be applied, explain why not. 

N) f(x) = —x? + 3x,. [0,3] 

10) f(x) = —8x4+5, [2,6] 

|B ty AE bh a) 1 cer bce) oul | 

12. fe) =(@— e+ 2%, [-2,4] 
13) f@) = x73 -1, [-8,8] 14. f@) =3-|x—3|, [0,6] 

pi eS a Os ee) 1S ff) =H ee 
i = il 

16. f(x) = a 

17. fe) =sin x 

[-1,1] 

[0, 27] 18. (G) = cos x, 10; 2ar| 

19. f(x) = sin 3x, lo Z| 20. f(x) = cos 2x, [—7, a] 

21) f(x) = tanx, [0,7] 22-0 (x) saisecr ae Dar | 

EE Using Rolle’s Theorem In Exercises 23-26, use a 
graphing utility to graph the function on the closed interval 

[a, b]. Determine whether Rolle’s Theorem can be applied to f 
on the interval and, if so, find all values of c in the open 

interval (a, b) such that f’(c) = 0. 

23, f(x) =x] 1) [a1] 

25. f(x) =x—tan wx, [-4,4] 
A. fa) =x =x 10s) 

TX [ 

6 > 26. f(x) = = — sin 1,0] 

27. Vertical Motion The height of a ball ¢ seconds after it is 
thrown upward from a height of 6 feet and with an initial 

velocity of 48 feet per second is f(t) = —16r? + 48r + 6. 

(a) Verify that f(1) = f(2). 

(b) According to Rolle’s Theorem, what must the velocity be 

at some time in the interval (1, 2)? Find that time. 

28. Reorder Costs The ordering and transportation cost C for 
components used in a manufacturing process is approximated 

by 

| G 
(Ces) = io(2 + an :) 

where C is measured in thousands of dollars and x is the order 

size in hundreds. 

(a) Verify that C(3) = C(6). 

(b) According to Rolle’s Theorem, the rate of change of the 

cost must be 0 for some order size in the interval (3, 6). 

Find that order size. 

Mean Value Theorem In Exercises 29 and 30, copy the 
graph and sketch the secant line to the graph through the 

points (a, f(a)) and (6, f(6)). Then sketch any tangent lines to 
the graph for each value of c guaranteed by the Mean Value 

Theorem. To print an enlarged copy of the graph, go to 

MathGraphs.com. 

29. y 30. y 
A A 

y * 
Sea > Se ee 

Writing In Exercises 31-34, explain why the Mean Value 
Theorem does not apply to the function f on the interval [0, 6]. 

S1, ay > 

eal 6 

aia 5 

4->- 4 

Oia e 3 

2) 2 

1 i 

ss aca Te ea eae x 
Lie 25 34 5."K6 Ley 2h 83) 4G 

33. f@)=—> 34. f(x) = |x — 3] 

35. Mean Value Theorem Consider the graph of the function 
f(x) = —x? + 5 (see figure on next page). 

(a) Find the equation of the secant line joining the points 

(=1, 4) and (2, 1). 

(b) Use the Mean Value Theorem to determine a point c in the 

interval (— 1, 2) such that the tangent line at c is parallel to 

the secant line. 

(c) Find the equation of the tangent line through c. 

(d) Then use a graphing utility to graph f, the secant line, and 

the tangent line. 



36. Mean Value Theorem 

Using the Mean Value Theorem 

Figure for 35 Figure for 36 

Consider the graph of the function 

f(x) = x? — x — 12 (see figure). 

(a) Find the equation of the secant line joining the points 

(=2, —6) and (4 0). 

(b) Use the Mean Value Theorem to determine a point c in the 

interval (—2, 4) such that the tangent line at c is parallel to 

the secant line. 

(c) Find the equation of the tangent line through c. 

(d) Then use a graphing utility to graph f, the secant line, and 

the tangent line. 

In Exercises 37-46, 

determine whether the Mean Value Theorem can be applied to 

f on the closed interval [a, b]. If the Mean Value Theorem can 

be applied, find all values of c in the open interval (a, b) such 

that 

fc) = £0) Tee) = fie) 

ae Mean Value Theorem cannot be applied, explain why not. 

z.\ f(a) = =a 38: AG edreys [06] 
| 39. | c= [—-1, ils 

| A0S f(x) = x* — 8x, [0,2] 

afe)= x? (0,11  (2/%@=224, [-1.2] 
aR 

aaa) = ~/2 —x, [=7,2] 

45. f(x) = sinx, [0, z] 

46. f(x) = cos x + tan x, [0, 77] 

Ae Using the Mean Value Theorem In Exercises 47-50, use 
a graphing utility to (a) graph the function f on the given 

interval, (b) find and graph the secant line through points on 

the graph of f at the endpoints of the given interval, and (c) find 

and graph any tangent lines to the graph of f that are parallel 

to the secant line. 

ee) Sea ie 

aso7(x) =x—2sinx, [—7, 7] 

49. f(x) = Vx, [1,9] 

BOs ya) = x* — 2x° + x”, [0,6] 

Andrew Barker/Shutterstock.com 
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52. 

Rolle’s Theorem and the Mean Value Theorem 175 

ertic The height of an object f seconds after it 

is ae from a height of 300 meters is 

s(t) SA Oto at SOK), 

(a) Find the average velocity of the object during the first 

3 seconds. 

(b) Use the Mean Value Theorem to verify that at some time 

during the first 3 seconds of fall, the instantaneous velocity 

equals the average velocity. Find that time. 

Sales A company introduces a new product for which the 

number of units sold S is 

za Deiat 

where f is the time in months. 

S(t) = 2005 a 

(a) Find the average rate of change of S(t) during the first year. 

(b) During what month of the first year does S(t) equal the 

average rate of change? 

WRITING ABOUT CONCEPTS 

53. Converse of Rolle’s Theorem Let f be continuous 

on [a, b] and differentiable on (a, b). If there exists c in 
(a, b) such that f(c) = 0, does it follow that f(a) = f(b)? 

Explain. 

. Rolle’s Theorem Let f be continuous on [a, b] and 
differentiable on (a,b). Also, suppose that f(a) = f(b) 
and that c is a real number in the interval such that 

fc) = 0. Find an interval for the function g over which 
Rolle’s Theorem can be applied, and find the corresponding 

critical number of g (k is a constant). 

=f(x)+k (vb) gx) =f(x — k) 

(c) g(x) = f(kx) 

. Rolle’s Theorem The function 

(a) g(x) 

x=0 

age Oe ge ei 

is differentiable on (0,1) and satisfies f(0) = f(1). 

However, its derivative is never zero on (0, 1). Does this 
contradict Rolle’s Theorem? Explain. 

. Mean Value Theorem Can you find a function f such 
that f(—2) = —2, f(2) = 6, and f(x) < 1 for all x? Why 

or why not? 

e «57. Speed ecoeoeceoeoeoeoeoe ee ee © © © © 8 Oe 

A plane begins its take- 

off at 2:00 P.M. on a 

2500-mile flight. After 

5.5 hours, the plane 

arrives at its destination. 

Explain why there are 

at least two times during 

the flight when the speed 

of the plane is 400 miles 

per hour. ° 

eh pm 
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nn See When an object is removed from a furnace 

and placed in an environment with a constant temperature of 

90°F, its core temperature is 1500°F. Five hours later, the core 

temperature is 390°F. Explain why there must exist a time in 

the interval when the temperature is decreasing at a rate of 

222°F per hour. 

wn SS Two bicyclists begin a race at 8:00 A.M. They both 

finish the race 2 hours and 15 minutes later. Prove that at some 

time during the race, the bicyclists are traveling at the same 

velocity. 

60. Acceleration At 9:13 A.M., a sports car is traveling 35 miles 

per hour. Two minutes later, the car is traveling 85 miles per 

hour. Prove that at some time during this two-minute interval, 

the car’s acceleration is exactly 1500 miles per hour squared. 

Py 61. Using a Function Consider the function 

f(x) = 3 cos? (=|, 

(a) Use a graphing utility to graph f and f’. 

(b) Is fa continuous function? Is f’ a continuous function? 

(c) Does Rolle’s Theorem apply on the interval [— 1, 1]? Does 

it apply on the interval [1, 2]? Explain. 

(d) Evaluate, if possible, lim f(x) and lim f(x). 
x37 x3 

62. HOW DOYOU SEE IT? The figure shows two 

“ parts of the graph of a continuous differentiable 

function f on [—10, 4]. The derivative f’ is also 
continuous. To print an enlarged copy of the graph, 

go to MathGraphs.com. 

(a) Explain why f must have at least one zero in [—10, 4]. 

(b) Explain why f’ must also have at least one zero in 

the interval [— 10, 4]. What are these zeros called? 

(c) Make a possible sketch of the function with one zero 

of f’ on the interval [— 10, 4]. 

Think About lt In Exercises 63 and 64, sketch the graph of 

an arbitrary function f that satisfies the given condition but 

does not satisfy the conditions of the Mean Value Theorem on 

the interval [—5, 5]. 

63. fis continuous on [—5, 5]. 

ges) 64. fis not continuous on [ 

Finding a Solution In Exercises 65-68, use the Intermediate 

Value Theorem and Rolle’s Theorem to prove that the equation 

has exactly one real solution. 

65. x + e4+x+1=0 66. 2° + 7x -1=0 

67, 3%, l= sine — 0 68. 2x — 2 —cosx = 0 

Differential Equation In Exercises 69-72, find a function f 

that has the derivative f’(x) and whose graph passes through 

the given point. Explain your reasoning. 

69. f(x) =0, (2,5) 

Ten fa (Gs) ee (le) 

70. f(a) = 4% (0/1) 

12.6 Q=ox— Om 

True or False? In Exercises 73-76, determine whether the 

statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

73. The Mean Value Theorem can be applied to 

fl) == 
x 

on the interval [—1, 1]. 

74. If the graph of a function has three x-intercepts, then it must 

have at least two points at which its tangent line is horizontal. 

75. If the graph of a polynomial function has three x-intercepts, 

then it must have at least two points at which its tangent line is 

horizontal. 

76. If f(x) = 0 for all x in the domain of f, then f is a constant 

function. 

77, Proof Prove that if a > 0 and n is any positive integer, then 

the polynomial function p(x) = x°"*! + ax + b cannot have 
two real roots. 

78. Proof Prove that if f(x) = 0 for all x in an interval (a, b), 
then f is constant on (a, b). 

79. Proof Let p(x) = Ax? + Bx +C. Prove that for any 
interval [a,b], the value c guaranteed by the Mean Value 
Theorem is the midpoint of the interval. 

80. Using Rolle’s Theorem 

(a) Let f(x) =x and g(x) = —x + x7 + 3x + 220i 
f(—1) = g(-1) and f(2) = g(2). Show that there is at 

least one value c in the interval (— 1, 2) where the tangent 

line to f at (c, f(c)) is parallel to the tangent line to g at 
(c, g(c)). Identify c. 

(b) Let f and g be differentiable functions on [a, b] where 
f(a) = g(a) and f(b) = g(b). Show that there is at least 
one value c in the interval (a, b) where the tangent line to 

fat (c, f(c)) is parallel to the tangent line to g at (c, g(c)). 

81. Proof Prove that if f is differentiable on (—oo, 00) and 

f(x) < 1 for all real numbers, then f has at most one fixed 

point. A fixed point of a function fis a real number c such that 

fle) =«. 

82. Fixed Point Use the result of Exercise 81 to show that 

f(x) = 5 cos x has at most one fixed point. 

83. Proof Prove that |cos a — cos b| < |a — b| for all a and b. 

84. Proof Prove that |sina — sinb| < |a — b| for all a and b. 

85. Using the Mean Value Theorem Let 0 < a < b. Use 

the Mean Value Theorem to show that 

Daa 
vb- Ja< 77. 
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in the first two cases of 

Theorem 3.5 are valid even 

when f’(x) = 0 at a finite 
number of x-values in (a, b). 
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@ Determine intervals on which a function is increasing or decreasing. 

@ Apply the First Derivative Test to find relative extrema of a function. 

Increasing and Decreasing Functions 

In this section, you will learn how derivatives can be used to classify relative extrema 

as either relative minima or relative maxima. First, it is important to define increasing 

and decreasing functions. 

Definitions of Increasing and Decreasing Functions 

A function f is increasing on an interval when, for any two numbers x, and x, 

in the interval, x, < x, implies f(x,) < f(x). 

A function f is decreasing on an interval when, for any two numbers x, and x, 

in the interval, x, < x, implies f(x,) > f(x). 

A function is increasing when, as x : ¥ 

moves to the right, its graph moves up, and 

is decreasing when its graph moves down. 

For example, the function in Figure 3.15 is 

decreasing on the interval (—0©o, a), is constant 
on the interval (a, b), and is increasing on the 

interval (b, co). As shown in Theorem 3.5 

below, a positive derivative implies that the 

function is increasing, a negative derivative 

| 

' 

i} 

! 

' 

! 

' 

' 

! 

i} 

i} 

1 

1 

! 

' 

| 

' 

1 Constant 
implies that the function is decreasing, and i y ay 

a zero derivative on an entire interval f'O)<0 | f@=0 | f'@)>0 

implies that the function is constant on The derivative is related to the slope 

that interval. of a function. 

Figure 3.15 

THEOREM 3.5 Test for Increasing and Decreasing Functions 

Let f be a function that is continuous on the closed interval [a, b] and differen- | 

tiable on the open interval (a, b). 

1. If f(x) > 0 for all x in (a, b), then f is increasing on [a, b]. 

2. If f(x) < 0 for all x in (a, b), then f is decreasing on [a, b]. 

3. If f(x) = 0 for all x in (a, b), then f is constant on [a, 5]. 

Proof To prove the first case, assume that f(x) > 0 for all x in the interval (a, b) and 

let x, < x, be any two points in the interval. By the Mean Value Theorem, you know 

that there exists a number c such that x, < c < x, and 

a FG} — fle) 

iy 35h 
fo) 

Because f(c) > O and x, — x, > 0, you know that f(x,) — f(x,) > 0, which implies that 

f(x,) < f(x). So, fis increasing on the interval. The second case has a similar proof 

(see Exercise 97), and the third case is a consequence of Exercise 78 in Section 3.2. 

See LarsonCalculus.com for Bruce Edwards's video of this proof. Pe | 
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a? a ae 
TS) = 2 | 

—X 

Figure 3.16 

¥=<=0 

Osxs1 

ae | 

(b) Not strictly monotonic 

Figure 3.17 

Applications of Differentiation 

EXAMPLE 1 Intervals on Which f Is Increasing or Decreasing 

3 ab Find the open intervals on which f(x) = x° — x is increasing or decreasing. 

Solution Note that f is differentiable on the entire real number line and the 

derivative of f is 

: 3 
ie) = st 

fF (G3) = Oke = She 

4} . Ss . . 

Vi Write original function. 

Differentiate. 

To determine the critical numbers of f, set f(x) equal to zero. 

3X3 Kee) Set f(x) equal to 0. 

3(x)(x = 1) = 0 Factor. 

cea) al Critical numbers 

Because there are no points for which f’ does not exist, you can conclude that x = 0 

and x = | are the only critical numbers. The table summarizes the testing of the three 

intervals determined by these two critical numbers. 

Interval Oo <x <0, Wipe porate UK OO) 

Test Value eal eee > 

Siemon f(—1)=6>0 | #4) = -3 <0 | f(2) =6 50 

Conclusion Increasing Decreasing Increasing 

By Theorem 3.5, f is increasing on the intervals (— oo, 0) and (1, co) and decreasing 

on the interval (0, 1), as shown in Figure 3.16. | 

Example | gives you one instance of how to find intervals on which a function is 

increasing or decreasing. The guidelines below summarize the steps followed in that 

example. 

GUIDELINES FOR FINDING INTERVALS ON WHICH A FUNCTION 

IS INCREASING OR DECREASING 

Let f be continuous on the interval (a, b). To find the open intervals on which f 
is increasing or decreasing, use the following steps. 

1. Locate the critical numbers of f in (a, b), and use these numbers to determine 

test intervals. 

2. Determine the sign of f’(x) at one test value in each of the intervals. 

3. Use Theorem 3.5 to determine whether fis increasing or decreasing on each 

interval. 

These guidelines are also valid when the interval (a, b) is replaced by an interval 

of the form (— 0, b), (a, 00), or (— 0, oc). 

A function is strictly monotonic on an interval when it is either increasing on the 

entire interval or decreasing on the entire interval. For instance, the function f(x) = x? 

is strictly monotonic on the entire real number line because it is increasing on the entire 

real number line, as shown in Figure 3.17(a). The function shown in Figure 3.17(b) is 

not strictly monotonic on the entire real number line because it is constant on the 

interval [0, 1]. 
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The First Derivative Test 

After you have determined the intervals on vu Wee oar | 

which a function is increasing or decreasing, aa ar a 

it is not difficult to locate the relative extrema 2 . 

of the function. For instance, in Figure 3.18 

(from Example 1), the function 

it Oi) tee = oe. 
(0, é 

has a relative maximum at the point (0, 0) ay 

because f is increasing immediately to the left 

of x = 0 and decreasing immediately to the 

right of x = 0. Similarly, f has a relative 

minimum at the point (ae —3) because f is 

decreasing immediately to the left of x = 1 

and increasing immediately to the right of 

x = |. The next theorem makes this more explicit. 

ve ( L, See : 
1 Relative 

| minimum 

Relative extrema of f 

Figure 3.18 

13.6 The First Derivative Test 
j 

Let c be.a critical number of a function f that is continuous on an open 

interval / containing c. If fis differentiable on the interval, except possibly 

at c, then f(c) can be classified as follows. 

1. If f(x) changes from negative to positive at c, then f has a relative minimum 

at (c, f(c)). 
2. If f(x) changes from positive to negative at c, then f has a relative maximum 

at (c, f(c)). 
3. If f(x) is positive on both sides of c or negative on both sides of c, then f(c) 

is neither a relative minimum nor a relative maximum. 

(+) ©) 

‘O 4) wie 

ei).< 0 a 
ee StU Be on a 

a c b 

! 

I 

! 

! 

i} 1 

i} 7 1 

(= Oe , F 
a f°) L f(x) >0 f'(@<0 

a iG b 

Relative minimum Relative maximum 

f(a) >90 Hee) <0) FG) <0 

GC b a c b 

Neither relative minimum nor relative maximum 

Se SESE EE ——————EeE———E 

Proof Assume that f(x) changes from negative to positive at c. Then there exist a and 

b in J such that 

f(x) < O forall xin (a,c) and f(x) > 0 for all x in (c, d). 

By Theorem 3.5, f is decreasing on [a,c] and increasing on [c, b]. So, f(c) is a 
minimum of f on the open interval (a, b) and, consequently, a relative minimum of f. 

This proves the first case of the theorem. The second case can be proved in a similar 

way (see Exercise 98). 

See LarsonCalculus.com for Bruce Edwards’s video of this proof. | 
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Relative 

maximum 

Relative 

~1 > minimum 

A relative minimum occurs where f 

changes from decreasing to increasing, 

and a relative maximum occurs where f 

changes from increasing to decreasing. 

Figure 3.19 

Relative 

‘| maximum 

3+ (0, V16) 

-4 -3 / -1 | \3 4 

(—2, 0) 

Relative 

minimum 

Relative 

minimum 

Figure 3.20 

Applications of Differentiation 

EXAMPLE 2 Applying the First Derivative Test 

=o : aya | . . 5 
Find the relative extrema of f(x) = 3x — sin x in the interval (0, 27). 

Solution Note that f is continuous on the interval (0,27). The derivative of f is 

f’(x) = ; — cos x. To determine the critical numbers of fin this interval, set f(x) equal 

to 0. 

— cosx = 0 Set f(x) equal to 0. 
wile 

COS X = 

Sar 
oy Critical numbers wig Nis 

Because there are no points for which f’ does not exist, you can conclude that x = 7/3 

and x = 57/3 are the only critical numbers. The table summarizes the testing of the 

three intervals determined by these two critical numbers. By applying the First Derivative 

Test, you can conclude that f has a relative minimum at the point where x = 77/3 anda 

relative maximum at the point where x = 5727/3, as shown in Figure 3.19. 

Interval Daaeasie pexc oF cx < lm 

Test Value x=4 x=T7 x= ey 
4 4 

i Sign of f(x) (3) <0 | f(m>0 (2) <0 

Conclusion | Decreasing Increasing Decreasing 

Applying the First Derivative Test 

Find the relative extrema of f(x) = (x? — 4)?/°. 

Solution Begin by noting that fis continuous on the entire real number line. The 

derivative of f 

General Power Rule Fe) = $02 — 4)-172) 
dy 4x 

is 0 when x = O and does not exist when x = +2. So, the critical numbers are x = —2, 

x = 0, and x = 2. The table summarizes the testing of the four intervals determined by 

these three critical numbers. By applying the First Derivative Test, you can conclude 

that f has a relative minimum at the point (—2, 0), a relative maximum at the point 
(0, 16), and another relative minimum at the point (2, 0), as shown in Figure 3.20. 

Interval Woe Lig 0 1 eee O<x <2 | 22a 

Test Value x=-3 Y= =I x= 1 4) x=3 

Sign of f(x) Fi B) a0 Fisiie 0 7 (1) Pa) (3) ag 

Conclusion Decreasing | Increasing Decreasing | Increasing 



< 

a 
teen) (1, 2) 

Relative Relative 
minimum minimum 

= t t a ae 
= 2) all 1 2 8) 

x-values that are not in the domain of f, 

as well as critical numbers, determine 

test intervals for f’. 

Figure 3.21 
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Note that in Examples | and 2, the given functions are differentiable on the entire 
real number line. For such functions, the only critical numbers are those for which 
f(x) = 0. Example 3 concerns a function that has two types of critical numbers—those 
for-which f(x) = 0 and those for which f is not differentiable. 

When using the First Derivative Test, be sure to consider the domain of the 
function. For instance, in the next example, the function 

x*+ ] 
5 

x2 TO aa 

is not defined when x = 0. This x-value must be used with the critical numbers to 

determine the test intervals. 

EXAMPLE 4 Applying the First Derivative Test 

eee D> See LarsonCalculus.com for an interactive version of this type of example. 

Le aaa 
5 

x2 
Find the relative extrema of f(x) = 

Solution Note iia not defined when x = 0. 

Hci. ae Rewrite original function. 

TX) =e Differentiate. 

2 
Sa Ries Rewrite with positive exponent. 

X 

Piel) ae 
= ie 38 Simplify. 

Dee Wr ie 1) 
= oe 0 Suse, EW tht Factor. 

So, f(x) is zero at x = +1. Moreover, because x = 0 is not in the domain of f, you 

should use this x-value along with the critical numbers to determine the test intervals. 

x=+1] Critical numbers, f(+1) = 0 

x=0 0 is not in the domain of f. 

The table summarizes the testing of the four intervals determined by these three 

x-values. By applying the First Derivative Test, you can conclude that f has one relative 

minimum at the point (— 1, 2) and another at the point (1, 2), as shown in Figure 3.21. 

=Co je Sil =a <@ 0<x<1]1<x<0 

eee 2 Palio i | 2 

f(E2)-< 0 f(-4)>0 | £G)<0 | fQ)>0 

Decreasing Increasing Decreasing | Increasing 

> LOGY The most difficult step in applying the First Derivative Test is 

finding the values for which the derivative is equal to 0. For instance, the values of x 

for which the derivative of 

xt + ] 

x27 4+ 1 

is equal to zero are x = 0 andx = +/ ./2 — 1. If you have access to technology 

that can perform symbolic differentiation and solve equations, use it to apply the 

First Derivative Test to this function. 

eee 
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When a projectile is propelled 

from ground level and air resist- 

ance is neglected, the object 

will travel farthest with an initial 

angle of 45°. When, however, 

the projectile is propelled from 

a point above ground level, 

the angle that yields a maximum 

horizontal distance is not 45° 

(see Example 5). 

EXAMPLE 5 The Path of a Projectile 

Neglecting air resistance, the path of a projectile that is propelled at an angle 0 is 

y = Se + (tan x th, O< OK 
my 

where y is the height, x is the horizontal distance, g is the acceleration due to gravity, Vp 

is the initial velocity, and / is the initial height. (This equation is derived in Section 

12.3.) Let g = —32 feet per second per second, vy) = 24 feet per second, and h = 9 

feet. What value of @ will produce a maximum horizontal distance? 

Solution To find the distance the projectile travels, let y = 0, g = —32, vo = 24, 

and h = 9. Then substitute these values in the given equation as shown. 

oN (eae (ADO) tat any 
QV 

= O2.sce- Oe 
eee +9=0 3(242) x? + (tan 0)x 

sec? 0 
— 2 + +9= 36 (tan 0—)x +9 =0 

Next, solve for x using the Quadratic Formula with a = —sec* 6/36, b = tan 6, and 

c= 9. 

bes = Deen b> = dae 

2a 

= in 6+ ./(tan 6)? — 4(—sec? 6/36)(9) 

2(— sec? 6/36) 

y= an 6 + “/tan*.0 + sec”0 

—sec* 6/18 

x = 18cos (sin + /sin2?6+1), x=0 

At this point, you need to find the value of 6 that produces a maximum value of x. 

Applying the First Derivative Test by hand would be very tedious. Using technology to 

solve the equation dx/d@ = 0, however, eliminates most of the messy computations. 

The result is that the maximum value of x occurs when 

6 = 0.61548 radian, or 35.3°. 

This conclusion is reinforced by sketching the path of the projectile for different values 

of 0, as shown in Figure 3.22. Of the three paths shown, note that the distance traveled 

is greatest for 0 = 35°. 

| 

The path of a projectile with initial angle 0 

Figure 3.22 i | 

shock/Shutterstock.com 
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3.3 Exercises See CalcChat.com for tutorial help and worked-out solutions to’ odd-numbered exercises. . 

Using a Graph In Exercises 1 and 2, use the graph of f to 

find (a) the largest open interval on which f is increasing, and 

(b) the largest open interval on which f is decreasing. 

Ly?) Ze y 

* 

6+ 

he 

Using a Graph In Exercises 3-8, use the graph to estimate 
the open intervals on which the function is increasing or 

decreasing. Then find the open intervals analytically. 

(63) = 2 ese Aye oe) 

ey! 
y 

Fe NY WwW 

Intervals on Which f Is Increasing or Decreasing In 
Exercises 9-16, identify the open intervals on which the 

function is increasing or decreasing. 

[g)eo) =x 2-8 
a 

' 1. =x/16 — 2 
/ 

100 AG) = 12% — x 

9 
y= a 12. y=x fe 

les (C3) ines — dk AO <q cm< G 

14. h(x) = cos=, O<x< 2m 

O) <b << Vay 

16. /f(x) = sin? x + sin x, 

1S y= COSC 

Ore ae Diy 

Ar ig the First Derivativ In Exercises 17-40, 

(a) find ihe lope eae of f (if any), (b) find the open 

interval(s) on which the function is increasing or decreasing, 

(c) apply the First Derivative Test to identify all relative extrema, 

and (d) use a graphing utility to confirm your results. 

17. fix) = x? = 4x 1 (G9) Sa Se Gres NO 

19) fe) = —2x2 + 44 3 AN, 73) = she — ahe = 

DY, fis) een Os a Devotee Ne ens 

PR G9) = (Ge = WAGE se 3) GN AGA ators peo) 6 |) 

x = See 
25. f(x) = ach 26. (1s) = at 

OTe fx) =? f@~) =? -—4 

29. f(x) = @ + 2/28 f@) = @ —3)* 

31. fix) =5 - |x —5| 32. eee real 1 

33. f(x) = 2x +2 34. f(x) = — ; 

2 
S510) eeereag 

5 Dip ie Al 
36. f(x) = Re 

Shear i, be sail 

Oe ( en Sl 

e+ 1, =) 

sO | ~+2x, x>O0 

Applying the First Derivative Test In Exercises 41-48, 
consider the function on the interval (0, 277). For each function, 

(a) find the open interval(s) on which the function is increasing 

or decreasing, (b) apply the First Derivative Test to identify all 

relative extrema, and (c) use a graphing utility to confirm your 

results. 

41. f(x) = ; + cos x 42. f(x) = sinxcosx +5 

43. f(x) = sinx + cosx 

45. f(x) = cos*(2x) 

44, f(x) =x + 2sinx 

46. f(x) = sinx — 3 cos x 

47. f(x) = Sie ie or Sines 48. f(x) = sin x 

1 + cos? x 
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Fe Finding and Analyzing Derivatives Using Technology 

In Exercises 49-54, (a) use a computer algebra system to WRITING ABOUT CONCEPTS 

differentiate the function, (b) sketch the graphs of f and f’ on Transformations of Functions In Exercises 63-68, | 
the same set of coordinate axes over the given interval, (c) find assume that fis differentiable for all x. The signs of f’ are as | 

the critical numbers of f in the open interval, and (d) find the follows. 
interval(s) on which f’ is positive and the interval(s) on which it , 

is negative. Compare the behavior of f and the sign of f”. f(x) > Von (co, ~4) 
f(x) < 0 on (—4, 6) 

tse 0 cee f(x) > 0 on (6, 00) 
50. f(x) = 10(5 — Vx? — 3x + 16), [0,5] 

51. f().=272sme (0, 2] 
Supply the appropriate inequality sign for the indicated 1 

value of c. 
3 x 

S2p = 7 t 6085; [0, 477] Function Sign of g(c) 

5 Aes) = 116) +e S “(0 
SaaS 23a S026) ai) =f a ) 

3 Blt lies af (A) sake a'(e5) 
54, f(x) = 2 sin3x + 4cos 3x, [0, 7] . e(x) = —f(x) 2’(-6) 

Comparing Functions In Exercises 55 and 56, use - s(x) = —fx) g'(0) 
symmetry, extrema, and zeros to sketch the graph of f. How do -.9(x) = je — 10) g’(0) 

: ai 
the functions f and g differ? . a(x) = f(x — 10) 2’(8) 

Moa rk 
Deaf elie Bie = te . Sketching a Graph Sketch the graph of the arbitrary 

function f such that 
(a) = Nes) 

‘ 0 x<4 
56. f(t) = cos? t — sin*t ts 

FO , a f(x) 4 undefined, x = 4. 
ot) = fe? ome 7 Ly. orl 

Think About !t In Exercises 57-62, the graph of f is 
shown in the figure. Sketch a graph of the derivative of f. To 

print an enlarged copy of the graph, go to MathGraphs.com. 

all > 

(a) 
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71. Analyzing a Critical Number A differentiable function 

J has one critical number at x = 5. Identify the relative extrema 

of f at the critical number when f(4) = —2.5 and f(6) = 3. 

72. Analyzing a Critical Number A differentiable function 

fhas one critical number at x = 2. Identify the relative extrema 

of f at the critical number when f’(1) = 2 and f’(3) = 6. 

Think About !t In Exercises 73 and 74, the function f is 

differentiable on the indicated interval. The table shows f(x) 

for selected values of x. (a) Sketch the graph of f, (b) approxi- 

mate the critical numbers, and (c) identify the relative extrema. 

73. fis differentiable on [—1, 1]. 

zx) all =O.) || Ole | 05 | 0 | 

ame —10 | —3.2 OR | 0.8 | 5.6 | 
el 

0.25 0.50 0.75 | ] 

3.6 HAV |) SOs | = AO pik | 

74. fis differentiable on [0, z]. 

<a 0 | 7/6 | n/4 | n/3 | 2/2 

| 0.69 

3/4 | 51/6 | 7 

75. Rolling a Ball Bearing A ball bearing is placed on an 
inclined plane and begins to roll. The angle of elevation of the 

plane is 6. The distance (in meters) the ball bearing rolls in ¢ 

seconds is s(t) = 4.9(sin 6)r?. 

(a) Determine the speed of the ball bearing after ¢ seconds. 

(b) Complete the table and use it to determine the value of 6 

that produces the maximum speed at a particular time. 

Py 76. Modeling Data The end-of-year assets of the Medicare 
Hospital Insurance Trust Fund (in billions of dollars) for the 

years 1999 through 2010 are shown. 

1999: 141.4; 2000: 177.5; 2001: 208.7; 2002: 234.8; 

2003: 256.0; 2004: 269.3; 2005: 285.8; 2006: 305.4 

2007: 326.0; 2008: 321.3; 2009: 304.2; 2010: 271.9 

(Source: U.S, Centers for Medicare and Medicaid Services) 

(a) Use the regression capabilities of a graphing utility to find 

a model of the form M = aft + bi? + cf? + dt + e for 
the data. (Let t = 9 represent 1999.) 

(b) Use a graphing utility to plot the data and graph the model. 

(c) Find the maximum value of the model and compare the 

result with the actual data. 

77. Numerical, Graphical, : tic / The 

concentration C of a chemical in the bloodstream f hours after 

injection into muscle tissue is 

Oe jp. 2=(0). 

(a) Complete the table and use it to approximate the time 

when the concentration is greatest. 

t | ORO ] 3) 

C(0) | 

i) ) in WwW 

Pe (b) Use a graphing utility to graph the concentration function 

and use the graph to approximate the time when the 

concentration is greatest. 

(c) Use calculus to determine analytically the time when the 

concentration is greatest. 

78. Numerical, Graphical, and Analytic Analysis Consider 
the functions f(x) = x and g(x) = sin x on the interval (0, 7). 

(a) Complete the table and make a conjecture about which is 

the greater function on the interval (0, 7). 

Pe (b) Use a graphing utility to graph the functions and use the 

graphs to make a conjecture about which is the greater 

function on the interval (0, 77). 

(c) Prove that f(x) > g(x) on the interval (0, 7). [Hint: Show 
that h(x) > 0, where h = f — g.] 

79. Trachea Contraction Coughing forces the trachea 
(windpipe) to contract, which affects the velocity v of the air 

passing through the trachea. The velocity of the air during 

coughing is 

VK = r= aR 

where k is a constant, R is the normal radius of the trachea, and 

r is the radius during coughing. What radius will produce the 

maximum air velocity? 

Py 80. Electrical Resistance The resistance R of a certain type 
of resistor is 

R = /0.001T4 — 4T + 100 

where R is measured in ohms and the temperature 7 is 

measured in degrees Celsius. 

(a) Use a computer algebra system to find dR/dT and the 

critical number of the function. Determine the minimum 

resistance for this type of resistor. 

(b) Use a graphing utility to graph the function R and use the 

graph to approximate the minimum resistance for this type 

of resistor. 
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In Exercises 81-84, the function s(t) 

describes the motion of a particle along a line. For each 

function, (a) find the velocity function of the particle at any 

time ¢ = 0, (b) identify the time interval(s) in which the particle 

is moving in a positive direction, (c) identify the time interval(s) 

in which the particle is moving in a negative direction, and 

(d) identify the time(s) at which the particle changes direction. 

81. s(t) = 6t — r° 

82. s(t) 7t + 10 

$3. s(t) = 2 — 51? +42 

S40 s(t) = — 207 = 128t— 280 

ll = to | 

Moti In Exercises 85 and 86, the graph 

Shows fit weuition of a particle moving along a line. Describe 

how the particle’s position changes with respect to time. 

ong a Line 

85. 5 86. ) 
A A 

28 = 120 + 
24 
20 100 - 
16 + 
12 20 
8 60 + 
Br 40 +- 

=A 20 - 

=e j 
e124 he 

BomOn 1215.18 

Pe Creating Polynomial Functions In Exercises 87-90, find 

a polynomial function 

(x) =a,x" +a, x" 14+°-+++ax*+axta n n=l 2 1 0 

that has only the specified extrema. (a) Determine the 

minimum degree of the function and give the criteria you used 

in determining the degree. (b) Using the fact that the 

coordinates of the extrema are solution points of the function, 

and that the x-coordinates are critical numbers, determine a 

system of linear equations whose solution yields the coefficients 

of the required function. (c) Use a graphing utility to solve the 

system of equations and determine the function. (d) Use a 

graphing utility to confirm your result graphically. 

87. Relative minimum: (0, 0); Relative maximum: (2, 2) 

88. Relative minimum: (0, 0); Relative maximum: (4, 1000) 

89. Relative minima: (0, 0), (4, 0); Relative maximum: (2, 4) 

90. Relative minimum: (1, 2); Relative maxima: (— 1, 4), (3, 4) 

True or False? In Exercises 91-96, determine whether the 

statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

91. The sum of two increasing functions is increasing. 

92. The product of two increasing functions is increasing. 

93. Every nth-degree polynomial has (n — 1) critical numbers. 

94. An nth-degree polynomial has at most (n — 1) critical numbers. 

95. There is a relative maximum or minimum at each critical 

number. 

96. The relative maxima of the function f are f(1) = 4 and 

{(3) = 10. Therefore, f has at least one minimum for some x 

in the interval (1, 3). 

97. Proot Prove the second case of Theorem 3.5. 

98. Proof 

99. Proof Use the definitions of increasing and decreasing 

functions to prove that f(x) = x? is increasing on (— oe, 00). 

Prove the second case of Theorem 3.6. 

100. Proof Use the definitions of increasing and decreasing 

functions to prove that 

is decreasing on (0, 00). 

PUTNAM EXAM CHALLENGE 

101. Find the minimum value of 

\sinw. + cosin 4 tance cot x + sec x4 csc x 

for real numbers x. 

This problem was composed by the Committee on the Putnam Prize Competition. 

© The Mathematical Association of America. All rights reserved. 

SECTION PROJECT |aennennnnnen 

Rainbows 
Rainbows are formed when light strikes raindrops and is reflected 

and refracted, as shown in the figure. (This figure shows a cross 

section of a spherical raindrop.) The Law of Refraction states that 

sin@ | 

sin B 

where k ~ 1.33 (for water). The angle of deflection is given by 

D= 7+ 2a — 4B. 

/ Water 

(a) Use a graphing utility to graph 

Date 4 sin-(22), VB we > 

(b) Prove that the minimum angle of deflection occurs when 

Stel 
om COs Gs= 

For water, what is the minimum angle of deflection D,,;,,? (The 

angle 7 — D,,;, 1s called the rainbow angle.) What value of a 

produces this minimum angle? (A ray of sunlight that strikes a 

raindrop at this angle, a, is called a rainbow ray.) 

l@ FOR FURTHER INFORMATION For more information 

about the mathematics of rainbows, see the article “Somewhere 

Within the Rainbow” by Steven Janke in The UMAP Journal. 



Concave 

downward 

m=0 Concave 

upward 

xX 

(0, -1) 

f’ is decreasing. f’ is increasing. 

The concavity of fis related to the 

slope of the derivative. 

Figure 3.24 
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M@ Determine intervals on which a function is concave upward or concave downward. 

@ Find any points of inflection of the graph of a function. 

@ Apply the Second Derivative Test to find relative extrema of a function. 

Concavity 

You have already seen that locating the intervals in which a function f increases or 

decreases helps to describe its graph. In this section, you will see how locating the 

intervals in which f’ increases or decreases can be used to determine where the graph 

of fis curving upward or curving downward. 

Definition of Concavity 

Let f be differentiable on an open interval /. The graph of fis concave upward 

on J when f’ is increasing on the interval and concave downward on / when 

f’ is decreasing on the interval. i 

i 
'] 
Poorer enorme 

The following graphical interpretation of concavity is useful. (See Appendix A for 

a proof of these results.) See LarsonCalculus.com for Bruce Edwards’s video of this proof. 

1. Let f be differentiable on an open interval /. If the graph of fis concave upward on 

T, then the graph of f lies above all of its tangent lines on J. 

[See Figure 3.23(a).] 

2. Let f be differentiable on an open interval /. If the graph of fis concave downward 

on /, then the graph of f lies below all of its tangent lines on J. 

[See Figure 3.23(b).] 

ye y 

A A 

Concave upward, 

f’ is increasing. 

Concave downward, 

f’ is decreasing. 

> xX a = —+>—- X 

(a) The graph of f lies above its tangent lines. (b) The graph of flies below its tangent lines. 

Figure 3.23 

To find the open intervals on which the graph of a function fis concave upward or 

concave downward, you need to find the intervals on which f’ is increasing or decreasing. 

For instance, the graph of 

1 
fa) =r — x 

is concave downward on the open interval (— 00, 0) because 

iC) ese 

is decreasing there. (See Figure 3.24.) Similarly, the graph of f is concave upward on 

the interval (0, 00) because f” is increasing on (0, 00). 
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A third case of 

Theorem 3.7 could be that if 

f(x) = 0 for all x in J, then f 

is linear. Note, however, that 

concavity is not defined for a 

line. In other words, a straight 

line is neither concave upward 

nor concave downward. 

1 

1 

f'()>0 : f(x) >0 

Concave | Concave 

upward : upward 

sods) < 0 

Concave 

downward 

SS -—> x 
1 2 koe 

-I|+ 

From the sign of f”, you can determine 

the concavity of the graph of f. 

Figure 3.25 

The next theorem shows how to use the second derivative of a function f 

to determine intervals on which the graph of fis concave upward or concave downward. 

A proof of this theorem follows directly from Theorem 3.5 and the definition of 

concavity. 

7 Test for Concavity 

Let f be a function whose second derivative exists on an open interval /. 

1. If f(x) > 0 for all x in /, then the graph of fis concave upward on /. 

2. If f(x) < 0 for all x in /, then the graph of f is concave downward on /. 

A proof of this theorem is given in Appendix A. 

| See LarsonCalculus.com for Bruce Edwards’s video of this proof. 

To apply Theorem 3.7, locate the x-values at which f’(x) = 0 or f” does not exist. 

Use these x-values to determine test intervals. Finally, test the sign of f”(x) in each of 

the test intervals. 

EXAMPLE 1 Determining Concavity 

Determine the open intervals on which the graph of 

6 

LONE area 
is concave upward or downward. 

Solution Begin by observing that f is continuous on the entire real number line. 

Next, find the second derivative of f. 

f(x) = 62 + 3)7! Rewrite original function. 

f(x) = (—6)(2 + 3)-2(2x) Differentiate. 

rete First derivati = @43p irst derivative 

-2. ate eH es eg ie 2 te 2 

if “x) = (x 3) ( 12) ai mee 3)(2x) Differentiate. 

eC 1) OP eee 
= G24 3)3 +3)3 econd derivative 

Because f’(x) = 0 when x = +1 and f” is defined on the entire real number line, you 

should test f”in the intervals (— oo, — 1), (— 1, 1), and (1, 00). The results are shown in 

the table and in Figure 3.25. 

a ere ee | 

Sign of f(x) | f’”(—2) > 0 f’(0) <0 f’(2) > 0 

Conclusion | Concave upward | Concave downward | Concave upward 

The function given in Example | is continuous on the entire real number line. 

When there are x-values at which the function is not continuous, these values should be 

used, along with the points at which f(x) = 0 or f”(x) does not exist, to form the test 
intervals. 
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EXAMPLE 2 Determining Concavity 

Determine the open intervals on which the graph of 

ae cake 

r-—4 
F(x) 

is concave upward or concave downward. 

Solution Differentiating twice produces the following. 
Concave |! r Concave Hy 

F 7 a i = ee 

upward upward f(x) = aA Write original function. 

1 4y ; 
Fo) (x? = 4)(Qx) — G2 + 1)Qx) 7 

im 2A . 53) = = 5 ifferentiate. 
eae 

+— oe =a Ox 
=f = 2 4 \\6 = ZARB First derivative 

- x41 : 

faxy= | (x2 — 4)?(— 10) — (—10x)(2)(a2 — 4)(2x) 
bens oa A] Ff") = es 44 UX Differentiate. 

_ 10(3x? + 4) 5 alata: 
a Syaal wae econd derivative 

Concave (x 4) 

downward There are no points at which f(x) = 0, but at x = +2, the function fis not continuous. 

Figure 3.26 So, test for concavity in the intervals (— oo, —2), (—2, 2), and (2, co), as shown in the 

table. The graph of f is shown in Figure 3.26. 

Interval | -co <x < -2 ce oD, Pee GO 

Concave x= —3 x=0 x=3 
downward E reas 

Sign of f’(x) f’(=3) > 0 f’(0) < 0 f’8) >0 

Conclusion | Concave upward | Concave downward | Concave upward 

> xX 
a 

Points of Inflection 

The graph in Figure 3.25 has two points at which the concavity changes. If the 

tangent line to the graph exists at such a point, then that point is a point of inflection. 

Three types of points of inflection are shown in Figure 3.27. 

Definition of Point of Inflection 

Let f be a function that is continuous on an open interval, and let c be a point 

in the interval. If the graph of f has a tangent line at this point (c, f(c)), then 
this point is a point of inflection of the graph of f when the concavity of f 

changes from upward to downward (or downward to upward) at the point. Concave 

downward 

eeeeee ee eeeese ee ee*REVIARK The definition of point of inflection requires that the tangent line exists 
at the point of inflection. Some books do not require this. For instance, we do not 

consider the function 

The concavity of f changes at a point F(x) x, x <0 
k : “y= 

of inflection. Note that the graph P Seere tere 0 

crosses its tangent line at a point 

of inflection. to have a point of inflection at the origin, even though the concavity of the graph 

Figure 3.27 changes from concave downward to concave upward. 
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Points of 

inflection 

— Pe) == 

Concave | Concave Concave 

upward downward upward 

Points of inflection can occur where 

f(x) = 0 or f” does not exist. 

Figure 3.28 

Exploration 

Consider a general cubic 

function of the form 

FQ) = @CO FP bx? + xt a. 

You know that the value of d 

has a bearing on the location 

of the graph but has no 

bearing on the value of the 

first derivative at given values 

of x. Graphically, this is true 

because changes in the value 

of d shift the graph up or 

down but do not change its 

basic shape. Use a graphing 

| utility to graph several cubics 

| with different values of c. 

_ Then give a graphical 

explanation of why changes 

in c do not affect the values 

of the second derivative. 

Applications of Differentiation 

To locate possible points of inflection, you can determine the values of x for which 

f(x) = 0 or f(x) does not exist. This is similar to the procedure for locating relative 

extrema of f. 

Points of Inflection 

If (c, f(c)) is a point of inflection of the graph of f, then either f’(c) = 0 or f” 

does not exist atx = c. 

EXAMPLE 3 Finding Points of Inflection 

Determine the points of inflection and discuss the concavity of the graph of 

TS) =e a ae 

Solution Differentiating twice produces the following. 

Tea — 4 

7@) = 46 — Le 

fia — 244" 12x(x — 2) 

Write original function. 

Find first derivative. 

Find second derivative. 

Setting f(x) = 0, you can determine that the possible points of inflection occur at 

x = 0 and x = 2. By testing the intervals determined by these x-values, you can 

conclude that they both yield points of inflection. A summary of this testing is shown 

in the table, and the graph of fis shown in Figure 3.28. 

Sign of f’(x) EO =0 

Concave downward 

Fly 0 

Concave upward Conclusion Concave upward 

The converse of Theorem 3.8 is not generally true. That is, it is possible for the 

second derivative to be 0 at a point that is not a point of inflection. For instance, the 

graph of f(x) = x4 is shown in Figure 3.29. The second derivative is 0 when x = 0, but 

the point (0, 0) is not a point of inflection because the graph of f is concave upward in 

both intervals —co < x < QandO < x < @. 

—sx 
| 

f(x) = 0, but (0, 0) is not a point of inflection. 

Figure 3.29 



fc) >0 

Concave 

If f’(c) = 0 and f’(c) > 0, then f(c) is 
a relative minimum. 

bs 

h £%c)<0 

1 

Concave 

downward 

— 
If f’(c) = Oand f’(c) < 0, then f(c) is 
a relative maximum. 

Figure 3.30 

Relative 

maximum 

(2) 

(14) 
Relative 

minimum 

(0, 0) is neither a relative minimum nor 
a relative maximum. 

Figure 3.31 
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The Second Derivative Test 

In addition to testing for concavity, the second derivative can be used to perform a 
simple test for relative maxima and minima. The test is based on the fact that if the 
graph of a function fis concave upward on an open interval containing c, and f(c) = 0, 
then f(c) must be a relative minimum of f. Similarly, if the graph of a function f is 
concave downward on an open interval containing c, and f(c) = 0, then f(c) must be a 
relative maximum of f (see Figure 3.30). 

| 1 ; Second Derivative Test 

Let f be a function such that fc) = 0 and the second derivative of f exists on 

an open interval containing c. 

1. If fc) > 0, then fhas a relative minimum at (c, f(c)). 

2. If f(c) < 0, then f has a relative maximum at (Gf (e)). 

| If f’(c) = 0, then the test fails. That is, f may have a relative maximum, a 

| relative minimum, or neither. In such cases, you can use the First Derivative Test. 

Proof If f(c) = 0 and fc) > 0, then there exists an open interval / containing c for 
which 

FP) = fo) 
ean 

EAR) ae 
2X pe iG: 

for all x # c in I. If x < c, then x — c < 0 and f(x) < 0. Also, if x > c, then 

x —c > Oand f(x) > 0. So, f(x) changes from negative to positive at c, and the First 
Derivative Test implies that f(c) is a relative minimum. A proof of the second case is 

left to you. See LarsonCalculus.com for Bruce Edwards's video of this proof. Pe | 

EXAMPLE 4 Using the Second Derivative Test 

tee. > See LarsonCalculus.com for an interactive version of this type of example. 

Find the relative extrema of 

f(x) = —3x5 + 5x3. 

Solution Begin by finding the first derivative of f. 

f(x) = —15x* + 15x? = 15x2(1 — x?) 

From this derivative, you can see that x = —1, 0, and | are the only critical numbers of 

f. By finding the second derivative 

f(x) = —60x? + 30x = 30x(1 — 2x”) 

you can apply the Second Derivative Test as shown below. 

Point J (1-2) (0, 0) (1, 2) | 

Sinof f") | f(-1)>0 | fro=0] friy<o | 
Conclusion Relative minimum | Test fails Relative maximum | 

Because the Second Derivative Test fails at (0, 0), you can use the First Derivative Test 

and observe that f increases to the left and right of x = 0. So, (0,0) is neither a 

relative minimum nor a relative maximum (even though the graph has a horizontal 

tangent line at this point). The graph of fis shown in Figure 3.31. | 
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3.4 Exercises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

In Exercises 1 and 2, the graph of f is 

shown. State the signs of f’ and f” on the interval (0, 2). 

Determining Concavity In Exercises 3-14, determine the 

open intervals on which the graph is concave upward or 

concave downward. 

As o(x) = 3x2 — 2 

6. kG) =~ = 5x 2 

BW Se a8 a 

Sie) SiS hee Sox Sal 

pe Se a Es 
TS Cerrar Sey 

+) —=3x° + 40x? + 135x 
9.\f (x)= ey 10. y= a 

xe +4 x2 — 1 
11. g(x) = res. 12. h(x) ey 

TW 2 
18) y= 2 tans (-2 Z| 143) =a (— 7, 7) 

hao} sin x 

Finding Points of Inflection In Exercises 15-30, find the 
points of inflection and discuss the concavity of the graph of the 

function. 

1S. 7) — 7 Or 1 16.7) = = 2 6r— 

17. f(x) = 5x4 + 2 18. f(x) =4-—x — 3x4 

19. f(x) = x — 4) 202 fx) = (4 2)2(— 1) 

P| SAGA) — Soe aes) 22a (6s) — san) Ole 

_ 4 te ek 
2. FX) = ee ee 2A. f= a 

25. f(x) = sind, [0,47] 26. f(x) = 2 ese me i027) 

276 fix) = seo(x = 2), (0, 477) 

28. f(x) = sinx + cosx, [0,27] 

29. f(x) =2sinx + sin2x, [0,27] 

30. f(x) =x+2cosx, [0,27] 

Using the Second Derivative Test In Exercises 31-42, 

find all relative extrema. Use the Second Derivative Test where 

applicable. 

31. fx) = 6x = x2 

33. f(x) = x? — 3x* +3 

32. f%) =x +3x-—8 

34. f(x) = =x2 "7x? — 15x 

355 f(G)— x1 — 4 + 2 

a iGo 
36. f(x) = —x* + 4x3 + 8x2 

38: F(x) ee 1 
X 39.70) 24 : 40 fix) = 

Saas 

41. f(x) =cosx —x, [0,47] 

42. f(x) = 2sinx + cos 2x, [0, 27] 

BB Finding Extrema and Points of Inflection Using 

Technology In Exercises 43-46, use a computer algebra 

system to analyze the function over the given interval. (a) Find 

the first and second derivatives of the function. (b) Find any 

relative extrema and points of inflection. (c) Graph f, f’, and f” 

on the same set of coordinate axes and state the relationship 

between the behavior of f and the signs of f’ and f”. 

43. fix) = 0:27-@—3)?, [-1,4] 

44. f(x) = 2J6—x, [-V6, V6] 
45. f(x) = sinx — }sin3x + ¢sin 5x, [0, 7] 

46. f(x) = /2xsinx, [0,27] 

WRITING ABOUT CONCEPTS 

47. Sketching a Graph Consider a function f such that f’ | 
is increasing. Sketch graphs of ffor (a) f’ < 0 and (b) f’ > O. 

48. Sketching a Graph Consider a function f such that f” | 
is decreasing. Sketch graphs of f for (a) f’ < 0 and (b) f’ > 0. | 

49. Sketching a Graph Sketch the graph of a function f | 
that does not have a point of inflection at (c, f(c)) even 

though f’(c) = 0. 

. Think About It S$ represents weekly sales of a product. 
What can be said of S’ and S” for each of the following 

statements? 

(a) The rate of change of sales is increasing. 

(b) Sales are increasing at a slower rate. 

(c) The rate of change of sales is constant. 

(d) Sales are steady. 

(e) Sales are declining, but at a slower rate. 

(f) Sales have bottomed out and have started to rise. 

Sketching Graphs In Exercises 51 and 52, the graph of f is 

shown. Graph f, f’, and f’on the same set of coordinate axes. To 

print an enlarged copy of the graph, go to MathGraphs.com. 

51. Y 52. Y 



Think About It In Exercises 53-56, sketch the graph of a 
function f having the given characteristics. 

O72) = (4) = 0 54. f(0) = fQ) =0 

pea) < O forx < 3 if (eas Waterers < | 

f'(3) does not exist. fi) =0 

xe 0 forx > 3 Rives for 6 Soh 

lhe 0, x * 3 Wmegh el) 

55. f(2) = f(4) = 0 56..f(0) =f) =0 

mise 0 fors 3 i169) <q Wine se <i 

f(3) does not exist. F(t) =0 

7) < 0 forx > 3 f(x) > Oforx > 1 

fata 0,4 * 3 f(x) > 0 

57. Think About It The figure shows the graph of f”. Sketch a 
graph of f. (The answer is not unique.) To print an enlarged 

copy of the graph, go to MathGraphs.com. 

Consider the function 59. Conjecture 

Be = 2)". 

& (a) Use a graphing utility to graph ffor n = 1, 2,3, and 4. Use 

the graphs to make a conjecture about the relationship 

between n and any inflection points of the graph of f. 
Ee 

(b) Verify your conjecture in part (a). 

60. Inflection Point Consider the function f(x) = 3/x. 

(a) Graph the function and identify the inflection point. 

: (b) Does f(x) exist at the inflection point? Explain. 
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Finding a Cubic Function 

b, c, and d such that the cubic 

In Exercises 61 and 62, find a, 

f(x) = ax? + bx? +ex +d 

satisfies the given conditions. 

61. Relative maximum: (3, 3) 

Relative minimum: (5, 1) 

Inflection point: (4, 2) 

62. Relative maximum: (2, 4) 

Relative minimum: (4, 2) 

Inflection point: (3, 3) 

63. Aircraft Glide Path A small aircraft starts its descent from 

an altitude of 1 mile, 4 miles west of the runway (see figure). 

(a) Find the cubic f(x) = ax> + bx? + cx + don the interval 
[—4, 0] that describes a smooth glide path for the landing. 

(b) The function in part (a) models the glide path of the plane. 

When would the plane be descending at the greatest rate? 

l@ FOR FURTHER INFORMATION For more information on 

this type of modeling, see the article “How Not to Land at Lake 

Tahoe!” by Richard Barshinger in The American Mathematical 

Monthly. To view this article, go to MathArticles.com. 

& 64. Highway Design A section of highway connecting two 
hillsides with grades of 6% and 4% is to be built between two 

points that are separated by a horizontal distance of 2000 feet 

(see figure). At the point where the two hillsides come 

together, there is a 50-foot difference in elevation. 

B(1000, 90) 

(a) Design a section of highway connecting the hillsides 

modeled by the function 

ii) ae Ox ex + d; 1000S x 2=31000. 

At points A and B, the slope of the model must match the 

grade of the hillside. 

(b) Use a graphing utility to graph the model. 

(c) Use a graphing utility to graph the derivative of the model. 

(d) Determine the grade at the steepest part of the transitional 

section of the highway. 
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A manufacturer has determined that the 

total cost C of operating a factory is 

nN nn 

(=U se lsves= S00e 

where x is the number of units produced. At what level of 

production will the average cost per unit be minimized? (The 

average cost per unit is C/x.) 

PP 66. 
S is 

A model for the specific gravity of water 

5.755 
108 

21 6.540 
Se es 19s 2 + 9.99987, 0 < T < 25 3 

where T is the water temperature in degrees Celsius. 

(a) Use the second derivative to determine the concavity of S. 

(b) Use a computer algebra system to find the coordinates of 

the maximum value of the function. 

(c) Use a graphing utility to graph the function over the spec- 

ified domain. (Use a setting in which 0.996 < S < 1.001.) 

(d) Estimate the specific gravity of water when T = 20°. 

67. Sales Growth The annual sales S of a new product are 
given by 

es 5000r7 eae 

a. a 

where f is time in years. 

(a) Complete the table. Then use it to estimate when the 

annual sales are increasing at the greatest rate. 

fe) O50) Ley.) 2 25 | 3 

$ | 
Fle (b) Use a graphing utility to graph the function S. Then use the 

graph to estimate when the annual sales are increasing at 

the greatest rate. 

(c) Find the exact time when the annual sales are increasing at 

the greatest rate. 

ad 68. Viodeling Data The average typing speed S (in words per 
minute) of a typing student after tf weeks of lessons is shown 

in the table. 

A model for the data is 

ney LODE 

65 + t” 
i 0)! 

(a) Use a graphing utility to plot the data and graph the model. 

(b) Use the second derivative to determine the concavity of S. 

Compare the result with the graph in part (a). 

(c) What is the sign of the first derivative for t > 0? By 

combining this information with the concavity of the 

model, what inferences can be made about the typing 

speed as f increases? 

and & +f Fe Linear Juadratic In Exercises 

69-72, use a graphing utility to graph the function. Then graph 

the linear and quadratic approximations 

Pix) =f@ +f@@ - a) 

and 

P,(x) = f(a) + f’@(x — a) + 5 f’"@(« - a) 

in the same viewing window. Compare the values of f, P,, and 

P, and their first derivatives at x = a. How do the approxima- 

tions change as you move farther away from x = a? 

ih ~aerwihtiatrti ~* 
c Approximations 

Function Value of a 

69. f(x) = 2(sin x + cos x) a 2 

70. f(x) = 2(sin x + cos x) Al) 

he ACS RAs os a0 

ese 
72. $0) =a i 

. Determining Concavity Use a graphing utility to graph 

aoe! 
y=xsin-. 

X 

Show that the graph is concave downward to the right of 

i 
BG == 6 

7 

74. Point of Inflection and Extrema _ Show that the point 
of inflection of 

FO) >a =.6y 

lies midway between the relative extrema of f. 

True or False? In Exercises 75-78, determine whether the 
statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

75. The graph of every cubic polynomial has precisely one point 

of inflection. 

76. The graph of 

i 
as f@) = 

is concave downward for x < 0 and concave upward for 

x > 0, and thus it has a point of inflection at x = 0. 

re 

78. 

If f(c) > 0, then fis concave upward at x = c. 

If f’(2) = 0, then the graph of f must have a point of inflection 
atx = 2. 

Proof In Exercises 79 and 80, let f and g represent 

differentiable functions such that f” # 0 and g” # 0. 

79. Show that if fand g are concave upward on the interval (a, b), 

then f + g is also concave upward on (a, b). 

80. Prove that if f and g are positive, increasing, and concave 

upward on the interval (a, b), then fg is also concave upward 
on (a, b). 
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3.5 Limits at Infinity 

fc) —'3 fx) > 3 
as X% —> —=°c° as X — ce 

pe ptt x 
=4 -3 -2 -1 Les 2 Sie, 

The limit of f(x) as x approaches — oo 
or co is 3. 

Figure 3.32 

iP. 
Diels seecoeeeeoveanevecel > 

ae 

¢*REMARK The statement 

lim /(x) = Lor 
LOO 

lim f(x) 
bid te,o} 

limit exists and the limit is 

equal to L. 

= L means that the 

lim f(x) = L 

f(x) is within ¢ units of L as x00. 

Figure 3.33 

@ Determine (finite) limits at infinity. 

lf Determine the horizontal asymptotes, if any, of the graph of a function. 

@ Determine infinite limits at infinity. 

Limits at Infinity 

This section discusses the “end behavior” of a function on an infinite interval. Consider 

the graph of 

Bx 

be evil 
“k= 

as shown in Figure 3.32. Graphically, you can see that the values of f(x) appear to 

approach 3 as x increases without bound or decreases without bound. You can come to 

the same conclusions numerically, as shown in the table. 

< x decreases without bound. 25 [sina ihourbonds [sina ihourbonds bound. 

x —coe | -100 a -1/ 0] 1 | 10 

ee me 2.9703 | 1.5 0 | 15 = 2.9997 | 3 

< x) approaches 3. x) approaches 3. > 

The table suggests that the value of f(x) approaches 3 as x increases without bound 

(x — oo). Similarly, f(x) approaches 3 as x decreases without bound (x — —0o). These 
limits at infinity are denoted by 

lim f(x) = 3 

100 | ahaa 

Limit at negative infinity 

and 

lim f(x) = 3: Limit at positive infinity 
x00 

To say that a statement is true as x increases without bound means that for some 

(large) real number M, the statement is true for all x in the interval {x: x > M}. The next 

definition uses this concept. 

[ p pennicon of Limits at fintinity? 

Let L be a real number. 

| 1. The statement lim f(x) = L means that for each e > 0 there exists an 
x—0O 

| M > O such that |f(x) — L| < © whenever x > M. 

2. The statement Jim f(x) = L means that for each e > 0 there exists an 

7 
Wil O'suehithat lee) — L| < & whenever x < N. . 

arn nner erent eT A RU A ARNIS Y TRAN ee RCNA NNN 

The definition of a limit at infinity is shown in Figure 3.33. In this figure, note that 

for a given positive number ¢, there exists a positive number M such that, for x > M, 

the graph of f will lie between the horizontal lines 

y=Lt+e and y=L-e. 
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Exploration 

Use a graphing utility to 

graph 

Dre? it Ape 
QC  demaeren é 

Bhp at 2e =e 16 

Describe all the important 

features of the graph. Can 

you find a single viewing 

window that shows all of 

these features clearly? 

| Explain your reasoning. 

: What are the horizontal 

asymptotes of the graph? 

How far to the right do you 

_ have to move on the graph 

so that the graph is within 

0.001 unit of its horizontal 

asymptote? Explain your 

y = Sis a horizontal asymptote. 

Figure 3.34 

| 
| 
| 
| 
| 

reasoning. | 

Horizontal Asymptotes 

In Figure 3.33, the graph of f approaches the line y = L as x increases without bound. 

The line y = L is called a horizontal asymptote of the graph of /. 

Definition of a Horizontal Asymptote 

The line y = Lis a horizontal asymptote of the graph of f when 

lima f (4) = Ee or ee iy ae 
k= CO 

{ | 

ee | 

Note that from this definition, it follows that the graph of a function of x can have 

at most two horizontal asymptotes—one to the right and one to the left. 

Limits at infinity have many of the same properties of limits discussed in 

Section 1.3. For example, if lim f(x) and lim g(x) both exist, then 
Ne OO) x7> CO 

lim [ f(x) + g(@)] = lim f(x) + lim g(x) 

and 

Jim [f(@)g@)] = [ lim fo] lim, gO) 

Similar properties hold for limits at — oo. 

When evaluating limits at infinity, the next theorem is helpful. 

0 Limits at Infinity 

If r is a positive rational number and c is any real number, then 

Furthermore, if x” is defined when x < O, then 

‘ Cc 
hin = =—".0; 

x>—00 XT 

A proof of this theorem is given in Appendix A. 

See LarsonCalculus.com for Bruce Edwards’s video of this proof. 

} 

Finding a Limit at Infinity 

2 
Find the limit: lim (s = 2), 

x90 

Solution Using Theorem 3.10, you can write 

2) 2 
lim (s- 3) - Ling Se LIN 
x90 eX: x—>0o Ji AS Ny}, Y 

Property of limits 

=5-0 

= 5. 

So, the line y = 5 is a horizontal asymptote to the right. By finding the limit 

: 2 
lim (5 = =) Limit as x 4 —oo. 

xXx——00 FS ; 

you can see that y = 5 is also a horizontal asymptote to the left. The graph of the 

function is shown in Figure 3.34. | 
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¢*REMARK When you 
encounter an indeterminate form 

such as the one in Example 2, 

you should divide the numerator 

and denominator by the highest 

power of x in the denominator. 

e432 

y = 2 is a horizontal asymptote. 

Figure 3.35 
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EXAMPLE 2 Finding a Limit at Infinity 

Ne ts ei tie 
Find the limit: lim 

eS COMEK CIE l 

Solution Note that both the numerator and the denominator approach infinity as x 

approaches infinity. 

lim 
x00 X + ; 

This results in —, an indeterminate form. To resolve this problem, you can divide both 
CO 

the numerator and the denominator by x. After dividing, the limit may be evaluated 

as shown. 

Ase — Il 

Pees li Divid dd i b 1 <= nhael vide t at 6 pesca o 1 eames i 1 1 numerator an enominator by x 

Xx 

1 
9) ey ear 

; 2G 
= ih =< Simplify. 

x—->00 

BS 

: ooh. 
hem Qo [hha = 
x00 x00 X ea f 

Ses a a ee Take limits of numerator and denominator. 
‘ Alek | 
han 1 Se iin = 
x90 X00 X 

aL 

0 

=2 

Apply Theorem 3.10. 

So, the line y = 2 is a horizontal asymptote to the right. By taking the limit as x — 00, 

you can see that y = 2 is also a horizontal asymptote to the left. The graph of the 

function is shown in Figure 3.35. | 

[> TECHNO! You can test the reasonableness of the limit found in Example 2 
by evaluating f(x) for a few large positive values of x. For instance, 

f(100) ~ 1.9703, (1000) ~ 1.9970, 3 
and (10,000) ~ 1.9997. 

Another way to test the reasonableness of the 

limit is to use a graphing utility. For instance, 

in Figure 3.36, the graph of 

2x = | 0 80 
ote | 0 

I) = 

As x increases, the graph of f moves 

closer and closer to the line y = 2. 

Figure 3.36 

is shown with the horizontal line y = 2. Note 

that as x increases, the graph of f moves closer 

and closer to its horizontal asymptote. eeee*ee#e#se#eset#eee#ee#2ee?ee#82e?e 8 @ @ 
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MARIA GAETANA AGNESI 
(1718-1799) 

Agnesi was one of a handful 
of women to receive credit for 
significant contributions to 
mathematics before the twentieth 
century. In her early twenties, she 
wrote the first text that included 
both differential and integral 
calculus. By age 30, she was an 
honorary member of the faculty 
at the University of Bologna. 
See LarsonCalculus.com to read 

more of this biography. 

For more information on the 
contributions of women to 
mathematics, see the article “Why 

Women Succeed in Mathematics” 
by Mona Fabricant, Sylvia Svitak, 
and Patricia Clark Kenschaft in 
Mathematics Teacher. To view this 

article, go to MathArticles.com. 

| Ae ee ee ee 
—2 =] 1 2 

lim f(x) = 0 lim f(x) = 0 
x — —0o X — co 

fhas a horizontal asymptote at y = 0. 

Figure 3.37 

EXAMPLE 3 A Comparison of Three Rational Functions 

: » **[> See LarsonCalculus.com for an interactive version of this type of example. 

Find each limit. 

i 2x +5 aT 2x2 +5 «li 2x3 +5 
a. iy , it <> lit = 
pe x00 3x7 or | pee OK | 

Solution In each case, attempting to evaluate the limit produces the indeterminate 

form oo/co. 

a. Divide both the numerator and the denominator by x7. 

pa aa eee (2 it) Ost 09180 
re 3x al noes) 3) oP (je) 3 sr O 3 

= 0 

b. Divide both the numerator and the denominator by x”. 

‘am ohne fm 2 t/t) 22+ 0_ 2 

pee 30° 4 paseo a (jx 3 1 0 3 

c. Divide both the numerator and the denominator by x?. 

oe 2x? + 5 ated 2x + (5/x?) 8s 

5s 3G te |. p65 3) SP (ic) 3 

You can conclude that the limit does not exist because the numerator increases 

without bound while the denominator approaches 3. wi 

Example 3 suggests the guidelines below for finding limits at infinity of rational 

functions. Use these guidelines to check the results in Example 3. 

GUIDELINES FOR FINDING LIMITS AT +oco OF RATIONAL 
FUNCTIONS 

1. If the degree of the numerator is less than the degree of the denominator, then 

the limit of the rational function is 0. 

. If the degree of the numerator is equal to the degree of the denominator, then 

the limit of the rational function is the ratio of the leading coefficients. 

. If the degree of the numerator is greater than the degree of the denominator, 

then the limit of the rational function does not exist. 

The guidelines for finding limits at infinity of rational functions seem reasonable 

when you consider that for large values of x, the highest-power term of the rational 

function is the most “influential” in determining the limit. For instance, 

lid Sas 
x00 x2 == It 

is 0 because the denominator overpowers the numerator as x increases or decreases 

without bound, as shown in Figure 3.37. 

The function shown in Figure 3.37 is a special case of a type of curve studied by 

the Italian mathematician Maria Gaetana Agnesi. The general form of this function is 

e 8a- 

x? + 4a? 
f(x) Witch of Agnesi 

and, through a mistranslation of the Italian word vertéré, the curve has come to be 

known as the Witch of Agnesi. Agnesi’s work with this curve first appeared in a 

comprehensive text on calculus that was published in 1748. 

The Granger Collection, New York 
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In Figure 3.37, you can see that the function 

1 

x2 + 1 
{9 he 

approaches the same horizontal asymptote to the right and to the left. This is always true 

of rational functions. Functions that are not rational, however, may approach different 

horizontal asymptotes to the right and to the left. This is demonstrated in Example 4. 

EXAMPLE 4 A Function with Two Horizontal Asymptotes 

Find each limit. 

ee ee ee 
" xs00 /2x2 + | © x00 / 2x2 + J 

Solution 

a. For x > 0, you can write x = \/x*. So, dividing both the numerator and the 

denominator by x produces 

3x — 2 2 2 
3x - 2 : —_— 
Deel pPenen aL dx? +1 1 if 

and you can take the limit as follows. 

2 
ah eon! 2 Beehies 
(on amie te 3x = 2 Be 30) 3 

Hori 1 ha SSS = him = = 
fal orizonta Wesee) y/ 95 en x00 wl 1 W/9) ean () ee9} 

asymptote A+ ae 

to the right 2g 

b. For x < 0, you can write x = —./x?. So, dividing both the numerator and the 

denominator by x produces 

3x = 2 Abe = 2 = 

nes Ss 

Vv DE =F fo N/E aa ay car al Roane - ae 

Horizontal z oe Po. 

asymptote 

eves and you can take the limit as follows. 
Functions that are not rational may 5 

have different right and left horizontal ee 

asymptotes. lim ak 25 ae Suan a ee 

Figure 3.38 J2x2 +1 x9-00 ns —-/2+0 40) 

5 The graph of f(x) = (3x — 2)//2x? + 1 is shown in Figure 3.38. w 

[> TECHNOLOGY PITFALL If you use a graphing utility to estimate a limit, 
be sure that you also confirm the estimate analytically—the pictures shown by a 

graphing utility can be misleading. For instance, Figure 3.39 shows one view of the 

graph of 

2x3 + 1000x? + x 

x3 + 1000x? + x + 1000° 
=i v= 

The horizontal asymptote appears to be 

the line y = 1, but it is actually the line 

y= 2. 

Figure 3.39 

From this view, one could be convinced that the graph has y = 1 as a horizontal 

asymptote. An analytical approach shows that the horizontal asymptote is actually 

y = 2. Confirm this by enlarging the viewing window on the graphing utility. eevee enevenvneceeeecvet/ 
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As x increases without bound, f(x) 

approaches 0. 

Figure 3.40 

Oxygen level 

Weeks 

The level of oxygen in a pond 

approaches the normal level of 1 as 

t approaches oo. 

Figure 3.41 

In Section 1.3 (Example 9), you saw how the Squeeze Theorem can be used to 

evaluate limits involving trigonometric functions. This theorem is also valid for limits 

at infinity. 

EXAMPLE 5 Limits Involving Trigonometric Functions 

Find each limit. 

: : , Sinise 
a. lim sinx b. lim 

x—> S90 x 0o ae 

Solution 

a. As x approaches infinity, the sine function oscillates between 1 and —1. So, this 

limit does not exist. 

b. Because —1 < sinx < 1, it follows that for x > 0, 

sin x 1 1 

x a is 

lim (-!) =()) ave! linia f = 0. 
2S XO X 

So, by the Squeeze Theorem, you can obtain 

as shown in Figure 3.40. 

EXAMPLE 6 Oxygen Level in a Pond 

Let f(t) measure the level of oxygen in a pond, where f(t) = 1 is the normal 
(unpolluted) level and the time f is measured in weeks. When ¢ = 0, organic waste is 

dumped into the pond, and as the waste material oxidizes, the level of oxygen in the 

pond is 

em—tt+1 

coe 
What percent of the normal level of oxygen exists in the pond after 1 week? After 

2 weeks? After 10 weeks? What is the limit as ¢ approaches infinity? 

Solution When ¢ = 1, 2, and 10, the levels of oxygen are as shown. 

2 earl Sree 
jOy= iii ja teenie 50% 1 week 

il etal! 
{2)= eee Geen ce 60% 2 weeks 

102 105 
f(10) a hese eae fe = 90.1% 10 weeks 

(O22) eH ou OF 

To find the limit as t approaches infinity, you can use the guidelines on page 198, or you 

can divide the numerator and the denominator by ¢? to obtain 

BG ove cca ne pegs eee 

t-»00 t27 + 1 t->0o0 1+ (1/#) ih oe (0) 

See Figure 3.41. wo 

= 1 = 100%. 
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e 

e@eF 

whether a function has an 

infinite limit at infinity is useful 

in analyzing the “end behavior” 

of its graph. You will see 

examples of this in Section 3.6 

on curve sketching. 

Figure 3.42 

Figure 3.43 
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Infinite Limits at Infinity 

Many functions do not approach a finite limit as x increases (or decreases) without bound. 

For instance, no polynomial function has a finite limit at infinity. The next definition is 

used to describe the behavior of polynomial and other functions at infinity. 

Definition of Infinite Limits at Infinity 

Let f be a function defined on the interval (a, oo). 

1. The statement lim f(x) = co means that for each positive number M, there 
x00 

is a corresponding number N > 0 such that f(x) > M whenever x > N. 

2. The statement lim f(x) = —oo means that for each negative number M, 
x70O 

there is a corresponding number N > 0 such that f(x) < M whenever x > N. 

Similar definitions can be given for the statements 

lim f(x) = oo and lim f(x) = —oo. 
X—>—0O x—>—00 

EXAMPLE 7 Finding Infinite Limits at Infinity 

Find each limit. 

a. lim x? b. lim x 
x—0oO x7 -— CO 

Solution 

a. As x increases without bound, x? also increases without bound. So, you can write 

limix=— co. 
x7>00 

b. As x decreases without bound, x? also decreases without bound. So, you can write 

lim x? = —oo. 
x—+>— co 

The graph of f(x) = x? in Figure 3.42 illustrates these two results. These results agree 

with the Leading Coefficient Test for polynomial functions as described in Section P.3. 

EXAMPLE 8 Finding Infinite Limits at Infinity 

Find each limit. 

i Ox? = Ax bi 2x* — Ax 
eee » | dite aatips pa 
coma R= Cont cto 

Solution One way to evaluate each of these limits is to use long division to rewrite 
the improper rational function as the sum of a polynomial and a rational function. 

2x2 — 4x 6 
_ im $$$ — = im — + = 100 

2 nae X ] tim (2x ° Jee ) 

2x2 — 4x 6 
j ——————————— j — + = b im oa tim (20 6 ae ) CO 

The statements above can be interpreted as saying that as x approaches +00, the 

function f(x) = (2x2 — 4x)/(x + 1) behaves like the function g(x) = 2x — 6. In 

Section 3.6, you will see that this is graphically described by saying that the line 

y = 2x — 6is a slant asymptote of the graph of f, as shown in Figure 3.43. uf 
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Pe Ie ta a 

iS 5 Exercises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

In Exercises 1-6, match the function with one of 

the graphs [(a), (b), (c), (d), (e), or (f)] using horizontal 

ri ng Litt é 

lim h(x), if possible. 
o 

x— 00 

asymptotes as an aid. 

at Infinity 

1, jG) = Sx = By ae IOs 

In Exercises 13 and 14, find 

14. f(x) = —4x2 + 2x — 5 

(a) n(x) = 

b) h(x) = fe 

(©) ne) = 

Finding Limits at Infinity In Exercises 15-18, find each 

= Ds 

OR rere 

(b) lim ais 
peo sor = Il 

3 = 2x* 
(c) lim 

x—>0o Y eme 1 

5x3/2 
(a) dim aot De 

5x 3/2 

oo 4x3/2 + J 

5x3/2 

(b) Jim 

2 lim" Sse 
OM NOE 3s 

lim (2-2) 
x>-0 \x 3 

4x2 + 5 
lim 
> OO) x2 ata 3 

fine 
x00 10x? — 3x* + 7 

x —4 

Ree x2 ae 1 

li x 

romeo Sx? +1 
5x7 +2 

(a) y (b) we se 
i A (a) h(x) = fe) 

3- x 

(b) no) = © 
mG 

1+ x 

F eenl apelin (6) (a) = 
Eo <5 SMD AP I 5 2 

=i =i 

(c) y (d) y limit, if possible. x 

A \ = 
a) a; _ x2+2 | 

si 2 
x ee ae (b) lim : . a it kts) 25 x 1 

me c) lim — Z 
—3- x00 X — 1 

5 — 2x3/ 

(e) y (f) , high eee a a 
8+ ar 5 — 2377 ap 

3-4 ee (b) jim qt ad 

ae sig pene 5 = 2.2 
hee ©) sin ———— 

pe te ical ef 
et Je aga2=i | i BB 

6-4-2 | 2 4 4 Finding a Limit In Exercises 19-38, find the limit. 
= — / \ 

Ae ‘ss 19. lim (4 ‘ 3) 20. 
1. f(x) = 2 fs) = gp 

F(x) x? +2 F(x) x2 +2 event 

x Pe p32! [oe 3042 a 
iN iy == k = + ——— / / 3G) =o 5 4 f= 2 eGoe ar eas 
Oe 4 sin x wee Die? > Big die 5 | oe ne = I oe: 

; x2 +1 : yeas 5? 
25. lim ine 26. 

Ae Numerical and Graphical Analysis In Exercises 7-12, | gag 
use a graphing utility to complete the table and estimate the | aT) tim 28. 

limit as x approaches infinity. Then use a graphing utility to \ [Ezeeace ZX, 

graph the function and estimate the limit graphically. ewe Dye i jl a 
\ ee ; 

[= = CONN XK 

a LO TOP 202 LO? ie 10 eC ap el Oe \ | i= 
SL. ° im ee 32. 

veo] | | | JE ee 
erie 

33. lim 34. 

7. fle) == Ue ree we (+ 1A 
cae || ES Sg ; l 

35. lim : 36. 
§ = BT ine 10 x3c0 2x + sin x 

oe 9 4x2 +5 4 2x2 — 1 = /Xsin Dt 
37. lim . 38. 

11. -_—= fx) =44+—- 



Ay Horizontal Asymptotes In Exercises 39-42, use a 

graphing utility to graph the function and identify any 

horizontal asymptotes. 

par ty Pee [aa 2| 
39. f(x) = an 40. f(x) = eee 

es NES Oxe — 
41. f(x) = Tae =5 42. f(x) = tae 

Finding a Limit In Exercises 43 and 44, find the limit. 

(Hint: Let x = 1/t and find the limit as t— 0+.) 

1 | 
43. lim xsin z 44. lim x tan— 

x—>0O X00 x 

Finding a Limit In Exercises 45-48, find the limit. (Hint: 

Treat the expression as a fraction whose denominator is 1, and 

rationalize the numerator.) Use a graphing utility to verify 

your result. 

Beatin (x + /x? + 3) 

47. lim (3x + /9x? — x) 

46. lim (x a oe x) 
X—>0O 

48. lim (4x — /16x? — x) 

HB Numerical, Graphical, and Analytic Analysis In 
Exercises 49-52, use a graphing utility to complete the table 

and estimate the limit as x approaches infinity. Then use a 

graphing utility to graph the function and estimate the limit. 

Finally, find the limit analytically and compare your results 

with the estimates. 

es | 10° | 10! | 102 | 103 | 10* | 105 | 10° 

=m cara 
oe) =x — ~/x(x — 1) OA xi e~ = oa xa — 1) 

51. fx) = xsin 5 52. fs) == 

WRITING ABOUT CONCEPTS 

Writing In Exercises 53 and 54, describe in your own 
words what the statement means. 

53. lim f(x) = 4 54, lim f(x) =2 

55. Sketching a Graph _ Sketch a graph of a differentiable 
function f that satisfies the following conditions and has 

x = 2 as its only critical number. 

ac) <0 forix <2 

fix) > 0 for x > 2 

lim f(x) = 6 
> OO) 

lim f(x) = 6 
xX—-0O ‘ 

. Points of Inflection Is it possible to sketch a graph of 
a function that satisfies the conditions of Exercise 55 and 

has no points of inflection? Explain. 

3.5 Limits at Infinity 203 

WRITING ABOUT CONCEPTS (continued) 

Swe If fis a continuous 

panction such that lim f(x) = 5, find, if possible, 

Jim, SO) for e ach specified condition. 

(a) The graph of fis symmetric with respect to the y-axis. 

(b) The graph of fis symmetric with respect to the origin. 

58. A Function and Its Derivat The graph of a function 

fis shown beloe: To pratt an enlarged copy of the graph, go to 

MathGraphs.com. 

(a) Sketch f”. 

(b) Use the graphs to estimate lim f(x) and lim f(x). 

(c) Explain the answers you gave in part (b). 

Sketching a Graph In Exercises 59-74, sketch the graph 
of the equation using extrema, intercepts, symmetry, and 

asymptotes. Then use a graphing utility to verify your result. 

5 x—4 
Da 60. Yai ez 

aril ee 
61. y= 4 62. OG an? 

ae at 
O33) soy 6 cali amar ey 

65. xy? =9 66. x°y =9 

3 Ghee 68. y=——— 
: x | Lx 

3 1 
69 y= 2. 70. y=1--— 

age oS 

4 
TAS Se 125 = an I 

x Bg: 

i SS 74. y= 
y x2—4 4 x7 —4 

EH analyzing a Graph Using Technology In Exercises 
75-82, use a computer algebra system to analyze the graph of 

the function. Label any extrema and/or asymptotes that exist. 

5 ie 1 
75. f(x) =9 - 2 76. f(x) = Peon 

4g = 2 Katoed 
78. fx) = 3 fsa: I $x] 
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3 2x 
79. f(x) = == 80. g(x) = z 

eS fl Sie ae I 

/ 2 sin 2 
81. ¢(x) = sin| a goa 82 (Gye ae 

NOMs Smee 2a x 

In Exercises 83 and 84, (a) use a 

graphing utility to graph f and g in the same viewing window, 

(b) verify algebraically that f and g represent the same 

function, and (c) zoom out sufficiently far so that the graph 

appears as a line. What equation does this line appear to have? 

(Note that the points at which the function is not continuous 

are not readily seen when you zoom out.) 

ae oae + 2 

x(x — 3) 

2) 

x(x — 3) 

ye = De ae D) 

, Dae? 

83. f(x) = 

g(x) =x + 

845 (x) = 

| l 
g(x) = Ss x+1 2 

The efficiency of an internal combustion engine is 

Efficiency (%) = 100 [ = 

where v,/v, is the ratio 
of the uncompressed 

gas to the compressed 

gas and c is a positive 

constant dependent on 

the engine design. Find 

the limit of the efficiency 

as the compression ratio 

approaches infinity. 

io.) i . Average Cost A business has a cost of C = 0.5x + 500 

for producing x units. The average cost per unit is 

IQ C=- 
ce 

Find the limit of C as x approaches infinity. 

87. Physics Newton’s First Law of Motion and Einstein’s 

Special Theory of Relativity differ concerning a particle’s 

behavior as its velocity approaches the speed of light c. In the 

graph, functions N and E represent the velocity v, with respect 

to time ¢, of a particle accelerated by a constant force as 

predicted by Newton and Einstein, respectively. Write limit 

statements that describe these two theories. 

85. Engine Efficiency ee ececeeecee eee ee 

On0 HOW DO YOU SEE IT? The graph shows the 

temperature 7, in degrees Fahrenheit, of molten 

glass ¢ seconds after it is removed from a kiln. 

if 

(0, 1700) 

72} 

(a) Find lim T. What does this limit represent? 
t>0* 

(b) Find lim 7, What does this limit represent? 
t> co 

(c) Will the temperature of the glass ever actually reach 

room temperature? Why? 

Fe 89. Modeling Data The average typing speeds S (in words 
per minute) of a typing student after t weeks of lessons are 

shown in the table. 

t =) 

ae 28 

ep L008? 
A model for the data is S = 65 4 pt =r)! 

(a) Use a graphing utility to plot the data and graph the model. 

(b) Does there appear to be a limiting typing speed? Explain. 

90. Modeling Data A heat probe is attached to the heat 
exchanger of a heating system. The temperature 7 (in degrees 

Celsius) 1s recorded t seconds after the furnace is started. The 

results for the first 2 minutes are recorded in the table. 

~ 

t 0 15 30 45 60 | 

2S S09 Se 245.5 aenlm ile 56.0° | Ie 
wea 

ee 75 90 105 120 

64.0° | 65.2° 

(a) Use the regression capabilities of a graphing utility to find 

a model of the form 7, = at? + bt + c for the data. 

am) 29-6° | .62,0° 

(b) Use a graphing utility to graph 7). 

(c) A rational model for the data is 

_ 1451 + 86¢ 
9 

‘ SI) Sey 

Use a graphing utility to graph 7). 

(d) Find 7,(0) and T,(0). 

(e) Find lim 7). 
t>00 

(f) Interpret the result in part (e) in the context of the problem. 

Is it possible to do this type of analysis using 7,? Explain. 

Straight 8 Photography/Shutterstock.com 
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92. 

pS. 

Using the Definition of Limits at Infinity The graph of 

Dae 

+2 fa)= 

is shown. 

Not drawn to scale 

(a) Find L = lim f(x). 

(b) Determine x, and x, in terms of «. 

(c) Determine M, where M > 0, such that | f(x) — L| < e for 
a6 SWE 

(d) Determine N, where N < 0, such that | f(x) — L| < e for 
38 << INE 

Using the Definition of Limits at Infinity The graph of 

pas 6X 

1 a 
is shown. 

Not drawn to scale 

(a) Find L = lim f(x) and kK = lim f(x). 

(b) Determine x, and x, in terms of e. 

(c) Determine M, where M > 0, such that | f(x) — L| < e for 
x M. 

(d) Determine N, where N < 0, such that | f(x) — K| < e for 
Boe <a IN. 

Using the Definition of Limits at Infinity Consider 

(ap EE 
x00 ./x2 3 ‘ 

(a) Use the definition of limits at infinity to find values of M 

that correspond to e = 0.5. 

(b) Use the definition of limits at infinity to find values of M 

that correspond to e = 0.1. 

3.5 Limits at Infinity 205 

94. Using inity Consider 

. 3% 
lim = 

X——co x* + 3 

(a) Use the definition of limits at infinity to find values of N 

that correspond to s = 0.5. 

(b) Use the definition of limits at infinity to find values of N 

that correspond to e = 0.1. 

Proof In Exercises 95-98, use the definition of limits at 

infinity to prove the limit. 

1 2 
95. lim = = 0 96. lim —==0 

B60, 12 Eee X 

; i : i 
OF Patt 6 meee, U 98. lim = 0 

K— = COMA. KOON A soos D 

99. Distance A line with slope m passes through the point 

(0, 4). 

(a) Write the shortest distance d between the line and the 

point (3, 1) as a function of m. 

(b) Use a graphing utility to graph the equation in part (a). 

(c) Find lim d(m) and lim  d(m). Interpret the results 
m—>oo m—+>>co 

geometrically. 

100. Distance A line with slope m passes through the point 

(0, —2). 
(a) Write the shortest distance d between the line and the 

point (4, 2) as a function of m. 

(b) Use a graphing utility to graph the equation in part (a). 

(c) Find lim d(m) and lim d(m). Interpret the results 
moo m—+>—co 

geometrically. 

101. Proof Prove that if 

p(x) = a,x” a5) ana ax aie a 

and 

glx) = b,x +--+ bux + by 
where a, # 0 and b,, # 0, then 

0, n<m 

a 
lim pis) au, n=m., 
X00 qx) b,, 

102. Proof Use the definition of infinite limits at infinity to 
prove that lim x* = oo. 

x00 

True or False? In Exercises 103 and 104, determine whether 

the statement is true or false. If it is false, explain 

why or give an example that shows it is false. 

103. If f(x) > 0 for all real numbers x, then f increases without 

bound. 

104. If f’(x) < 0 for all real numbers x, then f decreases without 

bound. 
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40 

St! S) 

=10 

200 

—10 30 

—1200 

Different viewing windows for the 

graph of f(x) = x* — 25x2 + 74x — 20 

Figure 3.44 

3.6 ‘A Summary of Curve Sketching 

@ Analyze and sketch the graph of a function. 

Analyzing the Graph of a Function 

It would be difficult to overstate the importance of using graphs in mathematics. 

Descartes’s introduction of analytic geometry contributed significantly to the rapid 

advances in calculus that began during the mid-seventeenth century. In the words of 

Lagrange, “As long as algebra and geometry traveled separate paths their advance was 

slow and their applications limited. But when these two sciences joined company, they 

drew from each other fresh vitality and thenceforth marched on at a rapid pace toward 

perfection.” 

So far, you have studied several concepts that are useful in analyzing the graph of 

a function. 

* x-intercepts and y- intercepts (Section P.1) 

¢ Symmetry (Section P.1) 

¢ Domain and range (Section P.3) 

* Continuity (Section 1.4) 

¢ Vertical asymptotes (Section 1.5) 

¢ Differentiability (Section 2.1) 

¢ Relative extrema (Section 3.1) 

* Concavity (Section 3.4) 

¢ Points of inflection (Section 3.4) 

¢ Horizontal asymptotes (Section 3.5) 

¢ Infinite limits at infinity (Section 3.5) 

When you are sketching the graph of a function, either by hand or with a graphing 

utility, remember that normally you cannot show the entire graph. The decision as to 

which part of the graph you choose to show is often crucial. For instance, which of the 

viewing windows in Figure 3.44 better represents the graph of 

FGA ea a eh 2 INGE OW, 

By seeing both views, it is clear that the second viewing window gives a more complete 

representation of the graph. But would a third viewing window reveal other interesting 

portions of the graph? To answer this, you need to use calculus to interpret the first and 

second derivatives. Here are some guidelines for determining a good viewing window 

for the graph of a function. 

GUIDELINES FOR ANALYZING THE GRAPH OF A FUNCTION 

1. Determine the domain and range of the function. 

2. Determine the intercepts, asymptotes, and symmetry of the graph. 

3. Locate the x-values for which f(x) and f”(x) either are zero or do not exist. 

Use the results to determine relative extrema and points of inflection. 

In these guidelines, note the importance of algebra (as well as calculus) 

for solving the equations 

f(x) =0, f(x) =0, and f(x) =0. 



g uae 
a. Se 
E 5B 
Z > as 

Relative 

Horizontal minimum 

asymptote: 

Using calculus, you can be certain that 

you have determined all characteristics 

of the graph of /. 

Figure 3.45 

i FOR FURTHER INFORMATION 

For more information on the use 

of technology to graph rational 

functions, see the article 

“Graphs of Rational Functions 

for Computer Assisted Calculus” 

by Stan Byrd and Terry Walters 

in The College Mathematics 

Journal. To view this article, 

go to MathArticles.com. 

=o 

By not using calculus, you may 

overlook important characteristics 

of the graph of g. 

Figure 3.46 

3.6 ASummary of Curve Sketching 207 

EXAMPLE 1 Sketching the Graph of a Rational Function 

Analyze and sketch the graph of 

ete O(x 2 9) 

Solution 

: aes a 20x 
First derivative: f(x) = —— 

(Ae 

Second derivative: f(x) = eGo 
(x, a4): 

x-intercepts: (—3, 0), (3, 0) 

y-intercept: (0, 3 

Vertical asymptotes: x = —2,x =2 

Horizontal asymptote: y = 2 

Critical number: x = 0 

Possible points of inflection: None 

Domain: All real numbers except x = +2 

Symmetry: With respect to y-axis 

Test intervals: (—0oo, —2), (—2, 0), (0, 2), (2, co) 

The table shows how the test intervals are used to determine several characteristics of 

the graph. The graph of fis shown in Figure 3.45. 

f(x) aca) taal Ae) Characteristic of Graph 

OO nr od = Decreasing, concave downward 

x=- Undef. | Undef. | Undef. Vertical asymptote 

ary a 0 a + Decreasing, concave upward 

x= 2 0 + Relative minimum 

Ocean, + a Increasing, concave upward 

x= Undef. | Undef. | Undef. Vertical asymptote 

DK OO + = Increasing, concave downward 

Be sure you understand all of the implications of creating a table such as that 

shown in Example 1. By using calculus, you can be sure that the graph has no relative 

extrema or points of inflection other than those shown in Figure 3.45. 

[> TECHNOLOGY PITFALL Without using the type of analysis outlined in 
Example 1, it is easy to obtain an incomplete view of a graph’s basic characteristics. 

For instance, Figure 3.46 shows a view of the graph of 

ave 2 —9)(x = 20) 

(2 — 4)(x — 21)" 
From this view, it appears that the graph of g is about the same as the graph of fshown 

in Figure 3.45. The graphs of these two functions, however, differ significantly. Try 

enlarging the viewing window to see the differences. 
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A slant asymptote 

Figure 3.48 

EXAMPLE 2 Sketching the Graph of a Rational Function 

Se ee me! 
Analyze and sketch the graph of f(x) = ae me 

Solution 

wo — 4 
First derivative: f(x) = ae ) 

(te SN 

Second derivative: f(x) g . x 

: (= 2) 

x-intercepts: None 

y-intercept: (0, —2) 

Vertical asymptote: x = 2 

Horizontal asymptotes: None 

End behavior: lim f(x) = —oo, lim f(x) = co 
x——9O x90 

Critical numbers: x = 0,x = 4 

Possible points of inflection: None 

Domain: 

Test intervals: 

All real numbers except x = 2 

(co; 0), (0, 2). (oe 4), (4, oo) 

The analysis of the graph of f is shown in the table, and the graph is shown in 

Figure 3.47. 

= CO ai.) + <= Increasing, concave downward 

x=0 =i 0 = Relative maximum 

OR—ataae a rat Decreasing, concave downward 

x=2 Undef. | Undef.-| Undef. Vertical asymptote 
a 

Demo a4, zs a Decreasing, concave upward 

x= 6 + Relative minimum 

A LN EOS) “f- + Increasing, concave upward 

Although the graph of the function in Example 2 has no horizontal asymptote, it 

does have a slant asymptote. The graph of a rational function (having no common 

factors and whose denominator is of degree | or greater) has a slant asymptote when 

the degree of the numerator exceeds the degree of the denominator by exactly |. To find 

the slant asymptote, use long division to rewrite the rational function as the sum of a 

first-degree polynomial and another rational function. ; 

ih he Fora 
f(x) kh USA AOE Write original equation. 

aie A 

StS Rewrite using long division. 
see 7! 

In Figure 3.48, note that the graph of f approaches the slant asymptote y = x as x 

approaches — oo or oo. 
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h Horizontal 

| asymptote: 
ay a 1 

| 

(0, 0) 
Point of 

inflection 

Horizontal 

asymptote: 

a1 

Figure 3.49 

y Relative 
maximum 

(0, 0) 

Cro) 
Point of 

inflection 

(8, —16) 
Relative minimum 

Figure 3.50 
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EXAMPLE 3 Sketching the Graph of a Radical Function 

Analyze and sketch the graph of f(x) = 

3.6 

+2 

Solution 

2 
f(x) = G2 + 2/2 Find first derivative. 

17] ae 6x ‘ : A 
f(x) = G2 4 2)372 Find second derivative. 

The graph has only one intercept, (0, 0). It has no vertical asymptotes, but it has two 

horizontal asymptotes: y = | (to the right) and y = —1 (to the left). The function has 

no critical numbers and one possible point of inflection (at x = 0). The domain of the 

function is all real numbers, and the graph is symmetric with respect to the origin. The 

analysis of the graph of fis shown in the table, and the graph is shown in Figure 3.49. 

f(x) | Tx) Ret Oo) Characteristic of Graph 
shee 

OO el) : | fe ata Increasing, concave upward 

1 
x=0 0 a 0 Point of inflection 

vo 

05x <.co = = Increasing, concave downward 

Sketching the Graph of a Radical Function 

Analyze and sketch the graph of f(x) = 2x5/3 — 5x4/3, 

Solution 

Find first derivative. FQ) = Sxl = 2) 
20(x!/3 — 1) 

x2 B Find second derivative. He 
The function has two intercepts: (0, 0) and (2 0). There are no horizontal or vertical 

asymptotes. The function has two critical numbers (x = 0 and x = 8) and two possible 

points of inflection (x = 0 and x = 1). The domain is all real numbers. The analysis of 

the graph of fis shown in the table, and the graph is shown in Figure 3.50. 

f(x) ae (x) Ri if? (x) Characteristic of Graph 

=e oe aa ()) 5 = increas concave downward 

L x=0 0 ae 0 Undef. Relative maximum 

eer neil = ale | Decreasing, concave downward 

x=1 3 3 0 Point of inflection 
ae 

ras om =F Decreasing, concave upward 

x=8 ols ae Relative minimum 

| ya DE as) ee E at + Increasing, concave upward 
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i f@)= x4 — 12x3 + 48x? — 64x | 

(4, 0) 

Point of 

inflection 

(2, —16) 

Point of 

inflection 

ere eet a ae 
Relative minimum 

Generated by Maple 

(b) 

A polynomial function of even degree 

must have at least one relative 

extremum. 

Figure 3.51 

Applications of Differentiation 

Sketching the Graph of a Polynomial Function 

cece [> See LarsonCalculus.com for an interactive version of this type of example. 

Analyze and sketch the graph of 

f(x) = x* — 12x? + 48x? — 64x: 

Solution Begin by factoring to obtain 

As et ea oe a OA 

= habe — Ai 

Then, using the factored form of f(x), you can perform the following analysis. 

ieee — 1) 4) 

f Oy 12% = 4) 2) 

First derivative: 

Second derivative: 

x-intercepts: (0, 0), (4, 0) 

y-intercept: (0, 0) 

Vertical asymptotes: None 

Horizontal asymptotes: None 

End behavior: Jim f(x) = 009, tim f(x) = 00 

Critical numbers: x = 1,x = 4 

Possible points of inflection: x = 2,x = 4 

All real numbers 

(—o0, bye Ge one (2 4), (4, 00) 

Domain: 

Test intervals: 

The analysis of the graph of fis shown in the table, and the graph is shown in Figure 

3.51(a). Using a computer algebra system such as Maple [see Figure 3.51(b)] can help 

you verify your analysis. 

fx) f(x) bai fala) Characteristic of Graph 5 i i 

=O << Il = et Decreasing, concave upward 

x=1 =] 0 qu : Relative minimum 

Dene) am t: Increasing, concave upward 

x=2 = 16 iP 0 Point of inflection 7 

Doce ge al a = Increasing, concave downward 

i 0 0 Si Point of inflection 

4 = xX< 00 Si Su Increasing, concave upward 

The fourth-degree polynomial function in Example 5 has one relative minimum 

and no relative maxima. In general, a polynomial function of degree n can have at most 

n — | relative extrema, and at most n — 2 points of inflection. Moreover, polynomial 

functions of even degree must have at least one relative extremum. 

Remember from the Leading Coefficient Test described in Section P.3 that the “end 

behavior” of the graph of a polynomial function is determined by its leading coefficient 

and its degree. For instance, because the polynomial in Example 5 has a positive 

leading coefficient, the graph rises to the right. Moreover, because the degree is even, 

the graph also rises to the left. 
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Vertical asymptote: x 
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foe) 

S 

| Vertical asymptote: x 
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Figure 3.52 

Point of 

inflection 

Generated by Maple 
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EXAMPLE 6 Sketching the Graph of a Trigonometric Function 

Analyze and sketch the graph of f(x) = (cos x)/(1 + sin x). 

Solution Because the function has a period of 27, you can restrict the analysis of the 

graph to any interval of length 27. For convenience, choose (— 77/2, 37/2). 

; a aes | 
First derivative: f(x) = 

“i + sinx 

aes COS X 
Second derivative: fx) = oe 

(1 + sin x)? 

Period: 27 

; 7 
x-intercept: (Z 0] 

y-intercept: (0, 1) 

; 7 37r 
Vertical asymptotes: x = ~> x= 552 See Remark below. 

Horizontal asymptotes: None 

Critical numbers: None 

: 5 : : a 
Possible points of inflection: x = oI 

3+ 4n 

2 
Domain: All real numbers except x = 

Test intervals: ( a 2), (Z 2) 

7 

“papas 
The analysis of the graph of f on the interval (— 7/2, 37r/2) is shown in the table, and 
the graph is shown in Figure 3.52(a). Compare this with the graph generated by the 

computer algebra system Maple in Figure 3.52(b). 

7a) ene NT () Characteristic of Graph 

ww : 
ch ears Undef. | Undef. | Undef. Vertical asymptote 

7 7 ' 
5) <u > = + Decreasing, concave upward 

7 | : ; 4 
f ats: 0 =) 0 Point of inflection 

i <i go 2 a = Decreasing, concave downward 

377 A 
pee Undef. | Undef. | Undef. Vertical asymptote 

o1 

REMARK By substituting — 7/2 or 37/2 into the function, you obtain the form 
0/0. This is called an indeterminate form, which you will study in Section 8.7. To 

determine that the function has vertical asymptotes at these two values, rewrite f as 

cos x (cos x)(1 — sin x) (COS) (li ba alll) eee ees fl) =~ = = 1+sinx (1 +sinx)(1 —sinx) — COs x cos x 

In this form, it is clear that the graph of fhas vertical asymptotes at x = — 7/2 and 37/2. 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 6 Exercises 

In Exercises 1-4, match the graph of f in the left 

column with that of its derivative in the right column. 

Graph of f’ 

ike y (a) z 

Graph of f 

ek 

4. Y (d) y 
A A 

Sh = Bhai 

2 2 

1+ 

fx spat ppt te 
3 -—3 -2 -] (Ieeae dees) 

Analyzing the Graph of a Function In Exercises 5-24, 

analyze and sketch a graph of the function. Label any intercepts, 

relative extrema, points of inflection, and asymptotes. Use a 

graphing utility to verify your results. 

5. y = 433 6. y = 
eg a: Me 

We ro | 
7 — is = 

yO 2 +3 oe A 

3x : ea 9 y= are 10. f(x) = ~— 

UL eer 12. f(x) = = x 29 
x? — 6x + 12 Sa Ae a 13. y= woe et eer 

1S, y= n/4=% 16. g(x) = x/9 — x 

7, yy S30" 2x 18. y= @ +4 1)? = 36 4 

19. y=2-x-33 20. y = —4}(x3 — 3x + 2) 

Paks. sp = Bee ae lies 22 ee 

23 y= x DA Vian ee l))> 

analyzing the Graph of a Function Using Technology 
In Exercises 25-34, use a computer algebra system to analyze 

and graph the function. Identify any relative extrema, points of 

inflection, and asymptotes. 

20x ] 
' — — — =xt+ 

seb ies gear il Be Oe x + I 

= 2K 4x 
Dt) a) ———— 

fe) +7 Al JSx* + 15 

29. f(x) = 2x — 4sinx, 

30. f(x) = —x + 2 cos x, 

ORS se ai 

0) 3 xe S Voy 

31. y = cos x — 7 Cos 2x, ORS = 27. 

32. y = 2x — tan x, Sires 

33. y = 2(cscx + secx), O eee 

34. g(x) =xcotx, —2r<x<27 

WRITING ABOUT CONCEPTS 

35. Using a Derivative Let f’(t) < 0 for all ¢ in the 
interval (2, 8). Explain why f(3) > f(5). 

36. Using a Derivative Let f(0) = 3 and2 < f(x) <4 

for all x in the interval [—5, 5]. Determine the greatest and 

least possible values of f (2). 

Identifying Graphs In Exercises 37 and 38, the graphs 
of f, f’, and f” are shown on the same set of coordinate axes. 

Which is which? Explain your reasoning. To print an 

enlarged copy of the graph, go to MathGraphs.com. 



WRITING ABOUT CONCEPTS (continued) 

Horizontal and Vertical Asymptotes In Exercises 

39-42, use a graphing utility to graph the function. Use the 

graph to determine whether it is possible for the graph of a 

function to cross its horizontal asymptote. Do you think it 

is possible for the graph of a function to cross its vertical 

asymptote? Why or why not? 

AlGe == iD? 3 % 5x 8 

x2 — 444+ 5 sel age) ah). f(x) = x4 aie 1 

sin 2x cos 3x 
41. h(x) = 42. f(x) = rigs 

Examining a Function In Exercises 43 and 44, use a 
graphing utility to graph the function. Explain why there is 

no vertical asymptote when a superficial examination of the 

function may indicate that there should be one. 

(6) = DE 21 4— 92 
43. h(x) = A 44, 9(x) = AGT Te, 

eX ie = II 

Slant Asymptote In Exercises 45-48, use a graphing 
utility to graph the function and determine the slant 

asymptote of the graph. Zoom out repeatedly and describe 

how the graph on the display appears to change. Why does 

this occur? 

ee 1 Dirk ae iho 
= 46. g(x) = 5 

ox? feat? chat 
aad 48. h(x) = 2 

45. f(x) = — 

47. f(x) = 

Graphical Reasoning In Exercises 49-52, use the graph of 
f’ to sketch a graph of f and the graph of f”. To print an 

enlarged copy of the graph, go to MathGraphs.com. 

49. 

51. Y 

as 
2+ = 

1+ f 

Bot =6 \ Y 3 6 \ u 

—3-- 

(Submitted by Bill Fox, Moberly Area Community College, 

Moberly, MO) 

PP sa. 
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Consider the function 

i=, Oe Re 4, 
rr | 

(a) Use a computer algebra system to graph the function and 

use the graph to approximate the critical numbers visually. 

(b) Use a computer algebra system to find f’ and approximate 

the critical numbers. Are the results the same as the visual 

approximation in part (a)? Explain. 

Consider the function 

f(x) = tan(sin 77x). 

(a) Use a graphing utility to graph the function. 

(b) Identify any symmetry of the graph. 

(c) Is the function periodic? If so, what is the period? 

(d) Identify any extrema on (— 1, 1). 

(e) Use a graphing utility to determine the concavity of the 

graph on (0, 1). 

Think About !t In Exercises 55-58, create a function whose 

graph has the given characteristics. (There is more than one 

correct answer.) 

55. Vertical asymptote: x = 3 

Horizontal asymptote: y = 0 

56. Vertical asymptote: x = —5 

Horizontal asymptote: None 

57. Vertical asymptote: x = 3 

Slant asymptote: y = 3x + 2 

58. Vertical asymptote: x = 2 

Slant asymptote: y = —x 

59. Graphical Reasoning Identify the real numbers xo, x,, 
X>, X3, and x, in the figure such that each of the following 

is true. 

ca 
i) 

tad 
of Pal 

(a) f(x) = 0 

(b) 7 (z= 0 

(c) f(x) does not exist. 

(d) fhas a relative maximum. 

(e) fhas a point of inflection. 
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O21 HOW DOYOU SEE IT? The graph of fis 

shown in the figure. 

Applications of Differentiation 

(a) For which values of x is f(x) zero? Positive? 
Negative? What do these values mean? 

(b) For which values of x is f’(x) zero? Positive? 

Negative? What do these values mean? 

(c) On what open interval is f’ an increasing function? 

(d) For which value of x is f(x) minimum? For this 
value of x, how does the rate of change of f compare 

with the rates of change of f for other values of x? 

Explain. 

61. Investigation Let P(x, yo) be an arbitrary point on the 
graph of f such that f’(x)) # 0, as shown in the figure. Verify 
each statement. 

(a) The x-intercept of the tangent line is 

(Fey) 
(b) The y-intercept of the tangent line is 

(0, fo) — x0 f’@)). 

(c) The x-intercept of the normal line is 

(Xp Zs f Xo) FX); 0). 

(d) The y-intercept of the normal line is 

: xo 
(0. Yo + aa) 

2 foe) 
(e) |BC| ¥’G) 

0) fre = |e TPI 
d Cal} 

(g) |AB| = | f(x) f’%o) 

(h) |AP| = | f(x) | v Lr LF(%) FP 

62. Investigation Consider the function 

2x? 1 

for nonnegative integer values of n. 

(a) Discuss the relationship between the value of n and the 

symmetry of the graph. 

(b) For which values of n will the x-axis be the horizontal 

asymptote? 

(c) For which value of n will y =2 be the horizontal 

asymptote? 

(d) What is the asymptote of the graph when n = 5? 

Fe (e) Use a graphing utility to graph f for the indicated values of 

n in the table. Use the graph to determine the number of 

extrema M and the number of inflection points N of the 

graph. 

n Onl 

: it Joe 
i aa 

63. Graphical Reasoning Consider the function 

ax 

(ba (aE 

Determine the effect on the graph of fas a and b are changed. 

Consider cases where a and b are both positive or both 

negative, and cases where a and b have opposite signs. 

64. Graphical Reasoning Consider the function 

1 
f(x) = 3 lax)” Whe eh) 

(a) Determine the changes (if any) in the intercepts, extrema, 

and concavity of the graph of f when a is varied. 

EP 1) In the same viewing window, use a graphing utility to 

graph the function for four different values of a. 

Slant Asymptotes In Exercises 65 and 66, the graph of the 
function has two slant asymptotes. Identify each slant 

asymptote. Then graph the function and its asymptotes. 

65. y = /4 + 16x? 66. y = Vx? + 6x 

PUTNAM EXAM CHALLENGE 

67. Let f(x) be defined for a < x < b. Assuming appropriate : 

properties of continuity and derivability, prove for } 

a <x < b that 

IOEAaTOR £0) — fia) 
58 = Gi bia 

seb 
= 57"), 

where € is some number between a and b. 

This problem was composed by the Committee on the Putnam Prize Competition. 

© The Mathematical Association of America. All rights reserved. 
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3./ Optimization Problems 

Open box with square base: 

S =x? + 4xh = 108 

Figure 3.53 

> TECHNOLOGY Youcan 

eeseee*ees#8eesr#2nteeees#e#ees ee 

verify your answer in Example | 

by using a graphing utility to 

graph the volume function 

5 
V =27x 1 

Use a viewing window in which 

0 <x < /108 ~ 10.4 and 
0 < y s 120, and use the 

maximum or trace feature to 

determine the maximum 

value of V. 

@ Solve applied minimum and maximum problems. 

Applied Minimum and Maximum Problems 

One of the most common applications of calculus involves the determination of 

minimum and maximum values. Consider how frequently you hear or read terms such as 

greatest profit, least cost, least time, greatest voltage, optimum size, least size, greatest 

strength, and greatest distance. Before outlining a general problem-solving strategy for 

such problems, consider the next example. 

> ON A Finding Maximum Volume 

A manufacturer wants to design an open box having a square base and a surface area of 

108 square inches, as shown in Figure 3.53. What dimensions will produce a box with 

maximum volume? 

Solution Because the box has a square base, its volume is 

WS ee Primary equation 

This equation is called the primary equation because it gives a formula for the 

quantity to be optimized. The surface area of the box is 

S = (area of base) + (area of four sides) 

108 =x? “eax Secondary equation 

Because V is to be maximized, you want to write V as a function of just one variable. 

To do this, you can solve the equation x? + 4xh = 108 for h in terms of x to obtain 

h = (108 — x?)/(4x). Substituting into the primary equation produces 

V= xn Function of two variables 

pL LO a 
= xX epee Substitute for h. 

Xx 

x3 

= OY = 4 Function of one variable 

Before finding which x-value will yield a maximum value of V, you should determine 

the feasible domain. That is, what values of x make sense in this problem? You know 

that V = 0. You also know that x must be nonnegative and that the area of the base 

(A = x’) is at most 108. So, the feasible domain is 

ORS 2108; Feasible domain 

To maximize V, find the critical numbers of the volume function on the interval 

(0, 108). 

dV Bhd ae —e-3 
= 27 Differentiate with respect to x. 

dx 4 

Bx 
Wl = ne = Set derivative equal to 0. 

3x? = 108 Simplify. 

x = +6 Critical numbers 

So, the critical numbers are x = +6. You do not need to consider x = —6 because it is 

outside the domain. Evaluating V at the critical number x = 6 and at the endpoints of 

the domain produces V(0) = 0, V(6) = 108, and V(¥ 108) = 0. So, V is maximum 

when x = 6, and the dimensions of the box are 6 inches by 6 inches by 3 inches. {j@ 
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In Example 1, you should realize that there are infinitely many open boxes having 

108 square inches of surface area. To begin solving the problem, you might ask 

yourself which basic shape would seem to yield a maximum volume. Should the box 

be tall, squat, or nearly cubical? 

You might even try calculating a few volumes, as shown in Figure 3.54, to see if 

you can get a better feeling for what the optimum dimensions should be. Remember 

that you are not ready to begin solving a problem until you have clearly identified what 

the problem is. 

Volume = 744 Volume = 92 Volume = 1033 

1 
3x3x 8] 

Volume = 108 Volume = 88 

6x6x3 8x8x13 

Which box has the greatest volume? 

Figure 3.54 

Example | illustrates the following guidelines for solving applied minimum and 

maximum problems. 

GUIDELINES FOR SOLVING APPLIED MINIMUM AND 

MAXIMUM PROBLEMS 

1. Identify all given quantities and all quantities to be determined. If possible, 

make a sketch. 

. Write a primary equation for the quantity that is to be maximized or 

minimized. (A review of several useful formulas from geometry is presented 

inside the back cover.) 

. Reduce the primary equation to one having a single independent variable. 

This may involve the use of secondary equations relating the independent 

variables of the primary equation. 

. Determine the feasible domain of the primary equation. That is, determine 

the values for which the stated problem makes sense. 

--[> . Determine the desired maximum or minimum value by the calculus 

techniques discussed in Sections 3.1 through 3.4. 

> 

ee eee Cl AAI For Step 5, recall that to determine the maximum or minimum value of 

a continuous function f on a closed interval, you should compare the values of f at its 

critical numbers with the values of f at the endpoints of the interval. 



The quantity to be minimized is 

distance: d = /(x — 0)? + (y — 2). 

Figure 3.55 

1 in. j | 
— 
Nie 
= 

~ , 

SS ————— | 

a 
Nile 

oc i=) 

The quantity to be minimized is area: 

Arx + 3)(y + 2). 

Figure 3.56 
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EXAMPLE 2 Finding Minimum Distance 

sees > See LarsonCalculus.com for an interactive version of this type of example. 

Which points on the graph of y = 4 — x are closest to the point (0, 2)? 

Solution Figure 3.55 shows that there are two points at a minimum distance from 

the point (0, 2). The distance between the point (0, 2) and a point (x, y) on the graph of 

ya 1s 

Gh <A; = 0) a (y =))* Primary equation 

Using the secondary equation y = 4 — x’, you can rewrite the primary equation as 

d= J/x2 + (44 — x? — 2) 

= /P— 3244, 
Because d is smallest when the expression inside the radical is smallest, you need only 

find the critical numbers of f(x) = x+ — 3x? + 4. Note that the domain of fis the entire 
real number line. So, there are no endpoints of the domain to consider. Moreover, the 

derivative of f 

fA ae OK 

= ISO 8) 

is zero when 

3 3} 

uae 
Testing these critical numbers using the First Derivative Test verifies that x = 0 yields 

a relative maximum, whereas both x = 3/2 and x = —/3/2 yield a minimum 

distance. So, the closest points are (\/3/2, 5/2) and (— /3/2, 5/2). 

EXAMPLE 3 Finding Minimum Area 

A rectangular page is to contain 24 square inches of print. The margins at the top and 

bottom of the page are to be - inches, and the margins on the left and right are to be 

1 inch (see Figure 3.56). What should the dimensions of the page be so that the least 

amount of paper is used? 

Solution Let A be the area to be minimized. 

A= (x3) (yet 2) Primary equation 

The printed area inside the margins is 

24 = xy. Secondary equation 

Solving this equation for y produces y = 24/x. Substitution into the primary equation 

produces 

A=G + (2 oe 2) = 30 + 2x + z Function of one variable 
x 

Because x must be positive, you are interested only in values of A for x > 0. To find the 

critical numbers, differentiate with respect to x 

ddwin ty 2 
dx ve 

and note that the derivative is zero when x? = 36, or x = +6. So, the critical numbers 

are x = +6. You do not have to consider x = — 6 because it is outside the domain. The 

First Derivative Test confirms that A is a minimum when x = 6. So, y = & = 4 and the 

dimensions of the page should be x + 3 = 9 inches by y + 2 = 6 inches. | 
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You can confirm the minimum value 

of W with a graphing utility. 

Figure 3.58 

eeecsve\ / 

Finding Minimum Length 

Two posts, one 12 feet high and the other 28 feet high, stand 30 feet apart. They are to 

be stayed by two wires, attached to a single stake, running from ground level to the top 

of each post. Where should the stake be placed to use the least amount of wire? 

Solution Let W be the wire length to be 

minimized. Using Figure 3.57, you can write 

W=yrtz. Primary equation 

In this problem, rather than solving for y in 

terms of z (or vice versa), you can solve for 

both y and z in terms of a third variable x, as 

shown in Figure 3.57. From the Pythagorean 

Theorem, you obtain 

ee De i iy 

(30 — x)? + 282 = 
The quantity to be minimized is length. 

From the diagram, you can see that x 

which implies that varies between 0 and 30. 

N 
i) 

Figure 3.57 aaa 
z= Jx* — 60x + 1684. 

So, you can rewrite the primary equation as 

W=ytz 

= [47 144 / x = 60X +1684) 0 res 30. 

Differentiating W with respect to x yields 

Che b3 ope 

FS gern Jes teem rar 
By letting dW/dx = 0, you obtain 

x - x ==50 

V+ 144 Sx? — 60x + 1684 

x-/ 97 = 60x +1684 = (30 = x)/x2 44 
x(x” = 60x + 1684) = (30 — x)*Ax? + 144) 

x* — 60x? + 1684x7 = x*— 60x° + 1044x? — 86400 + 129 

640x? + 8640x — 129,600 = 0 

320(« — 9)(2x + 45) = 0 

p= OL = SS 

Because x = — 22.5 is not in the domain and 

W(0) ~ 53.04, W(9) = 50, and W(30) ~ 60.31 

you can conclude that the wire should be staked at 9 feet from the 12-foot pole. 

rim 7 i 

‘NOLOGY From Example 4, you can see that applied optimization 

problems can involve a lot of algebra. If you have access to a graphing utility, you 

can confirm that x = 9 yields a minimum value of W by graphing 

W = Vx? 4+ 144 + Sx? — 60x + 1684 

as shown in Figure 3.58. 



ARC 

4 feet === — 

2 
Area: mr 

Circumference: 27r 

The quantity to be maximized is area: 

A= x2 arr. 

Figure 3.59 

Exploration 

What would the answer be 
if Example 5 asked for 

the dimensions needed to 

enclose the minimum 

total area? 
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In each of the first four examples, the extreme value occurred at a critical number. 

Although this happens often, remember that an extreme value can also occur at an 

endpoint of an interval, as shown in Example 5. 

EXAMPLE 5 An Endpoint Maximum 

Four feet of wire is to be used to form a square and a circle. How much of the wire 

should be used for the square and how much should be used for the circle to enclose the 

maximum total area? 

Solution The total area (see Figure 3.59) is 

A 
oy 9 . . 

IN a hea Primary equation 

(area of square) + (area of circle) 

Because the total length of wire is 4 feet, you obtain 

4 = (perimeter of square) + (circumference of circle) 

4 = 4x + 27r. 

So, r = 2(1 — x)/7, and by substituting into the primary equation you have 

4(1 — x)? 

7 
= x7 + 

Ge +.4)x? — 8x + 4]. 
7 

The feasible domain is 0 <= x < 1, restricted by the square’s perimeter. Because 

dA Um + 4)x — 8 

dx TT 

the only critical number in (0, 1) is x = 4/(a7 + 4) ~ 0.56. So, using 

A(0) = 1.273, A(0.56) ~ 0.56, and A(1) =1 

you can conclude that the maximum area occurs when x = 0. That is, all the wire is 

used for the circle. | 

Before doing the section exercises, review the primary equations developed in the 

first five examples. As applications go, these five examples are fairly simple, and yet the 

resulting primary equations are quite complicated. 

3 

Vee n Example | 

d= /x4 — 3x7 +4 Example 2 

A = 30 + 2x + Zz Example 3 

W= Sx? + 144 + Sx? — 60x + 1684 Example 4 

Aa “(x + 4)x2 — 8x + 4] Example 5 

You must expect that real-life applications often involve equations that are at least as 

complicated as these five. Remember that one of the main goals of this course is to learn 

to use calculus to analyze equations that initially seem formidable. 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. e 3.7 Exercises 

Pe L al, a Analytic Analysis Find 

two positive numbers whose sum is 110 and whose product is a 

maximum. 

(a) Analytically complete six rows of a table such as the one 

below. (The first two rows are shown.) 

First Second 

Number, x Number Product, P 

10 Oslo 10(110 — 10) = 1000 

20 110 — 20 | 20(110 = 20) = 1800 

(b) Use a graphing utility to generate additional rows of the 

table. Use the table to estimate the solution. (Hint: Use 

the table feature of the graphing utility.) 

(c) Write the product P as a function of x. 

(d) Use a graphing utility to graph the function in part (c) and 

estimate the solution from the graph. 

(e) Use calculus to find the critical number of the function in 

part (c). Then find the two numbers. 

2. Numerical, Graphical, and Analytic Analysis An 

open box of maximum volume is to be made from a square 

piece of material, 24 inches on a side, by cutting equal squares 

from the corners and turning up the sides (see figure). 

(a) Analytically complete six rows of a table such as the one 

below. (The first two rows are shown.) Use the table to 

guess the maximum volume. 

Length and 

Height, x Width 

1 | pe Olay) 

Volume, V 

—= os || 

1[24 — 2(1)2 = 484 

2[24 — 2(2) = 800 2 | 26 22) 

(b) Write the volume V as a function of x. 

(c) Use calculus to find the critical number of the function in 

part (b) and find the maximum value. 

(d) Use a graphing utility to graph the function in part (b) and 

verify the maximum volume from the graph. 

Finding Numbers In Exercises 3-8, find two positive 

numbers that satisfy the given requirements. 

Ww . The sum is S and the product is a maximum. 

. The product is 185 and the sum is a minimum. 

nan . The product is 147 and the sum of the first number plus three 

times the second number is a minimum. 

6. The second number is the reciprocal of the first number and 

the sum is a minimum. 

7. The sum of the first number and twice the second number is 

108 and the product is a maximum. 

8. The sum of the first number squared and the second number is 

54 and the product is a maximum. 

Maximum Area In Exercises 9 and 10, find the length and 

width of a rectangle that has the given perimeter and a 

maximum area. 

9, Perimeter: 80 meters 10. Perimeter: P units 

Minimum Perimeter In Exercises 11 and 12, find the 

length and width of a rectangle that has the given area and a 

minimum perimeter. 

11. Area: 32 square feet 12. Area: A square centimeters 

Minimum Distance In Exercises 13-16, find the point on 
the graph of the function that is closest to the given point. 

13. f(x) = x, (2,4) 14. f(x) = (x — 1)2, (5,3) 
15:f(x) = Sx, G0) 16. f(x) = Vx — 8, (12,0) 

17. Minimum Area A rectangular page is to contain 
30 square inches of print. The margins on each side are | inch. 

Find the dimensions of the page such that the least amount of 

paper is used. 

18. Minimum Area A rectangular page is to contain 

36 square inches of print. The margins on each side are 

i inches. Find the dimensions of the page such that the least 

amount of paper is used. 

19. Minimum Length A farmer plans to fence a rectangular 
pasture adjacent to a river (see figure). The pasture must 

contain 245,000 square meters in order to provide enough 

grass for the herd. No fencing is needed along the river. What 

dimensions will require the least amount of fencing? — 



20/ Maximum Volume _ A rectangular solid (with a square 

base) has a surface area of 337.5 square centimeters. Find the 

dimensions that will result in a solid with maximum volume. 

21. Maximum Area A Norman window is constructed by 
adjoining a semicircle to the top of an ordinary rectangular 

window (see figure). Find the dimensions of a Norman 

window of maximum area when the total perimeter is 16 feet. 

Maximum Area A rectangle is bounded by the x- and 
y-axes and the graph of y = (6 — x)/2 (see figure). What 
length and width should the rectangle have so that its area is 

a maximum? 

Figure for 22 Figure for 23 

23. Minimum Length and Minimum Area A right 
triangle is formed in the first quadrant by the x- and y-axes and 

a line through the point (1, 2) (see figure). 

(a) Write the length L of the hypotenuse as a function of x. 

Be (b) Use a graphing utility to approximate x graphically such 

that the length of the hypotenuse is a minimum. 

(c) Find the vertices of the triangle such that its area is a 

minimum. 

24. Maximum Area Find the area of the largest isosceles 
triangle that can be inscribed in a circle of radius 6 (see figure). 

(a) Solve by writing the area as a function of h. 

(b) Solve by writing the area as a function of a. 

(c) Identify the type.of triangle of maximum area. 

Figure for 24 Figure for 25 

25% mum Area 
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A rectangle is bounded by the x-axis and 

the semicircle 

y=J/B-2 
(see figure). What length and width should the rectangle have 

so that its area is a maximum? 

26. Maximum Area Find the dimensions of the lar gest 

rectangle that can be inscribed in a semicircle of radius r (see 

Exercise 25). 

Die Numerical and YSIS An 

exercise room consists oe a emer ath a seniors on each 

end. A 200-meter running track runs around the outside of the 

room. 

(a) Draw a figure to represent the problem. Let x and y 

represent the length and width of the rectangle. 

(b) Analytically complete six rows of a table such as the one 

below. (The first two rows are shown.) Use the table to 

guess the maximum area of the rectangular region. 

Weleensthyer. 

D, 
10 (10) (100 — 10) ~ 573 

2) 2 
20 7, (100 — 20) (20)(100 — 20) = 1019 

(c) Write the area A as a function of x. 

(d) Use calculus to find the critical number of the function in 

part (c) and find the maximum value. 

(e) Use a graphing utility to graph the function in part (c) and 

verify the maximum area from the graph. 

BP 28. Numerical, Graphical, and Analytic Analysis A 
right circular cylinder is designed to hold 22 cubic inches of a 

soft drink (approximately 12 fluid ounces). 

(a) Analytically complete six rows of a table such as the one 

below. (The first two rows are shown.) 

E : | 3 Sal “p "Surface 
Area, y 

D2 

So ao. by (0.2)? ae = 220.3 

0.4 2 ) (0404+ = =| ~ 110 
mAOae | tbs aes 

(b) Use a graphing utility to generate additional rows of the 

table. Use the table to estimate the minimum surface area. 

(Hint: Use the table feature of the graphing utility.) 

(c) Write the surface area S as a function of r. 

(d) Use a graphing utility to graph the function in part (c) and 

estimate the minimum surface area from the graph. 

(e) Use calculus to find the critical number of the function in 

part (c) and find dimensions that will yield the minimum 

surface area. 
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29. A rectangular package to be sent by 

a postal service can have a maximum combined length and 

girth (perimeter of a cross section) of 108 inches (see figure). 

Find the dimensions of the package of maximum volume that 

can be sent. (Assume the cross section is square.) 

30. Maximum Volume _ Rework Exercise 29 for a cylindrical 

package. (The cross section is circular.) 

WRITING ABOUT CONCEPTS 

31. Surface Area and Volume A shampoo bottle is a 
right circular cylinder. Because the surface area of the 

bottle does not change when it is squeezed, is it true that 

the volume remains the same? Explain. 

32. Area and Perimeter The perimeter of a rectangle is 
20 feet. Of all possible dimensions, the maximum area is 

25 square feet when its length and width are both 5 feet. 

Are there dimensions that yield a minimum area? Explain. 

33. Minimum Surface Area _A solid is formed by adjoining 
two hemispheres to the ends of a right circular cylinder. The 

total volume of the solid is 14 cubic centimeters. Find the 

radius of the cylinder that produces the minimum surface area. 

34. Minimum Cost An industrial tank of the shape described 
in Exercise 33 must have a volume of 4000 cubic feet. The 

hemispherical ends cost twice as much per square foot of 

surface area as the sides. Find the dimensions that will 

minimize cost. 

35. Minimum Area The sum of the perimeters of an 

equilateral triangle and a square is 10. Find the dimensions of 

the triangle and the square that produce a minimum total area. 

36. Maximum Area _ Twenty feet of wire is to be used to form 
two figures. In each of the following cases, how much wire 

should be used for each figure so that the total enclosed area is 

maximum? 

(a) Equilateral triangle and square 

(b) Square and regular pentagon 

(c) Regular pentagon and regular hexagon 

(d) Regular hexagon and circle 

What can you conclude from this pattern? {Hint: The 

area of a regular polygon with n sides of length x is 

A = (n/4)[cot(a/n)]x?.} 

37. Beam Strength A wooden beam has a rectangular cross 

section of height h and width w (see figure). The strength S of 

the beam is directly proportional to the width and the square of 

the height. What are the dimensions of the strongest beam that 

can be cut from a round log of diameter 20 inches? (Hint: 

S = kh’w, where k is the proportionality constant.) 

Andriy Markov/Shutterstock.com 

——»- X 

-x,0) | (0 

Figure for 38 Figure for 37 

38. Minimum Length Two factories are located at the 

coordinates (—x, 0) and (x, 0), and their power supply is at 
(0, h) (see figure). Find y such that the total length of power 

line from the power supply to the factories is a minimum. 

e e 39, Minimum Cost ecccececevcecveeevececevee 

An offshore oil well is e 

2 kilometers off the Sree 

coast. The refinery is 

4 kilometers down the 

coast. Laying pipe in 

the ocean is twice as 

expensive as laying it 

on land. What path 

should the pipe follow 

in order to minimize e 

the cost? : 

40. {Ilumination A light source is located over the center of a 
circular table of diameter 4 feet (see figure). Find the height h 

of the light source such that the illumination / at the perimeter 

of the table is maximum when 

_ ksina 
bald 2 I 

§ 

where s is the slant height, a is the angle at which the light 

strikes the table, and k is a constant. 

Figure for 40 Figure for 41 

41. Minimum Time A man is in a boat 2 miles from the 
nearest point on the coast. He is to go to a point Q, located 

3 miles down the coast and | mile inland (see figure). He can 

row at 2 miles per hour and walk at 4 miles per hour. Toward 

what point on the coast should he row in order to reach point 

QO in the least time? 



42. 

Ay 43. 

44, 

45. 

Minimum 1 The conditions are the same as in 
Exercise 41 except that the man can row at vy, miles per hour 

and walk at v, miles per hour. If 6, and 6, are the magnitudes 

of the angles, show that the man will reach point Q in the least 

time when 

ime 

sin 6, sin 0, 

V; V5 

Minimum Dista Sketch the graph of 
f(x) = 2 — 2 sin x on the interval [0, 7/2]. 

(a) Find the distance from the origin to the y-intercept and the 

distance from the origin to the x-intercept. 

(b) Write the distance d from the origin to a point on the graph 

of f as a function of x. Use your graphing utility to graph d 

and find the minimum distance. 

(c) Use calculus and the zero or root feature of a graphing 

utility to find the value of x that minimizes the function d 

on the interval [0, 7/2]. What is the minimum distance? 

(Submitted by Tim Chapell, Penn Valley Community College, 

Kansas City, MO) 

Minimum Time When light waves traveling in a 
transparent medium strike the surface of a second transparent 

medium, they change direction. This change of direction is 

called refraction and is defined by Snell’s Law of Refraction, 

sin #, _ sin 0, 

v, V> 

where 6, and 6, are the magnitudes of the angles shown in the 
figure and v, and v, are the velocities of light in the two media. 
Show that this problem is equivalent to that in Exercise 42, and 

that light waves traveling from P to Q follow the path of 

minimum time. 

aN Medium 1 

Maximum Volume -A sector with central angle @ is cut 
from a circle of radius 12 inches (see figure), and the edges 

of the sector are brought together to form a cone. Find the 

magnitude of @ such that the volume of the cone is a maximum. 

Figure for 45 Figure for 46 

Fy 46. 

47 
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The 

cross sections of an irrigation canal are isosceles trapezoids of 

which three sides are 8 feet long (see figure). Determine the 

angle of elevation 6 of the sides such that the area of the cross 

sections is a maximum by completing the following. 

(a) Analytically complete six rows of a table such as the one 

below. (The first two rows are shown.) 

Base | Base 2 Altitude Area 

8 8 + 16 cos 10° | 8 sin 10° = 22.1 

8 8 + 16 cos 20° 8 sin 20° = 425 

(b) Use a graphing utility to generate additional rows of the 

table and estimate the maximum cross-sectional area. 

(Hint: Use the table feature of the graphing utility.) 

(c) Write the cross-sectional area A as a function of 0. 

(d) Use calculus to find the critical number of the function in 

part (c) and find the angle that will yield the maximum 

cross-sectional area. 

(e) Use a graphing utility to graph the function in part (c) and 

verify the maximum cross-sectional area. 

. Maximum Profit Assume that the amount of money 
deposited in a bank is proportional to the square of the interest 

rate the bank pays on this money. Furthermore, the bank can 

reinvest this money at 12%. Find the interest rate the bank 

should pay to maximize profit. (Use the simple interest formula.) 

48. HOW DOYOU SEE IT? The graph shows 
the profit P (in thousands of dollars) of a company 

in terms of its advertising cost x (in thousands 

of dollars). 

Profit of a Company 

4000 

3500 

3000 

2500 

2000 

1500 

1000 

500 

Profit (in thousands of dollars) 
30 40 SO 70 60 

Advertising cost (in thousands of dollars) 

LOU 20, 

(a) Estimate the interval on which the profit is increasing. 

(b) Estimate the interval on which the profit is decreasing. 

(c) Estimate the amount of money the company should 

spend on advertising in order to yield a maximum 

profit. 

(d) The point of diminishing returns is the point at which 

the rate of growth of the profit function begins to 

decline. Estimate the point of diminishing returns. 
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In Exercises 49-51, consider a fuel 

distribution center located at the origin of the rectangular 

coordinate system (units in miles; see figures). The center 

supplies three factories with coordinates (4,1), (5,6), and 

(10, 3). A trunk line will run from the distribution center along 

the line y = mx, and feeder lines will run to the three factories. 

The objective is to find m such that the lengths of the feeder 

lines are minimized. 

49. Minimize the sum of the squares of the lengths of the vertical 

feeder lines (see figure) given by 

Se ont = GO) (TO 3). 

Find the equation of the trunk line by this method and then 

determine the sum of the lengths of the feeder lines. 

Pe 50. Minimize the sum of the absolute values of the lengths of the 

vertical feeder lines (see figure) given by 

So = (4m —"1|- ant — 6] "110m — 3): 

Find the equation of the trunk line by this method and then 

determine the sum of the lengths of the feeder lines. (Hint: Use 

a graphing utility to graph the function S, and approximate the 

required critical number.) 

y 

8 1 (10, 10m) 8 : 

(5, 6) (5, 6) 
6+ 

/; 
4 

2+ (10, 3) 

Figure for 49 and 50 Figure for 51 

Pe 51. Minimize the sum of the perpendicular distances (see figure 

and Exercises 83-86 in Section P.2) from the trunk line to the 

factories given by 

_ [4m = 1, [5m = 6] | [10m — 3| 
Sm +1 Sm +1 Jm2 +10 

Find the equation of the trunk line by this method and then 

determine the sum of the lengths of the feeder lines. (Hint: Use 

a graphing utility to graph the function $, and approximate the 

required critical number.) 

S3 

52. Maximum Area _ Consider a 
symmetric cross inscribed in a 

circle of radius r (see figure). 

(a) Write the area A of the cross 

as a function of x and find 

the value of x that maximizes 

the area. 

(b) Write the area A of the cross as a function of 6 and find the 

value of 6 that maximizes the area. 

(c) Show that the critical numbers of parts (a) and (b) yield the 

same maximum area. What is that area? 

PUTNAM EXAM CHALLENGE 

53. Find, with explanation, the maximum value _ of 

f(x) = x° — 3x on the set of all real numbers x satisfying 

FES Gand Se 

54. Find the minimum value of 

(ite log) 2 (ORI 1/562) 2 

(x + 1/x)? + @? + 1/23) 
fOr 0) 

These problems were composed by the Committee on the Putnam Prize Competition. 

© The Mathematical Association of America. All rights reserved. 

Saniisisnn © 

Connecticut River 
Whenever the Connecticut River reaches a level of 105 feet above 

sea level, two Northampton, Massachusetts, flood control station 

operators begin a round-the-clock river watch. Every 2 hours, they 

check the height of the river, using a scale marked off in tenths of 

a foot, and record the data in a log book. In the spring of 1996, the 

flood watch lasted from April 4, when the river reached 105 feet 

and was rising at 0.2 foot per hour, until April 25, when the level 

subsided again to 105 feet. Between those dates, their log shows 

that the river rose and fell several times, at one point coming close 

to the 115-foot mark. If the river had reached 115 feet, the city 

would have closed down Mount Tom Road (Route 5, south of 

Northampton). 

The graph below shows the rate of change of the level of the river 

during one portion of the flood watch. Use the graph to answer 

each question. 

R 

4 

(by 2 SS ee 2 
Ss 

pion eal 1 
Oo v 

aay se D 
of 
as 
2s 2 

pees 
=A ese 

Day (0 © 12:01A.M. April 14) 

(a) On what date was the river rising most rapidly? How do you 

know? 

(b) On what date was the river falling most rapidly? How do you 

know? 

(c) There were two dates in a row on which the river rose, then fell, 

then rose again during the course of the day. On which days did 

this occur, and how do you know? 

(d) At 1 minute past midnight, April 14, the river level was 

111.0 feet. Estimate its height 24 hours later and 48 hours later. 

Explain how you made your estimates. 

(e) The river crested at 114.4 feet. On what date do you think this 

occurred? 

(Submitted by Mary Murphy, Smith College, Northampton, MA) 
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Ws Mee \\(-\hlace)i Kom lV (cidaloye| 

(a) 

(x, fa) 

(b) 
The x-intercept of the tangent line 

approximates the zero of f. 

Figure 3.60 

NEWTON’S METHOD 

Isaac Newton first described the 
method for approximating the real 
zeros of a function in his text 

Method of Fluxions. Although the 
book was written in 1671, it 

was not published until | 736. 
Meanwhile, in 1690, Joseph 
Raphson (1648-1715) published 
a paper describing a method for 
approximating the real zeros of 

a function that was very similar 
to Newton's. For this reason, the 
method is often referred to as 

the Newton-Raphson method. 

@ Approximate a zero of a function using Newton’s Method. 

Newton’s Method 

In this section, you will study a technique for approximating the real zeros of a function. 

The technique is called Newton’s Method, and it uses tangent lines to approximate the 

graph of the function near its x-intercepts. 

To see how Newton’s Method works, consider a function f that is continuous on the 

interval [a, b] and differentiable on the interval (a, b). If f(a) and f(b) differ in sign, 
then, by the Intermediate Value Theorem, f must have at least one zero in the interval 

(a, b). To estimate this zero, you choose 

SX First estimate 

as shown in Figure 3.60(a). Newton’s Method is based on the assumption that the graph 

of f and the tangent line at (x,, f(x,)) both cross the x-axis at about the same point. 
Because you can easily calculate the x-intercept for this tangent line, you can use it as 

a second (and, usually, better) estimate of the zero of f. The tangent line passes through 

the point (x,,f(x,)) with a slope of f’(x,). In point-slope form, the equation of the 
tangent line is 

y Site) = f(x,)(x ~ x) 

y = f'(x)(x ae X) “tif (4). 

Letting y = 0 and solving for x produces 

Me f(x) ae ae 

ifs (x,) 

So, from the initial estimate x,, you obtain a new estimate 

=! fx) : ; 
Npe eX a 3 Second estimate [See Figure 3.60(b).] 

ee) 

You can improve on x, and calculate yet a third estimate 

36 
Kee 2X5 a ui 2 3 Third estimate 

¥ (x5) 

Repeated application of this process is called Newton’s Method. 

; Newton's Method for Approximating the Zeros of a Function 

Let f(c) = 0, where f is differentiable on an open interval containing c. Then, 

to approximate c, use these steps. 

1. Make an initial estimate x, that is close to c. (A graph is helpful.) 

2. Determine a new approximation 

(x,) 
aa aaa es ee mera | n n oe) 

| 3. When |x, — x, ,,| is within the desired accuracy, let x, ,, serve as the 

| final approximation. Otherwise, return to Step 2 and calculate a new 

| approximation. 

Each successive application of this procedure is called an iteration. 
(Rass 
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For many 

functions, just a few iterations 

of Newton’s Method will 

produce approximations having 

very small errors, as shown in 

Example I. 

The first iteration of Newton’s Method 

Figure 3.61 

After three iterations of Newton’s 

Method, the zero of f is approximated 

to the desired accuracy. 

Figure 3.62 

Applications of Differentiation 

EXAMPLE 1 Using Newton's Method 

Calculate three iterations of Newton’s Method to approximate a zero of f(x) = x? — 2. 

Use x, = | as the initial guess. 

Solution Because f(x 

AG) es 

-) =x ) 

Xn ell a Xn 

ise) 

The calculations for three iterations are shown in the table. 

— 2, you have f(x) = 2x, and the iterative formula is 

cee ieee pee 
a ae 

¥ f (Xn) (x,) 
A xX; inl aa) | ii (x,,) A ) xX; * iG ) 

l 1.000000 | —1.000000 |} 2.000000 | —0.500000 1.500000 

2 | 1.500000 0.250000 3.000000 0.083333 1.416667 

3 1.416667 0.006945 2.833334 0.002451 1.414216 

4 | 1.414216 

Of course, in this case you know that the two zeros of the function are +./2. To six 

decimal places, J/2 = 1.414214. So, after only three iterations of Newton’s Method, 

you have obtained an approximation that is within 0.000002 of an actual root. The first 

iteration of this process is shown in Figure 3.61. 

EXAMPLE 2 Using Newton’s Method 

seer > See LarsonCalculus.com for an interactive version of this type of example. 

Use Newton’s Method to approximate the zeros of 

[Us =a = rele 

Continue the iterations until two successive approximations differ by less than 0.0001. 

Solution Begin by sketching a graph of f, as shown in Figure 3.62. From the graph, 

you can observe that the function has only one zero, which occurs near x = — 1.2. Next, 

differentiate f and form the iterative formula 

esa Deeatike eee el 

~ fo) " 62-2) —1 

The calculations are shown in the table. 

Xn+1 = is 

n ba Ace) 

| — 1.20000 0.18400 5.24000 0.03511 19239 01 

2} — 23511 =(0:00771 5.68276 — (0.00136 == INS IeiT/> 

3 RASS) 0.00001 5.66533 0.00000 SSIS) 

4 = 2/533) 7/5) 

Because two successive approximations differ by less than the required 0.0001, you 

can estimate the zero of f to be — 1.23375. wail 



lM FOR FURTHER INFORMATION 

For more on when Newton’s 

Method fails, see the article 

“No Fooling! Newton’s Method 

Can Be Fooled” by Peter Horton 

in Mathematics Magazine. To 

view this article, go to 

MathArticles.com. 

nm, 
eeeeveveeeve eee eee ee oj > 

be 

°*REMARK In Example 3, 
the initial estimate x, = 0.1 

fails to produce a convergent 

sequence. Try showing that 

Newton’s Method also fails 

for every other choice of x, 
(other than the actual zero). 
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When, as in Examples | and 2, the approximations approach a limit, the sequence 

X, Xp, X3,- - +, Xp). . . 1S Said to converge. Moreover, when the limit is c, it can be 

shown that c must be a zero of f. 

Newton’s Method does not 

always yield a convergent sequence. 

One way it can fail to do so is 

shown in Figure 3.63. Because 

Newton’s Method involves division 

by f(x,,), it is clear that the method 
will fail when the derivative is zero 

for any x,, in the sequence. When Cn 

you encounter this problem, you Newton’s Method fails to converge when f’(x,,) = 0. 
can usually overcome it by choosing Figure 3.63 

a different value for x,. Another way 

Newton’s Method can fail is shown in 

the next example. 

f'(%,) =0 

2 

An Example in Which Newton’s Method Fails 

The function f(x) = x!/° is not differentiable at x = 0. Show that Newton’s Method 
fails to converge using x, = 0.1. 

Solution Because f(x) = $x 2/3, the iterative formula is 

Jay) soe iB 
Dy Ais alah ey =X, 7 UX 3h ee 

The calculations are shown in the table. This table and Figure 3.64 indicate that x,, 

continues to increase in magnitude as n — oo, and so the limit of the sequence does 

not exist. 

F f(x,) Ue) 
ae We Xn Wh (x,,) i (x,,) f(x ) ine f't,) 

1 0.10000 0.46416 1.54720 0.30000 — 0.20000 

2 — (0.20000 —0.58480 | 0.97467 — (0.60000 0.40000 

3 0.40000 0.73681 0.61401 1.20000 — 0.80000 

4 —(0.80000 — 0.92832 0.3680 — 2.40000 1.60000 

Newton’s Method fails to converge for every 

x-value other than the actual zero of f- 

Figure 3.64 P| 
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NIELS HENRIK ABEL (1802-1829) 

EVARISTE GALOIS (1811-1832) 

Although the lives of both Abel 
and Galois were brief, their work 
in the fields of analysis and abstract 
algebra was far-reaching. 

It can be shown that a condition sufficient to produce convergence of Newton’s 

Method to a zero of fis that 

LO) FO) 
Lf) P 

<a Condition for convergence 

on an open interval containing the zero. For instance, in Example 1, this test would yield 

fx) =e 2; 5) Sx) Gla) Ss 

and 

Example | a\° 

Xe 

ere 
eSNG 

On the interval (1,3), this quantity is less than | and therefore the convergence of 

Newton’s Method is guaranteed. On the other hand, in Example 3, you have 

| 

i) 

2 ~ 2/3. f(x) — -9 Si) 2) 

Fille) oa 

and 

FOF "0)| _ [x'B(—2/9)(-9/3)| 

| Lf) P 2 (1/9)(x~4/9) ra Example 3 

which is not less than | for any value of x, so you cannot conclude that Newton’s 

Method will converge. 

You have learned several techniques for finding the zeros of functions. The zeros 

of some functions, such as 

FX) Oe 

can be found by simple algebraic techniques, such as factoring. The zeros of other 

functions, such as 

fQ) Hear 

cannot be found by elementary algebraic methods. This particular function has only one 

real zero, and by using more advanced algebraic techniques, you can determine the zero 

to be 

Rabe ey isms CVE 
: 6 ss 

Because the exact solution is written in terms of square roots and cube roots, it is called 

a solution by radicals. 

The determination of radical solutions of a polynomial equation is one of the 

fundamental problems of algebra. The earliest such result is the Quadratic Formula, 

which dates back at least to Babylonian times. The general formula for the zeros of a 

cubic function was developed much later. In the sixteenth century, an Italian 

mathematician, Jerome Cardan, published a method for finding radical solutions to 

cubic and quartic equations. Then, for 300 years, the problem of finding a general 

quintic formula remained open. Finally, in the nineteenth century, the problem was 

answered independently by two young mathematicians. Niels Henrik Abel, a 

Norwegian mathematician, and Evariste Galois, a French mathematician, proved that it 

is not possible to solve a general fifth- (or higher-) degree polynomial equation by 

radicals. Of course, you can solve particular fifth-degree equations, such as 

= eng 

but Abel and Galois were able to show that no general radical solution exists. 

The Granger Collection, New York 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises, 

Using Newton’s Method In Exercises 1-4, complete two 
iterations of Newton’s Method to approximate a zero of the 

function using the given initial guess. 

Poo — 5, x, = 22 

Ia) ax — 3, x, = 14 

3. f(x) =cosx, x, =1.6 

4. f(x) =tanx, x, =0.1 

ey Using Newton’s Method In Exercises 5-14, approximate 
the zero(s) of the function. Use Newton’s Method and continue 

the process until two successive approximations differ by less 

than 0.001. Then find the zero(s) using a graphing utility and 

compare the results. 

Bra) =x + 4 

Pie tx — 1 SAU) aie tat eal 

Sfx) = 53/x — 1 — 2x 10. f(x) =x -2Vx 41 

hie (a) =x — 3.9x? + 4.79x — 1.881 

Pax xe — 

ise) 1—x + -sinx 

6. f(x) =2-% 

14. f(x) = x — cosx 

Finding Point(s) of Intersection In Exercises 15-18, 
apply Newton’s Method to approximate the x-value(s) of the 

indicated point(s) of intersection of the two graphs. Continue 

the process until two successive approximations differ by less 

than 0.001. [Hint: Let h(x) = f(x) — g(x).] 

15. f(x) = 2x + 1 16. f(x) =3—x 

g(x) = Vx +4 g(x) = +1 

19. Mecha 

«Bade Osis 

| a 
‘% => —_— © — = 9 3 pe | a ar Ni ne 

where x, is an approximation of /a. 

The Mechanic’s Rule for approximating 

(a) Use Newton’s Method and the function f(x) = x* — a to 

derive the Mechanic’s Rule. 

(b) Use the Mechanic’s Rule to approximate \/5 and ./7 to 

three decimal places. 

20. A i ing Radi 

(a) Use Newton’s Method and the function f(x) = x” — a to 

obtain a general rule for approximating x = 2/a. 

(b) Use the general rule found in part (a) to approximate 4/6 

and 3/15 to three decimal places. 

Failure of Newton’s Method In Exercises 21 and 22, 

apply Newton’s Method using the given initial guess, and 

explain why the method fails. 

Dyer — GY 4 Ox al, ay = 

ho 

Figure for 21 Figure for 22 

ova —Qe-2. x, = 0 

Fixed Point In Exercises 23 and 24, approximate the fixed 
point of the function to two decimal places. [A fixed point x, of 

a function f is a value of x such that f(x») = xo-] 

23. f(x) = cos x 

ATG) = cox, Ox <7 

25. Approximating Reciprocals Use Newton’s Method to 

show that the equation 

Meet stp 23 ae) 

can be used to approximate 1/a when x, is an initial guess of 

the reciprocal of a. Note that this method of approximating 

reciprocals uses only the operations of multiplication and 

subtraction. (Hint: Consider 

i t = a. 

26. Approximating Reciprocals Use the result of Exercise 
25 to approximate (a) ; and (b) i to three decimal places. 
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WRITING ABOUT CONCEPTS 
alle \ : lethod 

f(x) = x8 — 3x2 + 3. 

Consider the function 

Pe (a) Use a graphing utility to graph f. 

(b) Use Newton’s Method to approximate a zero with 

x, = | as an initial guess. 

Repeat part (b) using x, = i as an initial guess and 

observe that the result is different. 

To understand why the results in parts (b) and (c) are 

different, sketch the tangent lines to the graph of f at 

the points (1, f(1)) and (4, f(7)). Find the x-intercept of 
each tangent line and compare the intercepts with the 

first iteration of Newton’s Method using the respective 

initial guesses. 

Write a short paragraph summarizing how Newton’s 

Method works. Use the results of this exercise to 

describe why it is important to select the initial guess 

carefully. 

28. Using Newton’s Method Repeat the steps in 
Exercise 27 for the function f(x) = sinx with initial 

guesses of x, = 1.8 and x, = 3. 

29. Newton’s Method In your own words and using a | 
sketch, describe Newton’s Method for approximating the 

zeros of a function. 

HOW DO YOU SEE IT? = ior what ee will | 

‘ Newton’s Method fail to converge for the function 
; i = ce 
shown in the graph? ee plain your Ae i 
reasoning. o¢ i 

Using Newton’s Method Exercises 31-33 present 
problems similar to exercises from the previous sections of this 

chapter. In each case, use Newton’s Method to approximate the 

solution. 

31. Minimum Distance Find the point on the graph of 
f(x) = 4 — x? that is closest to the point (1, 0). 

32. Medicine The concentration C of a chemical in the 
bloodstream f hours after injection into muscle tissue is given 

by 

BP kt 

~~ 504+ 2 

When is the concentration the greatest? 

33. Minimum Time You are in a boat 2 miles from the 
nearest point on the coast (see figure). You are to go to a point 

Q that is 3 miles down the coast and | mile inland. You can row 

at 3 miles per hour and walk at 4 miles per hour. Toward what 

point on the coast should you row in order to reach Q in the 

least time? 

34. Crime The total number of arrests T (in thousands) for all 

males ages 15 to 24 in 2010 is approximated by the model 

T = 0.2988x* — 22.625x3 + 628.49x* — 7565.9x + 33,478 

for 15 S x < 24, where x is the age in years (see figure). 

Approximate the two ages that had total arrests of 

300 thousand. (Source: U.S. Department of Justice) 

ae 

Arrests (in thousands) 

ESL O\ ae Ly, StS 92 Oe ee 

Age (in years) 

True or False? In Exercises 35-38, determine whether the 
statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

P(x) 
q(x) 

36. If the coefficients of a polynomial function are all positive, 

then the polynomial has no positive zeros. 

35. The zeros of f(x) = coincide with the zeros of p(x). 

37. If f(x) is a cubic polynomial such that f(x) is never zero, then 
any initial guess will force Newton’s Method to converge to 

the zero of f. 

38. The roots of \/f(x) = 0 coincide with the roots of f(x) = 0. 

39. Tangent Lines The graph of f(x) = —sin x has infinitely 
many tangent lines that pass through the origin. Use Newton’s 

Method to approximate to three decimal places the slope of the 

tangent line having the greatest slope. 
y 

| tangent line to f through the ; 

origin are shown. Find the 

coordinates of the point of % 

tangency to three decimal 

places. -1+ 

40. Point of Tangency The 
graph of f(x) = cos x and a 
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3.9 Differentials 

Exploration 

Tangent Line Approximation 

Use a graphing utility to 

graph f(x) = x. In the same 
viewing window, graph the 

tangent line to the graph of 

f at the point (1, 1). Zoom in 
twice on the point of tan- 

gency. Does your graphing 

utility distinguish between 

the two graphs? Use the 

trace feature to compare the 

two graphs. As the x-values 

get closer to 1, what can you 

say about the y-values? 

y 

n Tangent line 

IA Nia + 

The tangent line approximation of f at 

the point (0, 1) 

Figure 3.65 
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l@ Understand the concept of a tangent line approximation. 

i Compare the value of the differential, dy, with the actual change in y, Ay. 

lf Estimate a propagated error using a differential. 

@ Find the differential of a function using differentiation formulas. 

Tangent Line Approximations 

Newton’s Method (Section 3.8) is an example of the use of a tangent line to 
| approximate the graph of a function. In this section, you will study other situations in 
| which the graph of a function can be approximated by a straight line. 

To begin, consider a function f that is differentiable at c. The equation for the 

tangent line at the point (c, f(c)) is 

phe =A Mo) =F Ces 

HO + FOE) 
and is called the tangent line approximation (or linear approximation) of f at c. 

Because c is a constant, y is a linear function of x. Moreover, by restricting the values 

of x to those sufficiently close to c, the values of y can be used as approximations 

(to any desired degree of accuracy) of the values of the function f. In other words, as 

x approaches c, the limit of y is f(c). 

EXAMPLE 1 Using a Tangent Line Approximation 

tee. > See LarsonCalculus.com for an interactive version of this type of example. 

Find the tangent line approximation of f(x) = 1 + sin x at the point (0, 1). Then use 
a table to compare the y-values of the linear function with those of f(x) on an open 

interval containing x = 0. 

Solution The derivative of fis 

F(x) = "COs x. Filet derivative 

So, the equation of the tangent line to the graph of f at the point (0, 1) is 

y= 70) © 7 (0) — 0) 
y=1+ (1) — 0) 

yr = ll ae oe Tangent line approximation 7 

The table compares the values of y given by this linear approximation with the values 

of f(x) near x = 0. Notice that the closer x is to 0, the better the approximation. This 

conclusion is reinforced by the graph shown in Figure 3.65. 

% | 05 | ~0.1 | Spor 0) 0.01 0.1 

| FON asing | 0.521 | 0.9002 | 0.9900002 | 1 | 1.0099998 | 1.0998 

> | ate a | OsmnO9 Goose 1.01 fm 

Be sure you see that this linear approximation of f(. x) = 1+ sinx 

depends on the point of tangency. At a different point on the graph of f, you would 

obtain a different tangent line approximation. 
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When Ax is small, 

Ay = f(c + Ax) — f(c) is 

approximated by f’(c)Ax. 

Figure 3.66 

The change in y, Ay, is approximated 

by the differential of y, dy. 

Figure 3.67 

Applications of Differentiation 

Differentials 

When the tangent line to the graph of f at the point (c, f(c)) 

Vox f\c) =e [Kee =" c) Tangent line at (c, f(c)) 

is used as an approximation of the graph of f, the quantity x — c is called the change in 

x, and is denoted by Ax, as shown in Figure 3.66. When Ax is small, the change in y 

(denoted by Ay) can be approximated as shown. 

Ay = fle + Ax) — f(c) 

=~ f(c)Ax 

Actual change in y 

Approximate change in y 

For such an approximation, the quantity Ax is traditionally denoted by dx, and is 

called the differential of x. The expression f(x) dx is denoted by dy, and is called the 

differential of y. 

Definition of Differentials 

Let y = f(x) represent a function that is differentiable on an open interval 
containing x. The differential of x (denoted by dx) is any nonzero real number. 

The differential of y (denoted by dy) is 

| dy = fx) de. 

In many types of applications, the differential of y can be used as an approximation 

of the change in y. That is, 

Ay = f(x) dx. 

EXAMPLE 2 Comparing Ay and dy 

Let y = x”. Find dy when x = 1 and dx = 0.01. Compare this value with Ay for x = 1 

and Ax = 0.01. 

Ay=dy or 

Solution Because y = f(x) = x”, you have f(x) = 2x, and the differential dy is 

dy = f(x) dx = f’(1)(0.01) = 2(0.01) = 0.02. Differential of y 

Now, using Ax = 0.01, the change in y is 

Ay = f(x + Ax) — f(x) = f(1.01) — f() = (1.01)? — 12 = 0.0201. 

Figure 3.67 shows the geometric comparison of dy and Ay. Try comparing other values 

of dy and Ay. You will see that the values become closer to each other as dx (or Ax) 

approaches 0. | 

In Example 2, the tangent line to the graph of f(x) = x? at x = 1 is 

=x I Tangent line to the graph of fat x = 1. 

For x-values near 1, this line is close to the graph of f, as shown in Figure 3.67 and in 

the table. 

0.5 | 09 | 099 | 1 | LOL Went s 

0.25 | 0.81 | 0.9801 | 1 | 1.0201 | 1.21 | 2.25 

|y=2e-1| 0 | 08 | 0.98 | 1 | 1.02 | foes 
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Error Propagation 

Physicists and engineers tend to make liberal use of the approximation of Ay by dy. One 

way this occurs in practice is in the estimation of errors propagated by physical 

measuring devices. For example, if you let x represent the measured value of a variable 

and let x + Ax represent the exact value, then Ax is the error in measurement. Finally, 

if the measured value x is used to compute another value f(x), then the difference 

between f(x + Ax) and f(x) is the propagated error. 

Measurement Propagated 
error error 
Te os 

f(x + Ax) — f(x) = Ay 
Sd WY 

Exact Measured 

value value 

EXAMPLE 3 Estimation of Error 

The measured radius of a ball bearing is 0.7 inch, 

as shown in the figure. The measurement is 

correct to within 0.01 inch. Estimate the 

propagated error in the volume V of the ball 

bearing. 

Solution The formula for the volume of a 

sphere is 

Ball bearing with measured radius that 

V=-7r is correct to within 0.01 inch. 
3 

where r is the radius of the sphere. So, you can write 

r=0.7 Measured radius 

and 

—0.01 < Ar s 0.01. Possible error 

To approximate the propagated error in the volume, differentiate V to obtain 

dV/dr = 4mr? and write 

AV = dV Approximate AV by dV. 

= Ar? dr 

= 47(0.7)?(+0.01) Substitute for r and dr. 

=~ +0.06158 cubic inch. 

So, the volume has a propagated error of about 0.06 cubic inch. | 

Would you say that the propagated error in Example 3 is large or small? The 

answer is best given in relative terms by comparing dV with V. The ratio 

dV. Agr’ dr 
et ee Ratio of dV to V 
V PY oa 

3dr rts) 

a Simplify. F 

a ee (+0.01) Substitute for dr and r. 
0.7 

= +0.0429 

is called the relative error. The corresponding percent error is approximately 4.29%. 

Dmitry Kalinovsky/Shutterstock.com 
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GOTTFRIED WILHELM LEIBNIZ 
(1646-1716) 

Both Leibniz and Newton are 
credited with creating calculus. 
It was Leibniz, however, who tried 
to broaden calculus by developing 
rules and formal notation. He 
often spent days choosing an 
appropriate notation for a 
new concept. 
See LarsonCalculus.com to read 

more of this biography. 

Applications of Differentiation 

Calculating Differentials 

Each of the differentiation rules that you studied in Chapter 2 can be written in 

differential form. For example, let u and v be differentiable functions of x. By the 

definition of differentials, you have 

(ap = WE bs 

and 

ay =v ae Fy 

So, you can write the differential form of the Product Rule as shown below. 

Differential of uv. d[uv| = “(ws dx 

[uv’ + vu’] dx 

uv’ dx + vu’ dx 

udv+vdu 

Product Rule 

Differential Formulas 

Let u and v be differentiable functions of x. 

d|cu| = c du 

Sum or difference: d|u + v| = du + dv 

Product: d{uv] = udv + vdu 

a| | _ vdu — udv 

Vv we 

Constant multiple: 

Quotient: 

EXAMPLE 4 Finding Differentials 

Function Derivative Differential 

d 
a. y = x? rae dy = 2x dx 

dy i dx 
b y= Vx = Sa ay == Pir ah die aN CBRE 

3 dy 
c. y = 2sinx Re oe? dy = 2. cos x dx 

dy y : 
d. y = xcosx i 1 Sin x + cos x dy = (—x sin x cos x) dx 

aoe Cy ees __& 
ae a dx x? ar ves 4 

The notation in Example 4 is called the Leibniz notation for derivatives and 

differentials, named after the German mathematician Gottfried Wilhelm Leibniz. The 

beauty of this notation is that it provides an easy way to remember several important 

calculus formulas by making it seem as though the formulas were derived from algebraic 

manipulations of differentials. For instance, in Leibniz notation, the Chain Rule 

dy _ dy du 
dx dudx 

would appear to be true because the du’s divide out. Even though this reasoning is 

incorrect, the notation does help one remember the Chain Rule. 

©Mary Evans Picture Library/The Image Works 
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**REMARK This formula is 
equivalent to the tangent line 

approximation given earlier in 

this section. 

Figure 3.68 
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EXAMPLE 5 Finding the Differential of a Composite Function 

y= f(x) = sin 3x Original function 

A) = 3 cos 3x Apply Chain Rule. 

dy = if -( 3%) dx = 3 cos 3x dx Differential form 

EXAMPLE 6 Finding the Differential of a Composite Function 

y = f(x) — Ge elie Original function 

i Le 5 ce 
i) ae Ete Apply Chain Rule. 

2 ge ae || 

; x 
dy =f (x) ike = Geren dx Differential form 

Differentials can be used to approximate function values. To do this for the 

function given by y = f(x), use the formula 

which is derived from the approximation 

Ay = f(x + Ax) — f(x) = dy. 

The key to using this formula is to choose a value for x that makes the calculations 

easier, as shown in Example 7. 

EXAMPLE 7 Approximating Function Values 

Use differentials to approximate \/16.5. 

Solution Using f(x) = x, you can write 

1 
f(x + Ax) ~ f(x) + fx) dx = J/x + — dx. 

RE: 

Now, choosing x = 16 and dx = 0.5, you obtain the following approximation. 

f(x + Ax) = V16.5 = /16 + =a) =4+ (*)(5) = 4.0625 ad 
8 

The tangent line approximation to f(x) = \/x at x = 16 is the line g(x) = ax + 2. 
For x-values near 16, the graphs of f and g are close together, as shown in Figure 3.68. 

For instance, 

f(16.5) = /16.5 ~ 4.0620 

and 

1 
g(16.5) = g (16.5) + 2 = 4.0625. 

In fact, if you use a graphing utility to zoom in near the point of tangency (16, 4), you 
will see that the two graphs appear to coincide. Notice also that as you move farther 

away from the point of tangency, the linear approximation becomes less accurate. 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. Exercises 

In Exercises 1-6, 

find the tangent line Shicarinintion T to the graph of f at the 

given point. Use this linear approximation to complete the 

table. 

1.99 © 2 | 2.01 | 2.1 

3.71%) Si, (2, 32) 4. f(x) = 

)= 5. f(x) = sinx, (2, sin 2) 6. f(x) =csex, (2; csc 2) 

Comparing Ay and dy In Exercises 7-10, use the informa- 

tion to evaluate and compare Ay and dy. 

Function x-Value Differential of x 

1 = x=1 Ax = dx = 0.1 

8. y = 6 — 2x2 ip 9) Ax = dx = 0.1 

9, y=x4t+1 al Ax = dx = 0.01 

LO tiie x=2 Ax = dx = 0.01 

Finding a Differential In Exercises 11-20, find the 

differential dy of the given function. 

fl y= 3x? — 4 oy = 3x7" 

13. y = x tanx 14. y = csc 2x 

NGaaiael i 
15. y= 16. y = ap aes y See 6. y= ax Ae 

WA eo A/S) Sa IGS 397 = sel = 

sec? x 
19. y = 3x — sin? 0. y= y 5 — yale 20. y ay 

Using Differentials In Exercises 21 and 22, use 
differentials and the graph of f to approximate (a) f(1.9) and 

(b) f(2.04). To print an enlarged copy of the graph, go to 

MathGraphs.com. 

210 22 
A A 

Using Differentials In Exercises 23 and 24, use differentials 

and the i of g’ to approximate (a) g(2.93) and (b) g(3.1) 
given that g(3) = 8. 

24. » 

25. Area The measurement of the side of a square floor tile is 

10 inches, with a possible error of = inch. 

(a) Use differentials to approximate the possible propagated 

error in computing the area of the square. 

(b) Approximate the percent error in computing the area of the 

square. 

26. Area The measurement of the radius of a circle is 

16 inches, with a possible error of : inch. 

(a) Use differentials to approximate the possible propagated 

error in computing the area of the circle. 

(b) Approximate the percent error in computing the area of the 

circle. 

27. Area The measurements of the base and altitude of a 

triangle are found to be 36 and SO centimeters, respectively. 

The possible error in each measurement is 0.25 centimeter. 

(a) Use differentials to approximate the possible propagated 

error in computing the area of the triangle. 

(b) Approximate the percent error in computing the area of the 

triangle. 

28. Circumference The measurement of the circumference of 
a circle is found to be 64 centimeters, with a possible error of 

0.9 centimeter. 

(a) Approximate the percent error in computing the area of the 

circle. 

(b) Estimate the maximum allowable percent error in 

measuring the circumference if the error in computing the 

area cannot exceed 3%. 

29. Volume and Surface Area The measurement of the 
edge of a cube is found to be 15 inches, with a possible error 

of 0.03 inch. 

(a) Use differentials to approximate the possible propagated 

error in computing the volume of the cube. 

(b) Use differentials to approximate the possible propagated 

error in computing the surface area of the cube. 

(c) Approximate the percent errors in parts (a) and (b). 



30. Volume and Surface Area The radius of a spherical 
balloon is apecignice as 8 inches, with a possible error of 

0.02 inch. 

(a) Use differentials to approximate the possible propagated 

error in computing the volume of the sphere. 

(b) Use differentials to approximate the possible propagated 

error in computing the surface area of the sphere. 

(c) Approximate the percent errors in parts (a) and (b). 

31. Stopping Dista 
vehicle is 

The total stopping distance T of a 

i = Deyo sis es 

where T is in feet and x is the speed in miles per hour. 

Approximate the change and percent change in total stopping 

distance as speed changes from. x = 25 tox = 26 miles per hour. 

HOW DOYOU SEE IT? The graph shows 
the profit P (in dollars) from selling x units of an 

item. Use the graph to determine which is greater, 

the change in profit when the production level 

changes from 400 to 401 units or the change in 

profit when the production level changes from 

900 to 901 units. Explain your reasoning 

Pp. 

Profit (in dollars) 

100 200 300 400 500 600 700 800 900 1000 

Number of units 

oe 

33. Pendulum The period of a pendulum is given by 

r=2n/t 
§ 

where L is the length of the pendulum in feet, g is the 

acceleration due to gravity, and T is the time in seconds. The 

pendulum has been subjected to an increase in temperature 

such that the length has increased by 5%. 

(a) Find the approximate percent change in the period. 

(b) Using the result in part (a), find the approximate error in 

this pendulum clock in | day. 

34. Ohm’s Law A current of J amperes passes through a 
resistor of R ohms. Ohm/’s Law states that the voltage E 

applied to the resistor is 

E= IR. 

The voltage is constant. Show that the magnitude of the relative 

error in R caused by a change in / is equal in magnitude to the 

relative error in /. 
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55: yjectile ytion The range R of a projectile is 

ne 
= (gin 2 R 39 (sin 26) 

where Vo is the initial velocity in feet per second and @ is the 

angle of elevation. Use differentials to approximate the change 

in the range when vy = 2500 feet per second and @ is changed 

from 10° to 11°. 

36. Surveying A surveyor standing 50 feet from the base of a 

large tree measures the angle of elevation to the top of the tree 

as 71.5°. How accurately must the angle be measured if the 

percent error in estimating the height of the tree is to be less 

than 6%? 

Approximating Function Values In Exercises 37-40, use 

differentials to apericinate the value of the expression. 

Compare your answer with that of a calculator. 

37. / 99.4 38. 3/26 

39. 4/624 40. (2.99) 

Ay Verifying a Tangent Line Approximation In Exercises 
41 and 42, verify the tangent line approximation of the function 

at the given point. Then use a graphing utility to graph the 

function and its approximation in the same viewing window. 

Function Approximation Point 

41. f(x) = Vx+4 y= 2 ; (0, 2) 

42. f («):= tan x y=x (0, 0) 

WRITING ABOUT CONCEPTS 

43. Comparing Ay and dy Describe the change in 

accuracy of dy as an approximation for Ay when Ax is 

decreased. 

44. Describing Terms When using differentials, what is 
meant by the terms propagated error, relative error, and 

percent error? 

Using Differentials In Exercises 45 and 46, give a short 
explanation of why the approximation is valid. 

45. /4.02 =~ 2 + +(0. 02) 46. tan 0.05 ~ 0 + 1(0.05) 

True or False? In Exercises 47-50, determine whether the 

statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

47. Ify =x +c, then dy = dx. 

= Ay _ dy 48. If y = ax + b, then Ag ee: 

49. If y is differentiable, then dim, (Ay — dy) = 0. 

50. If y = f(x), f is increasing and differentiable, and Ax > 0, 

then Ay = dy 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. sw Exercises 

In Exercises 1-8, 

find the absolute extrema of the function on the closed interval. 

1. f(x) =22 + 5x, [-4,0] 2. f(x) =x + 6x7, [-6, 1] 

3.. fix) Six. — 2). [0.4] 4. h(x) =3/x-—x, [0,9] 

Ax ae Bt Ayes a ee 2 5. f(%) = 3 [—4, 4] 6. f(x) Wat [0, 2] 

7. a(x) =2x+5cosx, [0,27] 

8. f(x) = sin 2x, [0, 27] 

i olles theorem In Exercises 9-12, determine 

wether Rolle’ s Theorem can be applied to f on the closed 

interval [a,b]. If Rolle’s Theorem can be applied, find all 

values of c in the open interval (a,b) such that f(c) = 0. If 

Rolle’s Theorem cannot be applied, explain why not. 

9. f(x) = 22-7, [0,4] 
10.. f(x) = & = 2)(e.+. 3)2,..[=3;.2] 

re et > [-2.2] 
=" 

12. f(x) =sin2x, [—7, a] 

Using the Mean ValueTheorem In Exercises 13-18, deter- 

mine whether the Mean Value Theorem can be applied to f on 

the closed interval [a,b]. If the Mean Value Theorem can be 

applied, find all values of c in the open interval (a, b) such that 

Lb) — fl@) fo = 
If the Mean Value Theorem cannot be applied, explain why not. 

Boia) [1281 

14. f(x) = 

15. f(x) = | 
16. f(x) = 2x —3V/x, [-1,1 ol 

NL 7oCe) = COSLY: |-3, 
SS) 

aE) ae | 

18. f(x) = /x — 2x, [0,4] 

19. Mean Value Theorem Can the Mean Value Theorem be 

applied to the function 

2, 1]? Explain. 

20. Using the Mea 
on the interval [ — 

1 Value Theorem 

) For the function f(x) = Ax? + Bx + C, determine the 

value of c guaranteed by the Mean Value Theorem on the 

interval [x,, boa 

(b) Demonstrate the result of part (a) for f(x) = 2x? — 3x + 1 

on the interval [0, 4]. 

rVva reasing or Decreasing In 

Ngee 21-26, identify the open intervals on which the 

function is increasing or decreasing. 

on v¥nicn F Is 

21. fg iesae ae = 12 
22. A(x) = (x + 2)'124+ 8 

ey G2) = (Ge = WAG = By 

IN, Ard) = (Ce ae IP 

25. h(x) = /x(x — 3), x>0 

26. f(x) =sinx + cosx, [0, 27r] 

Applying the First Derivative Test In Exercises 27-34, 
(a) find the critical numbers of f (if any), (b) find the open 

interval(s) on which the function is increasing or decreasing, 

(c) apply the First Derivative Test to identify all relative 

extrema, and (d) use a graphing utility to confirm your results. 

27 fi) are oO 

28. f(x) = 42 — 5x 

1 ee! oye 29. h(t) a 8t 

ee 
30. g(x) = an 

x+4 
31. f(x) = 2 

we eye sae Saas 
Xue, 

33. f(x) = cosx — sinx, (0, 27) 

34. g(x) = 5 sin( = i), [0, 4] 

Finding Points of Inflection In Exercises 35-40, find the 

points of inflection and discuss the concavity of the graph of the 

function. 

SS (ee Ox 

36. f(x) = 6x4 — x? 

37. ge) = arr 5 

38. f(x) = 3x — 5x 

39. f(x) =x+cosx, [0,27] 

40. f(x) = tan = (0, 277) 

Using the Second Derivative Test In Exercises 41—46, 

find all relative extrema. Use the Second Derivative Test where 

applicable. 

41. f(x) = & +9)? 

42. f(x) = 2x3 + 11x? -— 8x -— 12 

43. i = 2x2(1 — x?) 

44, A(t) =t—4/t4+1 



45. f(x) = 2x + « 

46. h(x) =x —2cosx, [0,47] 

Think About !t In Exercises 47 and 48, sketch the graph of 
a function f having the given characteristics. 

47. f(0) = f(6) =0 48. f(0) = 4, f(6) = 0 

#3) = i ie =i 0) f(x 

f(x) > Oforx < 3 if 

(Ge) S Ons) See if 

ion. O\tor x, 5 KC 

Vax =O forx<Biorx > 4i of 

fale Uitor 3s <x < 4 

<= MOG Na) OLE ae 

does not exist. 

49. Writing A newspaper headline states that “The rate of 
growth of the national deficit is decreasing.’ What does this 

mean? What does it imply about the graph of the deficit as a 

function of time? 

50. Inventory Cost The cost of inventory C depends on the 

ordering and storage costs according to the inventory model 

al acl 
Determine the order size that will minimize the cost, assuming 

that sales occur at a constant rate, Q is the number of units sold 

per year, r is the cost of storing one unit for one year, s is the 

cost of placing an order, and x is the number of units per order. 

Be si. Modeling Data Outlays for national defense D (in 
billions of dollars) for selected years from 1970 through 2010 

are shown in the table, where f¢ is time in years, with t = 0 

corresponding to 1970. (Source: U.S. Office of Management 

and Budget) 

15 20 

All || HDDS 

294.4 | 495.3 | 693.6 

(a) Use the regression capabilities of a graphing utility to find 

a model of the form 

D = at* + bt? + ct? + dt+e 

for the data. 

(b) Use a graphing utility to plot the data and graph the model. 

(c) For the years shown in the table, when does the model 

indicate that the outlay for national defense was at a 

maximum? When was it at a minimum? 

(d) For the years shown in the table, when does the model 

indicate that the outlay for national defense was increasing 

at the greatest rate? - 

Pe 52. Mode 
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ng Data The manager of a store recorded the 

eaiaal sales S (in thousands of dollars) of a product over a 

period of 7 years, as shown in the table, where ¢ is the time in 

years, with t = 6 corresponding to 2006. 

t | 6 7 8 9 10 1] 12 

S| 54 OOS eS Op eS OND. 0 2e16 

(a) Use the regression capabilities of a graphing utility to find 

a model of the form 

=at?+ bt?+ct+d 

for the data. 

(b) Use a graphing utility to plot the data and graph the model. 

(c) Use calculus and the model to find the time t when sales 

were increasing at the greatest rate. 

(d) Do you think the model would be accurate for predicting 

future sales? Explain. 

Finding a Limit In Exercises 53-62, find the limit. 

53. im (8 is 1) Sq a 
x= 0o IG x>-co X sF 1 

2x2 , 4x3 

paid aah ee ea, 
She : x + x 

Bi ae a2 5) = oe XG 

3 

ay i eee 60. lim —2—= 
X00 Xe x00 x-+2 

Girt ple 62. lim : 
BS SohG COS EG x+—oo 2 SINX 

BB Horizontal Asymptotes In Exercises 63-66, use a 
graphing utility to graph the function and identify any 

horizontal asymptotes. 

8 OES 
63. f(x) = et 2 64. g(x) = oar 

Phi 8) ue a 66. f(x) = = 65. h(x) = = fe) = 
Analyzing the Graph of a Function In Exercises 67-76, 
analyze and sketch a graph of the function. Label any intercepts, 

relative extrema, points of inflection, and asymptotes. Use a 

graphing utility to verify your results. 

68. f(x) = 4x3 — x4 

70. f(x) = (x? — 4)? 

67. f(x) = 4x — x? 

69. f(x) = xV16 — x? 

f(x) = x¥3(e + 328 
72s f(y) = G8) (00 ee) 

73. f(x) = == 

Oe 
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3 4 
TER AES, ii AO ee 

| 
TG. FAG =o oe 

x 

77. Viaximum Area A rancher has 400 feet of fencing with 

which to enclose two adjacent rectangular corrals (see figure). 

What dimensions should be used so that the enclosed area will 

be a maximum? 

78. \Viaximum Area _ Find the dimensions of the rectangle of 
maximum area, with sides parallel to the coordinate axes, that 

can be inscribed in the ellipse given by 

144° 16 | 

79. Minimum Length A right triangle in the first quadrant 
has the coordinate axes as sides, and the hypotenuse passes 

through the point (1, 8). Find the vertices of the triangle such 

that the length of the hypotenuse is minimum. 

80. Minimum Length The wall of a building is to be braced 
by a beam that must pass over a parallel fence 5 feet high and 

4 feet from the building. Find the length of the shortest beam 

that can be used. 

81. Maximum Length Find the length of the longest pipe 
that can be carried level around a right-angle corner at the 

intersection of two corridors of widths 4 feet and 6 feet. 

82. Maximum Length A hallway of width 6 feet meets a 
hallway of width 9 feet at right angles. Find the length of the 

longest pipe that can be carried level around this corner. [Hint: 

If L is the length of the pipe, show that 

L = 6 exe 0+ 9ese( 2 — 7 

where @ is the angle between the pipe and the wall of the 

narrower hallway. ] 

83. Maximum Volume _ Find the volume of the largest right 
circular cone that can be inscribed in a sphere of radius r. 

—— 

84. Viaximum Volume Find the volume of the largest right 
circular cylinder that can be inscribed in a sphere of radius r. 

Fe Using Newton's Method In Exercises 85-88, approxi- 

mate the zero(s) of the function. Use Newton’s Method and 

continue the process until two successive approximations differ 

by less than 0.001. Then find the zero(s) using a graphing 

utility and compare the results. 

Hep G9) S28 = Sinai 

S65 fC) 1 

87. f(x) = x4 + x3 — 3x7 +2 

) 882f(x) = BN 

Finding Point(s) of Intersection In Exercises 89 and 90, 
apply Newton’s Method to approximate the x-value(s) of the 

indicated point(s) of intersection of the two graphs. Continue 

the process until two successive approximations differ by less 

than 0.001. [Hint: Let h(x) = f(x) — g(x).] 

89. f@Z) =1—x 

o(x).= xe 2 

90. f(x) = sin x 

lx) = ee 2x ed 

Comparing Ay and dy In Exercises 91 and 92, use the 
information to evaluate and compare Ay and dy. 

Function x-Value Differential of x 

91. y = 0.5x2 = 3 ke = O10 

A pH se = Or SD Ax = dx = 0.1 

Finding a Differential In Exercises 93 and 94, find the 
differential dy of the given function. 

94. y = /36 — x? 

95. Volume and Surface Area The radius of a sphere is 
measured as 9 centimeters, with a possible error of 

0.025 centimeter. 

93. y = x(1 — cos x) 

(a) Use differentials to approximate the possible propagated 

error in computing the volume of the sphere. 

(b) Use differentials to approximate the possible propagated 

error in computing the surface area of the sphere. 

(c) Approximate the percent errors in parts (a) and (b). 

96. Demand Function A company finds that the demand for 
its commodity is 

1 
| = i= Pig 

where p is the price in dollars and x is the number of units. 

Find and compare the values of Ap and dp as x changes from 

PtOrS: 
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PS. Problem Solving 

. Relative Extrema _ Graph the fourth-degree polynomial 

= ax? + | 

for various values of the constant a. 

(a) Determine the values of a for which p has exactly one 

relative minimum. 

(b) Determine the values of a for which p has exactly one 

relative maximum. 

(c) Determine the values of a for which p has exactly two 

relative minima. 

(d) Show that the graph of p cannot have exactly two relative 

extrema. 

. Relative Extrema 

(a) Graph the fourth-degree polynomial p(x) = ax* — 6x? for 
a= —3, —2, —1, 0, 1, 2, and 3. For what values of the 

constant a does p have a relative minimum or relative 

maximum? 

(b) Show that p has a relative maximum for all values of the 

constant a. 

(c) Determine analytically the values of a for which p has a 

relative minimum. 

(d) Let (x, y) = (x, p(x)) be a relative extremum of p. Show that 
(x, y) lies on the graph of y = —3x?. Verify this result 
graphically by graphing y = —3x? together with the seven 

curves from part (a). 

. Relative Minimum Let 

f(x) == + x. 

Determine all values of the constant c such that f has a relative 

minimum, but no relative maximum. 

. Points of Inflection 

(a) Let f(x) = ax? + bx + c, a # 0, be a quadratic polynomial. 
How many points of inflection does the graph of f have? 

(b) Let f(x) = ax? + bx? + cx + d,a # 0, bea cubic polyno- 

mial. How many points of inflection does the graph of f 

have? 

(c) Suppose the function y = f(x) satisfies the equation 

art) 
where k and L are positive constants. Show that the graph of 

fas a point of inflection at the point where y = L/2. (This 

equation is called the logistic differential equation.) 

Extended Mean Value Theorem Prove the following 
Extended Mean Value Theorem. If f and f’ are continuous on 

the closed interval [a, b], and if f” exists in the open interval 

(a, b), then there exists a number c in (a, b) such that 

f(b) = fla) + fab ~ a) + 5 fb — af. 

P.S. Problem Solving 241 

see CalcChat.com for tutorial help and 
worked-out solutions to odd-numbered exercises. 

The amount of illumination of a surface is 

proportional to the intensity of the light source, inversely 

proportional to the square of the distance from the light source, 

and proportional to sin 6, where @ is the angle at which the 

light strikes the surface. A rectangular room measures 10 feet 

by 24 feet, with a 10-foot ceiling (see figure). Determine the 

height at which the light should be placed to allow the corners 

of the floor to receive as much light as possible. 

tion 

7. Minimum Distance Consider a room in the shape of a 
cube, 4 meters on each side. A bug at point P wants to walk to 

point Q at the opposite corner, as shown in the figure. Use 

calculus to determine the shortest path. Explain how you can 

solve this problem without calculus. (Hint: Consider the two 

walls as one wall.) 

d 

Figure for 8 Figure for 7 

8. Areas of Triangles The line joining P and Q crosses the 
two parallel lines, as shown in the figure. The point R is d units 

from P. How far from Q should the point S be positioned so 

that the sum of the areas of the two shaded triangles is a 

minimum? So that the sum is a maximum? 

9, Mean Value Theorem Determine the values a, b, and c 

such that the function f satisfies the hypotheses of the Mean 

Value Theorem on the interval [0, 3]. 

ts x=0 

f(x) = jax + Bb, Om: | 

et Ay Gul << eK a5 

10. Mean Value Theorem Determine the values a, b, c, and 

d such that the function f satisfies the hypotheses of the Mean 

Value Theorem on the interval [— 1, 2]. 

a, Beas 

De = iltercuekse ei) 

flz) = (ie be, OR 2 Sul 

Giese AL erg SS? 
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11. 

13. 

Chapter 3 Applications of Differentiation 

Let fand g be functions that are continuous on [a, b| 

and differentiable on (a,b). Prove that if f(a) = g(a) and 

f(x) for all x in (a, b), then g(b) > f(b). g(x) > 

(a) Prove that lim x? = oo. 
X-—?0O 

l 
(b) Prove that lim (5) = 0. 

x00 \ X 

(c) Let L be a real number. Prove that if lim f(x) = L, then 

af 
lim (2) = L. 
y—0* y 

Tangent Lines Find the point on the graph of 

1 
y= E 

oy 14. 

I pos 

(see figure) where the tangent line has the greatest slope, and 

the point where the tangent line has the least slope. 

> X 

| 2 3 

Stopping Distance The police department must 
determine the speed limit on a bridge such that the flow rate of 

cars is maximum per unit time. The greater the speed limit, the 

farther apart the cars must be in order to keep a safe stopping 

distance. Experimental data on the stopping distances d (in 

meters) for various speeds v (in kilometers per hour) are shown 

in the table. 

—— 

vy | 20 40 60 80 

ae 5.1 | 13.7 | 27.2 | 44.2 

(a) Convert the speeds v in the table to speeds s in meters per 

second. Use the regression capabilities of a graphing 

utility to find a model of the form d(s) = as* + bs + c for 
the data. 

100 | 

66.4 | 

(b) Consider two consecutive vehicles of average length 

5.5 meters, traveling at a safe speed on the bridge. Let T be 

the difference between the times (in seconds) when the 

front bumpers of the vehicles pass a given point on the 

bridge. Verify that this difference in times is given by 

s Ss 

(c) Use a graphing utility to graph the function T and estimate 

the speed s that minimizes the time between vehicles. 

Qu Use calculus to determine the speed that minimizes T. 

What is the minimum value of 7? Convert the required 

speed to kilometers per hour. 

(e) Find the optimal distance between vehicles for the posted 

speed limit determined in part (d). 

15. 

16. 

17. 

18. 

19. 

Darboux’s Theorem Prove Darboux’s Theorem: Let f be 

differentiable on the closed interval [a, b] such that f(a) = y, 

and f(b) = y,. If d lies between y, and y,, then there exists c 

in (a, b) such that f(c) = d. 

Maximum Area The figures show a rectangle, a circle, 

and a semicircle inscribed in a triangle bounded by the 

coordinate axes and the first-quadrant portion of the line with 

intercepts (3,0) and (0,4). Find the dimensions of each 

inscribed figure such that its area is maximum. State whether 

calculus was helpful in finding the required dimensions. 

Explain your reasoning. 

Point of Inflection Show that the cubic polynomial 
p(x) = ax? + bx? + cx + d has exactly one point of inflection 
(Xo, Yo), where 

=b 2b3 be 
SON 2F, one 10 971g Aa 

ain he 

Use this formula to find the point of inflection of 

p(x) x2 S.3x7k 2. 

Minimum Length A legal-sized sheet of paper (8.5 inches 
by 14 inches) is folded so that corner P touches the opposite 

14-inch edge at R (see figure). (Note: PO.= fC? = x) 

8.5 in. 

eZ 
De = Sy 

(b) What is the domain of C? 

(a) Show that C? = 

(c) Determine the x-value that minimizes C. 

(d) Determine the minimum length C. 

Quadratic Approximation The polynomial 

PO) = ot Gao) cae)" 

is the quadratic approximation of the function f at (a, f(a)) 
when P(a) = f(a), P(a) = f(a), and P’(a) = f’(a). 

(a) Find the quadratic approximation of 

at (0, 0). 

(b) Use a graphing utility to graph P(x) and f(x) in the same 
viewing window. 
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a Antiderivatives are mlare(-viliiccmipecterecidcel a 

i Write the general solution of a differential equation and use indefinite integral 

notation for antiderivatives. 

lf Use basic integration rules to find antiderivatives. 

@ Find a particular solution of a differential equation. 

Antiderivatives 

1“ To find a function F whose derivative is f(x) = 3x*, you might use your knowledge of 

| Exploration derivatives to conclude that 

Finding Antiderivatives A 

For each derivative, describe F(x) = x? because a | = 3x’. 

the original function F. 
: The function F is an antiderivative of f. 

a. F(x) = 2x 

b. F(x) = x pen lc i a teen ete 

ey ae Definition of Antiderivative 

A function F is an antiderivative of f on an interval J when F (x) = f(x) for all 
1 

dF@)=s xin I. 
e EE ei ee 

: I 
Fg) = an 

. Note that F is called an antiderivative of f, rather than the antiderivative of f. To see 
f. F(x) = cos x why, observe that 

What strategy did you use to FQ). =e) FG) = 5) and a) 7 
find F’? 

are all antiderivatives of f(x) = 3x In fact, for any constant C, the function 

F(x) = x3 + C is an antiderivative of f. 

THEOREM 4.1 Representation of Antiderivatives 

If F is an antiderivative of fon an interval /, then G is an antiderivative of f on 

the interval / if and only if G is of the form G(x) = F(x) + C, for all x in J 
where C is a constant. 

Proof The proof of Theorem 4.1 in one direction is straightforward. That is, if 

G(x) = F(x) + C, F(x) = f(x), and C is a constant, then 

Clay <{FG) M6) SreGyenoer 

To prove this theorem in the other direction, assume that G is an antiderivative of f. 

Define a function H such that 

H(x) = G(x) — F(x). 

For any two points a and b (a < b) in the interval, H is continuous on [a, b] and 
differentiable on (a, b). By the Mean Value Theorem, 

H(b) — H(a) 

ACh ey = 701 

for some c in (a, b). However, H(c) = 0, so H(a) = H(b). Because a and b are 

arbitrary points in the interval, you know that H is a constant function C. So, 

G(x) — F(x) = C and it follows that G(x) = F(x) + C. 

See LarsonCalculus.com for Bruce Edwards's video of this proof. (al 



> X 

Functions of the form y = 2x + C 

Figure 4.1 

sere reece cece eeeel> 

¢>REMARK In this text, the 

notation f f(x) dx = F(x) + C 
means that F is an antiderivative 

of f on an interval. 
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Using Theorem 4.1, you can represent the entire family of antiderivatives of a 

function by adding a constant to a known antiderivative. For example, knowing that 

D,[o7] = 2x 

you can represent the family of all antiderivatives of f(x) = 2x by 

G(s) =32— GC Family of all antiderivatives of f(x) = 2x 

where C is a constant. The constant C is called the constant of integration. The 

family of functions represented by G is the general antiderivative of f, and 

G(x) = x? + Cis the general solution of the differential equation 

G(x) = 2x. Differential equation 

A differential equation in x and y is an equation that involves x, y, and derivatives 

of y. For instance, 

y = 3x .and y = 277+ 1 

are examples of differential equations. 

EXAMPLE 1 Solving a Differential Equation 

Find the general solution of the differential equation y’ = 2. 

Solution To begin, you need to find a function whose derivative is 2. One such 

function is 

y = 2x. 2x is an antiderivative of 2. 

Now, you can use Theorem 4.1 to conclude that the general solution of the differential 

equation is 

y= 2x C, General solution 

The graphs of several functions of the form y = 2x + C are shown in Figure 4.1. 

When solving a differential equation of the form 

2 = F(a) 
it is convenient to write it in the equivalent differential form 

dy = f(x) dx. 

The operation of finding all solutions of this equation is called antidifferentiation (or 

indefinite integration) and is denoted by an integral sign f. The general solution is 

denoted by 

Variable of 
integration 

y= [0 dx = F(x) + C. 

An antiderivative 

of f(x) 

Constant of 
integration 

The expression ff(x)dx is read as the antiderivative of f with respect to x. So, the 
differential dx serves to identify x as the variable of integration. The term indefinite 

integral is a synonym for antiderivative. 
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Basic Integration Rules 

The inverse nature of integration and differentiation can be verified by substituting 

F(x) for f(x) in the indefinite integration definition to obtain 

[rw dx = F(x) lames Integration is the “inverse” of differentiation. 

Moreover, if f f(x) dx = F(x) + C, then 

d Ls ET Pc es | 
ak f(x) dx | = f(x). Differentiation is the “inverse” of integration. 
X 

These two equations allow you to obtain integration formulas directly from 

differentiation formulas, as shown in the following summary. 

Basic Integration Rules 

Differentiation Formula 

d 
ae [el = 0 

d 
ra [kx] =k 

d «Les Oo] = kf) 
d , 4 Fp) © 0] =F) * 6) [Ure + carla = friars [et a 
Lays ps i: Dirgemcaeal Wigs so Power Rul ne nx RE eet 5 ower Rule 

(hi ; 
7, Esin x] = cos x COsix ax ="sm xt C 

d é : 
7, leos 4 = — siti x sinx dx = —cosx + C 

d a 3 ae [tan x| = 'sec*x 

ue [sec x] = sec x tan x 
dx 

d 
7 Loot x| = —¢se?x 

d 
— [csc x] = —csc x cot x 7, lose t 

Integration Formula 

foar=c 

fea=mere 

[evo dy = ire dx 

sec? x dx = tanx + C 

see x tan wdx% = secx = € 

csc2?x dx = —cotx +C 

CSC COU. tee OSCR ci 
a Ce a es ee 

Note that the Power Rule for Integration has the restriction that n # —1. The 

evaluation of 

| 
IF dx 

% 

must wait until the introduction of the natural logarithmic function in Chapter 5. 
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ee EXAMPLE 2 Describing Antiderivatives e 

*REIWVIE In Example 2, 

Bos that the general pattern of [x dx = 3x dx Constant Multiple Rule 

integration is similar to that of 

differentiation. 
= 3]x' dx Rewrite x as x!. 

; Original integral 
lI es) 

es N | to eee 

le ie) Power Rule (n = 1) 

3 
yea Simplify. 

2 

The antiderivatives of 3x are of the form 32 + C, where C is any constant. Pe | 

When indefinite integrals are evaluated, a strict application of the basic integration 

rules tends to produce complicated constants of integration. For instance, in Example 

2, the solution could have been written as 

x Siam 
aie eke = 3 2 Gi Ol yn =" 42 AC, 

Because C represents any constant, it is both cumbersome and unnecessary to write 3C 

as the constant of integration. So, 32 + 3C is written in the simpler form 32 ape 

> TECHNOLOGY Some >e\Jeseee Rewriting Before Integrating 
software programs, such as 

. Maple and Mathematica, : + * © See LarsonCalculus.com for an interactive version of this type of example. 

ee ae ot poate, Original Integral Rewrite Integrate Simplify 
* integration symbolically. If oe 
* you have access to such a a. [S ax i res saakieiiy 6. TG 

* symbolic integration utility, try x —2 2x" 
* using it to evaluate the indefinite ¥) pes 2), 

e integrals in Example 3. b. | Vxdx HX 3/2 pe 3° ue 

c. [2 sinxax 2 | sinx a 2(—cos x) + C —2cosx+C 

i es =F XAIVIPLE 4 Integrating Polynomial Functions 

2 REMARK. The basic 

integration rules allow you to a. | dx = | 1 dx Integrand is understood to be 1. 

integrate any polynomial 

function. =x+C Integrate. 

b. fo +2)dx= fra + fra 

32 
te D FC papa a aoe OF Integrate. 

xe 
sajeet eG C=C,+C, 

The second line in the solution is usually omitted. 

5G ae be 
ees ea ha = 3a henpolan hones + Cc. [or 5x2 + x) dx (5) (5) 5 G 

Ure wes | Ae 
= Ly5 — 2x3 4 Sx? + 5 37 a G | 
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Before you begin 

the exercise set, be sure you 

realize that one of the most 

important steps in integration 

is rewriting the integrand in 

a form that fits one of the 

basic integration rules. 

EXAMPLE 5 Rewriting Before Integrating 

(ee eee ent be = OX ax ewrite as two fractions. 

— fur Sl ahaa 1/2) dx Rewrite with fractional exponents. 

3/2 1/2 
xX Xx 

SS SS 8 Se FEC. Integrate. 
B/D Ie is 

2 
= 5 +2x/2+C Simplify. 

2 
= 3 (x 3) 4:6 afl 

When integrating quotients, do not integrate the numerator and denominator 

separately. This is no more valid in integration than it is in differentiation. For instance, 

in Example 5, be sure you understand that 

am Il 
iE yee ee nC 

We 3 

is not the same as 

(Ge Dar ae eC, 
S Vx dx ax J/x+ Cy” 

EXAMPLE 6 Rewriting Before Integrating 

—* dx = {( \2 *) dx Rewrite as a product. 
cos* x cos x/\cos x 

= I sec x tan x dx Rewrite using trigonometric identities. 

=secx+C Integrate. 

EXAMPLE 7 Rewriting Before Integrating 

Original Integral Rewrite Integrate Simplify 

ene 2| x12 ax (F] G 4x'/2 Bho = -——| + + a Gr be a 1/2 xX G: 

2 2 4 2 e t 1 5,2)5 b. | (¢2 + 1)*dt GS+ 272+ Ide — + 2a I+t+C 5! +3 

e+ 3 . x 5 ae 1 3 
c. es (At 3x 2) lew wiht Ste Cee ee 

x Z =] 2 ie 

a 7/3 x 4/3 3 
d. [vec — 4) dx i (x43 — 4x3) dex (t)+ C at ~ 3 poe VAT ji 

wl 

As you do the exercises, note that you can check your answer to an 

antidifferentiation problem by differentiating. For instance, in Example 7(a), you can 

check that 4x!/2 + C is the correct antiderivative by differentiating the answer to obtain 

pe i 
D [4x2 + C]=4|=)x- 17 = Use differentiation to check antiderivative. x 9) Jx 



The particular solution that satisfies 

the initial condition F(2) = 4 is 
(0 )) ie ele ee 

Figure 4.2 

= 

Ga-3 
FQ) =-+ +i : 

The particular solution that satisfies 

the initial condition F(1) = 0 is 
PG) = ~—(1/x) + 1, x >°0. 

Figure 4.3 
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Initial Conditions and Particular Solutions 

You have already_seen that the equation y = J f(x)dx has many solutions (each differing 

from the others by a constant). This means that the graphs of any two antiderivatives of 

f are vertical translations of each other. For example, Figure 4.2 shows the graphs of 

several antiderivatives of the form 

General solution y= [or — |)dx=x-x+C 

for various integer values of C. Each of these antiderivatives is a solution of the 

differential equation 

In many applications of integration, you are given enough information to determine 

a particular solution. To do this, you need only know the value of y = F(x) for one 

value of x. This information is called an initial condition. For example, in Figure 4.2, 

only one curve passes through the point (2, 4). To find this curve, you can use the 

general solution 

FS xO General solution 

and the initial condition 

FQ) =34: Initial condition 

By using the initial condition in the general solution, you can determine that 

F(2)=8-2+C=4 

which implies that C = —2. So, you obtain 

EUS ge Sea Oe 

EXAMPLE 8 Finding a Particular Solution 

Find the general solution of 

Particular solution 

1 
Fx) = x 0 

and find the particular solution that satisfies the initial condition F(1) = 0. 

Solution To find the general solution, integrate to obtain 

F(x) = JF(x) dx 

Rewrite as a power. 

Xx 
= a ata Integrate. 

1 
SeSaC, 2} C General solution 

x 

Using the initial condition F(1) = 0, you can solve for C as follows. 

1 
I Ticks anne = c=1 

So, the particular solution, as shown in Figure 4.3, is 

Foe ees = 0. 
25 

Particular solution P| 
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[s() = -16r? + 641 + 80] 
Ss _ 

Height (in feet) 

1 2 3 

Time (in seconds) 

Height of a ball at time rt 

Figure 4.4 

So far in this section, you have been using x as the variable of integration. In 

applications, it is often convenient to use a different variable. For instance, in the next 

example, involving time, the variable of integration 1s f. 

EXAMPLE 9 Solving a Vertical Motion Problem 

A ball is thrown upward with an initial velocity of 64 feet per second from an initial 

height of 80 feet. 

a. Find the position function giving the height s as a function of the time f. 

b. When does the ball hit the ground? 

Solution 

a. Let t = 0 represent the initial time. The two given initial conditions can be written 

as follows. 

s(0) = 80 Initial height is 80 feet. 

s(0) = 64 Initial velocity is 64 feet per second. 

Using —32 feet per second per second as the acceleration due to gravity, you can 

write 

S(O 2 

s(e— [oo i [-s2a = —32t + Cj. 

Using the initial velocity, you obtain s'(0) = 64 = —32(0) + C;, which implies that 
C, = 64. Next, by integrating s‘(t), you obtain 

s(t) = [v0 at = [coz + 64) dt = —16t? + 64t + Co. 

Using the initial height, you obtain 

s(0) = 80 = —16(07) + 64(0) + C, 

which implies that C, = 80. So, the position function is 

s(t) = —16t7 + 64t + 80. See Figure 4.4. 

b. Using the position function found in part (a), you can find the time at which the ball 

hits the ground by solving the equation s(t) = 0. 

—16 + 64t + 80 =0 

—16(¢ + 1)(t — 5) = 0 

i=—-L) 

Because tf must be positive, you can conclude that the ball hits the ground 

5 seconds after it was thrown. wi 

In Example 9, note that the position function has the form 

— 1 2 s(t) = B8t + vot + So 

where g = —32, vp is the initial velocity, and sy is the initial height, as presented in 

Section 2.2. 

Example 9 shows how to use calculus to analyze vertical motion problems in which 

the acceleration is determined by a gravitational force. You can use a similar strategy to 

analyze other linear motion problems (vertical or horizontal) in which the acceleration 

(or deceleration) is the result of some other force, as you will see in Exercises 61-68. 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Integration and Differentiation In Exercises 1 and 2, 
verify the statement by showing that the derivative of the right 

side equals the integrand of the left side. 

9 

1: [(-S)a-3+¢ 
BF x: 

2 8x3 + eppesy ers 
Mg 2. 2x2) sf ox 

Solving a Differential Equation In Exercises 3-6, find 

the general solution of the differential equation and check the 

result by differentiation. 

2) laa dy _ 3. pea 7! 4. Fee 

dy _ 3p yt nt. 3 By =x 6. de won 

Rewriting Before Integrating In Exercises 7-10, 
complete the table to find the indefinite integral. 

Original Integral Rewrite 

a [ea 

Integrate Simplify 

8. |ooa 
4x? 

1 
Dear! 
\. a 

1 
10. \apee 

Finding an Indefinite Integral In Exercises 11-32, find 
the indefinite integral and check the result by differentiation. 

1, fo + 7) dx 12. fos — x) dx 

13. fos + 1) dx 14. [ow — 9x? + 4) dx 

1 
15. | @?/2 + 2x + 1) dz 16. ( + )a 
fi a | eaten) e 

17. [yea 18. [s+ 1) dx 

1 3 
19. [ea 20. [aa 

x+6 x4 — 3x2 + 5 21. | aka 22. I vente 

23. [o + 1)(3x — 2) dx 24. [oe + 3) dt 

25. [o cosx +4sinx)dx 26. fe — cos t) dt 

27. fo — esc t cot t) dt 28. [oe + sec? 0) dé 

29. [vee 6 — sin 0) d@ 30. [se y(tan y — sec y) dy 

31. | an y + 1) dy 32. [ow — csc? x) dx 

Chatchi 
Sketchit ga G re 4h In Exercises 33 and 34, the graph of 

the derivative of a function is given. Sketch the graphs of two 

functions that have the given derivative. (There is more than 

one correct answer.) To print an enlarged copy of the graph, go 

to MathGraphs.com. 

53: y 34. Zs 

| | | | - 
1 | at 

Awe Dat 

Finding a Particular Solution In Exercises 35-42, find 

the particular solution that satisfies the differential equation 

and the initial condition. 

35. f(x) = 6x, f(0) = 8 

36. g(x) = 4x’, e(—1) = 3 

BT, R(t) =r 4.5, 11) = —4 

38. f(s) = 10s — 1283, f(3) =2 
39. f(x) = 2, f(2) =5, f(2) = 10 

40. :f7G) =x*, -f'O0) =-8; f(0) = 4 

41. f(x) = x37, f(4) = 2, f(0) = 0 
42. f(x) = sinx, f(0) = 1, f) = 6 

Fe Slope Field In Exercises 43 and 44, a differential equation, 
a point, and a slope field are given. A slope field (or direction 

field) consists of line segments with slopes given by the 

differential equation. These line segments give a visual 

perspective of the slopes of the solutions of the differential 

equation. (a) Sketch two approximate solutions of the 

differential equation on the slope field, one of which passes 

through the indicated point. (To print an enlarged copy of the 

graph, go to MathGraphs.com.) (b) Use integration to find the 

particular solution of the differential equation and use a 

graphing utility to graph the solution. Compare the result with 

the sketches in part (a). 

dy dy 9} — = ws a Eh ood eis 44, = px > 0, (1,3) 
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In Exercises 45 and 46, (a) use a graphing 51. Tree Growth An evergreen nursery usually sells a certain 

utility to graph a slope field for the differential equation, (b) type of shrub after 6 years of growth and shaping. The growth 

use integration and the given point to find the particular rate during those 6 years is approximated by dh/dt = 1.5t+ 5, 

solution of the differential equation, and (c) graph the solution where ¢ is the time in years and / is the height in centimeters. 

and the slope field in the same viewing window. The seedlings are 12 centimeters tall when planted (t = 0). 

ae dy _ er hs dy _ ne eturectD) (a) Find the height after r years. 

dx dx (b) How tall are the shrubs when they are sold? 

52. Population Growth The rate of growth dP/dt of a 

WRITING ABOUT CONCEPTS population of bacteria is proportional to the square root of f, 

ey eee __ . where P is the population size and ¢ is the time in days 
47. Antiderivatives and Indefinite Integrals What is eee 

a i Ree ate , (0 < t < 10). That is, 
the difference, if any, between finding the antiderivative of 

f(x) and evaluating the integral f f(x) dx? dP 

| Feo . Comparing Functions Consider f(x) = tan?x and 

g(x) = sec? x. What do you notice about the derivatives of 

f(x) and g(x)? What can you conclude about the 

relationship between f(x) and g(x)? 

The initial size of the population is 500. After 1 day the 

population has grown to 600. Estimate the population after 

7 days. 

. Sketching Graphs The graphs of f and f’ each pass 

through the origin. Use the graph of f” shown in the figure Vertical Motion In Exercises 53-55, use a(t) = —32 feet 
to sketch the graphs of f and f’. To print an enlarged copy per second per second as the acceleration due to gravity. 

of the graph, go to MathGraphs.com. (Neglect air resistance.) 

53. A ball is thrown vertically upward from a height of 6 feet with 

an initial velocity of 60 feet per second. How high will the 

ball go? 

54. With what initial velocity must an object be thrown upward 

(from ground level) to reach the top of the Washington 

Monument (approximately 550 feet)? 

55. A balloon, rising vertically with a velocity of 16 feet per 

second, releases a sandbag at the instant it is 64 feet above the 

ground. 

(a) How many seconds after its release will the bag strike the 

ground? 

50. HOW DOYOU SEE IT? Use the graph of f” (b) At what velocity will it hit the ground? 

shown in the figure to answer the following. 3 : 
Vertical Viotion In Exercises 56-58, use a(t) = —9.8 meters 

per second per second as the acceleration due to gravity. 

(Neglect air resistance.) 

56. A baseball is thrown upward from a height of 2 meters with 

an initial velocity of 10 meters per second. Determine its 

maximum height. 

57. With what initial velocity must an object be thrown upward 

(from a height of 2 meters) to reach a maximum height of 

200 meters? 

(a) Approximate the slope of fat x = 4. Explain. e 58. Grand Canyone ee eeerecee eer eeceevece 
e e 

(b) Is it possible that f(2) = — 1? Explain. e The Grand Canyon is 

(c) Is f(5) — f(4) > 0? Explain. ; 1800 meters deep at its 

(d) Approximate the value of x where fis maximum. a eeepes pote ee a 
Explain. e dropped from the rim 

d ; ° — above this point. Write 
(e) Approximate any open intervals in which the graph F the height of the rock as 

of fis concave upward and any open intervals e a function-of the time t 

in which it is concave downward. Approximate * — in seconds. How long 

the x-coordinates of any points of inflection. will it take the rock to 

e hit the canyon floor? ° 
° e 

¥ ° eeeeee#eeeesegeeeesg34505«eeeoeees#eeeeeee @ 
semaria Toscano/Shutterstock.com 



59. Lunar Gravity On the moon, the acceleration due to 

gravity is —1.6 meters per second per second. A stone is 

dropped from a cliff on the moon and hits the surface of the 

moon 20 seconds later. How far did it fall? What was its 

velocity at impact? 

60. Escape Velocity The minimum velocity required for an 
object to escape Earth’s gravitational pull is obtained from the 

solution of the equation 

fra -om| 5 dy 

where v is the velocity of the object projected from Earth, y is 

the distance from the center of Earth, G is the gravitational 

constant, and M is the mass of Earth. Show that v and y are 

related by the equation 

Ease lh 
2=ve+2 u(t +) Vien G tule 

where vz is the initial velocity of the object and R is the radius 

of Earth. 

Rectilinear Motion In Exercises 61-64, consider a particle 
moving along the x-axis where x(¢) is the position of the 
particle at time ¢, x’(¢) is its velocity, and x’(t) is its acceleration. 

61. x) = f — 67 + 9-2, Ost s5 

(a) Find the velocity and acceleration of the particle. 

(b) Find the open f-intervals on which the particle is moving 

to the right. 

(c) Find the velocity of the particle when the acceleration is 0. 

62. Repeat Exercise 61 for the position function 

ei — (¢— Dir —3)*, 0O= 7s 5. 

63. A particle moves along the x-axis at a velocity of v(t) = 1//t, 
t>0O. At time ¢=1, its position is x = 4. Find the 

acceleration and position functions for the particle. 

64. A particle, initially at rest, moves along the x-axis such that its 

acceleration at time t > 0 is given by a(t) = cos ¢. At the time 
t = 0, its position is x = 3. 

(a) Find the velocity and position functions for the particle. 

(b) Find the values of t for which the particle is at rest. 

Acceleration The maker of an automobile advertises that 
it takes 13 seconds to accelerate from 25 kilometers per hour 

to 80 kilometers per hour. Assume the acceleration is constant. 

65 . 

(a) Find the acceleration in meters per second per second. 

(b) Find the distance the car travels during the 13 seconds. 

66. Deceleration A car traveling at 45 miles per hour is 
brought to a stop, at constant deceleration, 132 feet from 

where the brakes are applied. 

(a) How far has the car moved when its speed has been 

reduced to 30 miles per hour? 

(b) How far has the car moved when its speed has been 

reduced to 15 miles per hour? 

(c) Draw the real number line from 0 to 132. Plot the points 

found in parts (a) and (b). What can you conclude? 

4.1 

67. 

68. 

Antiderivatives and Indefinite Integration 253 

Acceleration At the instant the traffic light turns green, a 

car that has been waiting at an intersection starts with a 

constant acceleration of 6 feet per second per second. At the 

same instant, a truck traveling with a constant velocity of 

30 feet per second passes the car. 

(a) How far beyond its starting point will the car pass the 

truck? 

(b) How fast will the car be traveling when it passes the truck? 

Acceleration Assume that a fully loaded plane starting 

from rest has a constant acceleration while moving down a 

runway. The plane requires 0.7 mile of runway and a speed of 

160 miles per hour in order to lift off. What is the plane’s 

acceleration? 

True or False? In Exercises 69-74, determine whether the 

statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

69. 

70. 

71. 

72. 

TBS 

74. 

WSs 

76. 

77. 

The antiderivative of f(x) is unique. 

Each antiderivative of an nth-degree polynomial function is an 

(n + 1)th-degree polynomial function. 

If p(x) is a polynomial function, then p has exactly one 
antiderivative whose graph contains the origin. 

If F(x) and G(x) are antiderivatives of f(x), then 

F(x) = G&) + C. 

If f(x) = g(x), then fg(x) dx = f(x) + C. 

Sf(a)g(x) dx = Sf(x) dx g(x) dx 

Horizontal Tangent Find a function f such that the graph 
of f has a horizontal tangent at (2, 0) and f’(x) = 2x. 

Finding a Function The graph of f’ is shown. Find and 
sketch the graph of f given that f is continuous and f(0) = 1. 

y 
— 

Proof Let s(x) andc(x) be two functions satisfying 
s(x) = c(x) and c’(x) = —s(x) for all x. If s(0) =0 and 
c(0) = 1, prove that [s(x)? + [c(x)? = 1. 

PUTNAM EXAM CHALLENGE 

78. Suppose fand g are non-constant, differentiable, real-valued 

functions defined on (—oo, 00). Furthermore, suppose that 

for each pair of real numbers x and y, 

f(x + y) =fQ@)f(y) — g)g(y) and 
g(x + y) = f(x)g(y) + g(x)f(y). 

If (0) = 0, prove that ( f(x))? + (g(x))? = 1 for all x. 

This problem was composed by the Committee on the Putnam Prize Competition. 

© The Mathematical Association of America. All rights reserved. 
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l@ Use sigma notation to write and evaluate a sum. 

l@ Understand the concept of area. 

@ Approximate the area of a plane region. 

@ Find the area of a plane region using limits. 

Sigma Notation 

In the preceding section, you studied antidifferentiation. In this section, you will look 

further into a problem introduced in Section 1.1—that of finding the area of a region in 

the plane. At first glance, these two ideas may seem unrelated, but you will discover in 

Section 4.4 that they are closely related by an extremely important theorem called the 

Fundamental Theorem of Calculus. 

This section begins by introducing a concise notation for sums. This notation is 

called sigma notation because it uses the uppercase Greek letter sigma, written as >. 

Sigma Notation 

The sum of n terms a), a, 43,. . ., 4, 1S written as 

Sia, = 4, +a@,+a,+---+a n 
i=1 

upper and lower bounds of summation are n and 1. 

a where i is the index of summation, a; is the ith term of the sum, and the 

oe ¢¢¢e » «eee eElVAR« The upper and lower bounds must be constant with respect to the index 
of summation. However, the lower bound doesn’t have to be 1. Any integer less than or 

equal to the upper bound is legitimate. 

EXAMPLE 1 Examples of Sigma Notation 

6 

a SiH 1t2+ 3 4 porto 
i=1 

G+1)=14+2+34+4+4+5+6 7 
ie rT ° 

fe 8 ak ee Or ° 
IM n 

c ll 

we) 

, se eee. tall eae I 

A OF Re” alsa aay gh 
| 

e. Self Rb = Ge Ss W peste Gyn: yee sence sash) 
ain n n n 

fo far i Ax fos) Axis ey (x2) Ae 
@ FOR FURTHER INFORMATION 1 

ps ee geometric interpretation From parts (a) and (b), notice that the same sum can be represented in different ways 
of summation formulas, see the using sigma notation. | 

article “Looking at >» and ze 

Geometrically” by ic Hesbion Although any variable can be used as the index of summation, i, j, and k are often 

in Mathematics Teacher. To view used. Notice in Example | that the index of summation does not appear in the terms of 

this article, go to MathArticles.com. the expanded sum. 



THE SUM OF THE FIRST 
100 INTEGERS 

A teacher of Carl Friedrich Gauss 

(1777-1855) asked him to add all 

the integers from | to 100.When 
Gauss returned with the correct 
answer after only a few moments, 
the teacher could only look at 

him in astounded silence. This is 
what Gauss did: 

P+ 2+ 3+--- + 100 
100 + 99+ 9B+---+ | 
lol + 101 + 101 + --- + 101 
100 x 101 

2 
= 5050 

This is generalized by Theorem 4.2, 
Property 2, where 

100 
i = weren = 5050. 
t=l 

4.2 Area 255 

The properties of summation shown below can be derived using the Associative 
and Commutative Properties of Addition and the Distributive Property of Addition over 
Multiplication. (in the first property, k is a constant.) 

i Ska, = ka, 2. ia 
t=1 i=1 i=1 

= Sa ate So, 
i=] 

The next theorem lists some useful formulas for sums of powers. 

Summation Formulas 

+ 

iE »,¢ = cn, c iS a constant 2 i= A ata) 
i=1 = 

Ey en bial) (2 te 1) ae es coe 
3. ai = 6 4. Di = vi 

i=1 i=1 

A proof of this theorem is given in Appendix A. 

See LarsonCalculus.com for Bruce Edwards's video of this proof. 

—— ee Stiausaaeceamare ieeeee oe ee 

EXAMPLE 2 Evaluating a Sum 

Evaluate ee 
i=1 

ee n = 10, 100, 1000, and 10,000. 

Solution 

ait 
eer as Ses i= i=1 

Wae-8) i=1 i=1 

Factor the constant 1/n? out of sum. 

- | 
Write as two sums. 

1 mee) a ae 
= op) Apply Theorem 4.2. 

1[n?2+ oan: 
= Feat. Simplify. 

= Simplify. 

Now you can evaluate the sum by substituting the appropriate values of n, as shown in 

the table below. 

100 | 1000 | 10,000 

| 0.65000 0.51500 | 0.50150 | 0.50015 

aad 

In the table, note that the sum appears to approach a limit as n increases. Although 

the discussion of limits at infinity in Section 3.5 applies to a variable x, where x can be 

any real number, many of the same results hold true for limits involving the variable n, 

where n is restricted to positive integer values. So, to find the limit of (n + 3)/2n asn 

approaches infinity, you can write 

firs n 3 : ee l : SE 98 oe oy oy: uy ey 

a ele 2n pes (2 ji 2n eh (3 i 2) y) : 2 
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ARCHIMEDES (287-212 B.c.) 

Archimedes used the method of 
exhaustion to derive formulas for 
the areas of ellipses, parabolic 
segments, and sectors of a spiral. 
He is considered to have been 
the greatest applied mathematician 
of antiquity. 
See LarsonCalculus.com to read 

more of this biography. 

@ FOR FURTHER INFORMATION 

For an alternative development of 

the formula for the area of a circle, 

see the article “Proof Without 

Words: Area of a Disk is 7R?” by 

Russell Jay Hendel in Mathematics 

Magazine. To view this article, go 

to MathArticles.com. 

Area 

In Euclidean geometry, the simplest type of plane region is a rectangle. Although 

people often say that the formula for the area of a rectangle is 

A = bh 

it is actually more proper to say that this is the definition 

of the area of a rectangle. 

From this definition, you can develop formulas for 

the areas of many other plane regions. For example, to 

determine the area of a triangle, you can form a rectangle 

whose area is twice that of the triangle, as shown in 

Figure 4.5. Once you know how to find the area of a 

triangle, you can determine the area of any polygon by 

subdividing the polygon into triangular regions, as 

shown in Figure 4.6. 

Triangle: A = Sbh 

Figure 4.5 

Parallelogram Hexagon Polygon 

Figure 4.6 

Finding the areas of regions other than polygons is more difficult. The ancient 

Greeks were able to determine formulas for the areas of some general regions 

(principally those bounded by conics) by the exhaustion method. The clearest 

description of this method was given by Archimedes. Essentially, the method is a 

limiting process in which the area is squeezed between two polygons—one inscribed in 

the region and one circumscribed about the region. 

For instance, in Figure 4.7, the area of a circular region is approximated by an 

n-sided inscribed polygon and an n-sided circumscribed polygon. For each value of n, 

the area of the inscribed polygon is less than the area of the circle, and the area of the 

circumscribed polygon is greater than the area of the circle. Moreover, as n increases, 

the areas of both polygons become better and better approximations of the area of 

the circle. 

The exhaustion method for finding the area of a circular region 

Figure 4.7 

A process that is similar to that used by Archimedes to determine the area of a 

plane region is used in the remaining examples in this section. 

Mary Evans Picture Library 
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(a) The area of the parabolic region is 

greater than the area of the rectangles. 

(b) The area of the parabolic region is less 

than the area of the rectangles. 

Figure 4.8 

4.2 Area 257 

The Area of a Plane Region 

Recall from Seetion 1.1 that the origins of calculus are connected to two classic 
problems: the tangent line problem and the area problem. Example 3 begins the 
investigation of the area problem. 

EXAMPLE 3 Approximating the Area of a Plane Region 

Use the five rectangles in Figure 4.8(a) and (b) to find two approximations of the area 
of the region lying between the graph of 

ete SS) 

and the x-axis between x = 0 and x = 2. 

Solution 

a. The right endpoints of the five intervals are 

Dh 
5! Right endpoints 

where i = 1, 2,3, 4,5. The width of each rectangle is and the height of each 

rectangle can be obtained by evaluating f at the right endpoint of each interval. 

lesb stleshlsshls-| 
fslieel| eet areg 

Evaluate f at the right endpoints of these intervals. 

The sum of the areas of the five rectangles is 

Height Width 
maa et 

Nt nl LD 2 2 zy (2) 162 
—){=]= —|—]} + —| = — = 6.48. rie) (5) | (j Sion basguw. 

Because each of the five rectangles lies inside the parabolic region, you can 

conclude that the area of the parabolic region is greater than 6.48. 

b. The left endpoints of the five intervals are 

2 
A — 1) Left endpoints 

where i = 1, 2,3, 4,5. The width of each rectangle is z and the height of each 

rectangle can be obtained by evaluating f at the left endpoint of each interval. So, the 

sum 1s 

Height Width 
—————. 

5) en OV Ea ea oe 02 
i 5 ee! 5 y+5|(3) == ae 

Because the parabolic region lies within the union of the five rectangular regions, 

you can conclude that the area of the parabolic region is less than 8.08. 

By combining the results in parts (a) and (b), you can conclude that 

6.48 < (Area of region) < 8.08. | 

By increasing the number of rectangles used in Example 3, you can obtain closer 

and closer approximations of the area of the region. For instance, using 25 rectangles 

of width 2 each, you can conclude that 

7.1712 < (Area of region) < 7.4912. 
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Upper and Lower Sums 

The procedure used in Example 3 can be generalized as follows. Consider a plane 

region bounded above by the graph of a nonnegative, continuous function 

y = fx) 

as shown in Figure 4.9. The region is bounded below by the x-axis, and the left and right 

boundaries of the region are the vertical lines x = a and x = b. 

To approximate the area of the region, begin by subdividing the interval [a, b] into 

n subintervals, each of width 

ln) = @ 
Ax = 

n 

as shown in Figure 4.10. The endpoints of the intervals are 

The region under a curve 
a=Xp xe iin x, =b 

Figure 4.9 £ persis KIS 

a + O(Ax) < a + 1(Ax) < a + 2(Ax) <-> + + < a + n(Ax). 

Because f is continuous, the Extreme Value Theorem guarantees the existence of a 

minimum and a maximum value of f(x) in each subinterval. 

f(m;) = Minimum value of f(x) in ith subinterval 

f(M;) = Maximum value of f(x) in ith subinterval 

Next, define an inscribed rectangle lying inside the ith subregion and a circumscribed 

rectangle extending outside the ith subregion. The height of the ith inscribed rectangle 

is f(m,) and the height of the ith circumscribed rectangle is f(M,). For each i, the area 
of the inscribed rectangle is less than or equal to the area of the circumscribed 

rectangle. 

Area of ped lees of ce wie ‘ BB uate: = f(m,) Ax s f(M,.) Ax = The interval [a, b] is divided oe ( rectangle f(m;) f(M;) rectangle 

subintervals of width Ax = , é f ¥ 
The sum of the areas of the inscribed rectangles is called a lower sum, and the sum of 

Figure 4.10 the areas of the circumscribed rectangles is called an upper sum. 

n 

Lower sum = s(n) = >, f(m;) Ax Area of inscribed rectangles 

1 

Upper sum = S(n) = y) f(M,) Ax Area of circumscribed rectangles 
isl 

From Figure 4.11, you can see that the lower sum s() is less than or equal to the upper 

sum S(n). Moreover, the actual area of the region lies between these two sums. 

s(n) < (Area of region) < S(n) 

x x 

a b 

Area of inscribed rectangles Area of region Area of circumscribed 

is less than area of region. rectangles is greater than 

area of region. 

Figure 4.11 
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Circumscribed rectangles 

Figure 4.12 

4.2 Area 259 

EXAMPLE 4 Finding Upper and Lower Sums for a Region 

Find the upper and lower sums for the region bounded by the graph of f(x) = x? and 

the x-axis between x = O and x = 2. 

Solution To begin, partition the interval [0, 2] into n subintervals, each of width 

_b-a_ 2-0 2 
n n n 

Ax 

Figure 4.12 shows the endpoints of the subintervals and several inscribed and 

circumscribed rectangles. Because f is increasing on the interval [0, 2], the minimum 

value on each subinterval occurs at the left endpoint, and the maximum value occurs at 

the right endpoint. 

Left Endpoints Right Endpoints 

#3 2i= I Y) Di m= 0+ = 0(2) = m,=0+ (2) = 
n n 

Using the left endpoints, the lower sum is 

s(n) = S° flen,) Ax 
t=] 

“SPS 
Dice 

U 

= eal pele) 

(Sr = Ohi af $1] 
i=1 i—1 

7 e + Nes al) 2] nat | 7 | 

= 

[ 

oo §,|00 
= 

es) 

= 5 (2n? — 3n? + n) 

gin ae 
ig 

a Lower sum 
3n? 

Using the right endpoints, the upper sum is 

s(n) = > f(M,) Ax 
i=1 

SAT )n) 
Vi) 

n(n + 1)(2n + | 

] M 

S,joo = | 
ee ee 

Es 

ll = 

\| lI M: IM: aa 

6 
II 

=, lo) So 

= 5 (2n? Team tN) 
8) 

b3 ir z aL : Upper sum ad 
Sei soyke 
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Exploration 

For the region given in 

Example 4, evaluate the 

lower sum 

4 4 

nm 3 
s(n) = . = 

and the upper sum 

ey 4 a 
S(n) Stew it inSne 

for n = 10, 100, and 1000. 

Use your results to determine 

the area of the region. 
aoe 

Example 4 illustrates some important things about lower and upper sums. First, 

notice that for any value of n, the lower sum is less than (or equal to) the upper sum. 

8 4 4 Ces 
+ + 

4 
+ = 

3 n  3n? . 3 ar) n  3n2 
s(n) = 

Second, the difference between these two sums lessens as n increases. In fact, when you 

take the limits as n> oo, both the lower sum and the upper sum approach _ 

ee A 4 Ls.8 

Shree ote 3 
lim s(n) = lim 
noo n-oco 

(: 4,4 8 
noo 3 vA] 3n? 3 

Lower sum limit 

and 

lim S(n) = lim 
noo 

Upper sum limit 

The next theorem shows that the equivalence of the limits (as n + co) of the upper 

and lower sums is not mere coincidence. It is true for all functions that are continuous 

and nonnegative on the closed interval [a, b]. The proof of this theorem is best left to a 

course in advanced calculus. 

THEOREM 4.3 Limits of the Lower and Upper Sums 

Let f be continuous and nonnegative on the interval [a, b]. The limits as 

n— oo of both the lower and upper sums exist and are equal to each other. 

That is, 

lim s(n) = lim S) fm) Ax 
nao =a noo 

lim > f(M,) Ax 
i=1 

= lim S(n) 
n—-Cco 

where Ax = (b — a)/n and f(m;) and f(M,) are the minimum and maximum 
values of f on the subinterval. 

In Theorem 4.3, the same limit is attained for both the minimum value f(m;,) and 

the maximum value f(M,). So, it follows from the Squeeze Theorem (Theorem 1.8) that 

the choice of x in the ith subinterval does not affect the limit. This means that you are 

free to choose an arbitrary x-value in the ith subinterval, as shown in the definition of 

the area of a region in the plane. 

Definition of the Area of a Region in the Plane 

Let f be continuous and nonnegative on the y 

| interval [a, b]. (See Figure 4.13.) The area i 
of the region bounded by the graph of f, 

the x-axis, and the vertical lines x = a and 

x = bis 

. nv f(e,) 

Area = lim f(c;) Ax 
facials IE 4 x 

i OA 

where x,_, = ¢, 2.x, and pet 

The width of the ith subinterval 

is Ax = x, — Xj~4- 

Figure 4.13 



(0, 0) si; 

The area of the region bounded by 

the graph of f, the x-axis, x = 0, and 

36 = Nag 

Figure 4.14 

The area of the region bounded by 

the graph of f, the x-axis, x = 1, and 

Be 21S 3. 

Figure 4.15 
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Finding Area by the Limit Definition 

Find the area of the region bounded by the graph f(x) = x3, the x-axis, and the vertical 

lines x = 0 and x = 1, as shown in Figure 4.14. 

Solution Begin by noting that fis continuous and nonnegative on the interval [0, 1]. 

Next, partition the interval [0,1] into n subintervals, each of width Ax = irs 

According to the definition of area, you can choose any x-value in the ith subinterval. 

For this example, the right endpoints c,; = i/n are convenient. 

Area = lim 5! f(c;) Ax 
n—>0co & 

i=1 

, n i 3 1 

= lim ») hi 
noo 2 \1 n 

sgh Bey. 
= lim =a te 

noo Nl =| 

alt eee uy) 
noo n* 4 

= lim (3 ct ae de a) 
noo \4 2n An? 

Right endpoints: c; = + 
n 

The area of the region is i 

Finding Area by the Limit Definition 
‘ «© +[> See LarsonCalculus.com for an interactive version of this type of example. 

Find the area of the region bounded by the graph of f(x) = 4 — x?, the x-axis, and the 

vertical lines x = 1 and x = 2, as shown in Figure 4.15. 

Solution Note that the function f is continuous and nonnegative on the interval 
[1,2]. So, begin by partitioning the interval into n subintervals, each of width 

Ax = 1/n. Choosing the right endpoint 

5 i 
C= OF 1Ax Hii =F Right endpoints 

n 

of each subinterval, you obtain 

Area = Jim, 2S) Ax 

“1m fof) 
ieee Dhege hs j| se 

= Jim (33 ei") 
1 i ] 1 

= - —)—{~+—+ hin |3 (i+ 7) (; 2n al 
1 

= —|jl--— 

: 3 

18 
3 

The area of the region is 3. . ff 
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t > X 

(0, 0) | 

The area of the region bounded by the 

graph of f and the y-axis for0 = y = 1 

is , 

Figure 4.16 

*REMARK You will learn 
about other approximation 

methods in Section 4.6. One 

of the methods, the Trapezoidal 

Rule, is similar to the Midpoint 

Rule. 

eeeoeenwree eee” 

y 

4 a 
f(x) = sin x 

1 + 

es 3 “4 x 
4 NIA 

f 

The area of the region bounded by the 

graph of f(x) = sin x and the x-axis for 

0 = x = wis about 2.052. 

Figure 4.17 

The next example looks at a region that is bounded by the y-axis (rather than by the 

X-axis). 

EXAMPLE 7 A Region Bounded by the y-axis 

Find the area of the region bounded by the graph of f(y) = y? and the y-axis for 
0 < y < 1, as shown in Figure 4.16. 

Solution When / is a continuous, nonnegative function of y, you can still use the 

same basic procedure shown in Examples 5 and 6. Begin by partitioning the interval 

[0, 1] into n subintervals, each of width Ay = 1/n. Then, using the upper endpoints 
c; = i/n, you obtain 

Area = lim s f(e;) Ay 
n> co <= 

i=1 

Les, n (7\2/] 

es Ne 
_ 1d. 

tee 
1 E On. u| 

6 

Upper endpoints: c; = : 

= lim (3 af us + na 
noo \3 2n 6n2 

The area of the region is 5. wl 

In Examples 5, 6, and 7, c; is chosen to be a value that is convenient for calculating 

the limit. Because each limit gives the exact area for any c,, there is no need to find 

values that give good approximations when 7 is small. For an approximation, however, 

you should try to find a value of c; that gives a good approximation of the area of the 

ith subregion. In general, a good value to choose is the midpoint of the interval, 

c; = (x; + x;_,)/2, and apply the Midpoint Rule. 

Area >) f (FAs) Ax. 
i=1 

Midpoint Rule 

Approximating Area with the Midpoint Rule 

Use the Midpoint Rule with n = 4 to approximate the area of the region bounded by 

the graph of f(x) = sin x and the x-axis for 0 < x < 7, as shown in Figure 4.17. 

Solution Forn = 4, Ax = 7/4. The midpoints of the subregions are shown below. 

And talare/ 4) 2 a3 _ (a/4) + (a7/2) _ 307 

ner ae a D oR 
_ (a/2) + Ba/4) _ Sar _Ba/4) + a7 _ Tar 

a 2 “8 a 2 “38 

So, the area is approximated by 

q Ee 7 Tl .0 . , 30° 2ST ae 
Area ~ Dosis: = S' (sin (7) = Asin’ + sin 3 + sin si sin?) 

i=] 

which is about 2.052. wi 
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4.2 Area 263 

See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Finding a Sum _ In Exercises 1-6, find the sum. Use the 
summation capabilities of a graphing utility to verify your 

result. 

Mo 
(3i + 2) 2 Se + 1) 

i=1 k=3 

4 ] 3} 

3 5 4. == 
28 ciel ay 

oe 6. SUG - 1)? + G+ 0] 
ro ll Il 

Using Sigma Notation In Exercises 7-12, use sigma 
notation to write the sum. 

ee 
” 50) * 5) * 36) 5(11) 

9 9 9 9 

os i ea sen 

1 2 6 

s. |7(¢) + +5] +[7() +5] + + |a(6) 5 

Dee ald sid alalile ai sl? tha | 4 4 

3 

ac lta) asians) n n fl VW i) n 

Zs 2 

[r+ yA) e+ ly |G) n n nh n 

Evaluating a Sum _ In Exercises 13-20, use the properties 
of summation and Theorem 4.2 to evaluate the sum. Use the 

summation capabilities of a graphing utility to verify your 

result. 

12 

LO 
i=] 

8. 

_ > M J oo 

i 
24 16 

15. De 16. S) (Si — 4) 
i Zi 

10 

17. yi — 1) 13 G41) 
=z ri 

15 25 

19. ea t= 1)? 20. (® — 2%) 
7 

Evaluating a Sum _ In Exercises 21-24, use the summation 
formulas to rewrite the expression without the summation 

notation. Use the result to find the sums for n = 10, 100, 1000, 

and 10,000. 

2+ 1 2 = 2 

sles ee cee 

Approximating the Area of a Plane Region In 
Exercises 25-30, use left and right endpoints and the given 

number of rectangles to find two approximations of the area of 

the region between the graph of the function and the x-axis 

over the given interval. 

25. f(x) = 2x + 5,[0, 2], 4 rectangles ) 

26. f(x) = 9 — x, [2, 4], 6 rectangles 

27. g(x) = 2x? — x — 1, [2,5], 6 rectangles 

28. 9(x) = x? + 1,[1, 3], 8 rectangles 

29. f(x) = cos x, 0 a) 4 rectangles 

30. g(x) = sin x, [0, z], 6 rectangles 

Using Upper and Lower Sums _ In Exercises 31 and 32, 

bound the area of the shaded region by approximating the 

upper and lower sums. Use rectangles of width 1. 

2 

}—}—j} + > « 
[OA AES aS 

Finding Upper and Lower Sums for a Region In 
Exercises 33-36, use upper and lower sums to approximate the 

area of the region using the given number of subintervals (of 

equal width). 

33. y = ~/x 34. y= J/x+2 
z : 
A 

1+ 

> X x 

1 

35. y =~ 36.2) ey lei 

PN > 
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In Exercises 37—42, find a formula for the 

sum of n terms. Use the formula to find the limit as n > oo. 

37. 

a: 

41. 

43. 

44. 

DAL ODN oo 
in ¥ — 38. li (*)(2) im ae im » Silks 

n> 
Ser 

; n ] P 2 
j : 2 ‘ 2 tim Spp— P40. tim (1 + YC") t 

plied i\/2 » off 3i\ (3 
lim S(1 + ‘\(2) 42. jim 32 =f ) (3) 

! 

Numerical Reasoning Consider a triangle of area 2 

bounded by the graphs of y = x, y = 0, and x = 2. 

(a) Sketch the region. 

(b) Divide the interval [0, 2] into n subintervals of equal width 

and show that the endpoints are 

0< i(2) < lg = (7) < n(2), 

(c) Show that s(n )= S]u-0 =H (2 )|(2). 

(d) Show that S(n) = DaBle 2 ) 

(e) Complete the table. 

(f) Show that lim s(n) = lim S(n) = 

Numerical Reasoning Consider a trapezoid of area 4 
bounded by the graphs of y = x, y = 0, x = 1, and x = 3. 

(a) Sketch the region. 

(b) Divide the interval [1, 3] into n subintervals of equal width 
and show that the endpoints are 

1<1+1(2) < <1 t(n—0(2) <1 +2(2). 

2 
(c) Show that s(n) = S|) +(i-1 \(2) (2). 

ay sma si ~ Sf (22) 
(e) Complete the table. 

(f) Show that lim s(n) = lim S(n) = 4. 

Finding Area by the Limit Definition In Exercises 

45-54, use the limit process to find the area of the region 

bounded by the graph of the function and the x-axis over the 

given interval. Sketch the region. 

45. y= -4x+5, [0,1] 46. -y = 3x — 2, (2; 5] 

AT yO OL] AS ee | 
49. y=25—-x, [1,4] Re et ol ae 
5h. y= 27s 0 3] phe ey AT) 
53.9 S22 — 2. [141] 54, y= 2° = 2, [1,2] 

Finding Area by the Limit Definition In Exercises 

55-60, use the limit process to find the area of the region 

bounded by the graph of the function and the y-axis over the 

given y-interval. Sketch the region. 

IA 55. a 0 

56. g(y) =3y 2 

57. (9) = y= ya 
58. f(y) =4y—y5 1lsys2 

59. e(y) = 4 —y, 1sys3 

60. h(y)=y+1, 1lsy<s2 

ys 

IA ys 4 

Approximating Area with the Midpoint Rule In 

Exercises 61-64, use the Midpoint Rule with n =4 to 

approximate the area of the region bounded by the graph of the 

function and the x-axis over the given interval. 

Be oR Ser. 
62. f(x) = x? 4x, 

[0, 2] 

[0, 4] 

63. f(x) = tan x, 0 =| 

64. f(x) = cos x, fo | 

WRITING ABOUT CONCEPTS 

| Approximation In Exercises 65 and 66, determine 
which value best approximates the area of the region | 

between the x-axis and the graph of the function over the | 

given interval. (Make your selection on the basis of a sketch | 

of the region, not by performing calculations.) 

65. fix) =4 =, 

(2) (De 

[0, 2] 
(c) 10 (cd) eo eee) eS 

. f(x) = sin a [0, 4] 

(a) 3 (b) PL (Cc) 2 (CRS eee) nO 

. Upper and Lower Sums _ In your own words and } 
using appropriate figures, describe the methods of upper | 

sums and lower sums in approximating the area of a region. 

. Area of a Region in the Plane _ Give the definition | 

of the area of a region in the plane. 



69. Graphical Reasoning Consider the region bounded by 
the graphs of f(x) = 8x/(x + 1), x = 0, x = 4, and y = 0, as 

shown in the figure. To print an enlarged copy of the graph, go 

to MathGraphs.com. 

(a) Redraw the figure, and y 

complete and shade the 8 

rectangles representing the 

lower sum when n = 4. 

Find this lower sum. 

(b — Redraw the figure, and 

complete and shade the 

rectangles representing the 

upper sum when n = 4. 

Find this upper sum. 

(c) Redraw the figure, and complete and shade the rectangles 

whose heights are determined by the functional values at 

the midpoint of each subinterval when n = 4. Find this 

sum using the Midpoint Rule. 

(d wa Verify the following formulas for approximating the area 

of the region using n subintervals of equal width. 

Sale 9510) 
Upper sum: S(n) = Si }os| (*) 

= Srll--241) 

Lower sum: s(n) = 

Midpoint Rule: M(n) = 

Pe (e) Use a graphing utility to create a table of values of s(n), 

S(n), and M(n) for n = 4, 8, 20, 100, and 200. 

(f) Explain why s(n) increases and S(n) decreases for 
increasing values of n, as shown in the table in part (e). 

}) HOW DOYOU SEE IT? The function shown 
in the graph below is increasing on the interval 

[1, 4]. The interval will be divided into 
12 subintervals. 

y 

Nn WwW MN 

D2 735 4 

(a) What are the left endpoints of the first and last 

subintervals? 

(b) What are the right endpoints of the first two 

‘subintervals? 

(c) When using the right endpoints, do the rectangles 

lie above or below the graph of the function? 

(d) What can you conclude about the heights of the 

rectangles when the function is constant on the 

given interval? 

¥ 

4.2 Area 265 

rue or False? In Exercises 71 and 72, determine whether 

the statement is true or false. If it is false, explain why or give 

an example that shows it is false. 

71. 

72. 

74, 

TES: 

76. 

The sum of the first n positive integers is n(n + 1)/2. 

If f is continuous and nonnegative on [a, b], then the limits as 

n—>oo of its lower sum s(n) and upper sum S(n) both exist and 

are equal. 

ig Use the figure to write a short paragraph explaining 

hy ‘the COM AUTOML ND Se OO 7) = 5n(n af 

all positive integers n. 

1) is valid for 

Figure for 73 Figure for 74 

Graphical Reasoning Consider an n-sided regular 
polygon inscribed in a circle of radius r. Join the vertices of the 

polygon to the center of the circle, forming n congruent 

triangles (see figure). 

(a) Determine the central angle @ in terms of n. 

(b) Show that the area of each triangle is br? sin 0. 

(c) Let A, be the sum of the areas of the n triangles. Find 
lim A,,. 
n—-co 

Building Blocks A child places n cubic building blocks in 
a row to form the base of a triangular design (see figure). Each 

successive row contains two fewer blocks than the preceding 

row. Find a formula for the number of blocks used in the 

design. (Hint: The number of building blocks in the design 

depends on whether n is odd or even.) 

nis even. 

Proof Prove each formula by mathematical induction. (You 

may need to review the method of proof by induction from a 

precalculus text.) 

(a) S21 = nln + 1) (b) ee 
i=1 i=] 

PUTNAM EXAM CHALLENGE 

77. A dart, thrown at random, hits a square target. Assuming 

that any two parts of the target of equal area are equally 

likely to be hit, find the probability that the point hit is 

nearer to the center than to any edge. Write your answer in 

the form (a/b is c)/d, where a, b, c, and d are integers. 

This problem was composed by the Committee on the Putnam Prize Competition. 

© The Mathematical Association of America. All rights reserved. 
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"Riemann Sums and Definite Integrals 

' (n—1)2 
2 

| = 

The subintervals do not have equal 

widths. 

Figure 4.18 

The area of the region bounded by 

the graph of x = y? and the y-axis 

for 0: S y S Lis 7 

Figure 4.19 

i Understand the definition of a Riemann sum. 

@ Evaluate a definite integral using limits. 

i Evaluate a definite integral using properties of definite integrals. 

Riemann Sums 

In the definition of area given in Section 4.2, the partitions have subintervals of equal 

width. This was done only for computational convenience. The next example shows that 

it is not necessary to have subintervals of equal width. 

A Partition with Subintervals of Unequal Widths 

Consider the region bounded by the graph of 

f(a) = Vx 
and the x-axis for 0 < x < 1, as shown in Figure 4.18. Evaluate the limit 

lim 5) f(c;) Ax; 
n-co i 

where c; is the right endpoint of the partition given by c, = i/n? and Ax, is the width 
of the ith interval. 

Solution The width of the ith interval is 

2 es (n) 
Ax, = => - Xx; a 2 

2-2? +2i-1 = 3 

ages | Sis 

So, the limit is 

: mae (i (2021 li )Ax, = li 2 
cane DG) *i ae a n ( n* =1 

| n 

= lim = Y (Qi? =i 

N 

Lane I j2( + 1)(2n + 2) nine 2| 

see n> 6 2 

aoe 4n? + 3n? —n 

noo 6n> 

yy 
= 3 wi 

From Example 7 in Section 4.2, you know that the region shown in Figure 4.19 has 

an area of i Because the square bounded by 0 = x <= 1 andO < y < I has an area of 1, 

you can conclude that the area of the region shown in Figure 4.18 has an area of 

2, This agrees with the limit found in Example 1, even though that example used a 

partition having subintervals of unequal widths. The reason this particular partition gave 

the proper area is that as n increases, the width of the largest subinterval approaches 

zero. This is a key feature of the development of definite integrals. 



GEORG FRIEDRICH BERNHARD 
RIEMANN (1826-1866) 

German mathematician Riemann 
did his most famous work in the 

areas of non-Euclidean geometry, 
differential equations, and number 

theory. It was Riemann’s results 
in physics and mathematics that 

formed the structure on which 

Einstein’s General Theory of 

Relativity is based. 
See LarsonCalculus.com to read 
more of this biography. 

ool|— +!) le 

n—> co does not imply that ||A|| > 0. 
Figure 4.20 
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In Section 4.2, the limit of a sum was used to define the area of a region in the 

plane. Finding area by this means is only one of many applications involving the limit 

of a sum. A similar approach can be used to determine quantities as diverse as arc 

lengths, average values, centroids, volumes, work, and surface areas. The next 

definition is named after Georg Friedrich Bernhard Riemann. Although the definite 

integral had been defined and used long before Riemann’s time, he generalized the 

concept to cover a broader category of functions. 

In the definition of a Riemann sum below, note that the function f has no 

restrictions other than being defined on the interval [a, b]. (In Section 4.2, the function f 

was assumed to be continuous and nonnegative because you were finding the area 

under a curve.) 

Definition of Riemann Sum 

Let f be defined on the closed interval [a, b], and let A be a partition of [a, b] 
given by 

Ds Np ey 

where Ax; is the width of the ith subinterval 

(oe 13 x;]. ith subinterval 

If c; is any point in the ith subinterval, then the sum 

n 
2 Ste) Axe ce Sit 
= 

is called a Riemann sum of f for the partition A. (The sums in Section 4.2 are 

examples of Riemann sums, but there are more general Riemann sums than 

those covered there.) | 

The width of the largest subinterval of a partition A is the norm of the partition and 

is denoted by ||Al|. If every subinterval is of equal width, then the partition is regular 

and the norm is denoted by 

ee 

Regular partition 

For a general partition, the norm is related to the number of subintervals of [a, b] in the 

following way. 

eeu 10 General partition 

4 
So, the number of subintervals in a partition approaches infinity as the norm of the 

partition approaches 0. That is, ||A|| > 0 implies that n > oo. 
The converse of this statement is not true. For example, let A, be the partition of 

the interval [0, 1] given by 

A eae > OF ree il 

As shown in Figure 4.20, for any positive value of n, the norm of the partition A,, is 5. 

So, letting n approach infinity does not force ||Al| to approach 0. In a regular partition, 

however, the statements 

|All >0 and n-co 

are equivalent. 

INTERFOTO/Alamy 
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8% FOR FURTHER INFORMATION 

For insight into the history of the 

definite integral, see the article 

“The Evolution of Integration” by 

A. Shenitzer and J. Steprans in The 

American Mathematical Monthly. 

To view this article, go to 

MathArticles.com. 

eeeoe0eeeneeeeee eee 6 8 

**REMARK Later in this 

chapter, you will learn 

convenient methods for 

calculating J? f(x) dx for 
continuous functions. For now, 

you must use the limit definition. 

Definite Integrals 

To define the definite integral, consider the limit 

i 

lim 1G) Ava Te 
||Al|>0 & fle) Ax; 

To say that this limit exists means there exists a real number L such that for each e > 0, 

there exists a 5 > 0 such that for every partition with ||A|| < 6, it follows that 

L = S fle) We ee 
i= 

regardless of the choice of c; in the ith subinterval of each partition A. 

Definition of Definite Integral 

If fis defined on the closed interval [a, b] and the limit of Riemann sums over 

partitions A 

iim, Dy FC) Ax; 

exists (as described above), then f is said to be integrable on [a, b] and the 

limit is denoted by 

n b 

ee Dy f(c,) Ax; = i Gide: 

The limit is called the definite integral of f from a to b. The number a is the 

lower limit of integration, and the number 5 is the upper limit of integration. 

It is not a coincidence that the notation for definite integrals is similar to that used 

for indefinite integrals. You will see why in the next section when the Fundamental 

Theorem of Calculus is introduced. For now, it is important to see that definite integrals 

and indefinite integrals are different concepts. A definite integral is a number, whereas 

an indefinite integral is a family of functions. 

Though Riemann sums were defined for functions with very few restrictions, a 

sufficient condition for a function f to be integrable on [a, b] is that it is continuous on 
[a, b]. A proof of this theorem is beyond the scope of this text. 

THEOREM 4.4 Continuity Implies Integrability 

If a function f is continuous on the closed interval [a, b], then f is integrable 

on [a, b]. That is, f° f(x) dx exists. 

Exploration 

The Converse of Theorem 4.4 Is the converse of Theorem 4.4 true? That is, 

when a function is integrable, does it have to be continuous? Explain your 

reasoning and give examples. 

Describe the relationships among continuity, differentiability, and 

integrability. Which is the strongest condition? Which is the weakest? Which 

conditions imply other conditions? 



Because the definite integral is 

negative, it does not represent the 
area of the region. 

Figure 4.21 

You can use a definite integral to find 

the area of the region bounded by the 

graph of f, the x-axis, x = a, and 

x=b. 

Figure 4.22 
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EXAMPLE 2 Evaluating a Definite Integral as a Limit 

1 

Evaluate the definite integral | 2X OX, 
9) 

Solution The function f(x) = 2x is integrable on the interval [—2, || because it is 
continuous on [—2, 1]. Moreover, the definition of integrability implies that any 
partition whose norm approaches 0 can be used to determine the limit. For 
computational convenience, define A by subdividing [—2, 1] into n subintervals of 
equal width 

Choosing c; as the right endpoint of each subinterval produces 

c,=a+t i(Ax) = -2+— 
n 

L 

So, the definite integral is 

1 “a 

i Onde = lim, Dy We) Ax, 

n 

| 5 
IM ae iS 

> = 

WAL ENN Freer nN 

Ren 6 P n oh n ; 

= tim &{ Jee! + 3) 

a em i loreal 
noo nN n 2 

= lim (-12+9+2) 
n n—->coco 

= -3. Be | 

Because the definite integral in Example 2 is negative, it does not represent the area 

of the region shown in Figure 4.21. Definite integrals can be positive, negative, or zero. 

For a definite integral to be interpreted as an area (as defined in Section 4.2), the 

function f must be continuous and nonnegative on [a, b], as stated in the next theorem. 

The proof of this theorem is straightforward—you simply use the definition of area 

given in Section 4.2, because it is a Riemann sum. 

THEOREM 4.5 The Definite Integral as the Area of a Region 

If f is continuous and nonnegative on the closed interval [a, b], then the area 

of the region bounded by the graph of f, the x-axis, and the vertical lines 

x =aandx = bis 

Area = [ 10 dx. 

(See Figure 4.22.) 
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l 2 3 

4 

Area = [ (4% — x?) dx 
0 

Figure 4.23 

Integration 

As an example of Theorem 4.5, consider the region bounded by the graph of 

f(x) = 4x — x? 

and the x-axis, as shown in Figure 4.23. Because fis continuous and nonnegative on the 

closed interval [0, 4], the area of the region is 
4 

Area = [ (4x — x?) dx. 
O 

A straightforward technique for evaluating a definite integral such as this will be 

discussed in Section 4.4. For now, however, you can evaluate a definite integral in two 

ways—you can use the limit definition or you can check to see whether the definite 

integral represents the area of a common geometric region, such as a rectangle, triangle, 

or semicircle. 

EXAMPLE 3 Areas of Common Geometric Figures 

Sketch the region corresponding to each definite integral. Then evaluate each integral 

using a geometric formula. 

3 3 2 
a. [ 4 dx b. | (x + 2) dx Cc. i A= x ax 

0 =2 

Solution A sketch of each region is shown in Figure 4.24. 

a. This region is a rectangle of height 4 and width 2. 

3 
[ 4 dx = (Area of rectangle) = 4(2) = 8 

1 

b. This region is a trapezoid with an altitude of 3 and parallel bases of lengths 2 and 

5. The formula for the area of a trapezoid is sh(b, 41D): 

3 

[ (x + 2) dx = (Area of trapezoid) = 532 + 5) = 
0 

c. This region is a semicircle of radius 2. The formula for the area of a semicircle is 
2 

a7r. 

2 
I /4 — x? dx = (Area of semicircle) = 5m (22) = 20 
25 

y | =4 
4- —— 4 

i flaws 
2-4 

if te i+ 

| ee + ee 
ie oth seks =9 =) ie Bs 

(a) (b) (c) 

Figure 4.24 | 

The variable of integration in a definite integral is sometimes called a dummy 

variable because it can be replaced by any other variable without changing the value of 

the integral. For instance, the definite integrals 

3 3 

I (x + 2)dx and [ (t + 2) dt 
0 0 

have the same value. 
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Properties of Definite Integrals 

The definition of the definite integral of f on the interval [a, b] specifies that a < b. 
Now, however, it is convenient to extend the definition to cover cases in which a = b 
or a > b. Geometrically, the next two definitions seem reasonable. For instance, it 
makes sense to define the area of a region of zero width and finite height to be 0. 

Definitions of Two Special Definite Integrals 

1. If fis defined at x = a, then i f(x) dx = 0. 

i a b 

2. If fis integrable on [a, b], then | Lane -| f(x) dx. 
b a 

EXAMPLE 4 Evaluating Definite Integrals 

« «© «e[> See LarsonCalculus.com for an interactive version of this type of example. 

Evaluate each definite integral. 

7 0 

2. | sin x dx b. | (x + 2) dx 
3 aT 

Solution 

a. Because the sine function is defined at x = a, and the upper and lower limits of 

integration are equal, you can write 

| sin wax = 0, 
T 

b. The integral sia + 2) dx is the same as that given in Example 3(b) except that the 

upper and lower limits are interchanged. Because the integral in Example 3(b) has a 

value of = you can write 

[+nd=-[ @+9a=-3 wi 

In Figure 4.25, the larger region can be divided at x = c into two subregions whose 

intersection is a line segment. Because the line segment has zero area, it follows that the 

area of the larger region is equal to the sum of the areas of the two smaller regions. 

THEOREM 4.6 Additive Interval Property | 

If fis integrable on the three closed intervals determined by a, b, and c, then 

i Hee [ eee i aa 

EXAMPLE 5 Using the Additive Interval Property 

1 0 1 

| |x| dx = | = Je Oke ar | x dx Theorem 4.6 

= = 0 

Area of a triangle 

en 
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Property 2 of 

Theorem 4.7 can be extended 

to cover any finite number of 

functions (see Example 6). 

Figure 4.26 

Because the definite integral is defined as the limit of a sum, it inherits the 

properties of summation given at the top of page 255. 

Properties of Definite Integrals 

If fand g are integrable on [a, b] and k is a constant, then the functions kf and 

f + g are integrable on [a, b], and 

b b 

1. | kf (x) dx = k | Jixyiax 

b b b 

| 2 | rt) + g(x)] dx = | Fide | g(x) dx. 

EXAMPLE 6 Evaluation of a Definite Integral 

3 
Evaluate | (—x? + 4x — 3) dx using each of the following values. 

I 

3 3 3 

| Ree | dae nae i BEAD 
1 3 1 1 

Solution 

3 3 3 3 
[ eraser | aac + | trac + | (Sia 

ey 3 3 

--| ar+4{ xar-a{ dx 
1 1 1 

26 -(2°) + 4(4) — 3(2) 

4 
3 P| 

If f and g are continuous on the closed interval [a,b] and 0 < f(x) < g(x) for 
a < x < b, then the following properties are true. First, the area of the region bounded 

by the graph of f and the x-axis (between a and b) must be nonnegative. Second, this 

area must be less than or equal to the area of the region bounded by the graph of g and 

the x-axis (between a and 5), as shown in Figure 4.26. These two properties are 

generalized in Theorem 4.8. 

THEOREM 4.8 Preservation of Inequality 

1. If fis integrable and nonnegative on the closed interval [a, b], then 

0< [ F(x) dx. 

2. If fand g are integrable on the closed interval [a, b| and f(x) = g(x) for 
every x in [a, b], then 

| “fla) a= i ae dx. 

A proof of this theorem is given in Appendix A. 

See LarsonCalculus.com for Bruce Edwards's video of this proof. 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Evaluating a Limit In Exercises 1 and 2, use Example 1 as 

a model to evaluate the limit 

lim 5S) f(c,) Ax; 
n— oo i=1 

over the region bounded by the graphs of the equations. 

max, y=0, x=0) x=3 

aye 
(iim: Lec, =—, ) 

See x, y=0, x=0, x=1 

3 
(Hine: Let c, = =) 

Evaluating a Definite Integral as a Limit In Exercises 
3-8, evaluate the definite integral by the limit definition. 

6 3 

3. [ 8 dx a. | x dx 
i Re 

5 i x dx 6. i 4x? dx 
1 

1 [@+ne 8. [ (2x2 + 3) dx 
1 =2 

Writing a Limit as a Definite Integral In Exercises 9-12, 
write the limit as a definite integral on the interval [a, b], where 
c; is any point in the ith subinterval. 

Limit Interval 

pane) (36,410) Ax [—1, 5] 
|All>0 =) 

10. lim 6a (fre) Ane m0, 4) 
Also j=) 

teehm )) Vc? + 4Ax, [0, 3] 
Allo j= 1 

n 3 

12. lim (S)a 3} 
||Al>0 Py cy « Hed 

Writing a Definite Integral In Exercises 13-22, set up a 
definite integral that yields the area of the region. (Do not 

evaluate the integral.) 

13. f(x) =5 14. f(x) = 6 — 3x 

y , 
A 

5 6 

4 5) 

4+ 
3 al 

2 2+ 

1 Le 
ae 44 

3 i : Breit 3.3, 475 

15. f(x) =4 - |x| 

y y 

19. f(x) = cosx 

1 re 

+ Xx “it ao 
z q x z 
4 2 4 2 

21. g(y) = y° 22. f(y) = (y — 2)? 
ay y 

ji 
i 4+ 

oa Siete 

2m 2 

1 1 

+ i ix a5 é t > Xx 
ae” any oe fame ne feme) 

Evaluating a Definite Integral Using a Geometric 
Formula In Exercises 23-32, sketch the region whose area is 

given by the definite integral. Then use a geometric formula to 

evaluate the integral (a > 0,r > 0). 

3 6 

23. [ 4 dx 24. i 6 dx 
0 —4 
4 8 

IB\ [ x dx 26. | = 
0 0 3 
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“2 3 

I (3x + 4) dx 28. [ (Seo 
0 0 

1 a 

PAN [ (1 — [x|)\ax 30. | (a =") \rdx 
J | a 

31. | /49 — x? dx 32. | Ni ie OO 

Using Properties of Definite Integrals In Exercises 

33-40, evaluate the integral using the following values. 

[ 

SRE 

35 

37. 

SH). 

41. 

42. 

43. 

4 4 

x3 dx = 60, [ xar=6, [ar=2 
2 2 

[ x dx 34. [ Tel aie 
4 2 

4 4 

i 8x dx 36. [ 25 dx 

n4 n4 
[ (x — 9) dx 38. [ (x3 + 4) dx 

4 n4 
[ (4x3 — 3x + 2) dx 40. [ (10 + 4x — 3x3) dx 

Using Properties of Definite Integrals Given 

5 7 

[ f(x) dx = 10 and [ f(x) dx = 3 
0 5 

evaluate 

7 0 

(a) [ fla) ae. (b) I fl) ae 
5 5 

(c) i f(x) dx. (d) i 3f (x) dx. 

Using Properties of Definite Integrals Given 

3 6 
[ f@) ade =4 and [ f®) de =-1 
0 3 

evaluate 

6 

(a) | f(x) dx. 
0 

(b) [ - fx) de. 

(c) | f(x) dx. @ | — Sf (x) dx. 
3 3 

Using Properties of Definite Integrals Given 

[100 ae = 10 and [, eeoae=-2 

evaluate 

6 6 

(a) i Lf(x) + g(x)] dx. — (b) [ Lg(x) — f(x)] de. 

6 6 

(c) [ 22(x) dx. (d) [ 3f (x) dx. 

44. 

45. 

46. 

47. 

Using Properties of Definite Integrals Given 

| 

| faa Omeand [ f(x) dx = 5 
e . 

evaluate 

0 rl 0 

(a) Pie) ae (b) | (Ga) eke = i f(x) dx. 
—1 0 =I! 

1 | 

(c) i 3f (x) dx. (d) [ 3f (x) dx. 
1 0 

Estimating a Definite Integral Use the table of values 

to find lower and upper estimates of 

10 

[ f(x) dx. 
0 

Assume that fis a decreasing function. 

Estimating a Definite Integral Use the table of values 
to estimate 

[ f(x) dx. 
0 

Use three equal subintervals and the (a) left endpoints, 

(b) right endpoints, and (c) midpoints. When f is an increasing 

function, how does each estimate compare with the actual 

value? Explain your reasoning. 

Think About It The graph of f consists of line segments 
and a semicircle, as shown in the figure. Evaluate each definite 

integral by using geometric formulas. 

6 
(b) [ f(x) dx 

6 

(d) i f(x) dx 
—4 

© | rola © | tye) +2) 
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48. Think About It The graph of f consists of line segments, 51. Think About It A function f is defined below. Use 
as shown in the figure. Evaluate each definite integral by using geometric formulas to find So f(x) dx. 

geometric formulas. 
4 4, x<4 

- hee 
. Dy mes mE) 

52. Think About It A function f is defined below. Use 
er Se lea 

geometric formulas to find Jy f(x) dx. 

yw a IMO FSO 

TOs ie +O SS 

WRITING ABOUT CONCEPTS 

: ‘ eee Approximation In Exercises 53-56, determine which 

ia) [ F\x) ax (6) | orice value best approximates the definite integral. Make your 

7 M1 selection on the basis of a sketch. 

(c) [ fx) de (a) | Fx) de , 
a ae SB [ a atks 

(e) [ f(x) dx (f) | f(x) dx s 
0 4 (a) 5 (D) eee (CG) a) 

49. Think About It Consider the function f that is continuous 
on the interval [—5, 5] and for which 

1/2 

': [ 4 cos ax dx 
0 

ih f(x) dx = 4 
(a) 4 (b) 3 (c) 16 

0 

1 
b | 2 sin mx dx 

Evaluate each integral. 0 

5 3 (a) 6 (b) 5 (c) 4 
(a) i Lf) +2])dr —) | fla +2) de 

0 —2 aff + Sx) dx 
5 5 0 

(c) i f(x) dx (fis even.) (d) | f(x) dx (fis odd.) 
5 ee @ =3 @) 9 (Ce (Gas 

; 4 . Determining Integrability Determine whether the 

#50. HOW DOYOU SEE IT? Use the figure to fill function 

in the blank with the symbol <, >, or =. Explain 

your reasoning. 

y 
. . 

A is integrable on the interval [3, 5]. Explain. 
6+ 

5 . Finding a Function Give an example of a function 

y T that is integrable on the interval [—1, 1], but not continuous 

A on [—1, 1]. 

é : 

t | Finding Values In Exercises 59-62, find possible values of 

i ca x i a - a and b that make the statement true. If possible, use a graph 

to support your answer. (There may be more than one correct 

(a) The interval [1, 5] is partitioned into n subintervals answer.) 

of equal width Ax, and x; is the left endpoint of the P : 

piienbaerval: 59. | f(x) dx + | f(x) dx = | f(x) dx 
=, i a 

‘ ; 3 6 b 6 

2 Fe) Ay | Flay ds 60. | J jbd Web seas [ fix)dx— | fx)dx= i f(x) dx 
4 i} a =i 

(b) The interval [1, 5] is partitioned into n subintervals 

of equal width Ax, and x; is the right endpoint of the 61. sin.x dx < 0 

ith subinterval. 

> fx,) Ax | fx) de 

ma 

b 

62. [ cos x dx = 0 
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In Exercises 63—68, determine whether the 

statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

b b b 

63. | [ f(x) + g(x)] dx = | f(x) dx + | g(x) dx 
p . a m a 

: [ f(x)g(x) dx = || f(x) dx | | g(x) dx A 4e 

65. If the norm of a partition approaches zero, then the number of 

subintervals approaches infinity. 

66. If fis increasing on [a, b], then the minimum value of f(x) on 

[a, b] is f(a). 

67. The value of 

b 

[ f(x) dx 

must be positive. 

68. The value of 

isi0) 

69. Finding a Riemann Sum Find the Riemann sum for 
f(x) = x? + 3x over the interval [0, 8], where 

XM =0, x, =1, %»=3, x, =7, and x,=8 

and where 

70. Finding a Riemann Sum_ Find the Riemann sum for 

f(x) = sin x over the interval [0, 277], where 

1 T 
X = 0; ae ual ee x — 7, and X= 27, 

b 

71. Proof Prove iat | ax = 
a 

b? — @& 
aie 

d b3 — q3 
72. Proof Prove at | xan = 3 

73. Think About !t Determine whether the Dirichlet function 

ns fil 
f(x) = {) 

is integrable on the interval [0, 1]. Explain. 

x is rational 

x is irrational 

74. Finding a Definite Integral The function 

is defined on [0, 1], as shown in the figure. Show that 

[ f(x) dx 

does not exist. Why doesn’t this contradict Theorem 4.4? 

a 
A 

SWVing 

4.0-- 

3.0 ++ 

2.0-+ 
1.0-+ 

ape eee ee 
—0.5 + OS 20. 15) 230 

75. Finding Values Find the constants a and b that maximize 
the value of 

[c = 2 dx. 

Explain your reasoning. 

76. Step Function Evaluate, if possible, the integral 

2 

[ x] dx. 
0 

77. Using a Riemann Sum Determine 

lim Afi + 8 3? - on] 
n-co fly 

by using an appropriate Riemann sum. 

PUTNAM EXAM CHALLENGE 

78. For each continuous function f: [0, 1] > R, let 

UW Me I; x? f(x) dx and J(x) = [ x( f(x))? dx. 
0 

Find the maximum value of /(f) — J(f) over all such 
functions f. 

This problem was composed by the Committee on the Putnam Prize Competition. 

© The Mathematical Association of America, All rights reserved, 
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a YW erate F-Vealclal ec) mM Malsvelaciasmelmer-| (ntl tts 

@ Evaluate a definite integral using the Fundamental Theorem of Calculus. 

i Understand and use the Mean Value Theorem for Integrals. 

l@ Find the average value of a function over a closed interval. 

@ Understand and use the Second Fundamental Theorem of Calculus. 

ll Understand and use the Net Change Theorem. 

The Fundamental Theorem of Calculus 

You have now been introduced to the two major branches of calculus: differential 

calculus (introduced with the tangent line problem) and integral calculus (introduced 

with the area problem). So far, these two problems might seem unrelated—but there is 

a very close connection. The connection was discovered independently by Isaac Newton 

and Gottfried Leibniz and is stated in the Fundamental Theorem of Calculus. 

Informally, the theorem states that differentiation and (definite) integration are 

inverse operations, in the same sense that division and multiplication are inverse 

operations. To see how Newton and Leibniz might have anticipated this relationship, 

consider the approximations shown in Figure 4.27. The slope of the tangent line was 

defined using the quotient Ay/Ax (the slope of the secant line). Similarly, the area of a 

region under a curve was defined using the product AyAx (the area of a rectangle). So, 

at least in the primitive approximation stage, the operations of differentiation and definite 

integration appear to have an inverse relationship in the same sense that division and 

multiplication are inverse operations. The Fundamental Theorem of Calculus states that 

the limit processes (used to define the derivative and definite integral) preserve this 

inverse relationship. 

r---7----- 

Tangent 

line 
Area of 

region 

under 

curve 

weescsoeweesacu \ eSeeaSeSos loa SSSSsares 

Ay 
Slope = 7 Area = AyAx Area =~ AyAx 

(a) Differentiation (b) Definite integration 

Differentiation and definite integration have an “inverse” relationship. 

Figure 4.27 

ANTIDIFFERENTIATION AND DEFINITE INTEGRATION 

Throughout this chapter, you have been using the integral sign to denote an antiderivative 

(a family of functions) and a definite integral (a number). 

b 

Antidifferentiation: | re dx Definite integration: | f(x) dx 

The use of the same symbol for both operations makes it appear that they are related. 

In the early work with calculus, however, it was not known that the two operations were 

related. The symbol J was first applied to the definite integral by Leibniz and was derived 

from the letter S. (Leibniz calculated area as an infinite sum, thus, the letter S.) 
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The Fundamental Theorem of Calculus 

If a function f is continuous on the closed interval [a, b] and F is an 

antiderivative of f on the interval [a, b], then 
b 

| J) at (dD) ara). 

Proof The key to the proof is writing the difference F(b) — F(a) in a convenient 

form. Let A be any partition of [a, b]. 

CK SG HNSINS HO<oe  S 

By pairwise subtraction and addition of like terms, you can write 

FED el (C—O Vice Fete ect oe ni F(X) te x,) ti et | 

nN 

=> LG dan EG eall, 
a 

By the Mean Value Theorem, you know that there exists a number c, in the ith 

subinterval such that 

Nh CaN aS a bt Fc) = ( 7) ( I ) 

Ai Xi 

Because F’(c;) = f(c;), you can let Ax, = x; — x;_, and obtain 

F(b) ~ Fla) =, fle;) Ax, 
i=1 

This important equation tells you that by repeatedly applying the Mean Value Theorem, 

you can always find a collection of c,’s such that the constant F(b) — F(a) is a Riemann 

sum of f on [a, b] for any partition. Theorem 4.4 guarantees that the limit of Riemann 

sums over the partition with ||A|] + 0 exists. So, taking the limit (as ||A|| > 0) produces 

F(b) — F(a) = i Ja) a 

See LarsonCalculus.com for Bruce Edwards’s video of this proof. | 

GUIDELINES FOR USING THE FUNDAMENTAL THEOREM OF 

CALCULUS 

1. Provided you can find an antiderivative of f, you now have a way to evaluate 

a definite integral without having to use the limit of a sum. 

2. When applying the Fundamental Theorem of Calculus, the notation shown 

below is convenient. 

b b 

[ sear = Feo] = FO) ~ Fea 
For instance, to evaluate J} x* dx, you can write 

3 473 4 4 oe P34 2 ee 3dx = =——-—=—--= 20, [ sa al TS a MMI (aa 

. It is not necessary to include a constant of integration C in the antiderivative. 

[ 1 a= JF) + c| = [F(b) + C] — [F(@) + C] = F(b) + F@ 
a 



The definite integral of y on [0, 2] is 3. 

Figure 4.28 

The area of the region bounded by the 

graph of y, the x-axis, x = O, and 
-_ 10 

x= 21s 3. 

Figure 4.29 
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EXAMPLE 1 Evaluating a Definite Integral 

* «+> See LarsonCalculus.com for an interactive version of this type of example. 

Evaluate each definite integral. 

2 4 /4 

a. | (x2 — 3) dx b. | 3./x dx Cc. | sec? x dx 
| 0 

Solution 

u foe-nae-[2-af = (t-9)-€ 
4 4 3/2 4 

b | avedr=a] a2ax=3[ 55] = 20992 - 20)? = 4 
1 1 ~ 

1/4 a/4 

c. [ sec? xd = tan. ene 
0 0 

EXAMPLE 2 A Definite Integral Involving Absolute Value 

Evaluate [ [Datel dx. 
0 

Solution Using Figure 4.28 and the definition of absolute value, you can rewrite the 

integrand as shown. 

posal a nee De Ta 

Dee = Ihe re 
NI) NI 

From this, you can rewrite the integral in two parts. 

Z 1/2 2 
| pr - Jax= [ -@r= tae | (Qe lax 
0 0 /2 

1/2 2 
=|-2 +] +|e-2| 

0 1/2 

=(-4+;)-O+0+4 2) (1 ) 
> 
2 

EXAMPLE 3 Using the Fundamental Theorem to Find Area 

Find the area of the region bounded by the graph of 

Mata ox + 2 

the x-axis, and the vertical lines x = 0 and x = 2, as shown in Figure 4.29. 

Solution Note that y > 0 on the interval [0, 2]. 

Integrate between x = O and x = 2. Area = | (2x? — 3x + 2) dx 
0 

3 2 a 

= E by ae 2x| Find antiderivative. 
3 2 0 

16 
= nae 6+4}]-(0-—0+0) Apply Fundamental Theorem. 

= * Simplify. P| 
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' 

! 
' 
1 
1 
1 
1 
1 

a5 aoe 

a c 

Mean value rectangle: 
b 

flc\(b -— a) = I f(x) dx 

Figure 4.30 ; 

The Mean Value Theorem for Integrals 

In Section 4.2, you saw that the area of a region under a curve is greater than the area 

of an inscribed rectangle and less than the area of a circumscribed rectangle. The Mean 

Value Theorem for Integrals states that somewhere “between” the inscribed and circum- 

scribed rectangles, there is a rectangle whose area is precisely equal to the area of the 

region under the curve, as shown in Figure 4.30. 

Mean Value Theorem for Integrals 

If fis continuous on the closed interval [a, b], then there exists a number c in 
the closed interval [a, b] such that 

| b 

| | f(x) dx = f(c)(b — a). 

Fase — sry neerervereemessens sic eonvtesrenanr ow PURUEOT TTS aR Senet en gSURINE BONA rapa SSRN on — 

Proof 

Case 1: If f is constant on the interval [a, b], then the theorem is clearly valid because 

c can be any point in [a, b]. 

Case 2: If f is not constant on [a, b], then, by the Extreme Value Theorem, you can 

choose f(m) and f(M) to be the minimum and maximum values of f on [a, b]. Because 

f(m) = f(x) = f™) 

for all x in [a, b], you can apply Theorem 4.8 to write the following. 

b b b 

[ f(m) dx < | f(x) diene S i f(M) dx See Figure 4.31. 

b 

f(m)(b — a) < | fajdx =fW6 =a) Apply Fundamental Theorem. 

b : 

f(m) < | f(x) dx < f(M) Divide by b — a. 

From the third inequality, you can apply the Intermediate Value Theorem to conclude 

that there exists some c in [a, b] such that 

| b b 

f= 522 | sear or flow a)= | fea 
a a 

f f f f(M) 

fom ta 

a be a b a b= 

Inscribed rectangle Mean value rectangle Circumscribed rectangle 

(less than actual area) (equal to actual area) (greater than actual area) 

b b b 

i f(m) dx = f(m)(b — a) [ f(x) dx | f(M) dx = f(M)(b — a) 

Figure 4.31 

See LarsonCalculus.com for Bruce Edwards's video of this proof. wl 

Notice that Theorem 4.10 does not specify how to determine c. It merely guarantees 

the existence of at least one number c in the interval. 



Average value 

Average value = 

a 
a 

l b 

[ f(x) dx 
lk =) 

Figure 4.32 

{$e ve 40 

30 -+- 

20 a> 

Average 

value = 16 

Figure 4.33 

= 
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Average Value of a Function 

The value of f(c) given in the Mean Value Theorem for Integrals is called the average 
value of f on the interval [a, b]. 

Definition of the Average Value of a Function on an Interval 

If f is integrable on the closed interval [a, b], then the average value of f on the 
interval is 

| 
| | b 

See Figure 4.32. 

To see why the average value of f is defined in this way, partition [a, b] into n 

subintervals of equal width 

eee? — Ax 

If c; is any point in the 7th subinterval, then the arithmetic average (or mean) of the 

function values at the c,’s is 

1 
a “Lf le) TIE) ap Oe 1G fe.) le Average of f(c,),. . ..f(c,) 

By multiplying and dividing by (b — a), you can write the average as 

re 3 ste0( 4) 
= 9 fq) Ax 

Finally, taking the limit as n > oo produces the average value of f on the interval [a, b], 
as given in the definition above. In Figure 4.32, notice that the area of the region under 

the graph of fis equal to the area of the rectangle whose height is the average value. 

This development of the average value of a function on an interval is only one 

of many practical uses of definite integrals to represent summation processes. In 

Chapter 7, you will study other applications, such as volume, arc length, centers of 

mass, and work. 

EXAMPLE 4 Finding the Average Value of a Function 

Find the average value of f(x) = 3x? — 2x on the interval [1, 4]. 

Solution The average value is 

eae le le 
py | we-4] (3x2 — 2x) dx 

“fosh 
1 =i [646 Gi) 

ye 
3 

= 16. See Figure 4.33. a 
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The first person to fly at a speed 

greater than the speed of sound 

was Charles Yeager. On October 

14, 1947, Yeager was clocked at 

295.9 meters per second at an 

altitude of 12.2 kilometers. If 

Yeager had been flying at an 

altitude below 11.275 kilometers, 

this speed would not have 

“broken the sound barrier.’ The 

photo shows an F/A-18F Super 
Hornet, a supersonic twin-engine 

strike fighter. A “green Hornet” 

using a 50/50 mixture of biofuel 

made from camelina oil became 

the first U.S. naval tactical 

aircraft to exceed 1 mach. 

The Speed of Sound 

At different altitudes in Earth’s atmosphere, sound travels at different speeds. The speed 

of sound s(x) (in meters per second) can be modeled by 

—4x + 341, (see iks 
295, Vise 22 

s(x) = {4x + 278.5, Vee eey) 
3y + 254.5, 32 <x < 50 
—3y + 404.5, 50 < x < 80 

where x is the altitude in kilometers (see Figure 4.34). What is the average speed of 

sound over the interval [0, 80]? 

Speed of sound (in m/sec) 

10 20 30 40 50 60 70 80 90 

Altitude (in km) 

Speed of sound depends on altitude. 

Figure 4.34 

Solution Begin by integrating s(x) over the interval [0, 80]. To do this, you can break 
the integral into five parts. 

11.5 11.5 iS 

[ SG) dx= [ ($44 42.341 )dxi = | -2" + 341s| = 3657 
0 0 0 
22 PP. 22. 

[ s(x) dx = [ 295 dx = | 2950] = 3097.5 
11.5 11.5 115 

32 aie 32 

[ s(x) dx = [ (3x + 278.5) dx = ie + 278.5r| = 20375 
22 22 22 

50 50 50 

[ s(x) dx = [ (3x + 254.5) dx = ie a 254.5r| = 5688 
32 32 Be 

80 80 80 

[ s(x) dx = [ (—3x + 404.5) dx = |-3 + 404.5x| = 9210 
50 50 ; 50 

By adding the values of the five integrals, you have 

80 
[ s(x) dx = 24,640. 
0 

So, the average speed of sound from an altitude of 0 kilometers to an altitude of 

80 kilometers is 

_ 24,640 
ee 308 meters per second. ud 

80 
Average speed = ay s(x) dx 30 |) 
Lukich/Shutterstock.com 
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The Second Fundamental Theorem of Calculus 

Earlier you saw that the definite integral of fon the interval |a, b] was defined using the 
constant b as the upper limit of integration and x as the variable of integration. However, 

a slightly different situation may arise in which the variable x is used in the upper limit 

of integration. To avoid the confusion of using x in two different ways, t is temporarily 

used as the variable of integration. (Remember that the definite integral is not a 

function of its variable of integration.) 

The Definite Integral asa Number The Definite Integral as a Function of x 

b Bo 

| f(x) dx F(x) = | f(t) dt 
da a 

fisa 

function of f. 
fisa 

Exploration EXAMPLE 6 The Definite Integral as a Function 

Use a graphing utility to graph Evaluate the function 

the function 

x ro) = | cos t dt 
F(x) = i cos t dt 0 

0 
TT WT 

at x = 0, 6a 3) and 
SE) for 0 = x = w. Do you 

recognize this graph? Explain. 
Solution You could evaluate five different definite integrals, one for each of the 

given upper limits. However, it is much simpler to fix x (as a constant) temporarily 

to obtain 

x x 

| cos ¢ dt = sin 
0 0 

Sines = gril) 

= Sinise. 

Now, using F(x) = sin x, you can obtain the results shown in Figure 4.35. 

y oF y y 

A A 

~ n\_1 nm) _ V2 ny _ V3 1) _ 
~ BORE “ Fle)z2 F(a) "a F(3)="5 F(3)=1 

oe ue N 

‘ . aS ‘ 
» M ‘ \ 
oe a ‘ ‘ 

Sf \_» 7 ees 4 Set fs ri 

x=0 sept Raa x=3 Fe 

F(x) = | cos t dt is the area under the curve f(t) = cos t from 0 to x. 
0 

Figure 4.35 a 

You can think of the function F(x) as accumulating the area under the curve 

f(t) = cos t from t = 0 to t = x. For x = 0, the area is 0 and F(0) = 0. For x = 77/2, 

F(7/2) = 1 gives the accumulated area under the cosine curve on the entire interval 

[0, 7/2]. This interpretation of an integral as an accumulation function is used often 

in applications of integration. 
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In Example 6, note that the derivative of F is the original integrand (with only the 

variable changed). That is, 

4 rR] = —[sin x] = ra cos rat| = COS X; 
dx dx Axo 

This result is generalized in the next theorem, called the Second Fundamental 

Theorem of Calculus. 

The Second Fundamental Theorem of Calculus 

If fis continuous on an open interval / containing a, then, for every x in the 

interval, 

| {| [10 a a): 

Proof Begin by defining F as 

Fix) = iF f(t) dt. 

Then, by the definition of the derivative, you can write 

F(x) = im, F(x + au — Fix) 

x+ Ax % 

= Jim || ioar— | soar 
i aa " 

co mall f(t) dt + [ f(t) at| 

= sin, a] f roar] 
x 

I 5 | 

From the Mean Value Theorem for Integrals (assuming Ax > 0), you know there exists 

a number c in the interval [x, x + Ax] such that the integral in the expression above is 

equal to f(c) Ax. Moreover, because x < c < x + Ax, it follows that c>x as Ax 0. 

So, you obtain 

Fx) = Jim, Fe flo) ax| = lim flc) = fla). 
A similar argument can be made for Ax < 0. 

See LarsonCalculus.com for Bruce Edwards’s video of this proof. ol 

Using the area model for definite integrals, S(O) 

the approximation | Ax 
——s 

x + Ax \ 

fey Ane [ $0 at 
x 

can be viewed as saying that the area of the 

rectangle of height f(x) and width Ax is fx) 
approximately equal to the area of the region 

lying between the graph of f and the x-axis 

on the interval x x+Ax_ 

x + Ar pa ere fla) Ax = | feat 
as shown in the figure at the right. 
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Note that the Second Fundamental Theorem of Calculus tells you that when a func- 

tion is continuous, you can be sure that it has an antiderivative. This antiderivative need 

not, however, be an elementary function. (Recall the discussion of elementary functions 

in Section P.3.) 

EXAMPLE 7 The Second Fundamental Theorem of Calculus 

Evaluate < || Jt? + 1 at| 
0 

Solution Note that f(t) = /t? + 1 is continuous on the entire real number line. So, 

using the Second Fundamental Theorem of Calculus, you can write 

oll vrata] = Vere a 
0 

The differentiation shown in Example 7 is a straightforward application of the 

Second Fundamental Theorem of Calculus. The next example shows how this theorem 

can be combined with the Chain Rule to find the derivative of a function. 

EXAMPLE 8 The Second Fundamental Theorem of Calculus 

Find the derivative of F(x) = [ cos t dt. 
a/2 

Solution Using u = x°, you can apply the Second Fundamental Theorem of Calculus 

with the Chain Rule as shown. 

dF du 
F"x) ==> Chain Rule 

() du dx 

d du dF 
= —— Jal valle Definition of — palatal cs 

Gall du a 
= Se COS dt |—— Substitute cos t dt for F(x). 

du a/2 dx m/2 

Gals du } 
= COSMIC aaa Substitute w for x°. 

dul Jx/2 dx 

= (cos u)(3x?) Apply Second Fundamental Theorem of Calculus. 

= (cos x°)(3x2) Rewrite as function of x. P| 

Because the integrand in Example 8 is easily integrated, you can verify the 

derivative as follows. 
6) 

F(x) =| cos t dt 
1/2 

bro 

= sin | 
1/2 

Shalt baws 
Siva Sill 

2 

=<snx — | 

In this form, you can apply the Power Rule to verify that the derivative of F is the same 

as that obtained in Example 8. 

< [sinx? = 1] = (cos x?)(3x2) Derivative of F 
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Net Change Theorem 

The Fundamental Theorem of Calculus (Theorem 4.9) states that if fis continuous on 

the closed interval [a, b] and F is an antiderivative of f on [a, b], then 
b 

i f(x) dx = F(b) — F(a). 

But because F(x) = f(x), this statement can be rewritten as 

b 

| F(x) dx = F(b) — F(a) 

where the quantity f(b) — F(a) represents the net change of F on the interval [a, b]. 

I The Net Change Theorem 

The definite integral of the rate of change of quantity F(x) gives the total 

change, or net change, in that quantity on the interval [a, b]. 

b 

[ F(x) dx = F(b) — F(a) Net change of F 

| 

| 

EXAMPLE 9 Using the Net Change Theorem 

A chemical flows into a storage tank at a rate 

of (180 + 3r) liters per minute, where f is the 

time in minutes and O < ¢ < 60. Find the 

amount of the chemical that flows into the 

tank during the first 20 minutes. 

Solution Let c(t) be the amount of the 

chemical in the tank at time ¢. Then c’(t) 
represents the rate at which the chemical 

flows into the tank at time ft. During the 

first 20 minutes, the amount that flows 

into the tank is 

20 20 

| Ct) ar — [ (180 + 3r) dt 
0 0 

3 : 20 

+ —f- | 180% ae 

3600 + 600 

= 4200. 

II 

II 

So, the amount that flows into the tank during 

the first 20 minutes is 4200 liters. 

Another way to illustrate the Net Change Theorem is to examine the velocity of a 

particle moving along a straight line, where s(t) is the position at time f. Then its 

velocity is v(t) = s‘(t) and 

b 

| v(t) dt = s(b) — s(a). 

This definite integral represents the net change in position, or displacement, of the 

particle. 

Christian Lagerek/Shutterstock.com 



A,, A>, and A; are the areas of the 

shaded regions. 

Figure 4.36 

=} 

Figure 4.37 
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When calculating the total distance traveled by the particle, you must consider the 

intervals where v(t) < 0 and the intervals where v(t) = 0. When v(t) < 0, the 

particle moves to the left, and when v(t) = 0, the particle moves to the right. To 

calculate the total distance traveled, integrate the absolute value of velocity |v(1)|. So, 

the displacement of the particle on the interval [a, b] is 

b 

Displacement on [a, b] = | (ide Ae AP As 
a 

and the total distance traveled by the particle on [a, b| is 

b 

Total distance traveled on [a, b] = | |v(t)| dt = A, + A, + A. 

(See Figure 4.36.) 

> eset = Solving a Particle Motion Problem 

The velocity (in feet per second) of a particle moving along a line is 

Vit) eat a Oa 291 20 

where f is the time in seconds. 

a. What is the displacement of the particle on the time interval 1 < ¢ < 5? 

b. What is the total distance traveled by the particle on the time interval | < t < 5? 

Solution 

a. By definition, you know that the displacement is 

5 5) 

I v(t) dt = [ (8 — 102 + 29t — 20) dt 
1 1 

5 fe LOS 229% | 
= |— -—- — + —f — F ae a! 20t 

oe 
ate 12 

_ 128 
4412 

ape x 

1 

So, the particle moves 32 feet to the right. 

b. To find the total distance traveled, calculate { : |v(t)| dt. Using Figure 4.37 

and the fact that v(t) can be factored as (t — 1)(t — 4)(t — 5), you can determine that 

v(t) = 0 on [1, 4] and v(t) < 0 on [4, 5]. So, the total distance traveled is 

[ \v(t)| dt = | v(t) dt — [ v(t) dt 

4 

4 

=| (= Lor + 291 — 20) dr — | 
1 

5 

(8 — 102 + 29t — 20) dt 
4 

ee oe i E (iy ee } ee gee Eg Bape? 
E ioe 4. B 2 4 

45) (-3) 
4 iW 

ae ON eee | 
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4.4 Exercises 

Integration 

See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

In Exercises 1-4, use a graphing 

utility to graph the integrand. Use the graph to determine 

whether the definite integral is positive, negative, or zero. 

aT ei! 
1. [ = dx 

te El 

aE x./x? + 1 dx 

2: [ cos x dx 
0 

4, i Be) nerds 

Evaluating a Definite Integral In Exercises 5-34, evaluate 

the definite integral. Use a graphing utility to verify your 

result. 

13. 

Te 
iS: d 
| Vices 

17. [ (/t — 2) dt 

1 

9% ———_ — ax 

0 

ai. | (11/3 — 12/3) dt 

25, [ ier — OV ae 
0 

D7 [ (1 + sin x) dx 
0 

77/4 eens 

29. [ {2/5 
0 

34. (2t + cos t) dt 

| 

6. i 8 dt 
a5 

8. i (1 = "32) de 
= 

2 

10. | (6x7 = 3x) dx 
rl 
3 

12. | (Ant Sx) ax 
1 

14. | (u = 4) du 
a) u? 

8 

16. | x? dx 
-8 

8 

18. i ee 
' x 

2 

20. [ (2 — t)/tdt 
0 

OS ca 
D2 
ie 5a 

24. i (3 — |x — 3|) dx 

26. I x= Ax te Bldx, 

28. ih (2 + cos x) 

sec? 0 

wo. [™ eo? Oa 

Finding the Area of a Region 

determine the area of the given region. 

In Exercises 35-38, 

35: ya 36. y= 
N lA 

pS 

37. y = cosx 38. y=x+ sinx 

ey) 

as i 

> xX 

aAla+ wia+ 
3 x 

2 

Finding the Area of a Region In Exercises 39-44, find the 
area of the region bounded by the graphs of the equations. 

39. y= 5x7 +2, x=0, x=2, y=0 

40. y=x3+x%, x=2, y=0 

41. y=1+ #%, x=0, x=8 y=0 

42) y=2J/xn—-2%, y=0 

430 yi =x 4 yy = 20 

440 y= 1 xt y= 0 

Using the Mean Value Theorem for Integrals In 
Exercises 45-50, find the value(s) of c guaranteed by the Mean 

Value Theorem for Integrals for the function over the given 

interval. 

45. f(x) = xs. [0,3] 46. f(x) = ~/x, [4,9] 

Pese © [0, 6] 48. f0) =, [1,3] 

T 7 LE 4 50. f(x) = cos x, = 

Finding the Average Value of a Function In Exercises 
51-56, find the average value of the function over the given 

interval and all values of x in the interval for which the 

function equals its average value. 

49, f(x) = 2 sec? x, |- 

s1.fo)=9-x [-3,3] 52. fe) =“ $4 fg] 

53. f(x) = x [OST] 54. f(x) = 40 — 3x7, [Osi 

55. f(x) = sinx, [0, z] 56. f(x) = cos x, fo. | 



57. Velocity The graph shows the velocity, in feet per second, 
of a car accelerating from rest. Use the graph to estimate the 

distance the car travels in 8 seconds. 
v 

150 

120 

90 

60 

30 

Velocity (in feet per second) Velocity (in feet per second) Ss 
4 8 12 16; 20 1 2 3 4 5 

Time (in seconds) Time (in seconds) 

Figure for 57 Figure for 58 

58. Velocity The graph shows the velocity, in feet per second, 
of a decelerating car after the driver applies the brakes. Use the 

graph to estimate how far the car travels before it comes to 

a stop. 

WRITING ABOUT CONCEPTS 

59. Using a Graph The graph of f is shown in the figure. 

(a) Evaluate fy f(x) dx. 

(b) Determine the average value of f on the interval [1, 7]. 

(c) Determine the answers to parts (a) and (b) when the 

graph is translated two units upward. 

60. Rate of Growth Let r’(t) represent the rate of growth 
of a dog, in pounds per year. What does r(t) represent? 

What does ff r’(t) dt represent about the dog? 

61. Force The force F (in newtons) of a hydraulic cylinder in a 

press is proportional to the square of sec x, where x is the 

distance (in meters) that the cylinder is extended in its cycle. 

The domain of F is [0, 77/3], and F(0) = 500. 

(a) Find F as a function of x. 

(b) Find the average force exerted by the press over the 

interval [0, 7/3]. 

62. Blood Flow The velocity v of the flow of blood at a 
distance r from the central axis of an artery of radius R is 

Vv — k(R2 = 7?) 

where k is the constant of proportionality. Find the average rate 

of flow of blood along a radius of the artery. (Use 0 and R as 

the limits of integration.) 

Awars CS a} Ae 64. Average Sales 
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63. Respiratory Cycle The volume V, in liters, of air in the 

lungs during a five-second respiratory cycle is approximated 

by the model V = 0.1729t + 0.15221? — 0.037413, where tf is 
the time in seconds. Approximate the average volume of air in 

the lungs during one cycle. 

A company fits a model to the monthly 

sales data for a seasonal product. The model is 

S(t) = +1.8+0.5 sin( 2), Qa 7 = 

where S is sales (in thousands) and f is time in months. 

(a) Use a graphing utility to graph f(t) = 0.5 sin(at/6) for 
0 < t < 24. Use the graph to explain why the average 

value of f(t) is 0 over the interval. 

(b) Use a graphing utility to graph S(t) and the line 
g(t) = t/4 + 1.8 in the same viewing window. Use the 
graph and the result of part (a) to explain why g is called 

the trend line. 

Pe 65. Modeling Data An experimental vehicle is tested on a 
straight track. It starts from rest, and its velocity v (in meters 

per second) is recorded every 10 seconds for | minute (see 

table). 

(a) Use a graphing utility to find a model of the form 

v = at? + bt? + ct + d for the data. 

(b) Use a graphing utility to plot the data and graph the model. 

(c) Use the Fundamental Theorem of Calculus to approximate 

the distance traveled by the vehicle during the test. 

Omg) HOW DOYOU SEE IT? The graph of fis 
Nncnansett shown in the figure. The shaded region A has an 

area of 1.5, and f° f(x) dx = 3.5. Use this 
information to fill in the blanks. 

2 6 

(a) [ f(x) dx = (b) [ f(x) dx = 
0 

6 2 

©) [ '7G)| de = Me @) [ —2 F(x) dx = 
0 

6 
© [B+ selar- 
(f) The average value of f over the interval [0, 6] is 
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ite Integral In Exercises 67-72, find F 

as a function of x and evaluate it atx = 2,x = 5, andx = 8. 

67. F(x) = | (4t — 7) dt 
0 

68. “| (t? + 2t — 2) dt 

“20 aap 
69. F pet 10. F(x) i= | == db 

tik, JAGS) = i cos 6d@ Was LG) = [ sin 6d0@ 
0 

73. Analyzing a Function Let 

20) = | pod 
0 

where f is the function whose graph is shown in the figure. 

(a) Estimate (0), ¢(2), 2(4), ¢(6), and g(8). 

(b) Find the largest open interval on which g is increasing. 

Find the largest open interval on which g is decreasing. 

(c) Identify any extrema of g. 

(d) Sketch a rough graph of g. 

Figure for 74 Figure for 73 

74. Analyzing a Function Let 

20) = [po a 
0 

where f is the function whose graph is shown in the figure. 

(a) Estimate g(0), 2(2), g(4), 2(6), and g(8). 

(b) Find the largest open interval on which g is increasing. 

Find the largest open interval on which g is decreasing. 

(c) Identify any extrema of g. 

(d) Sketch a rough graph of g. 

Finding and Checking an Integral In Exercises 75-80, 
(a) integrate to find F as a function of x, and (b) demonstrate 

the Second Fundamental Theorem of Calculus by differentiating 

the result in part (a). 

75. F(x) = ik (t + 2) dt 76.0 (5) — i) t(t? + 1) at 
0 

TJ. FC v= | 3/t dt 78. F(x = |" via 

80. F(x) = i sec ¢ tan ft dt 
a/3 

79. wo sec? t dt 
a/4 

Using the Second Fundamental Theorem of Calculus 

In Exercises 81-86, use the Second Fundamental Theorem of 

Calculus to find F(x). 

S10 FG) | ead OS? FGies I Bae: 
=9 | (a2 | 

y= |" via 

86. F(x) -| sec? t dt 
0 

83. F(x y= | /t* + 1 dt 84. F(x 

85. F(x) -| t cos t dt 
0 

Finding a Derivative In Exercises 87-92, find F(x). 

Fo) x: 

Sits) i— [ (4¢+ 1)dt 88. F(x) = t dt 

89. F(x) = vt dt 
0 

91. F(x) - | sin f? dt 
0 

xe 1 

90. F(x) =| pa 

iG) = [ sin 6? d@ 
0 

93. Graphical Analysis Sketch an approximate graph of g on 
the interval 0 < x < 4, where 

oe) = [sar 

Identify the x-coordinate of an extremum of g. To print an 

enlarged copy of the graph, go to MathGraphs.com 

Be 

94. Area The area A between the graph of the function 

4 
g(t) = 4 - Z 

and the t-axis over the interval [1, x] is 

A(x) = ih (4 = 4) dt. 

(a) Find the horizontal asymptote of the graph of g. 

(b) Integrate to find A as a function of x. Does the graph of A 

have a horizontal asymptote? Explain. 

Particle Motion In Exercises 95-100, the velocity function, 

in feet per second, is given for a particle moving along a 

straight line. Find (a) the displacement and (b) the total 

distance that the particle travels over the given interval. 

95.1) = st OS SS 

96. V(t) =f —t-—12, 1<t<5 

97. v(t) = 8 — 102+ 271-18, 1 st<7 

98. v(t) =P — 824+ 154 Ost s5 



1 
wh wh) == serps v(t) UF 

100. v(t) = cost, O<t< 37 

101. Particle Motion A particle is moving along the x-axis. 
The position of the particle at time ¢ is given by 

nO) =P = 6 + 9f—2, 0 <1. <5. 

Find the total distance the particle travels in 5 units of time. 

102. Particle Motion Repeat Exercise 101 for the position 
function given by 

Mi) =(¢— I —3)2, 0.2.4.5: 

103. Water Flow Water flows from a storage tank at a rate of 
(500 — 5r) liters per minute. Find the amount of water that 
flows out of the tank during the first 18 minutes. 

104. Oil Leak At 1:00 p.M., oil begins leaking from a tank at a 
rate of (4 + 0.75r) gallons per hour. 

(a) How much oil is lost from 1:00 p.m. to 4:00 p.M.? 

(b) How much oil is lost from 4:00 p.m. to 7:00 P.M.? 

(c) Compare your answers to parts (a) and (b). What do you 

notice? 

Error Analysis In Exercises 105-108, describe why the state- 
ment is incorrect. 

107 SCCH g = 2 

> 1/2 
108. csc x CO SCs x] p/p = 2 

109. Buffon’s Needle Experiment A horizontal plane is 
ruled with parallel lines 2 inches apart. A two-inch needle is 

tossed randomly onto the plane. The probability that the 

needle will touch a line is 

2 a/2 

P= 2 | sin 0d0 
T Jo 

where 6 is the acute angle between the needle and any one of 

the parallel lines. Find this probability. 

110. Proof Prove that = 

v(x) 

| @) f(s) at| = forG)") = FF eae 
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True or False? In Exercises 111 and 112, determine whether 

the statement is true or false. If it is false, explain why or give 

an example that shows it is false. 

111. If F(x) = Gx) on the interval [a, b], then 

F(b) — F(a) = G(b) — Ga). 

112. If fis continuous on [a, b], then f is integrable on [a, b]. 

113. Analyzing a Function Show that the function 

1/x 1 x 1 

(x) = dt + 
f(x) | t274+ 1 [sha 

is constant for x > 0. 

114. Finding a Function Find the function f(x) and all values 
of c such that 

[soan2+e-2 

115. Finding Values Let 

G(x) = ir [sro ar| ds 

where f is continuous for all real ¢. Find (a) G(0), (b) G0), 
(c) G(x), and (d) G0). 

Saaie\ii vlan 

Demonstrating the Fundamental Theorem 
Use a graphing utility to graph the function 

y, = sin? t 

on the interval 0 < t < zw. Let F(x) be the following function of x. 

FG) = [ sin? t dt 
0 

(a) Complete the table. Explain why the values of F are increasing. 

(b) Use the integration capabilities of a graphing utility to graph F. 

(c) Use the differentiation capabilities of a graphing utility to 

graph F(x). How is this graph related to the graph in part (b)? 

(d) Verify that the derivative of 

1 ie 
J a5 t z sin 2t 

is sin? t. Graph y and write a short paragraph about how this 

graph is related to those in parts (b) and (c). 
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4.5 Integration by Substitution 

eeoesove7nee2et#e 86 ee} 

The statement of 

Theorem 4.13 doesn’t tell how 

to distinguish between f(g(x)) 

and g(x) in the integrand. As 
you become more experienced 

at integration, your skill in 

doing this will increase. Of 

course, part of the key is 

familiarity with derivatives. 

lf Use pattern recognition to find an indefinite integral. 

l@ Use a change of variables to find an indefinite integral. 

il@ Use the General Power Rule for Integration to find an indefinite integral. 

lf Use a change of variables to evaluate a definite integral. 

l@ Evaluate a definite integral involving an even or odd function. 

Pattern Recognition 

In this section, you will study techniques for integrating composite functions. The 

discussion is split into two parts—pattern recognition and change of variables. Both 

techniques involve a u-substitution. With pattern recognition, you perform the 

substitution mentally, and with change of variables, you write the substitution steps. 

The role of substitution in integration is comparable to the role of the Chain Rule 

in differentiation. Recall that for the differentiable functions 

y=F(u) and u= g(x) 

the Chain Rule states that 

d 
7 (s@))] = F(s@)s’@. 

From the definition of an antiderivative, it follows that 

| F'(g(x))g(x) dx = F(g(x)) + C. 

These results are summarized in the next theorem. 

| THEOREM 4.13 Antidifferentiation of a Composite Function 

| Let g be a function whose range is an interval /, and let f be a function that is 

continuous on /. If g is differentiable on its domain and F is an antiderivative 

of f on /, then 

[rtecons (x) dx = F(g(x)) + C. 1 

| Letting u = g(x) gives du = g(x) dx and 
| 

[rv du = F(u) + C. 

Examples | and 2 show how to apply Theorem 4.13 directly, by recognizing the 

presence of f(g(x)) and g(x). Note that the composite function in the integrand has an 

outside function f and an inside function g. Moreover, the derivative g’(x) is present as 

a factor of the integrand. 

Outside function 

Derivative of 

inside function 
Inside function 



[> TECHNOLOGY Try using 

eeeeee##8e%e# 

a computer algebra system, 

such as Maple, Mathematica, 

or the T/-Nspire, to solve the 

integrals given in Examples | 

and 2. Do you obtain the same 

antiderivatives that are listed in 

the examples? 
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EXAMPLE 1 Recognizing the f(g(x))g’(x) Pattern 

Find [oe = L(2x) ax. 

Solution Letting g(x) = x? + 1, you obtain 

g(x) = 2x 

and 

F(g(x)) = f(x? + 1) = @&? + 1). 

From this, you can recognize that the integrand follows the f(g(x))g(x) pattern. Using 
the Power Rule for Integration and Theorem 4.13, you can write 

f(g(x)) g’(x) 
aa or 

[oe a 1)72%) de == (2 + 1)? 4-.C. 
Go| Re 

Try using the Chain Rule to check that the derivative of F(x? + 1)? + Cis the integrand 

of the original integral. 

Recognizing the f(g(x))g’(x) Pattern 

Find | 5 cos 5x dx. 

Solution Letting g(x) = 5x, you obtain 

gx) = 5 

and 

f(g(x)) = f(5x) = cos 5x. 

From this, you can recognize that the integrand follows the f(g(x))g’(x) pattern. Using 
the Cosine Rule for Integration and Theorem 4.13, you can write 

f(g(x)) g’(x) 
ee ee 

[co 5) 3 idx = sin ora Ge 

You can check this by differentiating sin 5x + C to obtain the original integrand. 

Exploration 

Recognizing Patterns The integrand in each of the integrals labeled (a)—(c) 

fits the pattern f(g(x))g’(x). Identify the pattern and use the result to evaluate 
the integral. 

a. | 2x(x -- 1)* dx b. i 3x2/x3 + 1 dx C. { sec? x(tan x + 3) dx 

The integrals labeled (d)—(f) are similar to (a)—(c). Show how you can multiply 

and divide by a constant to evaluate these integrals. 

d. Jue +. 1)*ide e. [eve + ldx f. 2 sec? x(tan x + 3) dx 
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The integrands in Examples | and 2 fit the f(g(x))g‘(x) pattern exactly—you only 

had to recognize the pattern. You can extend this technique considerably with the 

Constant Multiple Rule 

[ere ar = aff) ax 

Many integrands contain the essential part (the variable part) of g(x) but are missing a 

constant multiple. In such cases, you can multiply and divide by the necessary constant 

multiple, as shown in Example 3. 

Multiplying and Dividing by a Constant 

Find the indefinite integral. 

| x(x? + 1)? dx 

Solution This is similar to the integral given in Example 1, except that the integrand 

is missing a factor of 2. Recognizing that 2x is the derivative of x? + 1, you can let 

Fld ab ate oe 

and supply the 2x as shown. 

| x(x + IP dx = i (x2 + 1)? (Fen dx Multiply and divide by 2. 

f(g) g’(x) 
(ae —— 

= ; (21) (2) dx Constant Multiple Rule 

ieee 
y) 3 C Integrate 

1 
ars (et Date Simplify. | 

In practice, most people would not write as many steps as are shown in Example 3. 

For instance, you could evaluate the integral by simply writing 

[re 1 td = 5 foe 1)? Ox\iax 

Geen 
= 2 (x2 + 13+ C. 

Be sure you see that the Constant Multiple Rule applies only to constants. You 

cannot multiply and divide by a variable and then move the variable outside the integral 

sign. For instance, 

for mast [e+ rena 

After all, if it were legitimate to move variable quantities outside the integral sign, you 

could move the entire integrand out and simplify the whole process. But the result 

would be incorrect. 



eeeseeoeevsveee8s8 ¢eeee 8 @ 

*REMARK Because 
integration is usually more 

difficult than differentiation, 

you should always check your 

answer to an integration 

problem by differentiating. 

For instance, in Example 4, 

you should differentiate 

3(2x — 1)3/? + C to verify that 
you obtain the original integrand. 

ep 
~~. 
P 
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Change of Variables 

With a formal change of variables, you completely rewrite the integral in terms of u 

and du (or any other convenient variable). Although this procedure can involve more 

written steps than the pattern recognition illustrated in Examples | to 3, it is useful for 

complicated integrands. The change of variables technique uses the Leibniz notation for 

the differential. That is, if uw = g(x), then du = g’(x) dx, and the integral in Theorem 

4.13 takes the form 

A ie ae 

EXAMPLE 4 Change of Variables 

Find | LPs = Wake, 

Solution First, let u be the inner function, u = 2x — 1. Then calculate the differential 

du to be du = 2 dx. Now, using /2x — 1 = /uand dx = du/2, substitute to obtain 

d 
IIs 2x —ldx= [ve (4) Integral in terms of u 

1 
= 2 fur du Constant Multiple Rule 

1 (ie ) 
S| ee || a XE Antiderivative in terms of u 
NeW 

! 3/2 tee? = 3 Ue, Simplify. 

i 3/2 whe tars 
== 3 (2x = 1) 24 C¢, Antiderivative in terms of x 

Change of Variables 

sees [> See LarsonCalculus.com for an interactive version of this type of example. 

Find es = fl we. 

Solution As in the previous example, let w = 2x — 1 and obtain dx = du/2. 

Because the integrand contains a factor of x, you must also solve for x in terms of u, as 

shown. 

el 

2 
Solve for x in terms of u. uw=2x-1 > x= 

Now, using substitution, you obtain 

fuera [)o0(4 2 
= tf oer + u'/?) du 

We a 
wa [Ey 42C 
alen 3/2 

I 5/2 | 3/2 = — (2x — jel PA ge IN ee ene ce ieeicaT as 
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When making a 

change of variables, be sure that 

your answer is written using 

the same variables as in the 

original integrand. For instance, 

in Example 6, you should not 

leave your answer as 

se +c 

but rather, you should replace u 

by sin 3x. 

To complete the change of variables in Example 5, you solved for x in terms of u. 

Sometimes this is very difficult. Fortunately, it is not always necessary, as shown in the 

next example. 

EXAMPLE 6 Change of Variables 

Find [sw 3x cos 3x dx. 

Solution Because sin? 3x = (sin 3x), you can let uw = sin 3x. Then 

du = (cos 3x)(3) dx. 

Now, because cos 3x dx is part of the original integral, you can write 

du 
ape ke Soot: 

Substituting u and du/3 in the original integral yields 

d 
[sin® ax cos sax = Jue 

=F fea 

3 He) 
ie 

= 90 ae ae C. 

You can check this by differentiating. 

a E sin? 3x + c| a9 (2 )eayisin 3x)?(cos 3x)(3) 

=" sin? 3x Cos 3x 

Because differentiation produces the original integrand, you know that you have obtained 

the correct antiderivative. | 

The steps used for integration by substitution are summarized in the following 

guidelines. 

GUIDELINES FOR MAKING A CHANGE OF VARIABLES 

1. Choose a substitution u = g(x). Usually, it is best to choose the inner part 

of a composite function, such as a quantity raised to a power. 

. Compute du = g(x) dx. 

. Rewrite the integral in terms of the variable uw. 

. Find the resulting integral in terms of u. 

. Replace u by g(x) to obtain an antiderivative in terms of x. 

. Check your answers by differentiating. 

So far, you have seen two techniques for applying substitution, and you will 

see more techniques in the remainder of this section. Each technique differs slightly 

from the others. You should remember, however, that the goal is the same with each 

technique —you are trying to find an antiderivative of the integrand. 
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The General Power Rule for Integration 

One of the most common uw-substitutions involves quantities in the integrand that are 

raised to a power. Because of the importance of this type of substitution, it is given a 

special name—the General Power Rule for Integration. A proof of this rule follows 

directly from the (simple) Power Rule for Integration, together with Theorem 4.13. 

The General Power Rule for Integration 

If g is a differentiable function of x, then 

n+1 

ie (x) ]" g(x) dx = stor ar +C, n#-1. 

Equivalently, if vu = g(x), then 

j 
| 

| 
| yr*! 

[ura = a 5 ps2 =k 
| i ar Al 

EXAMPLE 7 Substitution and the General Power Rule 

ue du uw/5 
a ge > 

a. [ocx =1¢a= or — 1)4(3) dx = (3x : 1) 

ae 

wpe Oe 

u! du u?/2 

(x2 + x)? 
Se 

b. far + nee +apar= [oe +9) (2x + 1) dx We pagent 

yi/2 du u3/?2/(3/2) 

3 — 9)3/2 
c. faeve =O.dx = oc — 2)1/2(3x2) dx = a 

ae du uw /(=1) 

(1 — 2x7)~! 1 = Ale 
eS — — Lee = =— + d. iF ae fo Ox") *(— 4x) dx ay eC. Toe C 

ue du u>/3 
(a a =a 

e. [eosex sin xa = - | (cos 2)(-sin.) a= = 

C= $00 are) as G 

= 

(cos x)? 
ei & 3 al 

Some integrals whose integrands involve quantities raised to powers cannot be 

found by the General Power Rule. Consider the two integrals 

roe + 1)*dx and [oe + 1)? dx. 

The substitution 

Te ls | 

works in the first integral, but not in the second. In the second, the substitution fails 

because the integrand lacks the factor x needed for du. Fortunately, for this particular 

integral, you can expand the integrand as 

1)? Six? 2x? + 

and use the (simple) Power Rule to integrate each term. 
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Change of Variables for Definite Integrals 

When using u-substitution with a definite integral, it is often convenient to determine 

the limits of integration for the variable u rather than to convert the antiderivative back 

to the variable x and evaluate at the original limits. This change of variables is stated 

explicitly in the next theorem. The proof follows from Theorem 4.13 combined with 

the Fundamental Theorem of Calculus. 

Change of Variables for Definite Integrals 

If the function uv = g(x) has a continuous derivative on the closed interval 

La, b] and f is continuous on the range of g, then 

g(b) 

| f(g(x))g’(x) dx = flu) du. 
g(a) 

Change of Variables 

1 
Evaluate [ x(x? + 1)3 dx. 

0 

Solution To evaluate this integral, let uw = x7 + 1. Then, you obtain 

u=x*+1 op du = 2x dx. 

Before substituting, determine the new upper and lower limits of integration. 

Lower Limit Upper Limit 

Whens = 087 — 024) 1-1. Whence 0, = 14 |) 

Now, you can substitute to obtain 

Ba wh hos 
I 1 

| bab eee IN ibe | (ete 1° 2x) an Integration limits for x 
0 0 

1 2 

os Al u> du Integration limits for u 
1 

| I | Ae (4-4) 
hE 

8 

Notice that you obtain the same result when you rewrite the antiderivative 5(u4/4) in 

terms of the variable x and evaluate the definite integral at the original limits of 

integration, as shown below. 

Ede a 
“4 

15 ee wi 



= | —— 
-1 1 3 ct 5 

The region before substitution has an 

area of @ 

Figure 4.38 

“1p 

The region after substitution has an 

area of 5% 

Figure 4.39 
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| EXAMPLE 9 Change of Variables 

Evaluate the definite integral. 

I. : ‘ 

AX 

il ow Die = || 

Solution To evaluate this integral, let u = /2x — 1. Then, you obtain 

=o 

Ue l= Ox 

Ue x 
9) eX 

udu = ax. Differentiate each side. 

Before substituting, determine the new upper and lower limits of integration. 

Lower Limit 

Wiheniscs—s lee e— arn) en een 

Now, substitute to obtain 

[ 5 d PS q 
a ¥ u au 

1 De = Al 1 U 2) 

Le 
==) (2 + aL (u2 + 1) du 

Upper Limit 

When — 55 7 —s/ 10) 

Geometrically, you can interpret the equation 

i a x ae { 7+) 

to mean that the two different regions shown in Figures 4.38 and 4.39 have the same 

area. 

When evaluating definite integrals by substitution, it is possible for the upper limit 

of integration of the u-variable form to be smaller than the lower limit. When this 

happens, don’t rearrange the limits. Simply evaluate as usual. For example, after 

substituting u = /1 — x in the integral 

1 
[ x2(1 — x)!/2 dx 
0 

you obtain u = 1 — 1 = 0 when x = 1, andu = 1 — 0 = 1 whenx = 0. So, the 

correct u-variable form of this integral is 

0 
-2 (1 — u?)?u? du. 

1 

du 

Expanding the integrand, you can evaluate this integral as shown. 

0 3 5 79 
ae oe Ae 6 | eee ee “| = (-i +2 ) = 2 (u 2u* + u°) du 2] 5 se 7, 2 3° 9 105 
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Odd function 

Figure 4.40 

See 5 
f(x) = sin” x cos x + sin x cos x 

Because fis an odd function, 
ar/2 

I F(x) dx = 0. 

Figure 4.41 

Integration of Even and Odd Functions 

Even with a change of variables, integration can be difficult. Occasionally, you can 

simplify the evaluation of a definite integral over an interval that is symmetric about the 

y-axis or about the origin by recognizing the integrand to be an even or odd function 

(see Figure 4.40). 

THEOREM 4.16 Integration of Even and Odd Functions 

Let f be integrable on the closed interval [a, — a]. 
| 

1. If fis an even function, then | ile) dc al oa: 
=a) 0 

2. If fis an odd function, then f(x) dx = 0. 

| 

L 

Proof Here is the proof of the first property. (The proof of the second property is left 

to you [see Exercise 99].) Because f is even, you know that f(x) = f(—x). Using 
Theorem 4.13 with the substitution u = —x produces 

[ finde = | Feplea = i AG [ Poe [ " #0) de 
Finally, using Theorem 4.6, you obtain 

I. faa= [ iF (ide [10 dx 

= [reac [reac 

= 2/0) dx. 

See LarsonCalculus.com for Bruce Edwards’s video of this proof. ee | 

DEN R aati Integration of an Odd Function 

Evaluate the definite integral. 

1/2 

| (sin? x cos x + sin x cos x) dx 
— 1/2 

Solution Letting f(x) = sin* x cos x + sin x cos x produces 

f(—x) = sin?(—x) cos(—x) + sin(—x) cos{—x) 

—sin* x cos x — sin x cos x 

= = F(x). 
So, fis an odd function, and because fis symmetric about the origin over [— 7/2, 7/2], 

you can apply Theorem 4.16 to conclude that 

n/2 

i (sin? x cos x + sin x cos x) dx = 0. 
—mn/2 

From Figure 4.41, you can see that the two regions on either side of the y-axis have the 

same area. However, because one lies below the x-axis and one lies above it, integration 

produces a cancellation effect. (More will be said about areas below the x-axis in 

Section 7.1.) 



4.5 Exercises 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Finding u and du In Exercises 1-4, complete the table by Py Slo 

identifying uw and du for the integral. 

| F(g@))g'(x) dx uw =e) du = g(x) de 

1. [oe + 1)?(16x) dx 

i | Wee 1 dx 

3: [on 2 ie Bagieks 

COS X 4. |—5~ dx 
sin” Xx 

Finding an Indefinite Integral In Exercises 5-26, find the 
indefinite integral and check the result by differentiation. 

5 fo + 6x)*(6) dx 6. | (x? 9)? (2x \idx 

he [vz — x? (—2x) dx 8. [x — 4x?(— 8x) dx 

9. force St 10. [xc — ~) dx 

11. [ree — 14 dx 12. [row + 4)3 dx 

13. [ve +2 dt 14. [ever + 3dt 

15: [ax — x? dx 16. fevie +2 du 

oe  —e kd eee 
“Jd — x33 "iC ex)? 

6x? wf 
21. 

x2 

G+ep* tt | (as — 9p 
xX 

BS 
a — 1K an $=. 
|S |e 

23. [( ot: 1)'(5) dt 24. {[» at eel dx 

1 oe a2 | eee 56) NA 
| aor | Bae 

Differential Equation In Exercises 27-30, solve the 

differential equation. 

dy 4x dy 10x? 
. a — Af = 28. SS Ss 

4 dx RL Ota aie hd ly 44.08 

dy gear ll ay po ea 4 

22. dx (x2 + 2x — 3)? Sai: dx f/x? —8&x4+1 

pe Field In Exercises 31 and 32, a differential equation, 

a point, and a slope field are given. A slope field consists of line 

segments with slopes given by the differential equation. These 

line segments give a visual perspective of the directions of the 

solutions of the differential equation. (a) Sketch two 

approximate solutions of the differential equation on the slope 

field, one of which passes through the given point. (To print an 

enlarged copy of the graph, go to MathGraphs.com.) (b) Use 

integration to find the particular solution of the 

differential equation and use a graphing utility to graph the 

solution. Compare the result with the sketches in part (a). 

31. ay rif Se 32. ae x2(x3 — 1) 
dx dx 

(252) (1, 0) 

y y 

| i Ne NaS Sf eee eal ah 3 Seyi 4 

=a N NEIL OP A (of hase seo 

=~\\\+t7//¢ IP leg ES oe ee Al a 

a NSN SG er Seale igi cae IP 

—-\\\t4/7/- }—j—_}- =| =} | > x 

= \ \ \ 40s — SS ae 
= es ENT || IL oak elie ee 

LNG 2 2 = op 
Ne | at Pe Sle) SS eae 

Finding an Indefinite Integral In Exercises 33-42, find the 

indefinite integral. 

33. [r sin 7x dx 34. fan 4x dx 

36. | csc? (2) dx 

38. [> sin x? dx 

35. [vs 8x dx 

1 1 
37. le cos 90? 

40. | ven x sec? x dx 

: 
41. | eo 42. | SS ax 

cot? x cos? x 

39. [sn 2x cos 2x dx 

Finding an Equation In Exercises 43-46, find an equation 
for the function f that has the given derivative and whose graph 

passes through the given point. 

Derivative Point 

43. f(x) = ~sin 5 (0, 6) 

44. f(x) = sec?(2x) (z 2) 

AS. fe) = 242 — 10) (2, 10) 

46. f(x) = —2x/8 = x? (2, 7) 
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In Exercises 47—54, find the indefinite 

integral by the method shown in Example 5. 

47. | v/x + 6 dx A [ea Ghe = Zlvahe 

49. | 2/1 — xdx 50. | (x + 1)./2 —xdx 

51 [S ae 5 ee =H ee ere, (O19 ° ax 

Jax — 1 aa 
- 

53. re 
le payer 

: [ive 10 dt 

Evaluating a Definite Integral In Exercises 55-62, 

evaluate the definite integral. Use a graphing utility to verify 

your result. 

mn A 

1 
SS: | Ge = INP ks 56. [ x3(2x* + 1)? dx 

0 =i 

2 1 

Sik [ 2x2/x3 + 1 dx 58. [ xJ/1 — x2 dx 
0 

4 2 
1 G 

sg] ee 60) | ee 
[Re [ ee 

9 5 

He. | pete Se Sey 62. | eds 
1 Vx (1 + Sx? 1 Vix —1 

Differential Equation In Exercises 63 and 64, the graph of 
a function f is shown. Use the differential equation and the 

given point to find an equation of the function. 

dy dy —48 . > = 18x°(2x3 + 1) 4,2 = 
© dx = ) 6 dx (3x +5)? 

y 

s+ i 5 
4+ 

i ils 

Gi) 
ae a [ee 

ae ae =6=524=9=7=1 yD 
SASaeD) le 

Finding the Area of aRegion In Exercises 65-68, find the 
area of the region. Use a graphing utility to verify your result. 

7 6 

65. [ x ¥x+1dx 66. | x? Yx + 2 dx 
0 -2 

yy RA 

77/4 

68. | GSC 2uICOULX ax 
a/12 

y y 

a 

l- 

us 
4 

Even and Odd Functions In Exercises 69-72, evaluate 

the integral using the properties of even and odd functions as 

an aid. 

2 2 

69. | x(x? + 1) dx 70. i x(x? + 1)3 dx 
2 = 

1/2 1/2 

Ile i sin? x cos x dx UP | sin x cos x dx 
—7/2 — 1/2 

73. Using an Even Function Use J¢ x? dx = © to evaluate 
each definite integral without using the Fundamental Theorem 

of Calculus. 

0 4 

@ | 5 abe w) | 5 (be 
-4 =f 

0 4 

| 7 ax @ | Bye abs 
0 —4 

74. Using Symmetry Use the symmetry of the graphs of the 
sine and cosine functions as an aid in evaluating each definite 

integral. 
a/4 1/4 

(a) sin x dx (b) cos x dx 
—1/4 —1/4 

a/2 a/2 

(c) cos x dx (d) sin x cos x dx 
— 1/2 —am/2 

Even and Odd Functions In Exercises 75 and 76, write the 

integral as the sum of the integral of an odd function and the 

integral of an even function. Use this simplification to evaluate 

the integral. 

a/2 3 
1. | GAs 4573 Gade 76: I (sin 4x + cos 4x) dx 

=_ —1/2 

WRITING ABOUT CONCEPTS 

77. Using Substitution Describe why 

uc = x)? ax + esau 

where u = 5 — x?. 

78. Analyzing the Integrand Without integrating, 
explain why | 

| x(x" -F 1)2dx = 0. 
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e ¢ 84. Electricity eoceoevoeeeeeeeoeceoee eee 8 @ 
WRITING ABOUT CONCEPTS (continued) 

79. Choosing an Integral You are-asked to find one of 
the integrals. Which one would you choose? Explain. 

(a) [we == ilabe Oe [eve 4p il whe 

The oscillating current in an electrical circuit is 

I = 2 sin(60at) + cos(120z1t) 

where / is measured in amperes and f is measured in seconds. 

Find the average current for each time interval. 
; ; : ro : z 

(b) [ to (3x) sec?(3x) dx or [ tm (3x) dx (a) is 7 SS WZ 
60 we Ta i OF <a 

80. Comparing Methods Find the indefinite integral in Olen e nn = = <— Z 

two ways. Explain any difference in the forms of the 240 = ~ 

answers. | 

ORS (c) = 3H 
(b) i tan x sec? x dx (a) [ex — 1)? dx 

81. Depreciation The rate of depreciation dV/dt of a machine 

is inversely proportional to the square of (t + 1), where V is Probability In Exercises 85 and 86, the function 
the value of the machine ¢ years after it was purchased. The f(x) =ke"(1—x)", O<x<1 
initial value of the machine was $500,000, and its value 

decreased $100,000 in the first year. Estimate its value after where n > 0, m > 0, and k is a constant, can be used to repre- 
4 years. = sent various probability distributions. If k is chosen such that 

1 

[ f(x) dx =1 
0 

then the probability that x will fall between a and b 
(0<a<b<l)is | 

a= | fled. 

85. The probability that a person will remember between 100a% 

and 1006 % of material learned in an experiment is 

b 
Pepe PrVi= ax 

a 

where x represents the proportion remembered. (See figure.) 

: 83. Sales The sales S$ (in thousands of units) of a seasonal 

product are given by the model @ 205 1.0 

_ at (a) For a randomly chosen individual, what is the probability 

S = 74.50 + 43.75 ore that he or she will recall between 50% and 75% of the 
oe material? 

where ¢ is the time in months, with t = | corresponding to 

January. Find the average sales for each time period. 

(a) The first quarter (0 < t < 3) 

(b) The second quarter (3 <-+t < 6) 

(c) The entire year (0 < ¢ < 12) 

Molodec/Shutterstock.com 

id = 

(b) What is the median percent recall? That is, for what value 

of b is it true that the probability of recalling 0 to b is 0.5? 

_ i. ~oa 
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86. 

BP 87. 

88. 

89. 

90. 
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The probability that ore samples taken from a region contain 

between 100a% and 1005 % iron is 

b ce 
F Soe, 
P= | 32 4 (I 

where x represents the proportion of iron. (See figure.) What is 

the probability that a sample will contain between 

(a) 0% and 25% iron? (b) 50% and 100% iron? 

x)3/2 dx 

Repo 

Graphical Analysis Consider the functions f and g, where 

Tt 

f(x) = 6sinxcos?x and g(t) = [ fie) cle. 
0 

(a) Use a graphing utility to graph fand g in the same viewing 

window. 

(b) Explain why g is nonnegative. 

(c) Identify the points on the graph of g that correspond to the 

extrema of f. 

(d) Does each of the zeros of f correspond to an extremum of 

g? Explain. 

(e) Consider the function 

A) = i f(x) dx. 

Use a graphing utility to graph h. What is the relationship 

between g and h? Verify your conjecture. 

Finding a Limit Using a Definite Integral Find 

fim s sin(izr/n) 

n—>+0o j=] n 

by evaluating an appropriate definite integral over the interval 

[0, 1]. 
Rewriting Integrals 

1 1 

(a) Show tat [ x(a) ae =| = x)an, 
0 0 

1 1 

x4(1 - pare | x?(1 — x)# dx. 
0 

(b) Show that [ 
0 

Rewriting Integrals 

(a) Show at | 

a/2 ar/2 

sin? x dx = [ cos? x dx. 
0 0 

ar/2 a/2 

(b) Show that [ sin” x dx -| cos” x dx, where n is a 
Q 0 

positive integer. 

True or False? In Exercises 91-96, determine whether the 
statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

91. 

92. 

93° 

94. 

OS 

96. 

97. 

98. 

DY). 

100. 

fo + 1)? dx = }(2x + 13 + C 

foe + 1) dx = $x2($3 + x) + C 

10 10 
I (ax? + bx? + cx + d) dx = 2 (bx? + d) dx 

0 —O 

b b+27 

| sin x dx = i sin x dx 
a a 

4fsinxeos.xd a COS iO 

[sn 2x cos 2x dx = sin? 2x + C 

Rewriting Integrals Assume that f is continuous 
everywhere and that c is a constant. Show that 

ch b 

| fla) dx = ef f (cx) dx. 

integration and Differentiation 

(a) Verify that sin u — ucosu + C= usin u du. 

sin./x dx = 27. 

7 

(b) Use part (a) to show that [ 
0 

Proof Complete the proof of Theorem 4.16. 

Rewriting Integrals Show that if fis continuous on the 
entire real number line, then 

b b+h 

[ ornare | _ fle) de. 

PUTNAM EXAM CHALLENGE 

100, Wiay, a=. ., a, are real numbers satisfying 

do — + — + a) vl e 

1 2 

show that the equation 

Gy Oe a a 

has at least one real root. 

. Find all the continuous positive functions f(x), for | 
OFS =a suchithat . i 

[ seoae=1 

1 
[ f@)xdx =a 
0 

[ f(x)x? dx = a? 

where aq is a given real number. 

These problems were composed by the Committee on the Putnam Prize Competition. } 

© The Mathematical Association of America. All rights reserved. 
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4.6 Numerical Integration 

The area of the region can be 

approximated using four trapezoids. 

Figure 4.42 

>< 

The area of the first trapezoid is 

fied ed (>= 2) 
Figure 4.43 

l@ Approximate a definite integral using the Trapezoidal Rule. 

@ Approximate a definite integral using Simpson’s Rule. 

@ Analyze the approximate errors in the Trapezoidal Rule and Simpson’s Rule. 

The Trapezoidal Rule 

Some elementary functions simply do not have antiderivatives that are elementary 

functions. For example, there is no elementary function that has any of the following 

functions as its derivative. 

3/x/1 — x, J/x cos x, ae a [tae sin x? 

If you need to evaluate a definite integral involving a function whose antiderivative 

cannot be found, then while the Fundamental Theorem of Calculus is still true, it 

cannot be easily applied. In this case, it is easier to resort to an approximation 

technique. Two such techniques are described in this section. 

One way to approximate a definite integral is to use n trapezoids, as shown in 

Figure 4.42. In the development of this method, assume that f is continuous and 

positive on the interval [a, b]. So, the definite integral 

b 

i f(x) dx 

represents the area of the region bounded by the graph of f and the x-axis, from x = a 

to x = b. First, partition the interval [a,b] into n subintervals, each of width 

Ax = (b — a)/n, such that 

Oey x, DY 

Then form a trapezoid for each subinterval (see Figure 4.43). The area of the ith 

trapezoid is 

f(i-1) + fs) \c = “) 
Area of ith trapezoid = | 5 ; 

This implies that the sum of the areas of the n trapezoids is 

Are (? = 2) fe SIGE Maen Slip fos 
2 2 

is c : 2) pla) a ay) + f(x) + f(x) Page he Cea ) + fl, | 2n 

= (P= \tre0) =F 2f (x) aS 2F(x,) Sip nee big Of na) + £On)) 

Letting Ax = (b — a)/n, you can take the limit as n — oo to obtain 

tim, (252) Eptae) + 2plen) ++ + + 27ls, 1) + £05 
lim ES — feu Ax “is > f(x) ax| 

n—-oco 

= lim Lfla) ~~ + lim S for IN 
noo noo 5 

0+ f san 

The result is summarized in the next theorem. 
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The Trapezoidal Rule 

Let 3 be continuous on [a, b]. The Trapezoidal Rule for approximating 
| 

(2 f(x) axis 

: ln) = (ai 
[ f(x) dx = ae 

Moreover, as n> 00, the right-hand side approaches f” f(x) dx. 

Lf (x9) oC DFA) a f(x») ta nem eee) + f Oe 

Observe that the coefficients in the Trapezoidal Rule have the following 

pattern. 

1B CNEL ce ae PE ll 

EXAMPLE 1 Approximation with the Trapezoidal Rule 

= Use the Trapezoidal Rule to approximate 

vi 

[ sin x dx. 
0 

Compare the results for n = 4 and n = 8, as shown in Figure 4.44. 

Solution Whenn = 4, Ax = 7/4, and you obtain 

wa alg 
a Z 

4 ve 377 
[ sin x dx ~7(sin 0 4p 2 sin + 2 sin > = Asi sin 7) 

Four subintervals 

= glOutanl 2ick 2 +y/2,4,0) 

Vo ec _ ml + v2) 
oe 4 

= 1.896. 

When n = 8, Ax = 7/8, and you obtain 

zr mk 3h E SK 3K TR i eer rw ones See ee eee te. gin 
So ed © Cree errs, 16 8 4 8 ?) 

Eight subintervals eT a OL Gai ; 
8 + 2sin“ + 2 sin“ + 2 sin“ + sin a 

Trapezoidal approximations 

Figure 4.44 30r 
He + 2/2, 4 sin = + 4 sin 2) 

=~ 1.974. 

For this particular integral, you could have found an antiderivative and determined that 

the exact area of the region is 2. wi 

ILC Most graphing utilities and computer algebra systems have 

built-in programs that can be used to approximate the value of a definite integral. Try 

using such a program to approximate the integral in Example 1. How close is 

your approximation? When you use such a program, you need to be aware of its 

limitations. Often, you are given no indication of the degree of accuracy of the 

approximation. Other times, you may be given an approximation that 1s completely 

wrong. For instance, try using a built-in numerical integration program to evaluate 

aes 
| Shs 
are 

Your calculator should give an error message. Does yours? 
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It is interesting to compare the Trapezoidal Rule with the Midpoint Rule given in 

Section 4.2. For the Trapezoidal Rule, you average the function values at the endpoints 

of the subintervals, but for the Midpoint Rule, you take the function values of the 

subinterval midpoints. 

b 
e d : 

| TE ie es
 ae Midpoint Rule 

a 
= 

0) 

ss 
n 

Pe 
mfee 

[ HOES eo +s4-0
) 

t= 

Ax Trapezoidal Rule 

There are two important points that should be made concerning the Trapezoidal 

Rule (or the Midpoint Rule). First, the approximation tends to become more accurate 

as n increases. For instance, in Example 1, when n = 16, the Trapezoidal Rule yields an 

approximation of 1.994. Second, although you could have used the Fundamental 

Theorem to evaluate the integral in Example 1, this theorem cannot be used to evaluate 

an integral as simple as Jjsin x* dx because sin x* has no elementary antiderivative. Yet, 

the Trapezoidal Rule can be applied to estimate this integral. 

Simpson’s Rule 

One way to view the trapezoidal approximation of a definite integral is to say that on 

each subinterval, you approximate f by a first-degree polynomial. In Simpson’s Rule, 

named after the English mathematician Thomas Simpson (1710-1761), you take this 

procedure one step further and approximate f by second-degree polynomials. 

Before presenting Simpson’s Rule, consider the next theorem for evaluating 

integrals of polynomials of degree 2 (or less). 

THEOREM 4.18 Integral of p(x) = Ax?+ Bx+C 

If p(x) = Ax? + Bx + C, then 

[ron ac= (25 *)[ pte) + 49(2£2) + v0] 

Proof 

b b 

| p(x) dx = | (Ax’ + Bx + C) dx 

3 2 b 

= (4 +2 +c, 
3 2 a 

A= @ gE BOietals) Be ES Re ae 

= (= \i2atee +'ab +b?) + 3B(b + a) + 6C] 

By expansion and collection of terms, the expression inside the brackets becomes 

2 

(Aa? + Ba +c) + af a(2 44) + (22) +c] + ne + 86+ 0 
eee Shee: 28) a Be 8 eee, eee ee ees As, 

pla) 4p(252) p(b) 
and you can write 

[ v0 dx = aa z 4p(“ 5 2) te p(o)} 

See LarsonCalculus.com for Bruce Edwards's video of this proof. 
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[ j p(x) dx = | i f(x) dx 

Figure 4.45 

eeeoeveveevev ee eee e080 0] > 

¢*REMARK Observe that the 

coefficients in Simpson’s Rule 

have the following pattern. 

L42424%..4:241 

REMARK In Section 4.2, 

Example 8, the Midpoint Rule 

with n = 4 approximates 

i} Deny eae 20S ein 
Example 1, the Trapezoidal 

Rule with n = 4 gives an 

approximation of 1.896. In 

i Example 2, Simpson’s Rule 

* with n = 4 gives an 

approximation of 2.005. The 

antiderivative would produce 

the true value of 2. 

eoe5#ee 

e*eeeee 

To develop Simpson’s Rule for approximating a definite integral, you again 

partition the interval [a, b] into n subintervals, each of width Ax = (b — a)/n. This 
time, however, 1 is required to be even, and the subintervals are grouped in pairs such 

that 

@ = Xp els Sa es 1 Sy 

—_-——1"— 
oe 

[xo, x2] [xp x4] Eee aa 

On each (double) subinterval [x,_5,x;], you can approximate f by a polynomial p of 

degree less than or equal to 2. (See Exercise 47.) For example, on the subinterval 

[x, X>], choose the polynomial of least degree passing through the points (x9, yo), 

(x,, y,), and (x,, y,), as shown in Figure 4.45. Now, using p as an approximation of f on 

this subinterval, you have, by Theorem 4.18, 

| ‘ f(x) dx = | - p(x) dx 

== z “2 [pes mE (2%) ale plo) 

= Ale — afr) [p(%) + 4p (x,) + pQ)] 

z, LF l%o) + 4f Gr) + fl} b 

Repeating this procedure on the entire interval [a, b] produces the next theorem. 

THEOREM 4.19 Simpson’s Rule 

Let f be continuous on [a, b] and let n be an even integer. Simpson’s Rule for 

approximating J? f(x) dx is 

[Fo ar ~ 24 pt) + 40a) + 2Flea) # Afb) + 
i 4 f (Xn—-1) a5 ACA! 

Moreover, as n — 00, the right-hand side approaches J? f(x) dx. 

In Example 1, the Trapezoidal Rule was used to estimate Jf; sin x dx. In the next 

example, Simpson’s Rule is applied to the same integral. 

EXAMPLE 2 Approximation with Simpson’s Rule 

* + + © D> See LarsonCalculus.com for an interactive version of this type of example. 

Use Simpson’s Rule to approximate 

T 

| sin x dx. 
0 

Compare the results for n = 4 andn = 8. 

Solution When» = 4, you have 

[ sinx dx = (sino +4 sin ." 2 sin > ef 4 sin + sin n) ~ 2.005. 

When n = 8, you have | sinx dx ~ 2.0003. a 
0 



i FOR FURTHER INFORMATION 

For proofs of the formulas used for 

estimating the errors involved in 

the use of the Midpoint Rule and 

Simpson’s Rule, see the article 

“Elementary Proofs of Error 

Estimates for the Midpoint and 

Simpson’s Rules” by Edward C. 

Fazekas, Jr. and Peter R. Mercer in 

Mathematics Magazine. To view 

this article, go to MathArticles.com. 

[> TECHNOLOGY If you have 
access to a computer algebra 

system, use it to evaluate the 

definite integral in Example 3. 

You should obtain a value of 

1 

[vi + x? dx 
0 

= slv2 + In (i+ /2)| 

=~ 1.14779. 

(The symbol “In” represents 

the natural logarithmic function, 

which you will study in 

Section 5.1.) @oeeesie#28esee#e#eege¢ee%e#eeee#8#es8¢# @ @ 

1 

1,144 < [ V1 + x? dx < 1.164 
0 

Figure 4.46 
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Error Analysis 

When you use an approximation technique, it is important to know how accurate you 

can expect the approximation to be. The next theorem, which is listed without proof, 

gives the formulas for estimating the errors involved in the use of Simpson’s Rule and 

the Trapezoidal Rule. In general, when using an approximation, you can think of the 

error E as the difference between ? f(x) dx and the approximation. 

=<OREM 4.20 Errors in the Trapezoidal Rule and Simpson’s Rule 

If f has a continuous second derivative on [a, b], then the error E in 

approximating f” f(x) dx by the Trapezoidal Rule is 

(ie 3 
|E| < nex ACHP os Boece Trapezoidal Rule 

12n 3 

Moreover, if f has a continuous fourth derivative on [a, b], then the error E 

in approximating f” f(x) dx by Simpson’s Rule is 

= zs (b= a) 
180n* 
ee 

[max | fO)| ir DNS ears Mo Simpson’s Rule | 

Theorem 4.20 states that the errors generated by the Trapezoidal Rule and 

Simpson’s Rule have upper bounds dependent on the extreme values of f’(x) and f(x) 

in the interval [a,b]. Furthermore, these errors can be made arbitrarily small by 

increasing n, provided that f” and f\) are continuous and therefore bounded in [a, b]. 

EXAMPLE 3 The Approximate Error in the Trapezoidal Rule 

Determine a value of n such that the Trapezoidal Rule will approximate the value of 

1 

[ tee xe ax 
0 

with an error that is less than or equal to 0.01. 

Solution Begin by letting f(x) = /1 + x* and finding the second derivative of f. 

a eee) and) (x)= (1 + x7)-¥/2 

The maximum value of |f”(x)| on the interval [0, 1] is |f’(0)| = 1. So, by Theorem 
4.20, you can write 

(b = a)" 
12n? 

1 1 Ol Us |E| < 

To obtain an error E that is less than 0.01, you must choose n such that 

1/(12n7) < 1/100. 

100 < 1277 > n= 

So, you can choose n = 3 (because n must be greater than or equal to 2.89) and apply 

the Trapezoidal Rule, as shown in Figure 4.46, to obtain 

[ FR a~ LTO + avi HOP p2/1+ GP eer 

~ 1.154. 

i 2089 

So, by adding and subtracting the error from this estimate, you know that 

1 

1.144 < | J1 + x2 dx < 1.164. ai 
10) 
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46 Exercises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

d ule and Simpson’s Rule In 

Exercises 1-10, use the Trapezoidal Rule and Simpson’s Rule 

to approximate the value of the definite integral for the given 

value of nm. Round your answer to four decimal places and 

compare the results with the exact value of the definite integral. 

1. ig ann 4 M, I (= + 1) dx (= al 
10) l 4 

3 8 

| xa n=6 6 x dx, n=8 
I 0 

9 4 

7 Jxdx, n=8 8 (4 — x*)'dx, n=6 

= 
SO 
——dx, n=4 [ Gee n 

10. [ Ma) Koa on 4 
0 

& using the Trapezoidal Rule and Simpson’s Rule In 
Exercises 11-20, approximate the definite integral using the 

Trapezoidal Rule and Simpson’s Rule with n = 4. Compare 

these results with the approximation of the integral using a 

graphing utility. 

2 2 \ 

11. [ J/1 + x dx 12. | ibe 
0 a) xf ll HB xe 

14. i Jx sin x dx 
a/2 

J 7/4 
16. | tan x? dx 

0 

1/2 

is. | J1+ sin?x dx 
0 

I 

13. [ Jx/S1 — x dx 
0 

Jx/2 
15. [ sin x? dx 

0 

3.1 

7 | cos x? dx 
3 

a/4 

19. [ x tan x dx 
( 

20 F(x) dx, f(x) = 
( 

WRITING ABOUT CONCEPTS 

21. Polynomial Approximations The Trapezoidal Rule 

and Simpson’s Rule yield approximations of a definite 

integral S? fe) dx based on polynomial approximations of 

f. What is the degree of the polynomials used for each? 

Describing an Error Describe the size of the error 

when the Trapezoidal Rule is used to approximate 

S? f(x) dx when f(x) is a linear function. Use a graph to 

explain your answer. 

In Exercises 23-26, use the error 

formulas in Theorem 4.20 to estimate the errors in approximating 

the integral, with n = 4, using (a) the Trapezoidal Rule and 

(b) Simpson’s Rule. 

3 

IBY. [ 2x3 dx 
1 

Estimating Errors 

5 

24. i (5x + 2) dx 
3 

4 7 

25. | ee 26. [ cos x dx 
2 (x ia, i 0 

Estimating Errors In Exercises 27-30, use the error 

formulas in Theorem 4.20 to find n such that the error in the 

approximation of the definite integral is less than or equal to 

0.00001 using (a) the Trapezoidal Rule and (b) Simpson’s Rule. 

34 1 4 

27. [ = (0b5 28. | dx 
ex fy lL apse 

2 a/2 

29. [ See ae Dobe 30. [ sin x dx 
0 0 

Fe Estimating Errors Using Technology In Exercises 31-34, 
use a computer algebra system and the error formulas to find 

n such that the error in the approximation of the definite 

integral is less than or equal to 0.00001 using (a) the 

Trapezoidal Rule and (b) Simpson’s Rule. 

2 2: 

31. | J1+xdx 32: [ (x + 1)?/3 dx 
0 0 

1 1 

33. [ tan x?-dx 34. [ sin x? dx 
0 0 

35. Finding the Area of a Region Approximate the area of 
the shaded region using 

(a) the Trapezoidal Rule with n = 4. 

(b) Simpson’s Rule with n = 4. 

iv y 

\ A 
10-- LO 

8 8+ 

6 4 ; 

4 sh 

tH pepi bene dts x 
ri ier ssen oe eS) 2. Ay 6 San 

Figure for 35 Figure for 36 

36. Finding the Area of a Region Approximate the area of 
the shaded region using 

(a) the Trapezoidal Rule with n = 8. 

(b) Simpson’s Rule with n = 8. 

37. Area Use Simpson’s Rule with n = 14 to approximate the 

area of the region bounded by the graphs of y = \/x cos x, 

y = 0,x = 0,and x = 7/2. 



38. Circumference The elliptic integral 

1/2 

63 [ | — $sin? 6.0 
0 

gives the circumference of an ellipse. Use Simpson’s Rule 

with n = 8 to approximate the circumference. 

Use the Trapezoidal Rule 

to estimate the number 

of square meters of land, 

where x and y are meas- 

ured in meters, as shown 

in the figure. The land is 

bounded by a stream and 

two straight roads that 

meet at right angles. 

0 100 | 200 | 300 tad 

WS) |) Py | AKO) eile | Se, 90 Ss 

600 | 700 
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100 ie 
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e 

40. § HOW DOYOU SEE IT? The function f(x) is 
concave upward on the interval [0, 2] and the func- 
tion g(x) is concave downward on the interval [0, 2]. 

Be 

g(x) 

(a) Using the Trapezoidal Rule with n = 4, which 

integral would be overestimated? Which integral 

would be underestimated? Explain your reasoning. 

(b) Which rule would you use for more accurate 

approximations of f, f(x) dx and Je, g(x) dx, the 
Trapezoidal Rule or Simpson’s Rule? Explain your 

reasoning. ~ 

39. Surveying eceececeeeree cece eee ecece co 

PP as. 
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41. Work To determine the size of the motor required to 

Operate a press, a company must know the amount of work 

done when the press moves an object linearly 5 feet. The 

variable force to move the object is 

F(x) = 100x./125 — x 

where F is given in pounds and x gives the position of the unit 

in feet. Use Simpson’s Rule with n = 12 to approximate the 

work W (in foot-pounds) done through one cycle when 

5 

W= [ F(x) dx. 
0 

42. Approximating a Function The table lists several 

measurements gathered in an experiment to approximate an 

unknown continuous function y = f(x). 

pam) 0:00 +}, 0.25, \) 0.50 | OFS elt00 | 

|» | 4.32 | 4.36 | 4.58 | 5.79 | 6.14 | 

I | 
a Leon SOM Le Fie2-00 

y | 7.25 | 7.64 | 8.08 | 8.14 

(a) Approximate the integral 

[ 10 dx 

using the Trapezoidal Rule and Simpson’s Rule. 

(b) Use a graphing utility to find a model of the form 

y =ax> + bx? +cx+d for the data. Integrate the 
resulting polynomial over [0,2] and compare the result 

with the integral from part (a). 

Approximation of Pi In Exercises 43 and 44, use 

Simpson’s Rule with n = 6 to approximate 7 using the given 

equation. (In Section 5.7, you will be able to evaluate the 

integral using inverse trigonometric functions.) 

1/2 6 A 

43. n= | Seas 44. n= | 12” 

Using Simpson’s Rule Use Simpson’s Rule with 
n = 10 and a computer algebra system to approximate ¢ in the 

integral equation 

t 

| sin /x dx = 2. 
0 

46. Proof Prove that Simpson’s Rule is exact when approx- 

imating the integral of a cubic polynomial function, and 

demonstrate the result with n = 4 for 

| 
| x3 dx. 
0 

47. Proof Prove that you can find a polynomial 

pix) = Ax? + Bx + C 

that passes through any three points (x,,y,), (%, 2), and 

(x3, y3), where the x,’s are distinct. 

Henryk Sadura/Shutterstock.com 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. Review Exercises 

ja jefinite Integral In Exercises 1-8, find the 

indefinite integral. 

il [o = Oras De [ow + 3) dx 

F 6 
ah | (4x7 + x + 3) dx 4, {< dx ae 

Ca Ree 5. [2 ay) « [Eten 
ae x 

7s fe — 9 sin x) dx 8. [« cos x — 2 sec? x) dx 

Finding a Particular Solution In Exercises 9-12, find the 
particular solution that satisfies the differential equation and 

the initial condition. 

pe a De 

10. f’ (x) = 9x? + 1, f(0) =7 

11. f’(x) = 24x, f’(—1) =7, f() = - 

12. f’(x) = 2 cos x, f’(0) = 4, f(0) = —5 

— 6x, f(1) = -2 

Fe Slope Field In Exercises 13 and 14, a differential equation, 

a point, and a slope field are given. (a) Sketch two approximate 

solutions of the differential equation on the slope field, one of 

which passes through the indicated point. (To print an enlarged 

copy of the graph, go to MathGraphs.com.) (b) Use integration 

to find the particular solution of the differential equation and 

use a graphing utility to graph the solution. 

dy dy 1 13 a) a) 
dx (hs 2 ) 

y y 
A 

—1 5 ee or rr a AG Fa NN NEN ana, Lae fee 
ITENNANNNNN=ZSAISTT 

= SP Naat le) POTN CRN 
VOM EN NM site cay Gar oa) ISENNNNNNNA=AZSAISL ST 
RONAN SS SS 7 ay ihe tae NS NS NUS ayy AY 
\ \ \, Neier ie oT PT NNN UN NaN as cee anion ht 

TPANNNANNNEZAS ATT 
NON NGS e/a PEP N NS Nani WN eI 
VAVANNN=—2ss/// I SENNNNNNN=-Z4S/ OS 7 
TN ANN Re oN fo EON XENON Nahe oe 

IPENNANNNNN=ASI ITS 
MAN GANS, Scare POL CARS Ree pee 
We NOB NO NBN seo Zara Hina pet RR 
PK NN Se lit NZ ORSAY NAN eZ at 08 
en ee re ai ha), TAN NON A NOs ie 

/ \\N —// L6ENNN=2/ ST TI EASA NN DY 

15. Velocity and Acceleration A ball is thrown vertically 

upward from ground level with an initial velocity of 96 feet per 

second. Use a(t) = —32 feet per second per second as the 

acceleration due to gravity. (Neglect air resistance.) 

(a) How long will it take the ball to rise to its maximum 

height? What is the maximum height? 

(b) After how many seconds is the velocity of the ball one-half 

the initial velocity? 

c) What is the height of the ball when its velocity is one-half 

the initial velocity? 

16. Velocity and Acceleration The speed of a car traveling 

in a straight line is reduced from 45 to 30 miles per hour in a 

distance of 264 feet. Find the distance in which the car can be 

brought to rest from 30 miles per hour, assuming the same 

constant deceleration. 

17. Velocity and Acceleration An airplane taking off from 

a runway travels 3600 feet before lifting off. The airplane 

starts from rest, moves with constant acceleration, and makes 

the run in 30 seconds. With what speed does it lift off? 

18. Modeling Data The table shows the velocities (in miles 

per hour) of two cars on an entrance ramp to an interstate 

highway. The time f is in seconds. 

(a) Rewrite the velocities in feet per second. 

(b) Use the regression capabilities of a graphing utility to find 

quadratic models for the data in part (a). 

(c) Approximate the distance traveled by each car during the 

30 seconds. Explain the difference in the distances. 

Finding a Sum In Exercises 19 and 20, find the sum. Use the 
summation capabilities of a graphing utility to verify your 

result. 

19. 315i — 3) 
t=1 

3 

20.09) (ee) 
k=0 

Using Sigma Notation In Exercises 21 and 22, use sigma 

notation to write the sum. 

meray Beet yessh 
Evaluating a Sum In Exercises 23-28, use the properties of 

summation and Theorem 4.2 to evaluate the sum. 

24 75 

23. 5'8 24. S'Si 
i=] i=l 

20 30 

25. 2 26. >) (3i — 4) 
i=] 

28. y it 
i=] 

i=) 

iM 



Finding Upper and Lower Sums for a Region In 

Exercises 29 and 30, use upper and lower sums to approximate 

the area of the region using the given number of subintervals 

(of equal width.) 

10 
29. y= 

x27+1 

Finding Area by the Limit Definition In Exercises 31-34, 
use the limit process to find the area of the region bounded by 

the graph of the function and the x-axis over the given interval. 

Sketch the region. 

alms = 8. — 2x, [0, 3] 32, y=x2+3, [0,2] 

Boe x, [21] 34. y= axe [2,4] 

35. Finding Area by the Limit Definition Use the limit 
process to find the area of the region bounded by x = Sy — y?, 

x = 0, y = 2, andy = S. 

36. Upper and Lower Sums Consider the region bounded by 

pe eminy = 10, i= Onand x, =3b; 

(a) Find the upper and lower sums to approximate the area of 

the region when Ax = 5/4. 

(b) Find the upper and lower sums to approximate the area of 

the region when Ax = b/n. 

(c) Find the area of the region by letting n approach infinity in 

both sums in part (b). Show that, in each case, you obtain 

the formula for the area of a triangle. 

Writing a Definite Integral In Exercises 37 and 38, set up a 
definite integral that yields the area of the region. (Do not 

evaluate the integral.) 

B37. f(x) = 2x +8 38. f(x) = 100 — x? 

y y 
A 

Evaluating a Definite Integral Using a Geometric 
Formula In Exercises 39 and 40, sketch the region whose area 
is given by the definite integral. Then use a geometric formula 

to evaluate the integral. . 

5 6 
39. [ (Sa [| ax 40. i oO = ax 

0 ~6 

Review Exercises 313 

41. Using | rop arties of Definite |: tegrais Given 

8 8 

| f(x) dx = 12 and | e(%) ax — > 
4 4 

evaluate 

8 8 
(a) | [ f(x) + g(x)| dx. = (b) | [ f(x) — g(x)] dx. 

4 

i 

SA ) — 3g(x)] dx. (d) [ Tf (x) dx. 
4 

42. | } Propert rf finite Integrals Given 

ro dx = 4 and ma )dx = —-1 

evaluate 

6 3 

(a) | f (x) dx. ) i f(x) dx. 
0 6 

6 

(d) [ —10 f(x) dx. 
3 

(c) [ f(x) dx 
4 

Evaluating a Definite Integral In Exercises 43-50, use 
the Fundamental Theorem of Calculus to evaluate the definite 

integral. 

3 

44, [ ( — 1) dt 

3 
46. | (Ga ap ake — Co) abe 

a fos 

8 

43. | (3 + x) dx 
0 

| 

45. I (48 — 2t) dt 
= 

9 

47. [ xJ/x dx 
4 

37/4 

49. [ sin 0d0 
0 

17/4 

50. i sec? t dt 
—/4 

Finding the Area of a Region In Exercises 51 and 52, 
determine the area of the given region. 

51. y = sinx 52. yin cos x 

Finding the Area of a Region In Exercises 53-56, find the 
area of the region bounded by the graphs of the equations. 

53. y=8—x,x=0,x=6,y=0 

54. y= an + 6, y = 0 

55. y=x—-x,x=0,x=1,y=0 

56. yom xt =x), = 0 
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e In Exercises 

57 and 58, find the average value of the function over the given 

interyal and all values of x in the interval for which the 

function equals its average value. 

Tt a Function 

1 A AC Fee et SY 
Vv x 

5S 7x) =, (02 ] 

sing the Second Fundamental Theorem of Calculus 

In Exercises 59-62, use the Second Fundamental Theorem of 

Calculus to find F(x). 

59. F(x) =| ?r/1+Pdt 60. F(x) - | adi 
0 1 

61. F(x) = i (¢2 + 3t + 2) dt 
as) 

62. F(x) = I csc? t dt 
0 

Finding an Indefinite Integral In Exercises 63-72, find 

the indefinite integral. 

64. Jovy 3x4 + 2 dx 

x +4 

eo ae 

7 
63) \ Jets. 

65. foc = 3x7)4 dx 

67. [sis cos x dx 68. [> sin 3x? dx 

cos @ 
69 ey 

<//il = Sia () 

70 sin x si 

; Vv COS X 

ile fo + sec mx)? sec mx tan ax dx 

TZ. i sec 2x tan 2x dx 

Fe Slope Field In Exercises 73 and 74, a differential equation, 

a point, and a slope field are given. (a) Sketch two approximate 

solutions of the differential equation on the slope field, one of 

which passes through the given point. (To print an enlarged 

copy of the graph, go to MathGraphs.com.) (b) Use integration 

to find the particular solution of the differential equation and 

use a graphing utility to graph the solution. 

d 73. 2 =xJ/9= 2, (0,-4) 74, 2 = —Lesin@2), (0,0) dx dx 2 

y », 
A A 

= \) INC NN Dist oie ene 4—-N27- 354+ -N NEN 
SSW, ANNES Satay pal al m= ae ee 
srl ANGIS sea ies A we 
—\VVANFS//F 7 1-— Ce A ee 
$f} he AH IH x ee Ne ee Ey ES 

NO NON Sets tree flies Fm NA Fa eI N 

1 YANN AHO a}. $f at 
VLAN AY RY 3 N47 NSN 7-3 

—\VVNNEZ SEL PR Pe a en 
NN No Nether ii hn ois Fe ee et a 

VV \VNSSS/ EP de ee ee 

a se ef UY (de ee ee 

\\ =4@e// i ftyf— 2eN 4-3 OS IN 

Evaluating a Definite Integral In Exercises 75-82, 

evaluate the definite integral. Use a graphing utility to verify 

your result. 

1 
75. i (3x + 1)? dx 76. [ x2(x3 — 2)3 dx 

0 0 

nl 
Wik i dx 

0 I sae 

1 

WS) Zag) (Grae Wail = sy ahy 
0 

WD oo 
1. a. 8 [ Cos 5 x 

6 
x 

78. ae 
[ 3./x* — 8 

0 

x2./x + 1 dx 
=i 

80. 27 

a/4 

82. i sin 2x dx 
—1/4 

Finding the Area of a Region In Exercises 83 and 84, find 

the area of the region. Use a graphing utility to verify your 

result. 

9 

83. | x Sx —1dx 
1 

a/2 

84. [ [cos x + sin(2x)] dx 
0 

y y 

A 

ae meee a 
=6.=3 Bo Gy 4 ae 

2 
: 3 32 

85. Using an Even Function use | x' dx = =; 10 evaluate 
0 

each definite integral without using the Fundamental Theorem 

of Calculus. 
2 0 

(a) i x" dx (b) | x dx 
-2 -2 

(c) i 3x" dx 
0 

86. Respiratory Cycle After exercising for a few minutes, a 

person has a respiratory cycle for which the rate of air intake 

is 

0 

(d) i —5x' dx 
=2 

Tt 
= Ilib) Si = v sin~, 

Find the volume, in liters, of air inhaled during one cycle by 

integrating the function over the interval [0, 2]. 

ad Using the Trapezoidal Rule and Simpson’s Rule In 

Exercises 87-90, approximate the definite integral using the 

Trapezoidal Rule and Simpson’s Rule with n = 4. Compare 

these results with the approximation of the integral using a 

graphing utility. 

ae 3 

87. [ ir 
te ee 

a/2 7 

89. | /x cos x dx 90. [ /1 + sin? x dx 
0 0 
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See CalcChat.com for tutorial help and town od colel(-Janmeoxe) Vil are| 

1. Using a Fun 

i i 

Let L(x) = [ Pan ze S> 0) 
1 

(a) Find L(1). 

(b) Find L’(x) and L’(1). 

(c) Use a graphing utility to approximate the value of x (to three 

decimal places) for which L(x) = 1. 

(d) Prove that L(x,x,) = L(x,) + L(x,) for all positive values of 
m6, and xX. 

2. Parabolic Arch Archimedes showed that the area of a 
parabolic arch is equal to 5 the product of the base and the 

height (see figure). 

££ |, ———_____+ | 

(a) Graph the parabolic arch bounded by y = 9 — x? and the 

x-axis. Use an appropriate integral to find the area A. 

(b) Find the base and height of the arch and verify Archimedes’ 

formula. 

(c) Prove Archimedes’ formula for a general parabola. 

Evaluating a Sum and a Limit In Exercises 3 and 4, 
(a) write the area under the graph of the given function defined 

on the given interval as a limit. Then (b) evaluate the sum in 

part (a), and (c) evaluate the limit using the result of part (b). 

payee x — Ax + 4x2, (0, 2] 

n af ile 2 ak = ( Hint. i = n(n + 1)(2n UGe 3n ») 

i=1 

4,y= 5 “axe (0) 2] 

; ee en el) (or eer = al) 
(azn: ») — 1D 

i=1 

5. Fresnel Function The Fresnel function S is defined by the 

integral 

Sig) = IE sin( 2) dt. 

2 

(a) Graph the function y = sin( a on the interval [0, 3]. 

(b) Use the graph in part (a) to sketch the graph of S on the 

interval [0, 3]. 

(c) Locate all relative extrema of S on the interval (0, 3). 

(d) Locate all points of inflection of S on the interval (0, 3), 

10. 

11. 

worked-out solutions to odd-numbered exercises. 

Appro) The Two-Point Gaussian Quadrature 

Approximation for f is 

( f(s) dx = Al = + f( aa 

(a) Use this formula to approximate 

1 

I COSMO 
=)! 

Find the error of the approximation. 

(b) Use this formula to approximate 

gel as 
Bqilaees 

(c) Prove that the Two-Point Gaussian Quadrature Approx- 

imation is exact for all polynomials of degree 3 or less. 

. Extrema and Points of Inflection The graph of the 
function f consists of the three line segments joining the points 

(0, 0), (2, —2), (6, 2), and (8, 3). The function F is defined by 
the integral 

jaya) [ a f(t) dt. 

(a) Sketch the graph of f- 

(b) Complete the table. 

ee ter 8 

in ag 
(c) Find the extrema of F on the interval [0, 8]. 

| a 0 

| F (x) 

(d) Determine all points of inflection of F on the interval 

(0, 8). 

. Falling Objects Galileo Galilei (1564-1642) stated the 

following proposition concerning falling objects: 

The time in which any space is traversed by a uniformly 

accelerating body is equal to the time in which that same 

space would be traversed by the same body moving at a 

uniform speed whose value is the mean of the highest 

speed of the accelerating body and the speed just before 

acceleration began. 

Use the techniques of this chapter to verify this proposition. 

. Proof Prove I f(O@ — t)dt= {i ([ f(v) wv) dt. 
0 o \Jo 
b 

Proof prowe | f(x) f(x) dx = (Lf (b)P — [f(a)P). 

Riemann Sum _ Use an appropriate Riemann sum to eval- 

uate the limit 

: V1i+J/2+ V3 +0°°+ Vn 
im : 

noo n3/2 
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13. 

14. 

15. 

Integration 

Use an appropriate Riemann sum to 

evaluate the limit 

+254 35+---+m 
6 

nN 
lim 

Suppose that f is integrable on [a,b] and 
0 < m < f(x) < M for all x in the interval [a, b]. Prove that 

b 

ma — b) < | f(x) dx < M(b — a). 

| 

Use this result to estimate | J1 + x* dx. 
0 

Using a Continuous Function Let f be continuous on 
the interval [0, b], where f(x) + f(b — x) # 0 on [0, d]. 

b f(x) b 
0 f(x) + f(b =x) an 2 

(b) Use the result in part (a) to evaluate 

(a) Show that 

sin x 

I sin (ie) aid 

(c) Use the result in part (a) to evaluate 

eee 
PSRs ay dx. 

Velocity and Acceleration A car travels in a straight 
line for 1 hour. Its velocity v in miles per hour at six-minute 

lintervals is shown in the table. 

t(hours)| 0 | 0.1 | 0.2 | 0.3 | 04 0.5 | 

40 | 60 

t (hours) 

(a) Produce a reasonable graph of the velocity function v by 

graphing these points and connecting them with a smooth 

curve. 

(b Sot Find the open intervals over which the acceleration a is 

positive. 

(c) Find the average acceleration of the car (in miles per hour 

squared) over the interval [0, 0.4]. 

(d wa What does the integral 

i v(t) dt 

signify? Approximate this integral using the Trapezoidal 

Rule with five subintervals. 

(e) Approximate the acceleration at t = 0.8. 

. Proof Prove that if f is a continuous function on a closed 

interval [a, b], then 

b b 

[ f (x) dx < | |f(x)| dx. 

20. Minimizing an Integral 

17. Verifying aSum_ Verify that 

nnn + 1)(2n + 1) eee 
i=! 6 

by showing the following. 

(a) (1 + 7? — 2 = 372 + 37 + 1 

(bye a) =e) Bi? 43: a) a 
i=1 

(c) Si - n(n + a ++ il) 

= 

18. Sine Integral Function The sine integral function 

“sin t 
Si ale 

ay 

is often used in engineering. The function 

_ sint fi) = : 

is not defined at t = 0, but its limit is | as t—0. So, define 

f(0) = 1. Then fis continuous everywhere. 

(a) Use a graphing utility to graph Si(x). 

(b) At what values of x does Si(x) have relative maxima? 

(c) Find the coordinates of the first inflection point where 

35 = (0), 

(d) Decide whether Si(x) has any horizontal asymptotes. If so, 

identify each. 

19. Comparing Methods Let 

i= [roa 

where f is shown in the figure. Let L(n) and R(n) represent the 
Riemann sums using the left-hand endpoints and right-hand 

endpoints of n subintervals of equal width. (Assume n is even.) 

Let 7(n) and S(n) be the corresponding values of the 
Trapezoidal Rule and Simpson’s Rule. 

y, 

(a) For any n, list L(n), R(n), T(n), and / in increasing order. 

(b) Approximate S(4). 

Determine the limits of 

integration where a < b such that 

b 
| (x2 — 16) dx 

has minimal value. 
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57 The Natural Logarithmic Function: Differentiation 

JOHN NAPIER (1550-1617) 

Logarithms were invented by 
the Scottish mathematician John 
Napier. Napier coined the term 
logarithm, from the two Greek 

words logos (or ratio) and 
arithmos (or number), to describe 
the theory that he spent 20 years 
developing and that first appeared 
in the book Mirifici Logarithmorum 
canonis descriptio (A Description 
of the Marvelous Rule of 
Logarithms). Although he did not 
introduce the natural logarithmic 
function, it is sometimes called the 
Napierian logarithm. 
See LarsonCalculus.com to read 
more of this biography. 

lf Develop and use properties of the natural logarithmic function. 

i Understand the definition of the number e. 

@ Find derivatives of functions involving the natural logarithmic function. 

The Natural Logarithmic Function 

Recall that the General Power Rule 

ital 

x Ob == ar (65 hg — Al General Power Rule 
ii ar 

has an important disclaimer—it doesn’t apply when n = — 1. Consequently, you have 

not yet found an antiderivative for the function f(x) = 1/x. In this section, you will use 

the Second Fundamental Theorem of Calculus to define such a function. This 

antiderivative is a function that you have not encountered previously in the text. It is 

neither algebraic nor trigonometric, but falls into a new class of functions called 

logarithmic functions. This particular function is the natural logarithmic function. 

Definition of the Natural Logarithmic Function 

The natural logarithmic function is defined by 

inx= | Le ie S30) 
(ame 

a entry The domain of the natural logarithmic function is the set of all positive real 

numbers. 
nner nen nee SE teats 

From this definition, you can see that Inx is positive for x > 1 and negative for 

0 < x < 1, as shown in Figure 5.1. Moreover, In(1) = 0, because the upper and lower 

limits of integration are equal when x = 1. 

Ifx > 1, then Inx > 0. TOv= esl then In x <0! 

Figure 5.1 

Exploration 

Graphing the Natural Logarithmic Function — Using only the definition of 

the natural logarithmic function, sketch a graph of the function. Explain your 

reasoning. 

Mary Evans Picture Library 



: | 
Each small line segment has a slope of —. 

og 

Figure 5.2 

The natural logarithmic function is 

increasing, and its graph is concave 

downward. 

Figure 5.3 

5.1. The Natural Logarithmic Function: Differentiation 319 

To sketch the graph of y = In x, you can think of the natural logarithmic function 

as an antiderivative given by the differential equation 

dy _1 
axvn x! 

Figure 5.2 is a computer-generated graph, called a slope field (or direction field), 

showing small line segments of slope 1/x. The graph of y = In x is the solution that 

passes through the point (1, 0). (You will study slope fields in Section 6.1.) 

The next theorem lists some basic properties of the natural logarithmic function. 

| THEOREM 5.1 Properties of the Natural Logarithmic Function 

The natural logarithmic function has the following properties. 
I 

1. The domain is (0, 00) and the range is (— 00, co). 

2. The function is continuous, increasing, and one-to-one. | 
. 

| 3. The graph is concave downward. ees 
Proof The domain of f(x) = In x is (0, co) by definition. Moreover, the function is 

continuous because it is differentiable. It is increasing because its derivative 

1 
f ‘ (x) oes First derivative 

x 

is positive for x > 0, as shown in Figure 5.3. It is concave downward because 

1 oT 
= 2 Second derivative 

is negative for x > 0. The proof that f is one-to-one is given in Appendix A. The 

following limits imply that its range is the entire real number line. 

Lins nei — oO 
x—0t 

and 

lim In x = co 
>) 

Verification of these two limits is given in Appendix A. 

See LarsonCalculus.com for Bruce Edwards’s video of this proot. | 

Using the definition of the natural logarithmic function, you can prove several 

important properties involving operations with natural logarithms. If you are already 

familiar with logarithms, you will recognize that these properties are characteristic of 

all logarithms. 

THEOREM 5.2 Logarithmic Properties | 

If a and b are positive numbers and n is rational, then the following properties 

are true. 

1. In(1) =.0 

2. In(ab) = Ina + Inb 

3. In(a") = 2 1n a 

4. in 2) ina — nb 

ooo, 
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-5 

—5 

~<—e) 

—5 

—5 

Figure 5.4 

Logarithmic, Exponential, and Other Transcendental Functions 

Proof The first property has already been discussed. The proof of the second 

property follows from the fact that two antiderivatives of the same function differ at 

most by a constant. From the Second Fundamental Theorem of Calculus and the 

definition of the natural logarithmic function, you know that 

d d acl | 

pled - all t a a 

So, consider the two derivatives 

d a | 

ree)  axsx 

and 

d | | 
—— ain = ap ea ln a + Inx] =0 rate 

Because In(ax) and (In a + In x) are both antiderivatives of 1/x, they must differ at 

most by a constant. 

In(ax) = Ina +Inx + C 

By letting x = 1, you can see that C = 0. The third property can be proved similarly by 

comparing the derivatives of In(x”) and nInx. Finally, using the second and third 

properties, you can prove the fourth property. 

in 2) = In{a(b-!)] = Ina + In(b-!) = Ina — Inb 

See LarsonCalculus.com for Bruce Edwards’s video of this proof. al 

Example | shows how logarithmic properties can be used to expand logarithmic 

expressions. 

Expanding Logarithmic Expressions 

i 
a. In = In 10 —In9 Property 4 

b. In/3x + 2 = In(3x + 2)}/2 Rewrite with rational exponent. 

1 
= 5 In(3x + 2) Property 3 

C. in = In(6x) — In5 Property 4 

= 1In6+ Inx — In5 Property 2 

ee oO) 2 2 3 d. In === = In? + 3)? "in Px? #1 } 
CX a 

= 2 In(x? + 3) — [Inx + In(x? + 1)/3] 

= 2 In(x? + 3) — Inx — In(x? + 1)3 

1 
= 2In(x? + 3) — Inx — 3 In(x? + 1) iad 

When using the properties of logarithms to rewrite logarithmic functions, you must 

check to see whether the domain of the rewritten function is the same as the domain of 

the original. For instance, the domain of f(x) = In x? is all real numbers except x = 0, 

and the domain of g(x) = 2 In x is all positive real numbers. (See Figure 5.4.) 
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The Number e 

It is likely that you have studied logarithms in an 

algebra course. There, without the benefit of calculus, 

logarithms would have been defined in terms of a 

base number. For example, common logarithms 

have a base of 10 and therefore log,,10 = 1. (You 

will learn more about this in Section 5.5.) 

The base for the natural logarithm is defined 

using the fact that the natural logarithmic function 

is continuous, is one-to-one, and has a range of 

(— 00, co). So, there must be a unique real number x 

such that In x = 1, as shown in Figure 5.5. This 

number is denoted by the letter e. It can be shown 

that e is irrational and has the following decimal 

approximation. 

e is the base for the natural 

logarithm because In e = 1. 

Figure 5.5 

If x = e”then In x = n. 

Figure 5.6 

a 
oe I 

The letter e denotes the positive real number such that | 

Ine= [tar= 1. 
ve en 

@ FOR FURTHER INFORMATION To learn more about the number ¢, see the article 

“Unexpected Occurrences of the Number e” by Harris S. Shultz and Bill Leonard in 

Mathematics Magazine. To view this article, go to MathArticles.com. 

Once you know that In e = 1, you can use logarithmic properties to evaluate the 

natural logarithms of several other numbers. For example, by using the property 

In(e”) = nIne 

= 71) 

a eld 

you can evaluate In(e”) for various values of n, as shown in the table and in Figure 5.6. 

1 
5 0.368 | 6 = 1] r == 27185 |\"e? = 7,389 

Lay ia f 2 | 

The logarithms shown in the table above are convenient because the x-values are 

integer powers of e. Most logarithmic expressions are, however, best evaluated with a 

calculator. 

EXAMPLE 2 Evaluating Natural Logarithmic Expressions 

a. In2 ~ 0.693 

b. In 32 ~ 3.466 

c. In0.1 = —2.303 a 
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The Derivative of the Natural Logarithmic Function 

The derivative of the natural logarithmic function is given in Theorem 5.3. The first part 

of the theorem follows from the definition of the natural logarithmic function as an 

antiderivative. The second part of the theorem is simply the Chain Rule version of the 

first part. 

Derivative of the Natural Logarithmic Function 

Let u be a differentiable function of x. 

l | 
Ag “Lin pal ap) ia 0 

d (lai in” MES aie S| 0 
a dx Ln w] Lido bt aoa i 

EXAMPLE 3 Differentiation of Logarithmic Functions 

e « « e[> See LarsonCalculus.com for an interactive version of this type of example. 

d U ene 1 
_ == = TS OS “a= 2x a ce [In (2x) | i ag: " u x 

d u’ 2X 
, = 2 a =>—= u = x2 b ln 1)] - Te “=x-+ 1 

d d 
c. mal Inch «(Zt al) + (In »(4ta) Product Rule 

- »(4) + (In.x)(1) 
Xx 

=1+Inx 

d. ern Po) eee In eh cae x| Chain Rule 
dx dx 

1 
= hee 3(In x) - wi 

Napier used logarithmic properties to simplify calculations involving products, 

quotients, and powers. Of course, given the availability of calculators, there is now 

little need for this particular application of logarithms. However, there is great value in 

using logarithmic properties to simplify differentiation involving products, quotients, 

and powers. 

EXAMPLE 4 Logarithmic Properties as Aids to Differentiation 

Differentiate 

f(x) = Inv/x + 1. 

Solution Because 

i 
f(x) = Invx + 1 = Ine + 1)/2 = 5 in (x + 1) Rewrite before differentiating. 

you can write 

I l | 
f(x) = s(- i 7 = OG eh) Differentiate. | 
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EXAMPLE 5 Logarithmic Properties as Aids to Differentiation 

Differentiate 

x(x? + 1)? 
= ht 

fx) IRE saa 

Solution Because 

f(x) = In ae) eee Ares ara te origing stion. j Waa rite origina unction 

: | 
=Inx + 2 In(x? + 1) — D In(2x3 — 1) Rewrite before differentiating. 

you can write 

, 1 OG ] 6x? 
Wa = 2 =P (= = 7 (= -) Differentiate. 

1 4x eye 
=—-+ 4 Simplify. 

% “x? 21 we I aa a 

In Examples 4 and 5, be sure you see the benefit of applying logarithmic properties 

before differentiating. Consider, for instance, the difficulty of direct differentiation of 

the function given in Example 5. 

On occasion, it is convenient to use logarithms as aids in differentiating 

nonlogarithmic functions. This procedure is called logarithmic differentiation. 

EXAMPLE 6 Logarithmic Differentiation 

Find the derivative of 

_@-2» 
af HET 

Solution Note that y > 0 for all x # 2. So, In y is defined. Begin by taking the 

natural logarithm of each side of the equation. Then apply logarithmic properties and 

differentiate implicitly. Finally, solve for y’. 

x= 2. 

= ass x#2 Write original equation 
xe ae ; 

In y = In epee Ni Take natural log of each side 
J SY 

fy ne) 5 In(x? iz 1) Logarithmic properties 

—_ a : = 1 an Differentiate. 
y See Noe Al 

y’ x7 +2x4+2 oe 
= implify. y @-2De+1 ra 

‘= | Solve for y’ YOLG = DG? +1) bi 

uy Substitute for y. 
rm el | 

x2 4 I L& = 2)(e? + 1) 

24 2 
y= (x ee a Simplify. P| 
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Because the natural logarithm is undefined for negative numbers, you will often 

encounter expressions of the form In|u|. The next theorem states that you can 

differentiate functions of the form y = In|u| as though the absolute value notation was 
not present. 

Derivative Involving Absolute Value 

If wu is a differentiable function of x such that u # O, then 

u’ d 
cE [In| |] a 

Proof [fw > 0, then |u| = u, and the result follows from Theorem 5.3. If u < 0, then 

|u| = —u, and you have 

d d $ tinlul] = <fin(—u)] 

—u 

/ 
u 
sf 

See LarsonCalculus.com for Bruce Edwards’s video of this proof. iE | 

EXAMPLE 7 Derivative Involving Absolute Value 

Find the derivative of 

f(x) = In|cos x]. 

Solution Using Theorem 5.4, let wu = cos x and write 

d u’ d ant 
—|In|cos x| | = — —(In|u|] = — Jy Lin|cos x[] = = alltel] = 7, 

—sin x 
= = COs x 

cos x 

= (8h ae Simplify. 

EXAMPLE 8 Finding Relative Extrema 

Locate the relative extrema of 

ye Ime FF 2a), 

Solution Differentiating y, you obtain 

ie ce 
dx x?+2x+3 

Because dy/dx = 0 when x = —1, you 

can apply the First Derivative Test and Relative minimum 
conclude that the point (— 1, In 2) is a 
relative minimum. Because there are si i pace = =) =i 

no other critical points, it follows that 

this is the only relative extremum. 

(See Figure:5.7.) 
The derivative of y changes from 

negative to positive at x = —1. 

Figure 5.7 wi 
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5 . 1 Exe rcises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Py Evaluating a Logarithm In Exercises 1—4, use a graphing 

utility to evaluate the logarithm by (a) using the natural 25, In z 26. In(3e7) 
logarithm key and (b) using the integration capabilities to 

evaluate the integral fj (1/t) dt. PIE MiBdea— he 28. In 1 
Z 

1. In 45 Dep lniSes 

3. In 0.8 4. In 0.6 Condensing a Logarithmic Expression In Exercises 

29-34, write the expression asa logarithm of a single quantity. 

Matching In Exercises 5-8, match the function with its 29) Ine 2) etna) 

graph. [The graphs are labeled (a), (b), (c), and (d).] 
30. 3Inx +2Iny —4Inz 

Sa (bear 31) 4[2 n(x + 3) + Inx — In(x? — 1)] 
32. 2[in x — In(@« + 1) — In@ — 1)] 

(33, 21n3 — 4In(x2 + 1) 
34. 2[In(x? + 1) — In@ + 1) — In(x — 1)] 

Py Verifying Properties of Logarithms In Exercises 35 and 
36, (a) verify that f = g by using a graphing utility to graph f 

and g in the same viewing window and (b) verify that f = g 

algebraically. 
(d) 

2 

35. f(x) = In ze x>0, g(x) =2Inx—In4 

36. f(x) = nJVxz? + 1), g(x) = S[In x + In(x? + 1)] 

Ba Finding a Limit In Exercises 37-40, find the limit. 

Seeing 1 Gf) ee x 37. lim In(x — 3) 38. lim In(6 — x) 
x33 x6- 

Te f(x) = In — 1) 8. f(x) = —In(—x) ; y ; x 
: 273 —; eel a 39 jim inix7(3 — x)]| 40 jim. In Neo 

Sketching a Graph In Exercises 9-16, sketch the graph of 
the function and state its domain. Finding a Derivative In Exercises 41-64, find the 

derivative of the function. 
9, f(x) = 3 Inx 10. f(x) = —2Inx 

11. f(x) = In 2x e750) = In|x| 44. f(x) = In(3x) 42. f(x) = In — 1) 

13. f(x) = In(x — 3) 14. f(x) =Inx —4 \43) g(x) = Inx? 44, h(x) = In(2x? + 1) 

15. h(x) = In(x + 2) 16. f(x) = Ine — 2) +1 )45) y = (In x)* 46. y= x° Inx 
/ a7| y = In(t + 1)? 48. y=In/x2—4 

Using Properties of Logarithms In Exercises 17 and 18, | E J i 
Ly = Inlx/x? — . y = Inf? + 3)! 

use the properties of logarithms to approximate the indicated Ba In(x ss i) 50. y = Inf? + 3") 
: : s | 5) 

logarithms, given that In 2 ~ 0.6931 and In 3 ~ 1.0986. \ 51. 4G) = in( > ) 52. f(x) = n( =.) 

(22. (a) In6 Gin cin st) Adin vie a 

18. (a) In0.25  (b) n24. (ce) NV12_—@) Ing (Spe s0 ive 54. h() = —— 

Expanding a Logarithmic Expression In Exercises 55. y = In(In x’) 56. y = In(In x) 

- i i ] ith- Geaaal 1D 28, use the properties of logarithms to expand the logari Cine. x+1 5g, te enh x 

mic expression. | nl Yat al 

. \ JS4 + x? : _ s 5} 

/ Ryne 20. Inv \ 59, f(x) = n( AE 60. f(x) = In(x + /4 + x?) 

= 61. y = In|sin x| 62. y = In|csc x| 
| 21) in 22. In(xyz) 

\ : 63. y= in| — 64. y = In|sec x + tan x 
F cos x — | \3; In(x x2 + 5) 24. In/a — I 
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Pe Finding an Equation of a Tangent Line In Exercises Logarithmic Differentiation In Exercises 89-94, use 
65-72, (a) find an equation of the tangent line to the graph of f logarithmic differentiation to find dy/dx. 

at the given point, (b) use a graphing utility to graph the 

function and its tangent line at the point, and (c) use the 89. y= ava +1, x>0 
derivative feature of a graphing utility to confirm your results. 00 yy = ee Se 2). me O 

pe = 3 2 3 p) 

65. y= nx, (1,0) Tote x*y/ 3x 2 

3/2 | ae Gast eljaa ae 
66. y= Inx”, (1,0) a 

67. fG@) = 3 =Inx “U1, 3) 

68. f(x) = 4-22 -Infdx+1), (0,4) 

69. f(x) = In-/1 + sin’ x, (z In le 

C 70. f(x) = sin2xInx’, (1,0) _ > 

f(x) =x Inx, (1,0) 

WRITING ABOUT CONCEPTS 

95. Properties In your own words, state the properties of | 
the natural logarithmic function. 

7, f(x) = sein, (=1, 0) 

Finding a Derivative Implicitly In Exercises 73-76, use > ; : 
implicit differentiation to find dy/dx. 96. Base Define the base for the natural logarithmic function. | 

; a = 97. Comparing Functions Let f be a function that is 
ta Ca es aii NY TA xy Fe 0 positive and differentiable on the entire real number line. | 

755, 4x te int Dy OX 76. 4xy + Inx’y = 7 Let g(x) = In f(x). 

(a) When g is increasing, must f be increasing? Explain. 
Differential Equation In Exercises 77 and 78, show that | ; 
the function is a solution of the differential equation. (b) When the graph of fis concave upward, must the graph 

of g be concave upward? Explain. 
Function Differential Equation 

TJ — Denese xy” + y’=0 

78. y= xInx — 4x Beet hy eae Oy —= 10) 

Relative Extrema and Points of Inflection In Exercises 
79-84, locate any relative extrema and points of inflection. Use 

a graphing utility to confirm your results. 

2 

79. y= —Inx 80. y = 2x — In(2x) 

81. y =xInx 82. y= 74 

ene ee 83. y ae 84. y xing 

Pe Linear and Quadratic Approximation In Exercises 85 
and 86, use a graphing utility to graph the function. Then graph 

P,&) = f0) + fMG -— 1) 

and 

P,(x) = f(1) + fe — 1) + 3F"(& — 1)? 
\ 

in the same viewing window. Compare the values of f, P\,P2, True or False? In Exercises 99-102, determine whether the 
and their first derivatives at x = 1. _ statement is true or false. If it is false, explain why or give an 
85. f(x) = Inx 86. f(x) = xInx posal that shows it is false. 

99. In(x + 25) = Inx + In 25 
Using Newton’s Method In Exercises 87 and 88, use 100 | Sie | 
Newton’s Method to approximate, to three decimal places, the mete var ee 

x-coordinate of the point of intersection of the graphs of the —‘101. If y = In z, then y’ = 1/7. 
two equations. Use a graphing utility to verify your result. 102. If y = Ine, then y’ = 1. 

87. y=Inx, y=-x 88. y=Inx, y=3-x 



5.1 

Fe 103. Home Mortgage The term f¢ (in years) of a $200,000 

e © 104. Sound Intensity 

The relationship between 

the number of decibels 7 
B and the intensity of 

a sound / in watts per 

centimeter squared is 

10 I 
tn i0 (4a 

(a) Use the properties of 

(b) Determine the number of decibels of a sound with an 

home mortgage at 7.5% interest can be approximated by 

X 3875 In 
d a in - — 1250 ) oy SS IW) 

where x is the monthly payment in dollars. 

(a) Use a graphing utility to graph the model. 

(b) Use the model to approximate the term of a home 

mortgage for which the monthly payment is $1398.43. 

What is the total amount paid? 

(c) Use the model to approximate the term of a home 

mortgage for which the monthly payment is $1611.19. 

What is the total amount paid? 

(d) Find the instantaneous rates of change of f with respect to 

x when x = $1398.43 and x = $1611.19. 

(e) Write a short paragraph describing the benefit of the 

higher monthly payment. 

i 
1 

logarithms to write the formula in simpler form. 

intensity of 10~° watt per square centimeter. 

Fe 105. Modeling Data The table shows the temperatures T (in 
°F) at which water boils at selected pressures p (in pounds per 

square inch). (Source: Standard Handbook of Mechanical 

Engineers) 

10 | 14.696 (1 atm) | 20 

193,218) » 212,007 | 227.96° 

= 30 40 60 80 100 

Me 250.33° | 267.25° | 292.71° | 312.03° | 327.81° 

A model that approximates the data is 

T = 87.97 + 34.96 In p + 7.91 V/p. 

(a) Use a graphing utility to plot the data and graph the 

model. 

(b) Find the rates of change of T with respect to p when 

p = 10 and p = 70. 

(c) Use a graphing utility to graph 7’. Find lim Tp) and 
proc 

interpret the result in the context of the problem. 

The Natural Logarithmic Function: Differentiation 

cd 106. 

108. 

Pe 109. 

107. 

Ay (a) Use a graphing utility to y 

327 

Wata Mi ing The atmospheric pressure decreases 

ee increasing altitude. At sea level, the average air pressure 

is one atmosphere (1.033227 kilograms per square centimeter). 

The table shows the pressures p (in atmospheres) at selected 

altitudes h (in kilometers). 

h 0 5 10 15 20 25 

Pp | 0. Nn Nn ODS aE OF 2 OOo me 0.02 

(a) Use a graphing utility to find a model of the form 

p =a ~ b\inh for the data. Explain why the result is an 

error message. 

(b) Use a graphing utility to find the logarithmic model 

h =a + bIinp for the data. 

(c) Use a graphing utility to plot the data and graph the 

model. 

(d) Use the model to estimate the altitude when p = 0.75. 

(e) Use the model to estimate the pressure when h = 13. 

(f) Use the model to find the rates of change of pressure 

when h = 5 and h = 20. Interpret the results. 

Tractrix A person walking along a dock drags a boat by a 

10-meter rope. The boat travels along a path known as a 

tractrix (see figure). The equation of this path is 

ak § ay) 

y= 10 y( ma) = 100 

graph the function. t 

(b) What are the slopes of Er Tractrix 
this path when x = 5 and \ 

x= 9? 

(c) What does the slope of 

the path approach as i Pie ae 

OL 5 10 

Prime Number Theorem There are 25 prime numbers 
less than 100. The Prime Number Theorem states that the 

number of primes less than x approaches 

oO Te a 

Use this approximation to estimate the rate (in primes per 

100 integers) at which the prime numbers occur when 

(a) x = 1000. 

(b) x = 1,000,000. 

(c) x = 1,000,000,000. 

Conjecture Use a graphing utility to graph f and g in the 
same viewing window and determine which is increasing at 

the greater rate for large values of x. What can you conclude 

about the rate of growth of the natural logarithmic function? 

(a) f(x) =Inx, gi) = 7x 

(b) f(x) =Inx, g(x) = Yx 
Christopher Dodge/Shutterstock.com 
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5.2 The Natural Logarithmic Function: Integration 

Exploration 

| Integrating Rational 

Functions 

Early in Chapter 4, you 

learned rules that allowed 

you to integrate any 

polynomial function. The 

Log Rule presented in this 

section goes a long way 

toward enabling you to 

integrate rational functions. 

For instance, each of the 

following functions can be 

integrated with the Log Rule. 

a Example | 
3, 

f Example 2 
Abe = Il 

x 

Vea Example 3 

3x2 + 1 
ae eee Example 4(a) 

Spar ll 
ea ae Example 4(c) 

Example 4(d) 
She Ge #7 

x74+x4+1 
7 ore Dj Example 5 

Ds 
Gece Example 6 

There are still some rational 

functions that cannot be 

integrated using the Log 

Rule. Give examples of these 

functions, and explain your 

reasoning. 

il Use the Log Rule for Integration to integrate a rational function. 

@ Integrate trigonometric functions. 

Log Rule for Integration 

The differentiation rules 

—[In|x]]}=— and —T[In|u|] = = 
G Xx X u 

that you studied in the preceding section produce the following integration rule. 

Log Rule for Integration 

Let u be a differentiable function of x. 

2 [eau = In|u| + C 

Alternative form of Log Rule 

EXAMPLE 1 Using the Log Rule for Integration 

[? dx = 22 dx 
Xx x 

= 2In|x| + C 

= In(x2) « G 

Constant Multiple Rule 

Log Rule for Integration 

Property of logarithms 

Because x? cannot be negative, the absolute value notation is unnecessary in the final 

form of the antiderivative. 

Using the Log Rule with a Change of Variables 

1 
Fi : ind 1 & 

Solution If you let u = 4x — 1, then du = 4 dx. 

1 
Pee oiler i)4 a 

if 
= Ff au 

=F Inlu| + € 

Multiply and divide by 4. 

Substitute: uv = 4x — 1. 

Apply Log Rule. 

1 
-- A In|4x = 1| sel Back-substitute. | 



3 

x 
Area = [3 re dx 

The area of the region bounded by the 

graph of y, the x-axis, and x = 3 is 

$n 10. 
Figure 5.8 
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Example 3 uses the alternative form of the Log Rule. To apply this rule, look for 

quotients in which the numerator is the derivative of the denominator. 

Wse\dseie Finding Area with the Log Rule 

Find the area of the region bounded by the graph of 

— x 

x2 +] 
y 

the x-axis, and the line x = 3. 

Solution In Figure 5.8, you can see that the area of the region is given by the 

definite integral 

ores 

[ wer ss 
ep eee 

If you let u = x? + 1, then u’ = 2x. To apply the Log Rule, multiply and divide by 2 

as shown. 

= file (gare g Multiply and divide by 2 Pi2ual intemao.jevcictalin a ultiply and divide by 2. 

1 ; ul 
= 5] nc? + vf [ae= tnlul + c 

Se learn!) 
2 

M10 Ini =0 =_— n = 

Z 

eel Il eo 

EXAMPLE 4 Recognizing Quotient Forms of the Log Rule 

24 
a. [Bt ar= ie +4 +c “=x. +x 

Nee eX 

Dy 

b. |= “dx = In|tan x| + C u = tanx 
tan x 

is al iby [2h Baateee) 
— = 2 a; Cc. [eee 5 ee PE ao eam IB 

= 5 Injx? + 2x] +C 

1 1 3 
es =3x+2 

a [oe Slacea® tates 

= 5 In|x + 2 +C a 

With antiderivatives involving logarithms, it is easy to obtain forms that look quite 

different but are still equivalent. For instance, both 

fe (30 4 2) | Ea 

and 

in|3x 2142 a 

are equivalent to the antiderivative listed in Example 4(d). 
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If you 

have access to a computer 

algebra system, use it to find 

the indefinite integrals in 

Examples 5 and 6. How does 

the form of the antiderivative 

that it gives you compare with 

that given in Examples 5 and 6? 

Integrals to which the Log Rule can be applied often appear in disguised form. For 

instance, when a rational function has a numerator of degree greater than or equal to 

that of the denominator, division may reveal a form to which you can apply the Log 

Rule. This is shown in Example 5. 

EXAMPLE 5 Using Long Division Before Integrating 

° © © *P See LarsonCalculus.com for an interactive version of this type of example. 

Find the indefinite integral. 

xt+xt1 
re ra aa dx 

se ar MI 

Solution Begin by using long division to rewrite the integrand. 

1 
5 aie ae he an ae 2 5 5B 
——__ p> 41)? 4+x4+1 MD 14+5 

Xero) ‘ xo | 
XS maa 

3 

Now, you can integrate to obtain 

Te ae nee} x nae: Rl: 
ee AX er aes dx Rewrite using long division. 

5g ar Sh tear Al 

1 2x 
— [a ar AE: x | dx Rewrite as two integrals. 

i 
=xt 5 In@2e |) 4G Integrate. 

Check this result by differentiating to obtain the original integrand. ual 

The next example presents another instance in which the use of the Log Rule is 

disguised. In this case, a change of variables helps you recognize the Log Rule. 

Change of Variables with the Log Rule 

Find the indefinite integral. 

2% 

iF a= ie as 

Solution If you let vu = x + 1, then du = dx andx =u — 1. 

2x = (26-30 
iF ie dx = | 2 du Substitute. 

{( u 1 
A ef asks eg COAT Rewrite as two fractions. 

We u~ 

d 
= 2| = 2 fur au Rewrite as two integrals. 

ve 
=) In|u| == 2) ar {€. Integrate. 

” 
= 2 In|u| + ea G Simplify. 

M 

=2 In|x a 1| ah ai (E Back-substitute. 
X tal 

Check this result by differentiating to obtain the original integrand. | 
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e 
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es 

s 

7 

6 

es 

e 

"i 7 
“REMARK Keep in mind 

that you can check your answer 

to an integration problem by 

differentiating the answer. For 

instance, in Example 7, the 

derivative of y = In|In x] + C 
iy = 1 / (xr In x). 

Pr, 
esveeoeeveneveeveen eee © of 
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As you study the methods shown in Examples 5 and 6, be aware that both methods 

involve rewriting a disguised integrand so that it fits one or more of the basic 

integration formulas. Throughout the remaining sections of Chapter 5 and in Chapter 8, 

much time will be devoted to integration techniques. To master these techniques, you 

must recognize the “form-fitting” nature of integration. In this sense, integration is not 

nearly as straightforward as differentiation. Differentiation takes the form 

“Here is the question; what is the answer?” 

Integration is more like 

“Here is the answer; what is the question?” 

Here are some guidelines you can use for integration. 

GUIDELINES FOR INTEGRATION 

1. Learn a basic list of integration formulas. (Including those given in this 

section, you now have 12 formulas: the Power Rule, the Log Rule, and 

10 trigonometric rules. By the end of Section 5.7, this list will have expanded 

to 20 basic rules.) 

. Find an integration formula that resembles all or part of the integrand, and, 

by trial and error, find a choice of u that will make the integrand conform 

to the formula. 

. When you cannot find a u-substitution that works, try altering the integrand. 

You might try a trigonometric identity, multiplication and division by the 

same quantity, addition and subtraction of the same quantity, or long division. 

Be creative. 

. If you have access to computer software that will find antiderivatives 

symbolically, use it. 

EXAMPLE 7 u-Substitution and the Log Rule 

d 1 
Solve the differential equation & = : 

URGE waliiles 

Solution The solution can be written as an indefinite integral. 

1 
= d. 

q lb ‘ 

Because the integrand is a quotient whose denominator is raised to the first power, you 

should try the Log Rule. There are three basic choices for u. The choices 

a -oeanda oo nis 

fail to fit the u’/u form of the Log Rule. However, the third choice does fit. Letting 

u = Inx produces u’ = 1/x, and you obtain the following. 

1 Wes 
dx = ths dx Divide numerator and denominator by x. 

xine In x 

u’ 
= |—dx Substitute: vu = In x. 

u 

= In|u| tat Apply Log Rule. 

= In|In x| =P 1G: Back-substitute. 

So, the solution is y = In|In x| + C. a 
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Integrals of Trigonometric Functions 

In Section 4.1, you looked at six trigonometric integration rules—the six that correspond 

directly to differentiation rules. With the Log Rule, you can now complete the set of 

basic trigonometric integration formulas. 

EXAMPLE 8 Using a Trigonometric Identity 

Find | tan x dx. 

Solution This integral does not seem to fit any formulas on our basic list. However, 

by using a trigonometric identity, you obtain 

sin x 
tan x dx = dx. 

COs x 

Knowing that D,[cos x] = —sin x, you can let u = cos x and write 

= Gilli fon dentine tan ake Apply trigonometric identity and 

COs x multiply and divide by — 1. 

u’ ; 
= -|z dx Substitute: uw = cos x. 

u 

= —In|u| tC Apply Log Rule. 

= —In|cos x| Alp Back-substitute. | 

Example 8 uses a trigonometric identity to derive an integration rule for the tangent 

function. The next example takes a rather unusual step (multiplying and dividing by the 

same quantity) to derive an integration rule for the secant function. 

EXAMPLE 9 Derivation of the Secant Formula 

Find | SECTCU 

Solution Consider the following procedure. 

+ 

[sx xdx = [se {Set uns) dx 
Sec x a, tanx 

j= + sec x tan x 

SEC Gi tmitalley 

Letting u be the denominator of this quotient produces 

Ui SCC Xa tales 

and 

u’ = sec x tan x + sec? x. 

So, you can conclude that 

sec? x + sec x tan x ara 
sec x dx = dx Rewrite integrand. 

SCCus ie Callie 

/ 

u 

|z dx Substitute: w = sec x + tan x. 
u 

In|u| iG Apply Log Rule. 

= In|sec x + tan x| + C. Back-substitute. af 



°* REI Using 

trigonometric identities and 

properties of logarithms, 

you could rewrite these six 

integration rules in other forms. 

For instance, you could write 

[os udu 

= In|csc u — cot u| + C. 

(See Exercises 89-92.) 

Average value = 0.441 

~ X 

Figure 5.9 
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With the results of Examples 8 and 9, you now have integration formulas for sin x, 

cos x, tanx, and sec x. The integrals of the six basic trigonometric functions are 

summarized below. (For proofs of cot u and csc u, see Exercises 87 and 88.) 

INTEGRALS OF THE SIX BASIC TRIGONOMETRIC FUNCTIONS 

[sn ise COS asin & [vs udu =sinu+ C 

fin udu = —In|cos u| + C 

[se u du 

DON Iesaetie Integrating Trigonometric Functions 

1/4 

evaluate | /1 + tan* x dx. 
0 

[eo u du = In|sinu| + C 

= Inisec ui tanu| + C fos udu = —In|csc u + cotu| + C 

Solution Using | + tan?.x = sec”x, you can write 

1/4 1/4 

| J/1 + tan? x dx = [ sec? x dx 
0 0 

a/4 

= | sec x dx 
0 

1/4 

= In|sec x + tan al 
0 

= In(/2 + 1)—In1 
~ 0.881. 

> ON Ieseki = Finding an Average Value 

Find the average value of 

secx => OforO<x< a/9 

f(x) = tanx 

on the interval [0, 7/4]. 

Solution 

Average value = ——.——— tan x dx Average value = ——— x) dx 
: fafa |e g paar 

4 1/4 

= = tan x dx Simplify. 

T Jo 
4 11/4 

- | —In|cos a\| Integrate. 
T 0 

ee 
= -‘n( 2) — i) 

_ -4n(2) 
T ? 

= 0.441 

The average value is about 0.441, as shown in Figure 5.9. | 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. | | 5.2 Exercises 

al In Exercises 1-26, find the 

indefinite integral. 

1. fe dx D | D ax 
x Xx 

3h | E : i dx 4. | a 5 dx 

= | 2x : che | 5 z ay 

ib | ee 8. | 3 Lo dx 

Nn 

43+ 3 x" — 2x 
9, |e ax 10, | Soa 

11. -Se 12. [*e 

x Se Dg ae 3} Te ap alge 
i 14. 

1s x3 + 3x2 + 9x eee 
9. 2 eS 15. x 3x +2, 16. Die se Tse Be Tae 

xe ar Ml 56 = 

x? = 6x = 20 | 

ear SD 

19. 

x — 4x= — Ay 20 

x-—5 
20. dx 

|Seaeeo 
leas 

17. [- = ; 18. 

roe 
P 
aie 

Die lz 3 dx 
xinx 

1 
23. lates Sey 

2A. | PAL ey 

Dx. 
Das ee dx 

ae 2) 

Finding an Indefinite Integral by u-Substitution In 

Exercises 27-30, find the indefinite integral by u-substitution. 

(Hint: Let u be the denominator of the integrand.) 

1 yA ene 7 a en 
|t+ee l= "i 

= 3/'— 

29, | VE ay 30. i YX 
J/x—-3 x —1 

Finding an Indefinite Integral of a Trigonometric 

Function In Exercises 31-40, find the indefinite integral. 

0 
Site | cot 3 da 32. fom 50 dé 

Pe Diff 

33. [os 2x dx 34. [regan 

0 ee 36. [(2 tan) dé 

37. A a 38. | eee yy 
se Sion 7 cot ¢ 

39. ie x tan x ns 

SCGp Glee 

35. [ (cos 30 - 1) dé 

40. i (sec 2x + tan 2x) dx 

erential Equation In Exercises 41-44, solve the 

differential equation. Use a graphing utility to graph three 

solutions, one of which passes through the given point. 

dys \ eee 
AL. a (1, 0) 42, = 2 eae 

Ds =p) 

43. == (0.4) 14, oe 
= no on dt tant+ 1 

Finding a Particular Solution In Exercises 45 and 46, find 

the particular solution that satisfies the differential equation 

and the initial equations. 

45. f"(x) = 5.f0) Tee 6 
4 

46. f"(x) = een Qf 2) = 0, (2) = 3,401 

ad Slope Field In Exercises 47 and 48, a differential equation, 
a point, and a slope field are given. (a) Sketch two approximate 

solutions of the differential equation on the slope field, one of 

which passes through the given point. (b) Use integration to 

find the particular solution of the differential equation and use 

a graphing utility to graph the solution. Compare the result 

with the sketches in part (a). To print an enlarged copy of the 

graph, go to MathGraphs.com. 

dy 1 dy Inx 
ATS ie ie eka ld) 48. = (lz) 

Ghee are DD dx ae : 

y y 

A A 

| / 7 3m*——-—- - - - — 34+\ --—-— = - HH 

ee Cog tte —-— — — — — Ns ee oo ee 

| J 77H -—— -- -- 2+\-------—--—- 
lf 7 4 pe er See NSS a Se eS ee 

ae aaa ee oe 

[Pee Aeze i ear ae cu nem en ace Ne et es ee 

an + sa: cera ceed Gana unmet 
re lee BD A =i AG ee rs 

Fe = aN See ee 
| Ae er a a oman ee 
Ne eee tse SS _9 Vee Ss 

A ee ge ne eae Ne ee ee 

| /A3m--—--— --- -— =3 eee ee 

Evaluating a Definite Integral In Exercises 49-56, 

evaluate the definite integral. Use a graphing utility to verify 

your result. 

4 65 1 
49, : b k 
[= he 4 [ she 



“(1 + Inx)? a 51. | Saas Lies 52. [ ae 
Ve EG Po) Delhanes 

Mn (242 9 a 
53,/| ——dx ee. 
CN ch au Al Nola all 

[| (? 1 = cos-¢ se 
eS: = = d0 56. (csc 20 — cot 20) dé 
| eo sino a8 

BB Using Technology to Find ar | In Exercises 57-62, 

use a pemouter algebra ee ae find « or Pet te the integral. 

| Jx 
Sn — (1X, [se ss, Ean 

59. BO 60. | ads 
y= 1 pl 

a/2 

61. | (csc x — sin x) dx 
7/4 

m4 sin? x — cos? x 
62. [ Se fly 

Ae COs x 

Finding a Derivative In Exercises 63-66, find F(x). 

Ger) = i * di GN TG i Dare 
1 0 

3, x2 

65. F(x) = | at 66. F(x) = i * di 
1 1 

Area In Exercises 67-70, find the area of the given region. 

Use a graphing utility to verify your result. 

6 
7y= 68. y = 

Bia) as y Fe AR 3 

y ay 

A h 
6 me 

2, 
2+ 

ere alee taster ae 
-—2 Ph EBs ats) i= 

=) 
a: poppe x 

1 we 3 4 

sin x 
ey 70. y = ——— 69. y = tanx 0. y pune ta 

Area In Exercises 71-74, find the area of the region 

bounded by the graphs of the equations. Use a graphing utility 

to verify your result. 
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7. y= i Lae 
2y= 2ua * Px — 5) oy — 0 

73. y =2 sec me x=0, x=2, y=0 

74, y = 2x — tan0.3x, x=1, x=4, y=0 

In Exercises 75-78, use the 

Traperoidal Rule and Simpson’s Rule to approximate the value 

of the definite integral. Let n = 4 and round your answer to 

four decimal places. Use a graphing utility to verify your result. 

5 4 1 7 

75. i ay 76. [ EEE 
Aas Ge a4: 

6 1/3 

Tile [ In x dx 78. i SCCEuaLG 
2 —1/3 

WRITING ABOUT CONCEPTS 

Choosing a Formula In Exercises 79-82, state the 

integration formula you would use to perform the 

integration. Do not integrate. 

3 x 
79. i eas 80. | @ra® 

G sec? x 81. [5 ae 82. [= dx 

Approximation In Exercises 83 and 84, determine 
which value best approximates the area of the region 

between the x-axis and the graph of the function over the 

given interval. (Make your selection on the basis of a sketch 

of the region, not by performing any calculations.) 

$3. f(x) = sec x, [0,1] 

(ajc? (b): GN N(C) 

2x 

ale 

(a) 3, (b) 7 () p= 2" (d)5 (e) 1 

(Gl) sy (@) 3 

84. f(x) = [0, 4] 

85. Finding a Value Find a value of x such that 

I Zale =| ae 
1 f 4 t 

86. Finding a Value Find a value of x such that 

[ ae 
1 t 

is equal to (a) In 5 and (b) 1. 

87. Proof Prove that 

[ cotw au = In|sin u| + C. 

88. Proof Prove that 

[es udu = —In|csc u + cot ul + C. 
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s of Logarithms and Trigonometric 

In Exercises 89-92, show that the two formulas 

are equivalent. 

89. fn x dx = —In|cos x| + C 

tan x dx = In|sec x| + C 
ee 

90. | cot x dx = In|sinx| + C 

cot x dx = —In|csc x| + C 

91. | secxdx = In|secx + tanx| + C 

secxdx = —In|secx — tanx| + C 

92. | csc xdx = —In|esc x + cotx| + C 

esc x dx = In|csc x — cot x] + C 
i a 

Finding the Average Value of a Function In Exercises 
93-96, find the average value of the function over the given 

interval. 

|o0 \%: fo = 5, 22.4] 94. f(x) = eee [2, 4] 

rm & In x 
SON ee we ne | 

96. f(x) = sec sg [0, 2] 

97. Population Growth A population of bacteria P is 
changing at a rate of 

dP 3000 
dt 1+ 0.25t 

where f is the time in days. The initial population (when t = 0) 

is 1000. Write an equation that gives the population at any time 

t. Then find the population when ¢ = 3 days. 

98. Sales The rate of change in sales S is inversely proportional 

to time ¢ (t > 1), measured in weeks. Find S as a function of t 

when the sales after 2 and 4 weeks are 200 units and 300 units, 

respectively. 

99, Heat Transfer eeeoevoeveeveeeeeeeeee @ @ 

Find the time required 

for an object to cool 

from 300°F to 250°F 

by evaluating 

10 300 1 

t= Hf In ae T— 100° 

where f is time in 

minutes. 

Oy) HOW DOYOU SEE IT? Use the graph of f’ 
shown in the figure to answer the following. 

Logarithmic, Exponential, and Other Transcendental Functions 

100. Average Price The demand equation for a product is 

90,000 
D SS ee 

P ~ 400 + 3x 

where p is the price (in dollars) and x is the number of units 

(in thousands). Find the average price p on the interval 

ARS =050! 

101. Area and Slope Graph the function 

C= 
on the interval [0, oo). 

(a) Find the area bounded by the graph of f and the line 

y= 5x, 

(b) Determine the values of the slope m such that the line 

y = mx and the graph of f enclose a finite region. 

(c) Calculate the area of this region as a function of m. 

——— 

Se entra th aet enya tym em tnet Se 

(a) Approximate the slope of f at x = —1. Explain. 

(b) Approximate any open intervals in which the graph 

of f is increasing and any open intervals in which it 

is decreasing. Explain. 

at cae 

True or False? In Exercises 103-106, determine whether 

the statement is true or false. If it is false, explain why or give 

an example that shows it is false. 

103. (In x)'/? = $Inx 

104. fina dc ="(1/x) + C 

105. [tax = inlet c #0 

24 2 
106. a = jn =In2—In1 =In2 

J 

107. Napier’s Inequality For 0 < x < y, show that 

Ih hata ebay se Ih 
< < 

y Wie ae 

108. Proof Prove that the function 

F(x) -| di 

is constant on the interval (0, 00). 

Marijus Auruskevicius/Shutterstock.com 
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5.3 Inverse Functions 

Although the 

notation used to denote an 

inverse function resembles 

exponential notation, it is 

a different use of —1 asa 

superscript. That is, in general, 

Pepe 

ch } 
iL ivir 

esaespeeeveee oe eee 8 &@ @ @ | 

Explorat ion 

Finding Inverse Functions 

Explain how to “undo” each 

of the functions below. Then 

use your explanation to write 

the inverse function of f. 

wer (xyi=ix — 5 

b. f(x) = 6x 

fay 5 

=. 3x 2 

e fix) = x 

ef) = 4 — 2) 

Use a graphing utility to 

graph each function and its 

inverse function in the same 

“square” viewing window. 

What observation can you 

make about each pair of 

graphs? 

@ Verify that one function is the inverse function of another function. 

l@ Determine whether a function has an inverse function. 

l@ Find the derivative of an inverse function. 

Inverse Functions 

Recall from Section P.3 that a function can be represented by a set of ordered pairs. For 

instance, the function f(x) = x + 3 from A = {1, 2,3, 4} to B = {4,5, 6,7} can be 
written as 

Ue MOE ICL S EMO NCE I) Ne 

By interchanging the first and second coordinates 

of each ordered pair, you can form the inverse 

function of f. This function is denoted by f~!. It 
is a function from B to A, and can be written as 

FPA US 2) Ove) Mae 4) 

Note that the domain of fis equal to the range 

of f~!, and vice versa, as shown in Figure 5.10. 

The functions f and f~! have the effect of 

“undoing” each other. That is, when you form 

the composition of f with f~! or the composition 

of f! with f, you obtain the identity function. 

UE Oy ay and) ff a))= x 

Domain of f = range of f-! 
Domain of f~! = range of f 

Figure 5.10 

a 

Definition of Inverse Function 
! 

A function g is the inverse function of the function f when 

f(g(x)) = x for each x in the domain of g 

and 

g(f(x)) = x for each x in the domain of f. 

The function g is denoted by f~! (read “‘f inverse’). 

Here are some important observations about inverse functions. 

— . If g is the inverse function of f, then fis the inverse function of g. 

i) . The domain of f~! is equal to the range of f, and the range of f~! is equal to the 

domain of f. 

3. A function need not have an inverse function, but when it does, the inverse 

function is unique (see Exercise 96). 

You can think of f~! as undoing what has been done by f. For example, subtraction 

can be used to undo addition, and division can be used to undo multiplication. So, 

if eae ae Ceeand tee (x ac Subtraction can be used to undo addition. 

are inverse functions of each other and 

x . wrt . . . 

f(x) =cx and Aa) =-, c#0 Division can be used to undo multiplication. 
: ‘Gc 

are inverse functions of each other. 
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In Example 1, try 

comparing the functions f and g 

verbally. 

For f: First cube x, then 

multiply by 2, then subtract 1. 

For g: First add 1, then 

divide by 2, then take the cube 

root. 

Do you see the “undoing 

pattern”? 

EXAMPLE 1 Verifying Inverse Functions 

Show that the functions are inverse functions of each other. 

5 gece Ml 

2 
i) f(x) =2x37—-1 and g(x) = 

Solution Because the domains and ranges of both fand g consist of all real numbers, 

you can conclude that both composite functions exist for all x. The composition of f 

with g is 

f(g) = aQe/t ) eal 

Neate 

5 ‘era Fit? 
= x4) = 1 

=a OG 

The composition of g with fis 

(fo) = 3 Pt 
3 

_ 3/20 
z 

=e) 

=x. 

Because f(g(x)) = x and g(f(x)) = x, you f and g are inverse functions of each 

can conclude that f and g are inverse functions _ other. 

of each other (see Figure 5.11). Figure 5.11 wi 

In Figure 5.11, the graphs of fand g = f~! appear to be mirror images of each other 

with respect to the line y = x. The graph of f~! is a reflection of the graph of f in the 

line y = x. This idea is generalized in the next theorem. 

THEOREM 5.6 Reflective Property of Inverse Functions 

The graph of f contains the point (a, b) if and only if the graph of f~! contains 

the point (b, a). 

Proof If (a, b) is on the graph of f, then f(a) = b, 
and you can write 

FAB) af ia)) =a. 

So, (b, a) is on the graph of f~', as shown in 

Figure 5.12. A similar argument will prove the 

theorem in the other direction. 

The graph of f~! is a reflection of 

the graph of fin the line y = x. 

Figure 5.12 

See LarsonCalculus.com for Bruce Edwards’s video of this proof. P| 



L ? 

If a horizontal line intersects the graph 

of f twice, then fis not one-to-one. 

Figure 5.13 

(a) Because f is increasing over its entire 

domain, it has an inverse function. 

(b) Because fis not one-to-one, it does not 

have an inverse function. 

Figure 5.14 
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Existence of an Inverse Function 

Not every function has an inverse function, and Theorem 5.6 suggests a graphical test 

for those that do—the Horizontal Line Test for an inverse function. This test states that 

a function f has an inverse function if and only if every horizontal line intersects the 

graph of f at most once (see Figure 5.13). The next theorem formally states why the 

Horizontal Line Test is valid. (Recall from Section 3.3 that a function is strictly 

monotonic when it is either increasing on its entire domain or decreasing on its entire 

domain.) 

| THEOREM 5.7 The Existence of an Inverse Function 

1. A function has an inverse function if and only if it is one-to-one. 

2. If fis strictly monotonic on its entire domain, then it is one-to-one and 

therefore has an inverse function. 

Proof The proof of the first part of the theorem is left as an exercise (See Exercise 97). 

To prove the second part of the theorem, recall from Section P.3 that f is one-to-one 

when for x, and x, in its domain 

xx, > f(x) # f(x). 

Now, choose x, and x, in the domain of f. If x, # x, then, because fis strictly monotonic, 

it follows that either f(x,) < f(x,) or f(x,) > f(x). In either case, f(x,) # f(x). So, fis 
one-to-one on the interval. 

See LarsonCalculus.com for Bruce Edwards’ video of this proof. pal 

EXAMPLE 2 The Existence of an Inverse Function 

a. From the graph of f(x) = x° + x — 1 shown in Figure 5.14(a), it appears that fis 

increasing over its entire domain. To verify this, note that the derivative, 

f(x) = 3x?_+ 1, is positive for all real values of x. So, fi is strictly monotonic, and it 

Ag SACS function. a - 
ag . = 

b. From the graph of f(x) = x° — x + 1 shown in Figure 5.14(b), you can see that 

the function does not pass the Horizontal Line Test. In other words, it is not 

one-to-one. For instance, f has the same value when x = — 1, 0, and 1. 

les 1) = f(1) = f(0) =| Not one-to-one 

So, by Theorem 5.7, f does not have an inverse function. | 

Often, it is easier to prove that a function has an inverse function than to find the 

inverse function. For instance, it would be difficult algebraically to find the inverse 

function of the function in Example 2(a). 

GUIDELINES FOR FINDING AN INVERSE FUNCTION 

1. Use Theorem 5.7 to determine whether the function y = f(x) has an inverse 

function. 

Solve for x as a function of y: x = g(y) = f~'(). 

Interchange x and y. The resulting equation is y = f- '(x). 

Define the domain of f~! as the range of f- 

Verify that f(f~'(x)) = x and f\(f(x)) = x. 
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in) e 

2 Ne sees 

fe 1 2 3 4 

The domain of f~', [0, co), is the range 
of f. 

Figure 5.15 

[ fo) = Sin x 

fis one-to-one on the interval 

[— 2/2, 2/2]. 

Figure 5.16 

EXAMPLE 3 Finding an Inverse Function 

Find the inverse function of f(x) = /2x — 3. 

Solution From the graph of fin Figure 5.15, it appears that fis increasing over its 

entire domain, [3/2, co). To verify this, note that 

ale a 
fe 3 

is positive on the domain of f. So, fis strictly monotonic, and it must have an inverse 

function. To find an equation for the inverse function, let y = f(x), and solve for x in 

terms of y. 

ERE = By HY Let y = f(x). 

Gi 

Dies ye Square each side. 

y2 +3 
=" 5 Solve for x. 

Dae ae 
y= 5) Interchange x and y. 

2 er S 
7) = r Replace y by f!(x). 

The domain of f! is the range of f, which is [0, oo). You can verify this result as shown. 

f"@) = ai JP =x, x20 

Coe re ee 
2 2 NO | GO 

ro) ie Oe Bg ee 

Theorem 5.7 is useful in the next type of problem. You are given a function that is 

not one-to-one on its domain. By restricting the domain to an interval on which the 

function is strictly monotonic, you can conclude that the new function is one-to-one on 

the restricted domain. 

EXAMPLE 4 Testing Whether a Function Is One-to-One 

* © «+. See LarsonCalculus.com for an interactive version of this type of example. 

Show that the sine function 

f(x) = sinx 

is not one-to-one on the entire real number line. Then show that [— 7/2, 7/2] is the 

largest interval, centered at the origin, on which f is strictly monotonic. 

Solution It is clear that fis not one-to-one, because many different x-values yield the 

same y-value. For instance, 

sin(0) = 0 = sin(z). 

Moreover, f is increasing on the open interval (— 7/2, 7/2), because its derivative 

F(x) = COS x 

is positive there. Finally, because the left and right endpoints correspond to relative 

extrema of the sine function, you can conclude that f is increasing on the close 

‘interval [— 7/2, 7/2] and that on any larger interval the function is not strictly 
monotonic (see Figure 5.16). al 
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Derivative of an Inverse Function 

The next two theorems discuss the derivative of an inverse function. The reasonableness 

of Theorem 5.8 follows from the reflective property of inverse functions, as shown in 

Figure 5.12. 

> Continuity and Differentiability of Inverse Functions 

Let f be a function whose domain is an interval /. If fhas an inverse function, 

then the following: statements are true. 

| 1. If fis continuous on its domain, then f~! is continuous on its domain. 

2. If fis increasing on its domain, then f! is increasing on its domain. 

3. If fis decreasing on its domain, then f~! is decreasing on its domain. 

4 | 4. If fis differentiable on an interval containing c and f(c) # 0, then f~! 
| is differentiable at f(c). 

| 

| 
A proof of this theorem is given in Appendix A. 

See LarsonCalculus.com for Bruce Edwards‘s video of this proof. 

Sanaseancint meena onrainsgansennntnnnnnnsny stevenson rent rsnnaannanunperaonnanenaninsnrn 

Exploration 

Graph the inverse functions f(x) = x? and g(x) = x!/3. Calculate the slopes of 
fat (1, 1), (2, 8), and (3, 27), and the slopes of g at (1, 1), (8, 2), and (27, 3). 
What do you observe? What happens at (0, 0)? 

THEOREM 5.9 The Derivative of an Inverse Function 

Let f be a function that is differentiable on an interval /. If f has an inverse 

function g, then g is differentiable at any x for which f(g(x)) # 0. Moreover, 

J —, 1 7) x 

A proof of this theorem is given in Appendix A. | 

See LarsonCalculus.com for Bruce Edwards's video of this proof. 

EXAMPLE 5 Evaluating the Derivative of an Inverse Function 

Let f(x) = x3 + x — 1. (a) What is the value of f-'(x) when x = 3? (b) What is the 
value of (f~!)’(x) when x = 3? 

Solution Notice that f is one-to-one and therefore has an inverse function. 

a. Because f(x) = 3 when x = 2, you know that f-'(3) = 2. 

b. Because the function f is differentiable and has an inverse function, you can apply 

Theorem 5.9 (with g = f~') to write 

a | wl 

Fa 8) of)" 
Moreover, using f(x) = $x? + 1, you can conclude that 

sets (a 
VO) = Fa) Foye 4 

(F) GC) 
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The graphs of the inverse functions f 

and f~! have reciprocal slopes at points 

(a, b) and (b, a). 

Figure 5.17 

Exponential, and Other Transcendental Functions 

In Example 5, note that at the point (2, | the slope of the graph of fis 4, and at 

the point (3, 2), the slope of the graph of f! 

l 
m=— 4 

dx 
as shown in Figure 5.17. In general, if y = g(x) = f-'(x), then f(y) = x and f(y) = = 

It follows from Theorem 5.9 that dy 

dy I [i we l 

8) = ae PC) FO) ~ e/ayy 
This reciprocal relationship is sometimes written as 

euldy ge 

ee ae . 

EXAMPLE 6 Graphs of Inverse Functions Have Reciprocal Slopes 

Let f(x) = x? (forx = 0), and let f-'(x) = x. Show that the slopes of the graphs of f 
and f~! are reciprocals at each of the oe points. 

a. (2, 4) and (4, 2) b. (3, 9) and (9, 3) 

Solution The derivatives of f and f~! are 

1 
(x) = 2x and 2) (a) ==: Phas 2x (F"Y'@) Sve 

a. At (2, 4), the slope of the graph of fis f(2) = 2(2) = 4. At (4, 2), the slope of the 

graph of f! is 

I Jeu wi = ase NG) == aya 
b. At (3, 9), the slope of the graph of fis f(3) = 2(3) = 6. At (9, 3), the slope of the 

graph of f~! is 

1 a I! ¥ 1 

2/ost2(3) ror 

So, in both cases, the slopes are reciprocals, as shown in Figure 5.18. 

AO) 

10 

At (0, 0), the derivative of f is 0, and 
the derivative of f~! does not exist. 

Figure 5.18 | 
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See CalcChat.com for tutoria! help and worked-out solutions to odd-numbered exercises 

Verifying Inverse Functions 
fand g are inverse etuncione (a) analytically and (b) graphically. 

il, ff e9) abe seal ae) == 

2. f(x) = 3 — 4x (x) = = 

F(x) = x? g(x) = ¥x 

= 1] — x, e(x) = 

Bix) =x +4, x20 

mioy=16—x*, x20, ge) = V16—x CA Ga pS 

Ss —_-~ a 

—I BS oS — ll | 
og — ca — 

ll | 

8. f(x) = 5 ee Wk g(x) = =, On = | 
= be x 

Matching In Exercises 9-12, match the graph of the function 
with the graph of its inverse function. [The graphs of the 

inverse functions are labeled (a), (b), (c), and (d).] 

(a) : (b) 4 

=3-2-1 | 1 2 3 

(d) ‘ 

10. y 

11. y 

In Exercises 1—8, show that Be u In Exercises 13-22, use a 

Raat utility to graph the function. Then use the Horizontal 

Line Test to determine whether the function is one-to-one on its 

entire domain and therefore has an inverse function. 

13. f(x) =3x+6 14. f(x) = 5x -3 
ee eee OX 

15. f(0) = sin 0 16. f(x) = oad 

17S ks) = a) 3 18. g(t) = == 

19. f(x) = Inx IAN KG) = Skene = 1 

21. ye(%) = (ee 45)? 22. x) = x 4) || 

Determining Whether a Function Has an Inverse 
Function In Exercises 23-28, use the derivative to determine 

whether the function is strictly monotonic on its entire domain 

and therefore has an inverse function. 

23S DiS 24S FG == Gas 

25. f(x) = ae De A 26.70) == eto 

= knoe = 3) 28. f(x) = cos ts 27. f(x) 7 

Verifying a Function Has an Inverse Function In 

Exercises 29-34, show that f is strictly monotonic on the given 

interval and therefore has an inverse function on that interval. 

29. f(x) = 

30. f(x) = 

(x + 4), [4, oo) 

inet 2 ea lim 2s 00) 

31-7) = =. (0, co) 

32. f(x) = cotx, (0, m) 

3307 Ue) = COs || OS a 

34. f(x) = sec x, o. 2) 

Finding an Inverse Function In Exercises 35-46, (a) find 

the inverse function of f, (b) graph f and f~' on the same set 

of coordinate axes, (c) describe the relationship between the 

graphs, and (d) state the domain and range of f and fac. 

35.. f(x) = 2x — 3 36. f(x) = 7 — 4x 

37. f(x) =x? 38. f(x) =x? - 1 

29-5 @= AD of (x) exe HAE 

AL fo) = 4, O'S = 2 

Af Chis x ae x= 2 

43. f(x) = ¥x—1 44, f(x) =2x7/3, x20 

a : Mee 45. fs) = Fas 46. f(x) = — 
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In Exercises 47 and 48, use 

the graph of the function f to make a table of values for the 

given points. Then make a second table that can be used to find 

f~—', and sketch the graph of f~'. To print an enlarged copy of 

the graph, go to MathGraphs.com. 

AT 2 48. y 

; PNW | l j eee ae athe l SS 
T T T 

1 

i) 

ees ASG 

49. Cost You need 50 pounds of two commodities costing 

$1.25 and $1.60 per pound. 

(a) Verify that the total cost is y = 1.25x + 1.60(50 — x), 

where x is the number of pounds of the less expensive 

commodity. 

(b) Find the inverse function of the cost function. What does 

each variable represent in the inverse function? 

(c) What is the domain of the inverse function? Validate or 

explain your answer using the context of the problem. 

(d) Determine the number of pounds of the less expensive 

commodity purchased when the total cost is $73. 

50. Temperature The formula C =3(F — 32), where 
F = —459.6, represents Celsius temperature C as a function 

of Fahrenheit temperature F. 

(a) Find the inverse function of C. 

(b) What does the inverse function represent? 

(c) What is the domain of the inverse function? Validate or 

explain your answer using the context of the problem. 

(d) The temperature is 22°C. What is the corresponding 

temperature in degrees Fahrenheit? 

Testing Whether a Function Is One-to-One In Exercises 
51-54, determine whether the function is one-to-one. If it is, 

find its inverse function. 

$1. fG) = x= 2 

530 ). = =| 2 

52. f(x) = —3 

54. f(x) =ax+b, a#0 

Making a Function One-to-One In Exercises 55-58, 
delete part of the domain so that the function that remains is 

one-to-one. Find the inverse function of the remaining function 

and give the domain of the inverse function. (Note: There is 

more than one correct answer.) 

55, Fe) (2 —3)2 56. f(x) = 16 — x* 

| 

ee Nw fF NN 

Logarithmic, Exponential, and Other Transcendental Functions 

57. f(x) = |x +3] 

pap WE —| 
5 Al 

Think About !t In Exercises 59-62, decide whether the 

function has an inverse function. If so, what is the inverse 

function? 

59. g(t) is the volume of water that has passed through a water line 

¢ minutes after a control valve is opened. 

60. h(t) is the height of the tide t hours after midnight, where 

0st < 24. 

61. C(t) is the cost of a long distance call lasting ¢ minutes. 

62. A(r) is the area of a circle of radius r. 

Evaluating the Derivative of an Inverse Function In 
Exercises 63-70, verify that f has an inverse. Then use the 

function f and the given real number a to find (f~!)’(a). (Hint: 
See Example 5.) 

63. f@) =5 = 2x3, a=7 

64. fale = oe a = 2 

65. f(x) = Hx + 2x3), a=-11 

66. f(x).= /x— 4) a S2 

67. f(x) = sin x, 5 ee Ds i 
2 

68. f(x) = cos 2x, NEES, al 

a ap © 
69.4) eens RS a= 3 

year o 
LS AG aaa cos a) 

Using Inverse Functions In Exercises 71-74, (a) find the 

domains of f and f ~, (b) find the ranges of f and f~, (c) graph 
f and f~, and (d) show that the slopes of the graphs of f and 

f—! are reciprocals at the given points. 

Functions Point 

71. f(x) =x 6, ) 

f'@) =v 3) 
72. f(x) =3 — 4x @, =1) 

pag ==+ (-1,1) 
73. f(x) = Vx =4 (5, 1) 

fig) =x7 +4) 2 = 0 (1,5) 

74. fla) =~ <,, C20 (1,2) 

PG) = (2,1) 



Using Composite and Inverse Functions In Exercises 
75-78, use the functions f(x) = ax — 3 and g(x) = x? to find 
the given value. - = 

gam, 2 oe *)(1) 

Pia *ef -*)(6) 

TOA gon oh )(= 3) 

78. (855 2.2 ot) sa) 

Using Composite and Inverse Functions In Exercises 
79-82, use the functions f(x) = x + 4 and g(x) = 2x — 5 to 
find the given function. 

Uo were aif —t 

Siti) 

SOhf ee 

82. (g of)! 

WRITING ABOUT CONCEPTS 

83. In Your Own Words Describe how to find the inverse | 
function of a one-to-one function given by an equation in 

x and y. Give an example. 

84. A Function and Its Inverse Describe the relation- 
ship between the graph of a function and the graph of its 

inverse function. 

Explaining Why a Function Is Not One-to-One In | 

Exercises 85 and 86, the derivative of the function has | 

the same sign for all x in its domain, but the function is not | 

one-to-one. Explain. F 

86. f(x) = 
%G 

x*—4 
} 85. f(x) = tan x 

87. Think About It The function f(x) = k(2 — x — x3) is 
one-to-one and f-!(3) = —2. Find k. 

statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

90. 

Dil. 

92. 

93. 

94. 

O53 

96. 

97. 

98. 

99. 

100. 

101. 

102. 

103. 

5.3. Inverse Functions 345 

If the inverse function of f exists, then the y-intercept of f is 

an x-intercept of f—!. 

If f(x) = x", where n is odd, then f~! exists. 

There exists no function f such that f = f—!. 

Making a Function One-to-One 

(a) Show that f(x) = 2x? + 3x? — 36x is not one-to-one on 
(oonco): 

(b) Determine the greatest value c such that f is one-to-one 

oni(eh-c): 

Proof Let fand g be one-to-one functions. Prove that 

(a) f° g is one-to-one. 

(Bye a): Mai (stot *)x): 
Proof Prove that if fhas an inverse function, then (f—!)~! = f. 

Proof Prove that if a function has an inverse function, then 

the inverse function is unique. 

Proof Prove that a function has an inverse function if and 

only if it is one-to-one. 

Using Theorem 5.7 Is the converse of the second part of 
Theorem 5.7 true? That is, if a function is one-to-one (and 

therefore has an inverse function), then must the function be 

strictly monotonic? If so, prove it. If not, give a counterexample. 

Concavity Let fbe twice-differentiable and one-to-one on 
an open interval /. Show that its inverse function g satisfies 

Wee oe) 
SGN 
When f is increasing and concave downward, what is the 

concavity of f~! = g? 

Derivative of an Inverse Function Let 

ay Pat 

a aa gar 
Find (f~!)’(0). 

Derivative of an Inverse Function Show that 

f= [vi seit dt 

is one-to-one and find 

(f-') (0). 

Inverse Function Let 

eee 

y x-1 

Show that y is its own inverse function. What can you 

conclude about the graph of f? Explain. 

ax +b 

cx +d 

(a) Show that fis one-to-one if and only if be — ad # 0. 

(b) Given bc — ad # 0, find f~!. 

(c) Determine the values of a, b, c, and d such that f = f~'. 

Using a Function Let f(x) = 
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5.4 Exponential Functions: Differentiation and Integration 

The inverse function of the natural 

logarithmic function is the natural 

exponential function. 

Figure 5.19 

THE NUMBER e 

The symbol e was first used by 
mathematician Leonhard Euler 

to represent the base of natural 
logarithms in a letter to another 
mathematician, Christian 
Goldbach, in 1731. 

@ Develop properties of the natural exponential function. 

@ Differentiate natural exponential functions. 

@ Integrate natural exponential functions. 

The Natural Exponential Function 

The function f(x) = In x is increasing on its entire domain, and therefore it has an 

inverse function f~'. The domain of f~! is the set of all real numbers, and the range is 

the set of positive real numbers, as shown in Figure 5.19. So, for any real number x, 

i (hala) = In emeGont = x is any real number. 

If x is rational, then 

In(e*) =xIne= x) = oe x is a rational number. 

Because the natural logarithmic function is one-to-one, you can conclude that f~ !(x) 

and e* agree for rational values of x. The next definition extends the meaning of e* to 

include all real values of x. 

Definition of the Natural Exponential Function 

The inverse function of the natural logarithmic function f(x) = In x is called the 

natural exponential function and is denoted by | 
| ee en 

| 
ie y=e* ifandonlyif x=Iny. 

The inverse relationship between the natural logarithmic function and the natural 

exponential function can be summarized as shown. 

Inverse relationship 

EXAMPLE 1 Solving an Exponential Equation 

Solve 7 = e7*!. 

Solution You can convert from exponential form to logarithmic form by taking the 

natural logarithm of each side of the equation. 

7 = e*t! Write original equation. 

In 7 = In(e** *) Take natural logarithm of each side. 

In7=x+ 1 Apply inverse property. 

Ml ae lh, 7 Se Solve for x. 

So, the solution is —1 + In7 ~ —0.946. You can check this solution as shown. 

= eo Write original equation. 
9 

7 rr Pha! ak Substitute —1 + In 7 for x in original equation. 

| is et Simplify. 

owas Solution checks. af 
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EXAMPLE 2 Solving a Logarithmic Equation 

Solve In(2x — 3) = 5. 

Solution To convert from logarithmic form to exponential form, you can 

exponentiate each side of the logarithmic equation. 

In(2x, =.3)=5 Write original equation. 

(Beg ree) Nea Exponentiate each side. 

2x -3 =e Apply inverse property. 

x= $(e ge 3) Solve for x. 

pete 1 enh Ue) Use a calculator. | 

The familiar rules for operating with rational exponents can be extended to the 

natural exponential function, as shown in the next theorem. 

; y . . . . 

THEOREM 5.10 Operations with Exponential Functions 

Let a and b be any real numbers. 

ak, ee? a ettb Y < = eth 

e 

Proof To prove Property 1, you can write 

In(e%e”) = In(e*) + In(e’) = a + b = In(e**”). 

Because the natural logarithmic function is one-to-one, you can conclude that 

e%e? = ett 

The proof of the other property is given in Appendix A. 

See LarsonCalculus.com for Bruce Edwards’s video of this proof. ta 

In Section 5.3, you learned that an inverse function f~' shares many properties with f. 

So, the natural exponential function inherits the properties listed below from the 

natural logarithmic function. 

Properties of the Natural Exponential Function 

1. The domain of f(x) = e* is 

(— 00, 00) 

and the range is 

(0, oc). 
2. The function f(x) = e* is continuous, 

increasing, and one-to-one on its entire 

domain. 

3. The graph of f(x) = e* is concave 
upward on its entire domain. 

4. lim e’ =0 
x00 The natural exponential function is 

5. lim e* = 90 increasing, and its graph is concave 
x— CO 

upward. 



348 Chapter 5 Logarithmic, Exponential, and Other Transcendental Functions 

Derivatives of Exponential Functions 

One of the most intriguing (and useful) characteristics of the natural exponential 

function is that it is its own derivative. In other words, it is a solution of the differential 

equation y’ = y. This result is stated in the next theorem. 

Derivatives of the Natural Exponential Function 

You can interpret Let u be a differentiable function of x. 

this theorem geometrically by - 
oe, [e*| = e saying that the slope of the 

2 ; * dx 
graph of f(x) = e* at any point oe 

(x, e*) is equal to the d [e“] = et! du 

y-coordinate of the point. dx dx 

Proof To prove Property 1, use the fact that In e* = x, and differentiate each side of 

the equation. 

Ine* = x Definition of exponential function 

if FOR FURTHER INFORMATION a [In e*| = uy [x] Differentiate each side with respect to x. 
To find out about derivatives of dx dx 

exponential functions of order 1/2, tide oe 

see the article “A Child’s Garden of ap teria 
Fractional Derivatives” by Marcia d 

Kleinz and Thomas J. Osler in The a te" =e" 
College Mathematics Journal. To ; 

view this article, go to The derivative of e” follows from the Chain Rule. 

MathArticles.com. See LarsonCalculus.com for Bruce Edwards’s video of this proof. | 

EXAMPLE 3 Differentiating Exponential Functions 

Find the derivative of each function. 

a. y =e! b. y= e >" 

Solution 

d du 
——— DENIM | soma i hip 9) 2G — ft a ra a ces é | é ae é u=2x- 1 

dvs du (3 3e3/" 3 
——p=3/*]' = p4— =) | == 36 as 3 b. a le "| =e re (3)e S le 

EXAMPLE 4 Locating Relative Extrema 

Find the relative extrema of 

f(x) = xe’. 

Solution The derivative of fis 

> X 5 a . 

f (x) = x(e) + e*(1) Product Rule 
(-1,-e) es 

Relative minimum Sue ‘(x 1 I). 

Because e* is never 0, the derivative is 0 only when x = —1. Moreover, by the First 

The derivative of f changes from Derivative Test, you can determine that this corresponds to a relative minimum, as 

negative to positive atx = —1. shown in Figure 5.20. Because the derivative f(x) = e*(x + 1) is defined for all x, there 

Figure 5.20 are no other critical points. | 



eee . The general form 

of a normal probability density 

function (whose mean is () is 

( 

o/ 27 
ff) = en 208) 

where a is the standard 

deviation (a is the lowercase 

Greek letter sigma). This 

“bell-shaped curve” has points 

of inflection when x = +o. 
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EXAMPLE 5 The Standard Normal Probability Density Function 

« «¢ef> See LarsonCalculus.com for an interactive version of this type of example. 

Show that the standard normal probability density function 

SSNs) eo /2 
| eye 

F(x) a= 

has points of inflection when x = +1. 

Solution To locate possible points of inflection, find the x-values for which the 

second derivative is 0. 

1 

27 

1 

eo /2 f(x) = Write original function. 

ec at 
J 20 

fx) = Pella + (-1)e?/2] 

1 
= e7*/2)\(x2 — | i ) ) 

So, f’(x) = 0 when x = +1, and you can apply the techniques of Chapter 3 to conclude 

that these values yield the two points of inflection shown in Figure 5.21. 

fe) First derivative 

Product Rule 

Second derivative 

Two points of 

inflection 

ry) — 1 ,—x4/2 
[f= Wo 

: 

- 
—2 -l 1 

The bell-shaped curve given by a standard 

normal probability density function 

Figure 5.21 P| 

EXAMPLE 6 Population of California 

The projected populations y (in thousands) of California from 2015 through 2030 can 

be modeled by 

ye 34,696e9.00971 

where ft represents the year, with t = 15 corresponding to 2015. At what rate will the 

population be changing in 2020? (Source: U.S. Census Bureau) 

Solution The derivative of the model is 

y’ = (0.0097)(34,696)e°0”" 
= 336. 55e00, 

By evaluating the derivative when t = 20, you can estimate that the rate of change in 

2020 will be about 

408.6 thousand people per year. ud 
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Integrals of Exponential Functions 

Each differentiation formula in Theorem 5.11 has a corresponding integration formula. 

Integration Rules for Exponential Functions 

Let u be a differentiable function of x. 

1. fe OC aaa Me fe Ci — eee iO 

EXAMPLE 7 Integrating Exponential Functions 

Find the indefinite integral. 

3x+1 
fe erry 

Solution If you let uw = 3x + 1, then du = 3 dx. 

1 ; 
| extldy = sf es = (aa Multiply and divide by 3: 

I , 
= 3 e“ du Substitute: u = 3x + 1. 

I 
= eet +6 Apply Exponential Rule. 

e3xt 1 

=a 7G Back-substitute. | 

: In Example 7, the missing constant factor 3 was introduced to create 

du = 3 dx. However, remember that you cannot introduce a missing variable factor in 

the integrand. For instance, 

Je dx # e Jeno dx). 
Xx. 

EXAMPLE 8 Integrating Exponential Functions 

Find the indefinite integral. 

i 5xe~* dx 

Solution If you let u = —x?, then du = —2x dx or x dx = —du/2. 

[sxe dx = | 5e-*(x dx) Regroup integrand. 

du : 
= | Se” ay Substitute: uw = —x?. 

=) 
= Fy edu Constant Multiple Rule 

5 
= int a a Ae Apply Exponential Rule. 

Od 2 
= ere ie Back-substitute. wi 
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EXAMPLE 9 Integrating Exponential Functions 

Find each indefinite integral. 

e!/x 

a. = (aN% Dee asia soo ea, 
XE 

Solution 

e" du 
sia 

a [< ale = -[e(-4) dx u=- 

=—-elK+C 

e" du 
— os 

b. [sn Kes a = fem s(=sin x dx) U = COs x 

SSS TE 

Finding Areas Bounded by Exponential Functions 

Evaluate each definite integral. 

i Lee 0 
a. | é *ax b. | aihi Cc. | [e* cos(e*) | dx 

0 0 1 ap (Ge = 

Solution 

1 1 

a. | e*dx = -e*| See Figure 5.22(a). 
0 0 

ee (ad) 
1 

=|]-- 

& 

= 0.632 
aa r 

b. grein + e| See Figure 5.22(b). 
0 il se @ 0 

= In(t + e) — in2 

= 0.620 
0 

c. | [e* cos(e*) | dx 
4 

0 

sin(e') See Figure 5.22(c). 
=| 

= sin 1 — sin(e~!) 

= ().482 

(a) (b) (c) 
Figure 5.22 ia 
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5.4 Exercises 

nic Equation In 

Exercises 1-16, solve for x accurate to three decimal places. 

1. em = 4 2. eln3x = 24 

3\ ev = 12 4. 5e* = 36 
5.)9 — 2ee=7 6. 8e° — 12 =7 

7.| 50e-* = 30 8. 100e~2* = 35 

\ 9 Tae = 50 10. near =2 

teins IDA ling? = 

 n{Ge = Si 14. In4x = 1 

15 fine 2 =I 16. In(x — 2)? = 12 

Sketching a Graph In Exercises 17-22, sketch the graph of 

the function. 

17. y=e™ 18. y = Ser 

19. ye +2 20. y= er"! 

Di cae 22. uae 

23. Comparing Graphs Use a graphing utility to graph 

f(x) = e* and the given function in the same viewing window. 

How are the two graphs related? 

(a) g(x)i=e* 2 (6) kG) = —te* (c) qx) =e*+3 

24. Asymptotes Use a graphing utility to graph the function. 

Use the graph to determine any asymptotes of the function. 

(a) f(x) = (b) g(x) = a i) de e 05x (| ae e7 0-5/x 

Viatching In Exercises 25-28, match the equation with the 

correct graph. Assume that a and C are positive real numbers. 

[The graphs are labeled (a), (b), (c), and (d).] 

(a) 7 (b) 
y 

A 

(d) “ 

25. y = Ce® 26. y = Ce-@ 

mle yy =O ea) 28. y = 

Logarithmic, Exponential, and Other Transcendental Functions 
[, 
G 

moss 
{0 wd 

See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Inverse Functions 

functions are inverses of each other by graphing both functions 

on the same set of coordinate axes. 

In Exercises 29-32, illustrate that the 

29. f(x) = e* 30. f&) = e* 

g(x) = In/x g(x) = Inx3 

31.7 (%) See 1 32. f(x) =e! 

g(x) = In + 1) g(x) = 1+ Inx 

=e" 34, y=e *% 

ly = ev 36. y=e>"" 

ly = 4 38. y = 5e* +5 

e*Inx 40. y = xe* 

= x3e* 42. y= x2e* 

= (eo ee 44, 9(t) = e3/" 

+ x 

In ez) 46. y= in(} ) 
ae 

2 Chae We Sa peerae= 48. y = 

Canal Gus 
9 ie a 0 ee, 

51. y = e*(sinx + cos x) 52. y =e tan 2x 
Inx ex 

53. F(x) -| cos e'dt 54. F(x) =| In(t + 1) dt 
7 0 

Finding an Equation of a Tangent Line In Exercises 
55-62, find an equation of the tangent line to the graph of the 

function at the given point. 

55. fi) =e, (ORL) 

56. f(ix)=e-2, (0,1) 

(Sh fa) = 2-5 G1) 

58. y = e72**" (2, 1) 

(59) f(x) =eInx, (1,0) 
A Co er 
00.9 = ne (0, 0) 

61. y = x2e* — Qxe* + 2e*, 

(1, 0) 

(1, e) 
62. y = xe* — e”, 

Implicit Differentiation In Exercises 63 and 64, use 

implicit differentiation to find dy/dx. 

63. xe” — 10x + 3y = 0 64. e + x* — y? = 10 

Finding the Equation of aTangent Line In Exercises 65 
and 66, find an equation of the tangent line to the graph of the 

function at the given point. 

65. xe? + ye*=1, (0, 1) 66. 1 + Inxy = e*, (1, 1) 
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Finding a Second Derivative In Exercises 67 and 68, find 

the second derivative of the function. 82. HOW DO YOU SEE IT? The figure shows 
—3x the graphs of f and g, where a is a positive real 

67. a 3 + 2x 3x a y= 5 +t ex - J ; 

nag! as ST amie at ae Ue number. Identify the open interval(s) on which the 
graphs of f and g are (a) increasing or decreasing, Differential Equation In Exercises 69 and 70, show that 
and (b) concave upward or concave downward. the function y = f(x) is a solution of the differential equation. 

J ! 

69. y= em 70. y= e* + e 3x 

m= y=0 y”’—- 9y =0 

Pe Finding Extrema and Points of Inflection In Exercises 
71-78, find the extrema and the points of inflection (if any 

exist) of the function. Use a graphing utility to graph the 

function and confirm your results. 

(? ee P= 
& ne. Na oe LAN EW ~(e-3)/2 Pe 83. Depreciation The value V of an item ¢ years after it is 

A Bae lo goat a purchased is V = 15,000e ©9286 Q < ¢ < 10. 

75. f(x) = x?e* 16. {() = xe (a) Use a graphing utility to graph the function. 

77. g(t) =1+ (2+ te 78. f(x) = —2 + eh — 2x) (b) Find the rates of change of V with respect to f when t = 1 
and t = 5. 

79. Area Find the area of the largest rectangle that can be 
‘ c) Use a graphing utility to graph the tangent lines to the 

inscribed under the curve y = e * in the first and second © ee eas pee e 
function when ¢t = | andt = 5. 

quadrants. : ; 
Be ‘ ; Ay 84. Harmonic Motion The displacement from equilibrium of 

80. Area Perform the following steps to find the maximum area a mass oscillating on the end of a spring suspended from a 

of the rectangle shown in the figure. ceiling is y = 1.56e~°??' cos 4.9, where y is the displacement 
y (in feet) and f is the time (in seconds). Use a graphing utility 

4 to graph the displacement function on the interval [0, 10]. Find 

aN a value of ¢ past which the displacement is less than 3 inches 

from equilibrium. 

85. Atmospheric Pressure eeececceccccce 

A meteorologist measures the atmospheric pressure P (in 

kilograms per square meter) at altitude / (in kilometers). 

The data are shown below. 

mo [5 [0 15 | 20 

P | 10,332 | 5583 | 2376 | 1240 | 517 

(a) Use a graphing i(C eM 

Wii 

> X. {——+——++- 
Oe AG Cr 1 6 

(a) Solve for c in the equation f(c) = f(c + x). 

(b) Use the result in part (a) to write the area A as a function 

of x. [Hint: A = xf(c)] 

(c) Use a graphing utility to graph the area function. Use the 

graph to approximate the dimensions of the rectangle of 

maximum area. Determine the maximum area. 

utility to plot the 

points (A, In P). 
Use the regression 

capabilities of the 

graphing utility to 

find a linear model 

for the revised data 

(d) Use a graphing utility to graph the expression for c found 

in part (a). Use the graph to approximate 

lim c and lime. 
x>0* x00 

: points. 
Use this result to describe the changes in dimensions and |e ; 
position of the rectangle for 0 < x < 00. (b) The line in part (a) has the form In P = ah + b. Write 

the equation in exponential form. 
Pe 81. Finding an Equation of a Tangent Line Find a point ; za ee 

(c) Use a graphing utility to plot the original data and graph on the graph of the function f(x) = e** such that the tangent 
line to the graph at that point passes through the origin. Use a 

graphing utility to graph f and the tangent line in the same 

viewing window. 

the exponential model in part (b). 

(d) Find the rate of change of the pressure when h = 5 and 

h = 18. 

Robert Adrian Hillman/Shutterstock.com Cr eloLelemarutodetelé, « dele6 6s 656106 weve te ° # 
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The table lists the approximate values V 

of a mid-sized sedan for the years 2006 through 2012. The 

variable ft represents the time (in years), with t= 6 

corresponding to 2006. 

= 

t 6 7 8 g 

V | $23,046 | $20,596 | $18,851 | $17,001 

t 10 11 2 

V | $15,226 | $14,101 | $12,841 

(a) Use the regression capabilities of a graphing utility to fit 

linear and quadratic models to the data. Plot the data and 

graph the models. 

(b) What does the slope represent in the linear model in 

part (a)? 

(c) Use the regression capabilities of a graphing utility to fit 

an exponential model to the data. 

(d) Determine the horizontal asymptote of the exponential 

model found in part (c). Interpret its meaning in the 

context of the problem. 

(e) Use the exponential model to find the rate of decrease in 

the value of the sedan when t = 7 and t = 11. 

Fie Linear and Quadratic Approximation In Exercises 87 
and 88, use a graphing utility to graph the function. Then 

graph 

P. (x) = 

Py(x) = f(0) + (OV — 0) + 5 FO) — 0)? 

in the same viewing window. Compare the values of f, P,, P. 

and their first derivatives at x = 0. 

87. f(x) =e 

f(0) + (0) — 0) and 

88. f(x) = ev? 

Stirling's Formula For large values of n, 

mni=1-2-°3-4+--:(n—1)'n 

can be approximated by Stirling’s Formula, 

In Exercises 89 and 90, find the exact value of n!, and then 

approximate n! using Stirling’s Formula. 

89, n = 12 90. n = 15 

Finding an Indefinite Integral 

_ the indefinite integral. 

9h. [eo dx 

§3| iG | dx 

25, [ve dx 

In Exercises 91-108, find 

92. i e-**(— 4x3) dx 

94, fe “3x dy 

96. [ ee + 1)? dx 

/ 
j 

Logarithmic, Exponential, and Other Transcendental Functions 

e~ ix 1 el/x? 

De sie? 98. a dx 

| e~ er 

99, = ths 100. = (he 
see il sp Ge 

\a01,/| CEN = 2 ab 102. {¢ = : ~ dx ) ; 

x 1 ox D) = ys 

103. i ae 104. | ca He SB, 
er —e~ (e* = e Ne 

oe Te 2 se 9) Lame 

105. | a 106. { ca Sa 
Ce e 

107. fe tan(e*) dx 

108. | e* csc(e?*) dx 

Evaluating a Definite Integral In Exercises 109-118, 
evaluate the definite integral. Use a graphing utility to verify 

your result. 

110. { or ak 
I 

109. I en ay 

111. [= —? dx 112. ie x2e*/2 dx 
By 

3 ee a2) 

113. [ Sa 114. is xe 12) dx 

15. [ ate 116. 
eleae 5 = 

117. ie esinn® Cos ax dx 

118. i ese 2x sec 2x tan 2x dx 
7/3 

EE Slope Field In Exercises 119 and 120, a differential 
equation, a point, and a slope field are given. (a) Sketch two 

approximate solutions of the differential equation on the slope 

field, one of which passes through the given point. (b) Use 

integration to find the particular solution of the differential 

equation and use a graphing utility to graph the solution. 

Compare the result with the sketches in part (a). To print an 

enlarged copy of the graph, go to MathGraphs.com. 

dy _ —0.2x? ( -) 120. 5 eile anit (3 5 
d 

119, 2 = 2e-*/2, (0,1) 
dx 

y yy, 

LIIS FLA A427 -—-——— SANNA (AH A A mn 
LIISA 47 747--—— SNA NSH 4 1 fo 
IN) UI ow sal he ee fet al NNN A me 

WU A Aegean ce BERS Ge 
WYO. ee tate aA em NNN NANNY 1 1 2 
LIVIA AA 42 2--—— NNN HE A ff 
LLL IRL SA A 477 SEA ek AA LA eann— 

/ Vf 4 seee--— » 
| / / I 1/4 2272--—— PES A ean ON 

hate if x SS ANNAAMHES 4 4 1 1 
ELON M ORL ie AC SNNNNS ESAS 1 = 

TY (ant baw ll Aa Ae ee lel cl SANNA ALE AA 
LIILIV AAA 42 2--——— NNN NNSNEA AS 1 = 
l I+ S472 ----—— NNN Se Sf em 

Differential Equation In Exercises 121 and 122, solve the 

differential equation. 

121, > = xe” 122, = (et — ep? 
dy 

“tile dx 



Differential Equation 

5.4 Exponential Functions: Differentiation and Integration 355 

In Exercises 123 and 124, find the 

particular solution that satisfies the initial conditions. 

123. f(x) = 3(e* +e), 

FO) = 1, £0) = 0 

124. fx) = sinx + e*, 

£0) =4 FO =3 

Fe Area In Exercises 125-128, find the area of the region 

bounded by the graphs of the equations. Use a graphing utility 

to graph the region and verify your result. 

125. y=e*,y=0,x =0,x =5 

126. y=e *,y =0,x = —-1,x =3 

ey xe 4 y = 0,x = 0,x = /6 

128. y=e* +2,y=0,x=0,x =2 

Numerical Integration In Exercises 129 and 130, 
approximate the integral using the Midpoint Rule, the 

Trapezoidal Rule, and Simpson’s Rule with n = 12. Use a 

graphing utility to verify your results. 

129. 

Fe 131. 

132. 

133: 

Pe 134. 

4 2 

| J/x e* dx 130. i 2xe * dx 
0 0 

Probability A car battery has an average lifetime of 
48 months with a standard deviation of 6 months. The battery 

lives are normally distributed. The probability that a given 

battery will last between 48 months and 60 months is 

0.0065 [ °° 
00139148) eh 

48 

Use the integration capabilities of a graphing utility to 

approximate the integral. Interpret the resulting probability. 

Probability The median waiting time (in minutes) for 
people waiting for service in a convenience store is given by 

the solution of the equation 

03e% a = 1 
0 2 

What is the median waiting time? 

Using the Area of a Region Find the value of a such 
that the area bounded by y = e *, the x-axis, x = —a, and 

x = @is S 

Modeling Data A valve on a storage tank is opened for 
4 hours to release a chemical in a manufacturing process. The 

flow rate R (in liters per hour) at time ¢ (in hours) is given in 

the table. 

2 3 4 

118 71 36 

(a) Use the regression capabilities of a graphing utility to 

find a linear model for the points (¢,In R). Write the 
resulting equation of the form InR=at+b in 

exponential form. 

(b) Use a graphing utility. fi to plot the data and graph the 

exponential model. 

(c) Use the definite integral to approximate the number of 

liters of chemical released during the 4 hours. 

ad 140. 

eee ABOUT IS 

135. ert tie S of the Natural E> a 

ae your own words, state nen properties of the sects 

exponential function. 

A Functic . Aruncti on and Its Derivatiy Is there a function 

ia sii that f(x) = f(x)? If so, identify it. 

a Function Without integrating, state the 

integration formula you can use to integrate each of the 

following. 

e* 

(b) fre? dx 

138. Analyzing a Graph Consider the function 

2 

1+el/ 
f(x) = 

Fy (a) Use a graphing utility to graph f. 

(b) Write a short paragraph explaining why the graph has 

a horizontal asymptote at y = | and why the function 

has a nonremovable discontinuity at x = 0. 

139. Deriving an Inequality Given e* = 
follows that 

[ear= [var 
0 0 

Perform this integration to derive the inequality 

pioney =—.0 it 

(Gi 22 Ma Fe 

for x = 0. 

Solving an Equation Find, to three decimal places, the 
value of x such that e-* = x. (Use Newton’s Method or the 

zero or root feature of a graphing utility.) 

141. Horizontal Motion The position function of a particle 
moving along the x-axis is x(t) = Ae + Be~™, where A, B, 

and k are positive constants. 

(a) During what times f is the particle closest to the origin? 

(b) Show that the acceleration of the particle is proportional 

to the position of the particle. What is the constant of 

proportionality? 

: P In: 
142. Analyzing a Function Let f(x) = a) 

(a) Graph f on (0, co) and show that fis strictly decreasing on 

(e, 00). 
(b) Show that ife < A < B, then A? > B’. 

(c) Use part (b) to show that e7 > 7°. 

143. Finding the Maximum Rate of Change Verify that 

the function 

pat as: ee ae Ye ghSv) 
ae~ 

increases at a maximum rate when y = L/2. 
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5.5 Bases Other than e and Applications 

i Define exponential functions that have bases other than e. 

@ Differentiate and integrate exponential functions that have bases other than e. 

l@ Use exponential functions to model compound interest and exponential growth. 

Bases Other than e 

The base of the natural exponential function is e. This “natural” base can be used to 

assign a meaning to a general base a. 

| Definition of Exponential Function to Base a 

If a is a positive real number (a # 1) and x is any real number, then the 

exponential function to the base a is denoted by a* and is defined by 

C= e(in a)x 

| owt ) . . 

+ kal | If a = 1, then y = I* = 1 is a constant function. 
} ly neeennadenaieneaammananenenie aia oA ats 

These functions obey the usual laws of exponents. For instance, here are some 

familiar properties. 

Ge 

La = 1 2G =a 2 oe ANG) — a 
a 

When modeling the half-life of a radioactive sample, it is convenient to use ; as the 

base of the exponential model. (Half-life is the number of years required for half of the 

atoms in a sample of radioactive material to decay.) 

Radioactive Half-Life Model 

The half-life of carbon-14 is about 5715 years. A sample contains | gram of carbon-14. 

How much will be present in 10,000 years? 

Solution Let ¢ = 0 represent the present time and let y represent the amount (in 

grams) of carbon-14 in the sample. Using a base of you can model y by the 

equation 

1 \1/5715 

yl 
Notice that when t = 5715, the amount is 

reduced to half of the original amount. 

{ \STIS/STIS) E 
v= 7 = > gram is 

\ s 

When f = 11,430, the amount is reduced to a é 
quarter of the original amount, and so on. To = 

Carbon dating uses the find the amount of carbon-14 after 10,000 years, v 

radioisotope carbon-14 to substitute 10,000 for tf. 

estimate the age of dead organic tebodieans 

materials. The method is based y= (5) ) ; Time (j 
3 ime (in years) 

on the decay rate of carbon-14 2 
(see Example 1), a compound ~ 0,30 gram The half-life of carbon-14 is about 

organisms take in when they S715 years, 
are alive. The graph of y is shown in Figure 5.23. Figure 5.23 waa 

Zens/Shutterstock.com 
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: In precalculus, 

you learned that log, x is the 

value to which a must be raised 

to produce x. This agrees with 

the definition at the right 

because 

q'°Sak = q(/ina)in x 

(en @)(1/In a)ln x 

ae (In a/In a)In x 

= einx 

a Ge 
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Logarithmic functions to bases other than e can be defined in much the same way 

as exponential functions to other bases are defined. 

Definition of Logarithmic Function to Base a 

If a is a positive real number (a # 1) and x is any positive real number, then 

the logarithmic function to the base a is denoted by log, x and is defined as 

I 
log, x =-—— In x: CP ee In x 

Logarithmic functions to the base a have properties similar to those of the 

natural logarithmic function given in Theorem 5.2. (Assume x and y are positive 

numbers and n is rational.) 

1. log, 1 =0 Log of 1 

2. log, xy = log, x + log, y Log of a product 

3. log 2x7 = nlogix Log of a power 

4. log, 5 =log,x — log, y Log of a quotient 

From the definitions of the exponential and logarithmic functions to the base a, it 

follows that f(x) = a* and g(x) = log, x are inverse functions of each other. 

Properties of Inverse Functions 

1. y = a’ if and only if x = log, y 

22 sa tory S10 

3. log, a* = x, for all x 
at eet ee ROIS Pee on i 

The logarithmic function to the base 10 is called the common logarithmic 

function. So, for common logarithms, 

= 10* ifandonlyif x = log,y. Property of Inverse Functions Ms y) S10 

EXAMPLE 2 Bases Other than e 

Solve for x in each equation. 

1 
a. aaaree b. log, x = —4 

Solution 

a. To solve this equation, you can b. To solve this equation, you can apply 

apply the logarithmic function to the the exponential function to the base 2 

base 3 to each side of the equation. to each side of the equation. 

ee log, x = —4 

81 Jlog.x — 2-4 

oe : I log, 3* = log; 81 Sey 

% =ogs3-* 1 

x=-4 an al 
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Differentiation and Integration 

To differentiate exponential and logarithmic functions to other bases, you have three 

options: (1) use the definitions of a* and log, x and differentiate using the rules for the 

natural exponential and logarithmic functions, (2) use logarithmic differentiation, or 

(3) use the differentiation rules for bases other than e given in the next theorem. 

Derivatives for Bases Other than e 

These | Let a be a positive real number (a # 1), and let u be a differentiable function of x. 

differentiation rules are similar 

to those for the natural 

exponential function and the 

natural logarithmic function. 4. da rien Vou dic 
In fact, they differ only by the (In a)x alee (In a)u dx 
constant factors In a and 1/In a. a ee ee ee 

This points out one reason why, 

for calculus, e is the most Proof By definition, at = e"*. So, you can prove the first rule by letting 

convenient base. u = (In a)x and differentiating with base e to obtain 

< [a'l = = fel OS |e et = e(na)x(In a) = (Ina)a’. 

3 [a*] = Una)a* De sa 
dx 

A 
ile re 

d 
ein aya" 

dx 

d 
3. ik [log x] = 

To prove the third rule, you can write 

airs =4| + inx| = (+) - : 
dx ®e dx| Ina Ina\x (In a)x’ 

The second and fourth rules are simply the Chain Rule versions of the first and third rules. 

See LarsonCalculus.com for Bruce Edwards’s video of this proof. = | 

EXAMPLE 3 Differentiating Functions to Other Bases 

Find the derivative of each function. 

a. y = 2* b. y = 2* c. y = logy, cos x d. y = log, ie =e 

Solution 

a. y’= < (2 =—m(hn2)2* 

d vette e eee eee eee D> by’ = [2] = (In 2)2%(3) = (in 2)2™ 
Ta Vy dx 
REMARK Try writing 2>* ; 

; ke aati d = Gilia x ] 
as 8* and differentiating to see c. y’ = —[log,, cos x] = et ae 

that you obtain the same result. ; aes Unt Deon yd 
d. Before differentiating, rewrite the function using logarithmic properties. 

Weel 
5 eens 5 log; x — log. 7 5) y = log, 

Next, apply Theorem 5.13 to differentiate the function. 

,_ all = ee E log..4— los. 5)| 

Pee ies, ial 
2(In 3)x (In 3)(x + 5) 

. 2 Depa" 

~~ 2(In 3)x(x + 5) a 
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@eeseeoeeoeesee eee 8s & @ @ & ©} 
ho" 

¢*REMARK Be sure you 
see that there is no simple 

differentiation rule for calculating 

the derivative of y = x*. In 

general, when y = u(x)", 
you need to use logarithmic 

differentiation. 
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Occasionally, an integrand involves an exponential function to a base other than e. 

When this occurs, there are two options: (1) convert to base e using the formula 

a‘ = e\'n* and then integrate, or (2) integrate directly, using the integration formula 

{ ake = (Je ar 
Ina 

which follows from Theorem 5.13. 

EXAMPLE 4 Integrating an Exponential Function to Another Base 

Find | DES OB. 

Solution 

1 * dx = 4 [2 dx no G a 

When the Power Rule, D, [x”] = nx”"~!, was introduced in Chapter 2, the exponent 

n was required to be a rational number. Now the rule is extended to cover any real value 

of n. Try to prove this theorem using logarithmic differentiation. 

THEOREM 5.14 The Power Rule for Real Exponents 

Let n be any number, and let u be a differentiable function of x. 

cs 7 — =a a Ri) == n—1 au 1. qs ins Fy We = nu aE 

The next example compares the derivatives of four types of functions. Each 

function uses a different differentiation formula, depending on whether the base and the 

exponent are constants or variables. 

EXAMPLE 5 Comparing Variables and Constants 

d 
a. Re = 0 Constant Rule 

X 

he ot S ; 
b. ale’) =e Exponential Rule 

d Coal c. meet = (ON Power Rule 
X 

d. y=x* Logarithmic differentiation 

In y = Inx* 

Iny = xInx 

y= (4) + (In x)(1) 
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Applications of Exponential Functions 

An amount of P dollars is deposited in an account at an annual i A i 

interest rate r (in decimal form). What is the balance in the 

account at the end of 1 year? The answer depends on the | $1080.00 

number of times n the interest is compounded according to the 5 $1081.60 

formula 

r\n 4 $1082.43 

As =< Bal sare hs 
( ‘) 12 | $1083.00 

For instance, the result for a deposit of $1000 at 8% interest 365 | $1083.28 

Chapter 5 

. | (* te ty 

x 

10 2.59374 

100 2.70481 

1000 2.71692 

10,000 2.71815 

100,000 271827 

1,000,000 | 2.71828 

compounded n times a year is shown in the table at the right. 

As n increases, the balance A approaches a limit. To 

develop this limit, use the next theorem. To test the 

reasonableness of this theorem, try evaluating 

ea] 
for several values of x, as shown in the table at the left. 

THEOREM 5.15 A Limit Involving e 
| 

| 
i x + 2 

| lim (+4) = im (* ‘) = 
xX— co XG xX> 00 2,8 

A proof of this theorem is given in Appendix A. 

See LarsonCalculus.com for Bruce Edwards's video of this proof. 

Given Theorem 5.15, take another look at the formula for the balance A in an 

account in which the interest is compounded n times per year. By taking the limit as n 

approaches infinity, you obtain 

Take limit as 1 400. A= tim P(1 +2) 
noo n 

i n/r |r 

P lim i(: + +) | 
n—>oco n/r 

= P| tim ( +t) 
x> 90 2g 

= Pe’. 

I Rewrite. 

Let x = n/r. Then x00 as n> 00. 

Apply Theorem 5.15. 

This limit produces the balance after 1 year of continuous compounding. So, for a 

deposit of $1000 at 8% interest compounded continuously, the balance at the end of 

1 year would be 

A = 1000e°°8 ~ $1083.29. 

SUMMARY OF COMPOUND INTEREST FORMULAS 

Let P = amount of deposit, = number of years, A = balance after ¢ years, 

r = annual interest rate (decimal form), and n = number of compoundings 

per year. 

nt 

1. Compounded n times per year: A = P(i a ") 
n 

2. Compounded continuously: A = Pe” 



Lis 

1.104 

105 +f 

Weight of culture (in grams) 1.00 -# 

Time (in hours) 

The limit of the weight of the culture 
as too is 1.25 grams. 

Figure 5.24 

IESE PCRS Toya) Meee ee) et l(0) 
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EXAMPLE 6 Continuous, Quarterly, and Monthly Compounding 

e+ ee See LarsonCalculus.com for an interactive version of this type of example. 

A deposit of $2500 is made in an account that pays an annual interest rate of 5%. 

Find the balance in the account at the end of 5 years when the interest is compounded 

(a) quarterly, (b) monthly, and (c) continuously. 

Solution 

.\nt 

a. A = P(1 Sis *) Compounded quarterly 

4(5) 

= 2500(1 a a 4 

= 2500(1.0125)7? 

=~ $3205.09 
nt 

b. A = Pi ar *) Compounded monthly 

0.05 12(5) 

2) |e dates.) 
=~ 2500(1.0041667) 

= $3208.40 

c. A = Pe” Compounded continuously 

= 2500( 22] 

='2500e2 

= $3210.06 

EXAMPLE 7 Bacterial Culture Growth 

A bacterial culture is growing according to the logistic growth function 

es) 

Y= T+ 0.2508 10 
where y is the weight of the culture in grams and f is the time in hours. Find the weight 

of the culture after (a) 0 hours, (b) 1 hour, and (c) 10 hours. (d) What is the limit as ¢ 

approaches infinity? 

Solution 

1525 
a. When t = 0, y+ 0.25e-040 

= | gram. 

1e25 
b. When ¢ = 1, Y~ 74 0.25e-040) 

~ 1.071 grams. 

125 
ce. When? = 10, y = 779 95,-04010) 

= 1.244 grams. 

d. Taking the limit as ¢ approaches infinity, you obtain 

‘am cartes 2s ae ee 1.25 grams. 
eoeleu(0Qse 8 1.0 

The graph of the function is shown in Figure 5.24. | 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 5.5 Exercises 

ga arithmic Expression In Exercises 1-4, 

evaluate the expression without using a calculator. 

+) 
I. log,3 2. logs; 9 

) 
3. log, | 4. log, - 

= a 

Exponential and Logarithmic Forms of Equations In 

Exercises 5—8, write the exponential equation as a logarithmic 

equation or vice versa. 

e (a) 22 =8 6. (a) 2727/3 =9 

Pine) ee = (b) 163/4=8 

| 7 (a) logy OOS —2 8. (a) log; 5 = -2 

(b) logs 8 = —3 (b) 49/2 = 7 

Sketching a Graph In Exercises 9-14, sketch the graph of 
the function by hand. 

to 9 y= 

11. y= 
13 he) ose 

: 10. y=4"! 

y 12. y= 2” 

14, y = 3-P1 
eS QR 

Viatching In Exercises 15-18, match the function with its 

graph. [The graphs are labeled (a), (b), (c), and (d).] 

(a) (b) 

(d) ; 

15, f(x) = 3* 

17. f(x) = 3*-1 

16. f(x) = 3>° 

18. f(x) = 3*-! 

Salving an Equation In Exercises 19-24, solve for x or b. 

20. (a) log, Hr =x 

(b) log, 36 = x 

22. (a) log, 27 = 3 

(b) log, x = —4 (b) log, 125 = 3 ob 

| 19. (a) log, 1000 = x 

ae (b) log,,) 0.1 = x 

21, (a) log,x = —1 

Z3. (a) x? — x = log, 25 

(b) 3x + 5 = log, 64 

24. (a) log, x + log,(x — 2) = 1 

(b) MlosyG Cosa) ee LOS gee al 

Solving an Equation In Exercises 25-34, solve the 

equation accurate to three decimal places. 

25,3 = 45 26. 5% = 8320 

27.\23-% = 625 28. 3(5*—') = 86 

0.09 \!7" OMONee 
= = ie + SS —= 20] (1 + 202) 3 30. (1 365 2 

3y. log,(x — 1) =5 32. logislf= 3) — 2.6 

. log, x? = 4.5 34. log; /x — 4 = 3.2 

Verifying Inverse Functions In Exercises 35 and 36, 
illustrate that the functions are inverse functions of each other 

by sketching their graphs on the same set of coordinate axes. 

S5i af (x) Sat 

g(x) = logy x 

36. f(x) = 3* 

g(x) = log; x 

Finding a Derivative In Exercises 37-58, find the derivative 
of the function. (Hint: In some exercises, you may find it 

helpful to apply logarithmic properties before differentiating.) 

37. 38. f(x) = 3% 

39. y= 5-4 40. y = 6-4 

41. f(x) =x 42. y = x(6- *) 
32! 

43. g(t) = 172! 44. f() = — 

45. h(6) = 2-® cos 70 46. 2(a) = 5%? sin 2a 

47. y = log,(5x + 1) 48. y — log, (x? = 3x) 

49. h(t) = log.(4 — 1)? 50. g(t) = log,(? + 7) 

51. y = log, 17 —4 52. f(x) = log, /2x + 1 

53. f(x) = log, ay Cheah 

ios = Il 4 
55. h(x) = log, a? 95 oF. 56. g(x) = log; Wine sr: 

101 t ST) ee 58. f(t) = 13/2 log, Jt +1 

Finding an Equation of a Tangent Line In Exercises 
59-62, find an equation of the tangent line to the graph of the 

function at the given point. 

59, y=2 7, (1,2) 60. y= 5*-2, (2,1) 

61. y = log,x, (27, 3) 62. y = log) 2x, (5, 1) 

Logarithmic Differentiation In Exercises 63-66, use 

varithmic differentiation to find dy/dx. 

y = x2 64. y =x"! 

y=(e—27"! 66. y = (1 + x)! 



Finding an Equation of a Tangent Line In Exercises 
67-70, find an equation of the tangent line to the graph of the 

function at the given point. 

Be SING 7 ap = (q -\ 2% wi Ole ye= On, (z.2) 68. y = (sin x)*, (2 1] 

ODN ye— (Inix)os* (2, 1) 102 yee = (TD) 

Finding an Indefinite Integral 
the indefinite integral. 

a) |» dx 

\ 
3 [oe sp DP) ab 

75 ‘| x(5-*°) dx 

32x 

7 [ee eae 

Evaluating a Definite integral In Exercises 79-82, 
evaluate the definite integral. 

4 

80. I BYE ds 
—4 

2 

79. | 2 dx 

- ; 
81. [ (eo 3") dx 82. [ (7% — 4°) dx 

0 1 

In Exercises 71-78, find 

72s | 8 * dx 

74, [tw ae abe 

76. [o + 4)6%+4) dy 

78. ee. cos x dx 

Area In Exercises 83 and 84, find the area of the region 

bounded by the graphs of the equations. 

83. y = 3, y = 0,x = 0,x = 3 

84. y = 3°%*sinx, y = 0,x = 0,x = 7 

WRITING ABOUT CONCEPTS 

85. Analyzing a Logarithmic Equation Consider the | 
function f(x) = logy, x. 

(a) What is the domain of f? 

(b) Find f~!. 

(c) Let x be a real number between 1000 and 10,000. | 

Determine the interval in which f(x) will be found. 

(d) Determine the interval in which x will be found if f(x) 
is negative. 

(e) When f(x) is increased by one unit, x must have been 
increased by what factor? 

(f) Find the ratio of x, to x, given that f(x,) = 3n and 
f(x) =n. 

. Comparing Rates of Growth Order the functions 

f(x) = log, x, g(x) = 2, h(x) = x?, and k(x) = 2" 

from the one with the greatest rate of growth to the one 

with the least rate of growth for large values of x. 

AP ss. D 
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87. Inflation When the annual rate of inflation averages 5% 

over the next 10 years, the approximate cost C of goods or 

services during any year in that decade is 

C(t) = P(1.05)! 

where f is the time in years and P is the present cost. 

(a) The price of an oil change for your car is presently $24.95. 

Estimate the price 10 years from now. 

(b) Find the rates of change of C with respect to t when t = | 

and t = 8. 

(c) Verify that the rate of change of C is proportional to C. 

What is the constant of proportionality? 

iation After ¢ years, the value of a car purchased 

for $25, 000 i is 

V(t) = 25,000(3)'. 

(a) Use a graphing utility to graph the function and determine 

the value of the car 2 years after it was purchased. 

(b) Find the rates of change of V with respect to t when t = | 

and t = 4. 

(c) Use a graphing utility to graph V(t) and determine the 

horizontal asymptote of V(t). Interpret its meaning in the 

context of the problem. 

Compound Interest In Exercises 89-92, complete the 
table by determining the balance A for P dollars invested at 

rate r for ¢t years and compounded n times per year. 

4 | 12 | 365 | Continuous Compounding | 

| J 
89. P = $1000 90. P = $2500 

r = 35% r= 6% 

t = 10 years t = 20 years 

91. P = $1000 92. P = $4000 

r= 5% r= 4% 

t = 30 years t = 15 years 

Compound Interest In Exercises 93-96, complete the 
table by determining the amount of money P (present value) 

that should be invested at rate r to produce a balance of 

$100,000 in ¢ years. 

93. r= 5% 94. r = 3% 

Compounded continuously Compounded continuously 

95. r= 5% 96. r = 2% 

Compounded monthly Compounded daily 
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aE 

Fe 98. 

99. 

101. 

p(t) = 
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Compound Interest Assume that you can earn 6% on Fy 102. Modeling Data The breaking strengths B (in tons) of 

an investment, compounded daily. Which of the following 

options would yield the greatest balance after 8 years? 

(a) $20,000 now —_(b) $30,000 after 8 years 

(c) $8000 now and $20,000 after 4 years 

(d) $9000 now, $9000 after 4 years, and $9000 after 8 years 

Compound Interest Consider a deposit of $100 placed 
in an account for 20 years at r% compounded continuously. 

Use a graphing utility to graph the exponential functions 

describing the growth of the investment over the 20 years for 

the following interest rates. Compare the ending balances for 

the three rates. 

(a) r=3% (b)r=5% (c)r=6% 

Timber Yield The yield V (in millions of cubic feet per Fe 103. 
acre) for a stand of timber at age ris V = 6.7e'~48)/", where 
ft is measured in years. 

(a) Find the limiting volume of wood per acre as f¢ 

approaches infinity. 

(b) Find the rates at which the yield is changing when t = 20 

years and t = 60 years. 

Population Growth A lake is stocked with 500 fish, 
and the population increases according to the logistic curve 

10,000 

1 + 19e-1/5 

where f is measured in months. 

(a) Use a graphing utility to graph the function. 

(b) What is the limiting size of the fish population? 

(c) At what rates is the fish population changing at the end of 

1 month and at the end of 10 months? 

(d) After how many months is the population increasing 

most rapidly? 

104. 

steel cables of various diameters d (in inches) are shown in 

the table. 

OSOR OF Ss | MLOO TES = 

9.85 59.2 | 84.4 

(a) Use the regression capabilities of a graphing utility to fit 

an exponential model to the data. 

0 | 1.75 

| 114.0 

(b) Use a graphing utility to plot the data and graph the 

model. 

(c) Find the rates of growth of the model when d = 0.8 and 

d=155. 

Comparing Models The numbers y of pancreas 
transplants in the United States for the years 2004 through 

2010 are shown in the table, with x = 4 corresponding to 

2004. (Source: Organ Procurement and Transplantation 

Network) 

(a) Use the regression capabilities of a graphing utility to 

find the following models for the data. 

= Ge yo =a+ binx 

y3 = ab* Y4 = ax? 
(b) Use a graphing utility to plot the data and graph each of 

the models. Which model do you think best fits the data? _ 

(c) Interpret the slope of the linear model i in 1 the context of 

the problem. 

(d) Find the rate of change of each of the models for the year 

2008. Which model is decreasing at the greatest rate in 

2008? 

An Approximation of e Complete the table to 
demonstrate that e can also be defined as 

Modeling Data In Exercises 105 and 106, find an 
exponential function that fits the experimental data collected 

over time t. 



Using Properties of Exponents In Exercises 107-110, 

find the exact value of the expression. 

107. 5¥/ms 
109, 91/3 

108. 62 10/In.6 

110. 321/!n2 

True or False? In Exercises 111-116, determine whether the 

statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

271,801 
111. e= 99.900 

112. If f(x) = In x, then f(e"*!) — f(e") = 1 for any value of n. 

113. The functions f(x) = 2 + e* and g(x) = In(x — 2) are inverse 

functions of each other. 

114. The exponential function y = Ce* is a solution of the 

differential equation 

d"y _ 
dx” au.) 

(ace EOE os ee 

115. The graphs of f(x) = e* and g(x) = e~* meet at right angles. 

116. If f(x) = g(x)e*, then the only zeros of f are the zeros of g. 

117. Comparing Functions 

(a) Show that (23)? # 2°, 

(b) Are f(x) = ()* and g(x) = x) the same function? Why 
or why not? 

(c) Find f’(x) and g(x). 

118. Finding an Inverse Function Let 

(Ge = | 

Ge a= A 
F(x) = 

for a > 0, a # 1. Show that f has an inverse function. Then 

find f~*. 

119. Logistic Differential Equation Show that solving the 
logistic differential equation 

(Sel if 
3.,(2 ) aD) ae 

results in the logistic growth function in Example 7. 

in re 2 cE a(2 +3 : | 
4 4 

120. Using Properties of Exponents Given the exponential 
function f(x) = a*, show that 

(a) flu + v) = fl) : fv). 

(b) f(2x) = [f@)). 
121. Tangent Lines 

(a) Determine y’ given y* = x”. 

(b) Find the slope of the tangent line to the graph of y* = x” 

at each of the following points. 

Gy (e..c), G24) Ari) (4,2) 

(c) At what points on the graph of y* = x” does the tangent 

line not exist? © 
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PUTNAM EXAM CHALLENGE | 
122. Which is greater 

(Ja or (Jn FI 

where n > 8? 

123. Show that if x is positive, then 

| 
> ‘ 

mir oe 

These problems were composed by the Committee on the Putnam Prize Competition. 

© The Mathematical Association of America. All rights reserved. 

Ncanieinitsnn © 

Using Graphing Utilities to Estimate Slope 

|x, x #0 
Boge x= 0. 

(a) Use a graphing utility to graph f in the viewing window 

—3 <x < 3,—-2 < y s 2. What is the domain of f? 

(b) Use the zoom and trace features of a graphing utility to 

estimate 

lim f(x). 
x0 

(c wm Write a short paragraph explaining why the function f is 

continuous for all real numbers. 

(d 

(e 

wm Visually estimate the slope of f at the point (0, 1). 

wma Explain why the derivative of a function can be approximated 

by the formula 

F(x + Ax) — f(x — Ax) 
2Ax 

for small values of Ax. Use this formula to approximate the 

slope of f at the point (0, 1). 

Olean) = Otay) 

2Ax 

_ fax) = f(=Ax) 
2Ax 

ro~F 

What do you think the slope of the graph of f is at (0, 1)? 

(f) Find a formula for the derivative of f and determine f(O). Write 

a short paragraph explaining how a graphing utility might lead 

you to approximate the slope of a graph incorrectly. 

(g) Use your formula for the derivative of f to find the relative 

extrema of f. Verify your answer using a graphing utility. 

i FOR FURTHER INFORMATION For more information on 

using graphing utilities to estimate slope, see the article 

“Computer-Aided Delusions” by Richard L. Hall in The College 

Mathematics Journal. To view this article, go to MathArticles.com. 
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[y: = sin x 

| Domain: 

| Range: 

5.6 Inverse Trigonometric Functions: Differentiation 

[—2/2, n/2] 

[-1, 1] 

The sine function is one-to-one on 

[— 2/2, 2/2]. 

Figure 5.25 

The term 

“arcsin x” is read as “the arcsine 

of x” or sometimes “the angle 

whose sine is x.” An alternative 

notation for the inverse sine 

function is “sin— x. 
9 

Logarithmic, Exponential, and Other Transcendental Functions 

i Develop properties of the six inverse trigonometric functions. 

@ Differentiate an inverse trigonometric function. 

@ Review the basic differentiation rules for elementary functions. 

Inverse Trigonometric Functions 

This section begins with a rather surprising statement: None of the six basic trigonometric 

functions has an inverse function. This statement is true because all six trigonometric 

functions are periodic and therefore are not one-to-one. In this section, you will examine 

these six functions to see whether their domains can be redefined in such a way that 

they will have inverse functions on the restricted domains. 

In Example 4 of Section 5.3, you saw that the sine function is increasing (and 

therefore is one-to-one) on the interval 

na 
as shown in Figure 5.25. On this interval, you can define the inverse of the restricted 

sine function as 

y=arcsinx ifandonlyif siny =x 

where —1 = x = 1 and —7w/2 < arcsinx = 7/2. 

Under suitable restrictions, each of the six trigonometric functions is one-to-one 

and so has an inverse function, as shown in the next definition. (Note that the term “iff” 

is used to represent the phrase “if and only if.”) 

proemeccrrereecencnare eee NRA AAUS CCEA APRESS ARO ee eps OOR CRN ERR aC nAOE 

Definitions of averse THgononiene Functions 

_ Function Domain Range 

é ah. T 7 
| y=arcsin x iff sin y =x Set a NS 

2 2 

| y = arccos x iff cos y= x cilasax sal O Sysstat 

| ; T 7 
| y= arctan x iff tan y=x OOK ie eae ae: 

|} y=arccot x iff cot y=x =CO = 3 KZ CS Ore Wee eH 

: 
| y=" arcsec x iil sec y =x 5 iene O<ysm, y#r> 

: 7 WT 
| y= arccse x iff csc y = x seal My SS 5: 
| 

ene 

The Inverse Secant Function In the definitions of the inverse trigonometric 

functions, the inverse secant function is defined by restricting the domain of 

the secant function to the intervals [0, 7/2) U (2/2, zr]. Most other texts and 

reference books agree with this, but some disagree. What other domains might 

make sense? Explain your reasoning graphically. Most calculators do not have 

a key for the inverse secant function. How can you use a calculator to evaluate 

the inverse secant function? 



—— 

y =arcsin x 

Domain: [—1, 1] 

Range: [— 7/2, 7/2] 

y = arccsc x 

Domain: (—oo, —1]U[1, co) 
Range: [— 7/2, 0) U (0, 7/2] 

Figure 5.26 
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The graphs of the six inverse trigonometric functions are shown in Figure 5.26. 

y =arccos x | y = arctan sal 

Domain: [—1, 1] 
Range: [0. z] 

ee ee ee, a 
D 

| | | es ero x 
2 Al | 1 2 

Domain: (—co, —1] U[1, co) Domain: (— 00, 00) 
Range: [0, 7/2) U (7/2, 7] Range: (0, 7) 

When evaluating inverse trigonometric functions, remember that they denote 

angles in radian measure. 

EXAMPLE 1 Evaluating Inverse Trigonometric Functions 

Evaluate each function. 

a. aresin{ -) b. arccos0 ce. arctan ./3_— d._ arcsin(0.3) 

Solution 

a. By definition, y = arcsin(—3) implies that sin y = —}. In the interval [— 7/2, 7/2], 
the correct value of y is — 77/6. 

aresin{ -5) eure 
2 6 

b. By definition, y = arccos 0 implies that cos y = 0. In the interval [0, 7], you have 

y= 1/2. 

qT 
arccos 0 = 5 

c. By definition, y = arctan ./3 implies that tan y = /3. In the interval (— 7/2, 7/2), 

you have y = 77/3. 

arctan ue = = 

d. Using a calculator set in radian mode produces 

arcsin(0.3) ~ 0.305. ad 
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ey | ear dai ee y = arcsec —~ 

Nm 

Logarithmic, Exponential, and Other Transcendental Functions 

Inverse functions have the properties f(f~!(x)) = x and f'(f(x)) = x. When 

applying these properties to inverse trigonometric functions, remember that the 

trigonometric functions have inverse functions only in restricted domains. For x-values 

outside these domains, these two properties do not hold. For example, arcsin(sin 7) is 

equal to 0, not 77. 

Properties of Inverse Trigonometric Functions 

if—=1 =x = land —7/2 = y = a7 2, then 

sin(arcsin x) = x and arcsin(sin y) = y. 

Misaar/ 2s <ye<emn/ 2) then 

tan(arctanx) = x and arctan(tan y) = y. 

If |x] = landO < y < w/2ora/2 < y < oy, then 

sec(arcsec x) = x and arcsec(sec y) = y. 

| Similar properties hold for the other inverse trigonometric functions. 

EXAMPLE 2 Solving an Equation 

afi 
arctan(2x — 3) = ih Original equation 

ie 

tan[arctan(2x — 3)] = tan a Take tangent of each side. 

Daaou—al tan(arctan x) = x 

LS Solve for x. al 

Some problems in calculus require that you evaluate expressions such as 

cos(arcsin x), as shown in Example 3. 

Using Right Triangles 

a. Given y = arcsin x, where 0 < y < 7/2, find cos y. 

b. Given y = arcsec( ea) find tan y. 

Solution 

a. Because y = arcsin x, you know that sin y = x. This 

relationship between x and y can be represented by 

a right triangle, as shown in the figure at the right. 

cos y = cos(arcsin x) = ae eh, A a? 

(This result is also valid for — 7/2 < y < 0.) ee, 

b. Use the right triangle shown in the figure at y = aresin x 

the left. 

tan y = tan| arcsec a 

_ Opp. 

adj. 



. There is no 

common agreement on the 

definition of arcsec x (or 

arccsc x) for negative values 

of x. When we defined the range 

of the arcsecant, we chose to 

preserve the reciprocal identity 

1 
arcsec x = arccos —. 

pe 

One consequence of this 

definition is that its graph has a 

positive slope at every x-value 

in its domain. (See Figure 5.26.) 

This accounts for the absolute 

value sign in the formula for 

the derivative of arcsec x. 

eeeeee7u41uyoe*peeeoeernwreeoeeeeeoeeeeeeeoeeete ee @ eoeesee2+1e#e8e 228% 8 © & @ @} 

[> TECHNOLOGY If your 
* graphing utility does not have 

the arcsecant function, you 

can obtain its graph using 

® ¢e@¢ 8 @ @ 

1 
f(x) = arcsec x = arccos = 

lf FOR FURTHER INFORMATION 

For more on the derivative of 

the arctangent function, see the 

article “Differentiating the 

Arctangent Directly” by Eric 

Key in The College Mathematics 

Journal. To view this article, 

go to MathArticles.com. 
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Derivatives of Inverse Trigonometric Functions 

In Section 5.1, you saw that the derivative of the transcendental function f(x) = In x is 

the algebraic function f(x) = 1/x. You will now see that the derivatives of 

the inverse trigonometric functions also are algebraic (even though the inverse 

trigonometric functions are themselves transcendental). 

The next theorem lists the derivatives of the six inverse trigonometric functions. 

Note that the derivatives of arccos u, arccot u, and arccse u are the negatives of the 

derivatives of arcsin u, arctan u, and arcsec u, respectively. 

Derivatives of Inverse Trigonometric Functions 

Let u be a differentiable function of x. 

/ 

ks [arcsin u] = mere us [arccos u] = —— | 
dx J/1— wv dx * Le 

: cs [arccot u] = 
1+ wu? dx 

Sip" 

14+ W 
| é. [arctan u] = 

ia [arcsec u] = sales ieee eS [arcsec u] = wate sewn 
Cheek yi 07 eam dx hee 

Proofs for arcsin u and arccos u are given in Appendix A. [The proofs for the 

other rules are left as an exercise (see Exercise 98). | 

See LarsonCalculus.com for Bruce Edwards's video of this proof. 
H 

en snsensenetssstevnesessnenenemnnaesse EE 

EXAMPLE 4 Differentiating Inverse Trigonometric Functions 

a us [arcsin(2x)] = = = : "dx ae Vn Ay 
d : : b. 7p Faretan (33x) ~ 14+ Bx? 14 9x2 

c 4 [aresin Vx] = C12 = = ak eg 
Bae gl Spit 22 eet nite 1 | PDA 

* dx ieee 1, ve 1 
The absolute value sign is not necessary because e?* > 0. 

A Derivative That Can Be Simplified 

ay ==saLesiinx it IAW la > 

y= ts + x(F\-2a - 4-8 + VIF 
— iOS 

1 xe 

See tS 

= /1—x+4+ /1 — x 

=) Si eee ad 

+ /1 — x 

From Example 5, you can see one of the benefits of inverse trigonometric 

functions—they can be used to integrate common algebraic functions. For instance, 

from the result shown in the example, it follows that 

[vi =x" dn = 5 (aresin x+xJ/1— 2). 
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Points of 

att inflection 

The graph of y = (arctan x)? has a 

horizontal asymptote at y = 77/4. 

Figure 5.27 

EXAMPLE 6 Analyzing an Inverse Trigonometric Graph 

5 

Analyze the graph of y = (arctan x) 

Solution From the derivative 

] 
ja (arctan ) (arctan of; zi 5) 

_ 2 arctan x 

Leste 

you can see that the only critical number is x = 0. By the First Derivative Test, this 

value corresponds to a relative minimum. From the second derivative 

; (1 + 2; - 3) — (2 arctan x)(2x) 

a= (1 + x2)? 

2 (ee varia) 

(1 + x2)? 

it follows that points of inflection occur when 2.x arctan x = 1. Using Newton’s 

Method, these points occur when x ~ +0.765. Finally, because 

ty 

lim (arctan'x)? = ae 
X00 4 

it follows that the graph has a horizontal asymptote at y = 77/4. The graph is shown in 
Figure 5.27. 

EXAMPLE 7 Maximizing an Angle 

° + © *P See LarsonCalculus.com for an interactive version of this type of example. 

A photographer is taking a picture of a 

painting hung in an art gallery. The height of 

the painting is 4 feet. The camera lens is | foot 

below the lower edge of the painting, as shown 

in the figure at the right. How far should the 

camera be from the painting to maximize the 

angle subtended by the camera lens? 

Solution In the figure, let B be the angle to 
be maximized. 

B = 60 ~ a Wak ae to scale 

= arccot eas arccot x The camera should be 2.236 feet from 

be) the painting to maximize the angle B. 

Differentiating produces 

dp = 1/58 1 
de 1 Ea el ee 

. eee 
25 -+x* 1+ x 

4(5 — x?) 

(25. +-x7)(1 + x2)! 

Because dB/dx = 0 when x = \/5, you can conclude from the First Derivative Test 

that this distance yields a maximum value of B. So, the distance is x ~ 2.236 feet and 

the angle is B ~ 0.7297 radian ~ 41.81°. wa 



GALILEO GALILEI (1564-1642) 

Galileo’s approach to science 
departed from the accepted 
Aristotelian view that nature had 

describable qualities, such as 
“fluidity” and “potentiality.” He 

chose to describe the physical 
world in terms of measurable 

quantities, such as time, distance, 
force, and mass. 

See LarsonCalculus.com to read 

more of this biography. 
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Review of Basic Differentiation Rules 

In the 1600s, Europe was ushered into the scientific age by such great thinkers as 

Descartes, Galileo, Huygens, Newton, and Kepler. These men believed that nature is 

governed by basic laws—laws that can, for the most part, be written in terms of 

mathematical equations. One of the most influential publications of this period— 

Dialogue on the Great World Systems, by Galileo Galilei 

description of modern scientific thought. 

As mathematics has developed during the past few hundred years, a small number 

of elementary functions have proven sufficient for modeling most* phenomena in 

physics, chemistry, biology, engineering, economics, and a variety of other fields. An 

elementary function is a function from the following list or one that can be formed as 

the sum, product, quotient, or composition of functions in the list. 

has become a classic 

Algebraic Functions Transcendental Functions 

Polynomial functions Logarithmic functions 

Rational functions Exponential functions 

Functions involving radicals Trigonometric functions 

Inverse trigonometric functions 

With the differentiation rules introduced so far in the text, you can differentiate any 

elementary function. For convenience, these differentiation rules are summarized below. 

BASIC DIFFERENTIATION RULES FOR ELEMENTARY FUNCTIONS 

d d 
ee = / = / , 

ny [cu] cu ie [u Be v| as Vv. 

d ; : d\u Vil matey 
ay = uv + vu : aed = 5 

Va 

She = nu" lu / 

dx 

d aan, 

d u’ d UL hg ln l= = 3 ale’) eu 

U d | ed uy,’ =e 71) (In a)a“u 
d 
a [log ,u] 

< [sin u] = (cos u)u’ : < [eos = —(sin 2) 

= fan u| = (sec? u)u’ d < [cot u| = —(csc?u)u’ 

a 5 : < [ese “| = (esc u cotm) yu” [sec u] = (sec u tan u) u’ 

da 
am [arccos u] = 2 <[aresin 74 = 

< [arctan i= ; < [arceot “= 

d 
= —T[arccsc u] = d = ; 7, katesec u|= rea Lor 

* Some important functions used in engineering and science (such as Bessel functions and 

gamma functions) are not elementary functions. 

The Granger Collection 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. | 5.6 Exercises 

In Exercises 1 and 2, determine the 

missing coordinates of the points on the graph of the function. 

l. as 2. : [ y = arctan x] 
| Y= arccos x 
hon 

Evaluating Inverse Trigonometric Functions In 

Exercises 3-10, evaluate the expression without using a 

calculator. 

area | : 

3. arcsin 5 4. arcsin 0 

1 
5. arccos 5 6. arccos | 

8. arccot(— v3 ) 

10. arcsec(— J/2) 

Approximating Inverse Trigonometric Functions In 
Exercises 11-14, use a calculator to approximate the value. 

Round your answer to two decimal places. 

5 
The, BG arctan ~, 

Oy arcesc(— =f) 

11. arccos(—0.8) 

12. arcsin(— 0.39) 

13. arcsec 1.269 

14. arctan(—5) 

Using a Right Triangle In Exercises 15-20, use the figure 
to write the expression in algebraic form given y = arccos x, 

where 0 < y < 7/2. 

15. cosy 

16. siny 

17. tany 

18. cot y 
ZN 0 

Losec x 

20. csc y 

Evaluating an Expression In Exercises 21-24, evaluate each 

expression without using a calculator. (Hint: See Example 3.) 

2 

3 

21. (a) sin( arctan *) 22, (a) an axcos 2) 

(b) cos(aresin =) 

3 
24, (a) see arctan -2)] 

4 
(b) sec(arcsin 4 

| 
aresin{ — 5) 

© »t< = arctan “PD 

23. (a) cot 

(b) tan (b) csc 
Alin 

aresin( — 

Simplifying an Expression Using a Right Triangle In 

Exercises 25—32, write the expression in algebraic form. (Hint: 

Sketch a right triangle, as demonstrated in Example 3.) 

25. cos(arcsin 2x) 26. sec(arctan 4x) 

27. sin(arcsec x) 28. cos(arccot x) 

29. tan| arcsec %) 30. sec[arcsin(x — 1)] 

32. cos(aresin Ze ") 
x 

31. eso arctan 43) 
a) 

Solving an Equation In Exercises 33-36, solve the equation 

for x. 

33. arcsin(3x — a) = 5 34. arctan(2x — 5) = —1 

35. arcsin\/2x = arccos/x 36. arccos x = arcsec x 

Verifying Identities In Exercises 37 and 38, verify each identity. 

37. (a) arccsc x = arcsin <, al 

1 
(b) arctan x + arctan—-— = se SO 

ey 
Bi 
Oe 

38. (a) arcsin(—x) = —arcsinx, |x| < 1 

(b) ‘arecos(—x) = ar = arccosx, |x| = 1 

Finding a Derivative In Exercises 39-58, find the derivative 
of the function. 

39. f(x) = 2 arcsin(x — 1) 40. f(t) = arcsin 7? 

41. 2(x) = 3 arccos z 42. f(x) = arcsec 2x 
2 

43. f(x) = arctan e* 44, f(x) = arctan./x 

_ arcsin 3x 
45. g(x) 46. h(x) = x? arctan 5x 

x 

47. h(t) = sin(arccos t) 48. f(x) = arcsin x + arccos x 

49. y = 2x arccos x — 2./1 — x2 

50. y = In(¢? + 4) — E aretan z 
2 » 

+ 

51. y= (3 in a= arctan x] Non ee I 

52. y= a[2v4 —7 4 4 arsin( 3) 

x arcsinx + /1 — x? 

54, y = x arctan 2x — fini + 4x?) 

ll 53. y 

Ste ae 
55. y = 8 arcsin en ae 

56. y = 25 aresin = ay Sie 

#5 x | 
[+2 58. y = arctan 2 262 57. y = arctan x + | 
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Finding an Equation of a Tangent Line In Exercises 
59-64, find an equation of the tangent line to the graph of the 

function at the given point. 

59. y = 2 arcsin x, (3 z) 

60. y = 5 arecos Xe —— = 

61. y = arctan A (2, 2) 

62. y = arcsec 4x, (2. 2) 

63,7 = 4x arccos(x — 1), (1, 27) 

i or 
64, y = 3x arcsinx, |-—,— y x arcsin x 5 = 

HB Linear and Quadratic Approximations In Exercises 
65-68, use a computer algebra system to find the linear 

approximation 

Px) = f@) + f(@& — a) 

and the quadratic approximation 

Py(x) = fla) + f@e - a) + 3f"@& - a? 
of the function f at x = a. Sketch the graph of the function and 

its linear and quadratic approximations. 

65. f(x) = arctan x, 

67. f(x) = arcsinx, a=34 

a=0 66. f(x) = arccosx, a=0 

68. f(x) = arctanx, a= 1 

Finding Relative Extrema In Exercises 69-72, find any 

relative extrema of the function. 

70. f(x) = arcsinx — 2x 

Mieef (x)= arctan x — arctan(x — 4) 

69. f(x) = arcsec x — x 

omni) — arcsin.x — 2.arctan x 

Analyzing an Inverse Trigonometric Graph In Exercises 
73-76, analyze and sketch a graph of the function. Identify any 

relative extrema, points of inflection, and asymptotes. Use a 

graphing utility to verify your results. 

anf x) = arcsin(x — 1) 74. f(x) = arctan x + A 

76. f(x) = arccos Z 75. f(x) = arcsec 2x 4 

Implicit Differentiation In Exercises 77-80, use implicit 
differentiation to find an equation of the tangent line to the 

graph of the equation at the given point. 

gaexe 4 x arctan y= yl, (-2 i) 4 

78. arctan(xy) = arcsin(x + y), (0, 0) 

PS Eke fe ee 79. arcsinx + arcsin y = 7 ( 7? 9 

80. arctan(x + y) = y2_+ re (1, 0) 
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WRITING ABOUT CONCEPTS 

81. Restrictec Explain why the domains of the 

trigonometric functions are restricted when finding the 

inverse trigonometric functions. 

82. Inverse Trigonometri Explain why 

tan 7 = O does not imply that arctan 0 = zr. 

83. Findir Gg 

Pe (a) Use a graphing utility to evaluate arcsin(arcsin 0.5) and 

arcsin(arcsin 1). 

(b) Let 

f(x) = arcsin(aresin x). 

Find the values of x in the interval —1 < x < 1 such that 

f(x) is a real number. 

On HOW DOYOU SEE IT? The graphs of 

f(x) = sin x and g(x) = cos x are shown below. 

(-2, -2), (0,0) and ( bs wm > 

Se 

lie on the graph of y = arcsin x. 

(b) Explain whether the points 

1 27 T 1 T 

eet (0.5), a pad 
lie on the graph of y = arcos x. 

True or False? In Exercises 85-90, determine whether the 

statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

1 
85. Because cos( —) = bs it follows that arccos ae ile 2 3 

/2 nS ee 
86. arcsin 4 5 

87. The slope of the graph of the inverse tangent function is 

positive for all x. 

88. The range of y = arcsin x is [0, 7]. 

d 

dx 

90. arcsin? x + arccos? x = 1 

89. —[arctan(tan x)] = 1 for all x in the domain. 
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91. ange An airplane flies at an altitude 

of 5 miles toward a point directly over an observer. Consider 6 

and x as shown in the figure. 

we 5 mi 

Not drawn to scale 

(a) Write @ as a function of x. 

(b) The speed of the plane is 400 miles per hour. Find d6/dt 

when x = 10 miles and x = 3 miles. 

92. Writing Repeat Exercise 91 for an altitude of 3 miles and 
describe how the altitude affects the rate of change of 0. 

93. Angular Rate of Change In a free-fall experiment, an 

object is dropped from a height of 256 feet. A camera on the 

ground 500 feet from the point of impact records the fall of the 

object (see figure). 

(a) Find the position function that yields the height of the 

object at time f, assuming the object is released at time 

t = 0. At what time will the object reach ground level? 

(b) Find the rates of change of the angle of elevation of the 

camera when ¢ = | and t = 2. 

\ 
\ 

\ 
N Nn jo) > \ 
—_—— ‘ 

e \ 

\ 
\ 

\ 

== — — — Seat 

—<—<$<$£ ~~ —_ >} 

“60 | -, && 

Ce ee 
Not drawn to scale 

Figure for 93 Figure for 94 

94. Angular Rate of Change A television camera at ground 
level is filming the lift-off of a rocket at a point 800 meters 

from the launch pad. Let @ be the angle of elevation of the 

rocket and let s be the distance between the camera and the 

rocket (see figure). Write 6 as a function of s for the period of 

time when the rocket is moving vertically. Differentiate the 

result to find d@/dt in terms of s and ds/dt. 

95. Maximizing an Angle A billboard 85 feet wide is 

subtended by the billboard is a maximum. 

perpendicular to a straight road and is 40 feet from the road 

(see figure). Find the point on the road at which the angle @ 

Figure for 95 

— 1 

Figure for 96 
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96. Angular Speed A patrol car is parked 50 feet from a 

long warehouse (see figure). The revolving light on top of the 

car turns at a rate of 30 revolutions per minute. Write @ as a 

function of x. How fast is the light beam moving along the 

wall when the beam makes an angle of @ = 45° with the line 

perpendicular from the light to the wall? 

97. Proof 
iciany 

(a) Prove that arctan x + arctan y = arctan = x xy # 1. 

(b) Use the formula in part (a) to show that 

arctan a + arctan a == 
2 3 4 

98. Proof Prove each differentiation formula. 

(a) [arctan Te “ 

(b) + [arceot ul = ; = 

(c) [arcsec u| = Wrst 

(d) + [arcese “i= wt 

99. Describing a Graph 

(a) Graph the function f(x) = arccos x + arcsinx on the 
interval [—1, 1]. 

(b) Describe the graph of f. 

(c) Verify the result of part (b) analytically. 

AP 100. Think About It Use a graphing utility to graph 
f(x) = sin x and g(x) = arcsin(sin x). 

(a) Why isn’t the graph of g the line y = x? 

(b) Determine the extrema of g. 

101. Maximizing an Angle In the figure, find the value of c 
in the interval [0, 4] on the x-axis that maximizes angle 0. 

eS 

(0, 2) (4, 2) 

6 

case 
Figure for 101 Figure for 102 

102. Finding a Distance In the figure, find PR such that 
0 < PR < 3andm Z @is a maximum. 

1 x| 

104. Inverse Secant Function Some calculus textbooks 
define the inverse secant function using the range 

[0, 2/2) U[a, 37/2). : 

(a) Sketch the graph y = arcsec x using this range. 

5 Ms SRE 103. Proof Prove that arcsin x = arctan| yee 

(b) Show that y’ = ; 
Re = 
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5.7 Inverse Trigonometric Functions: Integration 

@ Integrate functions whose antiderivatives involve inverse trigonometric functions. 

lf Use the method of completing the square to integrate a function. 

@ Review the basic integration rules involving elementary functions. 

Integrals Involving Inverse Trigonometric Functions 

The derivatives of the six inverse trigonometric functions fall into three pairs. In each 

pair, the derivative of one function is the negative of the other. For example, 

1 Zi 
a [arcsin x] = 

and 

d a 1 
7m [arccos x] = es geet 

When listing the antiderivative that corresponds to each of the inverse trigonometric 

functions, you need to use only one member from each pair. It is conventional to use 

arcsin x as the antiderivative of 1/./1 — x’, rather than —arccos x. The next theorem 

gives one antiderivative formula for each of the three pairs. The proofs of these 

integration rules are left to you (see Exercises 75-77). 

i FOR FURTHER INFORMATION 5.17 Integrals Involving Inverse Trigonometric 

For a detailed proof of rule 2 of | Functions 

Theorem 5.17, see the article | Let wu be a differentiable function of x, and let a > 0. 
“A Direct Proof of the Integral 

Formula for Arctangent” by els | 

Arnold J. Insel in The College | ie 
Mathematics Journal. To view this | 

article, go to MathArticles.com. Mace == 

agg du 1 Uu 
= arcsini=) + © Ms, lee = —arctan = + C 

a Oi aie {8} a 

|u| 1 
= = giegae —— SP (C 

a a 

EXAMPLE 1 Integration with Inverse Trigonometric Functions 

a = 2 = Acom= aa € 
"J V4 = x? 2 

dx 1 3 dx 
bs = 5) = 3x,a = up eee Iara ae 

BG 
ANG CAN ee — ante Oe Thee WA 

s | dx I 2 dx : ? 
is => = EK 3 

x/ 4x4 = 9 Doge) (2x)r ee3e 

l [2x| 
== at 3 aresec 3 G wal 

The integrals in Example | are fairly straightforward applications of integration 

formulas. Unfortunately, this is not typical. The integration formulas for inverse 

trigonometric functions can be disguised in many ways. 



376 Chapter 5 Logarithmic, Exponential, and Other Transcendental Functions 

EXAMPLE 2 Integration by Substitution 

dx 
Rnd. ——<—<$<=$«=—=— 

|- ex — | 

Solution As it stands, this integral doesn’t fit any of the three inverse trigonometric 

formulas. Using the substitution uv = e*, however, produces 

; ' dus du 
w= mm du=-ed mp d&=—=—. 

¥ ee e Uu 

With this substitution, you can integrate as shown. 

dx dx 
= Write e?* as (e*)?. i foe | Po rite e~* as (e 

du/u 
= SS Substitute. 

Tig an | 

{ ae Rewri fit A Rul = | ewrite to fit Arcsecant Rule. 
ie a 

|u| 
= arcsec ia + CG Apply Arcsecant Rule. 

= arcsec e* + C Back-substitute. wi 

eC A symbolic integration utility can be useful for 

integrating Ane at such as the one in Example 2. In some cases, however, the 

utility may fail to find an antiderivative for two reasons. First, some elementary 

functions do not have antiderivatives that are elementary functions. Second, every 

utility has limitations—you might have entered a function that the utility was not 

* programmed to handle. You should also remember that antiderivatives involving 

_ trigonometric functions or logarithmic functions can be written in many different 

forms. For instance, one utility found the integral in Example 2 to be 

= arctan /e* —1+C. 

® 

i | dx 

Try showing that this antiderivative is equivalent to the one found in Example 2. 

EXAMPLE 3 Rewriting as the Sum of Two Quotients 

se Se 2) 

erento 
Solution This integral does not appear to fit any of the basic integration formulas. 

By splitting the integrand into two parts, however, you can see that the first part can be 

found with the Power Rule and the second part yields an inverse sine function. 

Find 

cee 46 Dp oe oe ey 
ae oh eee 4 eee : 

i 1 
Shs) fu =e 2)—1/2(— 2x) ake sp 2 la= dx 

1/(4- al ha’ 
+ 2 arcsin = Al 1/2 2 aresin = + C 

a 

= 45,47 +,2.aresin = + C | 



SD 
Ea 

The area of the region bounded by the 

graph of f, the x-axis, x = 3 ,andx = 

is 77/6. 

Figure 5.28 

> TECHN 

esesteoeaeese#e*ee#ee#e#8rse#t##e#?te ese 

LOGY With 

definite integrals such as the one 

given in Example 5, remember 

that you can resort to a numerical 

solution. For instance, applying 

Simpson’s Rule (with n = 12) 
to the integral in the example, 

you obtain 

| 
SS = 0528599) 

iF V ee me 

This differs from the exact 

value of the integral 

(7/6 ~ 0.5235988) by less 
than one-millionth. 
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Completing the Square 

Completing the square helps when quadratic functions are involved in the integrand. 

For example, the quadratic x + bx + c can be written as the difference of two squares 

by adding and subtracting (b/2)?. 

ee a be (3y - (2y +¢c= (: + Al - (5) +¢ 

EXAMPLE 4 Completing the Square 

* © *e¢—> See LarsonCalculus.com for an interactive version of this type of example. 

dx 
Pod? | 

ee iE = Ax + 7 

Solution You can write the denominator as the sum of two squares, as shown. 

a lb eS Rpe Abe a OG ee Ne Sh ear 

Now, in this completed square form, let u = x — 2 anda = \/3. 

dx = dx Lae! : X= 2 a a 

x? Ax + 7 @ — 2)? +3 5 ag a 

When the leading coefficient is not 1, it helps to factor before completing the 

square. For instance, you can complete the square of 2x7 — 8x + 10 by factoring first. 

2x ise tad) 22 (x2 = 4x4 5) 

= 20x? — 4x + 4—4+ 5) 

= 2 (x2) = 1] 

To complete the square when the coefficient of x? is negative, use the same factoring 

process shown above. For instance, you can complete the square for 3x — x? as shown. 

ay = xt = (= 39) = [et — ax + GP - GF= OP - 37 
EXAMPLE 5 Completing the Square 

Find the area of the region bounded by the graph of 

al A 
oe aX 

the x-axis, and the lines 

f(x) = 

3 9 
= 5 and x = 7%. 

Solution In Figure 5.28, you can see that the area is 

| 
Area = [ Sa 

3/2 N. Sie x2 

9/4 dx 

= Use completed square form derived above. 

sat B/2)3=4[x18 /2) P 
x= ee 

3/2 3/2 
arcsin II 

Asal : 
= arcsin 5 SS aresin.”) 

el. 
6 

= (). 
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Review of Basic Integration Rules 

You have now completed the introduction of the basic integration rules. To be efficient 

at applying these rules, you should have practiced enough so that each rule is committed 

to memory. 

BASIC INTEGRATION RULES (a > 0) 

E [enw du = aio du : [im Eee(u)\ dia = [rw du + [ew du 

n+1 

- ee = +C, n#-1 in FEC u” du aR Caen 

In|u| + C : so 

= (Jar a2 € . |sinudu 
Ina 

cos udu = sinu + C : = —In|cos u| + C 

cot u du = In|sinu| + C . | sec udu = In|secu + tanu| + C 

csc udu = —In|csc u + cot u| + C . | sec? udu = tanu+C 

csc? udu = —cotu+ C . |secutanudu = secu+ C 

du ES 

CSeUCOL Wd — CSC lta 5 | = = ainesiin= =e C NG a 

ay San ave 
“1e@e4+uv a a Jude — @& 

I |u| 
= = siewee —— FC 

a a 

You can learn a lot about the nature of integration by comparing this list with the 

summary of differentiation rules given in the preceding section. For differentiation, you 

now have rules that allow you to differentiate any elementary function. For integration, 

this is far from true. 
The integration rules listed above are primarily those that were happened on 

during the development of differentiation rules. So far, you have not learned any rules 

or techniques for finding the antiderivative of a general product or quotient, the natural 

logarithmic function, or the inverse trigonometric functions. More important, you 

cannot apply any of the rules in this list unless you can create the proper du 

corresponding to the u in the formula. The point is that you need to work more on 

integration techniques, which you will do in Chapter 8. The next two examples should 

give you a better feeling for the integration problems that you can and cannot solve with 

the techniques and rules you now know. 



esesee#se#e?es# 

*REMARK Note in 
Examples 6 and 7 that the 

simplest functions are the ones 

that you cannot yet integrate. 

ee eee eeeee ee eee se) > ec. You cannot find this integral using the techniques you have studied so far. 
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EXAMPLE 6 Comparing Integration Problems 

Find as many of the following integrals as you can using the formulas and techniques 

you have studied so far in the text. 

dx 
2 
lA =] 

x dx 
De $+ 

Sx? — | 

dx 
c. | == 

Solution 

a. You can find this integral (it fits the Arcsecant Rule). 

Ss = arcsec|x| + C 
Ra) to 

b. You can find this integral (it fits the Power Rule). 

aX, I : = 2 -1/2 (erg Fo i (x 272%) as 

in ae ames Nive 

Sp 1/2 

= a/x2 = 1 + C 

c. You cannot find this integral using the techniques you have studied so far. (You 

should scan the list of basic integration rules to verify this conclusion.) 

EXAMPLE 7 Comparing Integration Problems 

Find as many of the following integrals as you can using the formulas and techniques 

you have studied so far in the text. 

|2 
as 

56 lhe) 36 

y [ze 

i 

Cc. finsac 

Solution 

|+e 

a. You can find this integral (it fits the Log Rule). 

dx L/x 
= |—— dx 

a lial ae In x 

= In|Inx| + C 

b. You can find this integral (it fits the Power Rule). 

[est [Chm 
(In x)? = + 5 C 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 5.7 Exercises 

vtegral In Exercises 1-20, find the 

indefinite integral. 

1 dx > { ; 

ah ee 4 oes : cy recicam oa ol Egan 

=| a eS Fog od (peel Pea ~ J Y-@F ipo Ce 

7 [pee 8 |e 

9 | ey 10 eee 
* 144+ 25 * JxJ1 — (nx? 

ex 2 
5 eee ee 

us F cae : [=e a 
sec? x sin x 

13. sm te 14. [; fame 

| 3 
5-7 ‘6. ——— 
le . l= 
x—3 w+ 3 

U7: ms er dx 18. meus 

x+5 x 2 

Satur a ae CV a 

Evaluating a Definite Integral 
evaluate the definite integral. 

In Exercises 21-32, 

= dx pH) [ ————- dx 
0 J1 — 9x? ; 0 74-22 
J3/2 | 3 1 

DS. Seti! 24. ——— 
j 1+ 42° ose =e 

4 
1 

ese . — eee ps" aed Ni pee 
In5 In 4 en 

PNG parame 28. 1G 

a/2 

29, C, eA s 30. [ Sh: 
a 1 + cos? x ye lear Bilieue 

If _arcesin x o8 wae arccos x 
oe dx 32. ————_ dx 

0 1 = x2 0 Vie 

Completing the Square In Exercises 33-42, find or 

evaluate the integral by completing the square. 

: dx ; dx 
33. See 4. SSS 
[ eet I ici) : if XA Axe lS 

2x Be 5) 35. |= 36, |e 
: x + 6x + 13 a = |z +2x+2 oe 

of i 38 | Me DL ud y, 37.0 — ax 2 dx 
J/—x2 — 4x . J/—x? + 4x 

3 

30 | eos 40 | 
: /4x = i “JS @ -— Vx? = 2x 

x 
41. [. Hop a dx 

Integration by Substitution In Exercises 43-46, use the 
specified substitution to find or evaluate the integral. 

43. ye = 3eh 

= Ji=3 
fA 

dx 

42. == dx 
/J/9 + 8x2 — x4 

44. 

C= Ane 

: dx 

a [ Jx(1 + x) 
u= Sx 

46 i 2 
Jo 2/3 — xx + 1 

i ae 

WRITING ABOUT CONCEPTS 

Comparing Integration Problems In Exercises 47-50, | 
determine which of the integrals can be found using the 

basic integration formulas you have studied so far in the | 

text. 

47. 48. (a) i e* dx 
1 

(a) | dx 

(b) i xev dx 

(c) [evvac 
ee 

50. (a) [ie 

(b) [ns =Tdx (b) {; ae 

yee ay (c appar! (c) eM Lx: 

. Finding an Integral Decide whether you can find the 

integral 

Xx 

e |e 
1 

e i ea 

b [verte 

Dax 

using the formulas and techniques you have studied so far. 

Explain your reasoning. 



52: HOW DOYOU SEE IT? Using the graph, 

which value best approximates the area of the 

region between the x-axis and the function over 

the interval —3, $) Explain. 

Nie Nl 

(a)-3 (b+ (©1 @d2 4 

Differential Equation In Exercises 53 and 54, use the 
differential equation and the specified initial condition to find y. 

ya 1 Cai Peel 
53. a =s 54. fis ai ga 

y(0) = 7 y(2) = 7 

Pe Slope Field In Exercises 55 and 56, a differential equation, 

a point, and a slope field are given. (a) Sketch two approximate 

solutions of the differential equation on the slope field, one of 

which passes through the given point. (b) Use integration to 

find the particular solution of the differential equation and use 

a graphing utility to graph the solution. Compare the result 

with the sketches in part (a). To print an enlarged copy of the 

graph, go to MathGraphs.com. 

dy 2 dy 2 oe 5 0.) 56. ===, 6.7) 

y y 

——_- Pi ere Bee 

| SO iaeeten, SLE A 
ee ee 

em eee A474 427-7" 
wore rr 7s) Byer eee 

Pe Slope Field In Exercises 57-60, use a computer algebra 
system to graph the slope field for the differential equation and 

graph the solution satisfying the specified initial condition. 

dy _ 10 dy _ 1 

= dx 7 x/x? — 1 8; dx - 12 + x 

y(3) =0 y(4) =2 

a 60.) = a: 
dx /16 — x2 dx ih sie Be 

y(0) = 2 y(0) = 4 
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In Exercises 61-66, find the area of the region. 

2 | 
a 62. — ———$ 

) y 

61. y = 

63. 

3 cos x 4e* 
655°) = = 66. y = 

1 + sin? x 7 fees 

y y 
A h 

67. Area 

(a) Sketch the region whose area is represented by 

| 

| arcsin x dx. 
0 

Ay (b) Use the integration capabilities of a graphing utility to 

approximate the area. 

(c) Find the exact area analytically. 

68. Approximating Pi 

(a) Show that 

I 4 
[ > dx = 7. 

fy aes 

(b) Approximate the number 7 using Simpson’s Rule (with 

n = 6) and the integral in part (a). 

(c) Approximate the number 7 by using the integration 

capabilities of a graphing utility. 
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69. Consider the function 

| a 9) 

F(x) = ae 
A ira al 

(a) Write a short paragraph giving a geometric interpretation 

of the function F(x) relative to the function 

5 

DOE aa 

Use what you have written to guess the value of x that will 

make F maximum. 

SG Perform the specified integration to find an alternative 

form of F(x). Use calculus to locate the value of x that will 

make F maximum and compare the result with your guess 

in part (a). 

70. Comparing Integrals Consider the integral 

l 
a 
| / 6% = x 

(a) Find the integral by completing the square of the radicand. 

(b) Find the integral by making the substitution u = /x. 

(c) The antiderivatives in parts (a) and (b) appear to be 

significantly different. Use a graphing utility to graph each 

antiderivative in the same viewing window and determine 

the relationship between them. Find the domain of each. 

True or False? In Exercises 71-74, determine whether the 

statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

WAL a Dee 

A Sn CE 8 

dx 1 By 
94. SoS SESS == AF 
‘ i 25 x2 25 as Ds G 

FEA) = NE * ge = arccos 2 

2e2* 

74. One way to find i cS dx is to use the Arcsine Rule. 

Verifying an Integration Rule In Exercises 75-77, verify 

the rule by differentiating. Let a > 0. 

du u 

5. | SS = arcsin= + C 
S/he a 

du 1 u 
16. | = arctan = + IG 

Cre a a 

du 1 |u| 
= = = = aresec ae 

Piathe (oie 10! a 

78. Proof Graph 

7k 

x 

1 + x?’ bias y2 = arctanx, and y,=x 

on [0, 10]. Prove that 

X : 
= ae ATC LAM <a | OL mek een): 
eae 
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79. Numerical Integration 

(a) Write an integral that represents the area of the region in 

the figure. 

(b) Use the Trapezoidal Rule with n = 8 to estimate the area 

of the region. 

(c) Explain how you can use the results of parts (a) and (b) to 

estimate 7. 

to 
} 

Nlw 

| 
| 

| 
Py 80. Vertical Motion An object is projected upward from 

ground level with an initial velocity of 500 feet per second. In 

this exercise, the goal is to analyze the motion of the object 

during its upward flight. 

(a) If air resistance is neglected, find the velocity of the object 

as a function of time. Use a graphing utility to graph this 

function. 

(b) Use the result of part (a) to find the position function and 

determine the maximum height attained by the object. 

(c) If the air resistance is proportional to the square of the 

velocity, you obtain the equation 

dv 
= (32 Huh earl ) 

where — 32 feet per second per second is the acceleration 

due to gravity and k is a constant. Find the velocity as a 

function of time by solving the equation 

dy 

lates [2 

Use a graphing utility to graph the velocity function v(f) in 

part (c) for k = 0.001. Use the graph to approximate the 

time f, at which the object reaches its maximum height. 

(d wm 

(e) Use the integration capabilities of a graphing utility to 

approximate the integral 

i, v(t) dt 
0 

where v(t) and fy are those found in part (d). This is the 

approximation of the maximum height of the object. 

(f) Explain the difference between the results in parts (b) and 

(e). 

@ FOR FURTHER INFORMATION For more information 

on this topic, see the article “What Goes Up Must Come Down; 

Will Air Resistance Make It Return Sooner, or Later?” by John 

Lekner in Mathematics Magazine. To view this article, go to 

MathArticles.com. 
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5.8 Hyperbolic Functions 

JOHANN HEINRICH LAMBERT 
(1728-1777) 

The first person to publish a 

comprehensive study on hyperbolic 
functions was Johann Heinrich 
Lambert, a Swiss-German mathe- 

matician and colleague of Euler. 
See LarsonCalculus.com to read 
more of this biography. 

eecevevneeee ee 8 2 @ 6 & @ Of] > Leo 

MARK The notation 
sinh x is read as “the hyperbolic 

sine of x,” cosh x as “the 

hyperbolic cosine of x,” and 

so on. 

@ Develop properties of hyperbolic functions. 

@ Differentiate and integrate hyperbolic functions. 

l@ Develop properties of inverse hyperbolic functions. 

@ Differentiate and integrate functions involving inverse hyperbolic functions. 

Hyperbolic Functions 

In this section, you will look briefly at a special class of exponential functions called 

hyperbolic functions. The name hyperbolic function arose from comparison of the area 

of a semicircular region, as shown in Figure 5.29, with the area of a region under a 

hyperbola, as shown in Figure 5.30. 

= yevl+x 
EA, 

\ \\ 

\ 

to to 

Circle: x* + y? = 1 

Figure 5.29 

Hyperbola: —x? + y? = 1 

Figure 5.30 

The integral for the semicircular region involves an inverse trigonometric (circular) 

function: 

1 1 
1 : 

| <i =F ar=3]avi =H + aresin x | =e Nei. 
ti -1 

The integral for the hyperbolic region involves an inverse hyperbolic function: 

1 1 
1 

| Ji+xtdx= [v1 + x2 +4 sinh | == D906. 
an a4 

This is only one of many ways in which the hyperbolic functions are similar to the 

trigonometric functions. 

| Definitions of the Hyperbolic Functions 

Cue 
i Ss aoe ree hx = Cc #0 | sinh x 5 Coa Screeners | 

| aS 1s | 
cosh x = 5 sechx = ce 

i 1 
tanhx = pee coth x = , x #0 . 

| cosh x tanh x 

@ FOR FURTHER INFORMATION For more information on the development of 

hyperbolic functions, see the article “An Introduction to Hyperbolic Functions in Elementary 

Calculus” by Jerome Rosenthal in Mathematics Teacher. To view this article, go to MathArticles.com. 

American Institute of Physics (AIP) (use Emilio Serge Visual Archive) 
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The graphs of the six hyperbolic functions and their domains and ranges are shown 
in Figure 5.31. Note that the graph of sinh x can be obtained by adding the corresponding 
y-coordinates of the exponential functions f(x) = $e* and g(x) = —te-*, Likewise, the 
graph of cosh x can be obtained by adding the corresponding y-coordinates of the 
exponential functions f(x) = 3e* and h(x) = se7*. 

29a els 

Domain: (—oo, co) Domain: (—co, co) 
Range: [1, co) Range:- (—1, 1) 

y y y 
1 A 

Papi ee | poe is en) (co 1+ -- iP, 

t + } + + a = 2905 24 1 D 
ee =] pe SS a ee 

| Bu) aN | 
Domain: (—co, 0) U (0, o0) Domain: (— co, 00) Domain: (—oo, 0) U (0, co) 
Range: (—co, 0) U (0, co) Range: (0, 1] Range: (—oo, —1) U(1, 00) 
Figure 5.31 

Many of the trigonometric identities have corresponding hyperbolic identities. For 
instance, 

e+e) _ (e = <) 
2) 2) 

_ ee +2+¢e¢" eF—Jigr 

4 4 

II cosh? x — sinh? x 

HYPERBOLIC IDENTITIES 

@ FOR FURTHER INFORMATION cosh? x — sinh? x sinh(x + y) = sinh x cosh y + cosh x sinh y 
To understand geometrically the tanh? x + sech? x sinh(x — y) = sinh x cosh y — cosh x sinh y 
relationship between the hyperbolic coth2 x — esch2 x = 
and exponential functions, see the 

article “A Short Proof Linking 

the Hyperbolic and Exponential 

cosh(x + y) = cosh x cosh y + sinh x sinh y 

cosh(x — y) = cosh x cosh y — sinh x sinh y 

: = it 3: Coste. (ss 2 pint eee ean ee es 
Functions” by Michael J. Seery - : 
in The AMATYC Review. sinh 2x = 2 sinh x cosh x cosh 2x = cosh? x + sinh? x 
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Differentiation and Integration of Hyperbolic Functions 

Because the hyperbolic functions are written in terms of e* and e~*, you can easily 

derive rules for their derivatives. The next theorem lists these derivatives with the 

corresponding integration rules. 

Derivatives and Integrals of Hyperbolic Functions 

Let u be a differentiable function of x. 

hee 
ey [sinh uw] = (cosh u)u’ [ost udu = sinhu + C 

d : : 
— [cosh u] = (sinh u)u’ sinh u du = coshu + C 
dx 

d A 
Er [tanh uw] = (sech? u)u’ sech? u du = tanhu + C 

sech u tanh u du = —sechu + C 

<. [coth u] = —(csch? u)u’ [esor udu = —cothu+C 

we | os [sech vu] = —(sech u tanh u)u 
dx 

dx 

; 

j 

d . 
—[esch u] = —(csch u coth u)u’ esch u coth udu = —cschu + C 

Proof Here is a proof of two of the differentiation rules. (You are asked to prove some 

of the other differentiation rules in Exercises 103-105.) 

< {sinh x eieoe | 

ent er 

2, 

cosh x 

d d | sinh x 

dx Seed [= | 7 dx 

_ cosh x(cosh x) — sinh x(sinh x) 

cosh? x 

1 

cosh? x 

= sech? x 

See LarsonCalculus.com for Bruce Edwards's video of this proof. ped 

EXAMPLE 1 Differentiation of Hyperbolic Functions 

a. © [sinh(x? = 3)/— 2x cosh(x? — 3) 

d sinh x 
b. - [In(cosh x)] = ee tanh x 

d : : : 
C7 [x sinh x — cosh x] = x cosh x + sinh x — sinh x = x cosh x 

bs: 

d. rac — 1) coshx — sinx] = (x — 1) sinh x + coshx — cosh x = (x — 1) sinh x 
% 
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1) cosh x — sinh x ixyjp= (x 

| (1, —sinh 1) 
=25 

f’(0) < 0, so (0, — 1) is a relative 

maximum. f’(1) > 0, so (1, —sinh 1) 

is a relative minimum. 

Figure 5.32 

Catenary 

Figure 5.33 

if FOR FURTHER INFORMATION 

In Example 3, the cable is a 

catenary between two supports at 

the same height. To learn about the 

shape of a cable hanging between 

supports of different heights, 

see the article “Reexamining 

the Catenary” by Paul Cella in 

The College Mathematics Journal. 

To view this article, go to 

MathArticles.com. 

Logarithmic, Exponential, and Other Transcendental Functions 

EXAMPLE 2 Finding Relative Extrema 

Find the relative extrema of 

f(x) = (&« — 1) cosh x — sinh x. 

Solution Using the result of Example 1(d), set the first derivative of f equal to 0. 

(x — 1) sinhx = 0 

So, the critical numbers are x = | and x = 0. Using the Second Derivative Test, you 

can verify that the point (0, — 1) yields a relative maximum and the point (1, — sinh 1) 

yields a relative minimum, as shown in Figure 5.32. Try using a graphing utility to 

confirm this result. If your graphing utility does not have hyperbolic functions, you can 

use exponential functions, as shown. 

1 1 
= *.. cme farllan PSeea es al eee rat fl) = (= ($\le" +e) = Her = 9) 

Il 6 ; a is 
= 5 (xe* + xe x = eX — eX — @ + e-*) 

1 d en 
= are" + xe-* — 2e*) | 

When a uniform flexible cable, such as a telephone wire, is suspended from two 

points, it takes the shape of a catenary, as discussed in Example 3. 

EXAMPLE 3 Hanging Power Cables 

Fae > See LarsonCalculus.com for an interactive version of this type of example. 

Power cables are suspended between two towers, forming the catenary shown in 

Figure 5.33. The equation for this catenary is 

x 
y = acosh-. 

a 

The distance between the two towers is 2b. Find the slope of the catenary at the point 

where the cable meets the right-hand tower. 

Solution Differentiating produces 

ie 
y= a(*) sinh = = sinh. 

a a a 

At the point (b, a cosh(b/a)), the slope (from the left) is m = sinh =. 

EXAMPLE 4 Integrating a Hyperbolic Function 

Find [eosn 2x sinh? 2rd. 

Solution 

[ost 2x sinh? 2%ax = 5 in 2x)?(2 cosh 2x) dx u = sinh 2x 

—_ 1{ (sinh ad = Al +c 
sinh? 2x 

= = + 
6 ¢ -t 
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Graphs of the hyperbolic tangent 

function and the inverse hyperbolic 

tangent function 

Figure 5.34 
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Inverse Hyperbolic Functions 

Unlike trigonometric functions, hyperbolic functions are not periodic. In fact, by 

looking back at Figure 5.31, you can see that four of the six hyperbolic functions are 

actually one-to-one (the hyperbolic sine, tangent, cosecant, and cotangent). So, you can 

apply Theorem 5.7 to conclude that these four functions have inverse functions. The 

other two (the hyperbolic cosine and secant) are one-to-one when their domains are 

restricted to the positive real numbers, and for this restricted domain they also 

have inverse functions. Because the hyperbolic functions are defined in terms of 

exponential functions, it is not surprising to find that the inverse hyperbolic functions 

can be written in terms of logarithmic functions, as shown in Theorem 5.19. 

Inverse Hyperbolic Functions 

Function Domain | 

sinh! x = In(x shee Xe 1) (= 05,100) | 

cosh! x = In(x Bo AS 1) [1, co) 

| olen ein Gikt) | anh‘ x 5) ay ; | 

| ies 
coth-! x = =In= (Seon=1) 0) ites) 

Daete—o | 

ap ere ee 
sech> x= in (0, 1] 

: [exe 
esch=!x = (2 + we) (—‘co, 0) U (0, co) 

x |x| 
| 

Proof The proof of this theorem is a straightforward application of the properties of 

the exponential and logarithmic functions. For example, for 

~ —e * 

f(x) = sinhx = £ 5 

and 

AGipliniets ROPE ALY) 

you can show that 

fle(x)) =x and g(f(x)) =x 
which implies that g is the inverse function of f. 

See LarsonCalculus.com for Bruce Edwards’s video of this proof. | 

b> TECHNOLOGY You can use a graphing utility to confirm graphically the results 

The resulting display is shown in Figure 5.34. As you watch the graphs being traced 

out, notice that y, = y, and y, = y,4. Also notice that the graph of y, is the reflection 

of the graph of y, in the line y = x. 

* of Theorem 5.19. For instance, graph the following functions. 

: y, = tanh x Hyperbolic tangent 

; CoH ee” 
a D0) ak € eae ae Definition of hyperbolic tangent 
. Cra Cm 

% Vaan tanh”! x Inverse hyperbolic tangent 

: Ile alee 7 : : 
7 Vig > n ae: Definition of inverse hyperbolic tangent 
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Domain: (—©oo, co) 

Range: (—0o, 00) 

Exponential, and Other Transcendental Functions 

The graphs of the inverse hyperbolic functions are shown in Figure 5.35. 

Domain: [1, co) 
Range: [0, oo) 

Domain: (—1, 1) 

Range: (— oo, oo) 

Domain: (— oo, 0) U (0, co) 
Range: (—oo, 0) U (0, 00) 

Figure 5.35 

| se 

/ y = 20 sech7! = 

A person must walk about 41.27 feet to 

bring the boat to a position 5 feet from 

the dock. 

Figure 5.36 

y y 

A 

3- 1 3+ 

1 ' 

1+ hte ! 
1 ! 

t-—+-—} pp 2 t+——+-—} t-—|-— 
dl 1 23 ; ee 

-1+ else 
' 1 

-2->- Pee 

1 

-3+- 3+! 

Domain: (0, 1] 
Range: [0, 00) 

Domain: (—co, — 1) U (1, es) 
Range: (— 00, 0) U (0, co) 

The inverse hyperbolic secant can be used to define a curve called a tractrix or 

pursuit curve, as discussed in Example 5. 

EXAMPLE 5 A Tractrix 

A person is holding a rope that is tied to a boat, as shown in Figure 5.36. As the 

person walks along the dock, the boat travels along a tractrix, given by the equation 

Dae Sank 
53 

y = aisech ye. / 0 x 
a 

where a is the length of the rope. For a = 20 feet, find the distance the person must 

walk to bring the boat to a position 5 feet from the dock. 

Solution In Figure 5.36, notice that the distance the person has walked is 

Vy Sy / 20h x? 

= (20 sech7! a af 30 *) fe = 2 

= 20 sech~! Eat 

When x = 5, this distance is 

Le Vl te 

1/4 

So, the person must walk about 41.27 feet to bring the boat to a position 5 feet from the 

dock. al 

5 
yy = 20 sech"! = = 20 In = 20 In(4 + /15) ~ 41.27 feet. 
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**REMARK Leta = 2 and 

u = 3x. 
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**REMARK Leta = 5 

Gnitel 7) — ve, 
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Inverse Hyperbolic Functions: Differentiation and 
Integration 

The derivatives of the inverse hyperbolic functions, which resemble the derivatives of the 

inverse trigonometric functions, are listed in Theorem 5.20 with the corresponding inte- 

gration formulas (in logarithmic form). You can verify each of these formulas by applying 

the logarithmic definitions of the inverse hyperbolic functions. (See Exercises 106-108.) 

Differentiation and Integration Involving 

Inverse Hyperbolic Functions 

Let u be a differentiable function of x. 

d a d We 
pa 1 h-! SS) fe sh! ,\) = —— | alsin u| ree 7008 u| aa 

d a te oh - - / 
| [tanh=* uv] = =e 7 uooth 7 panes | 

| “Tsech=! u] = baru 3 4 Fesch-! uj] = et 0” 
: d uJ/1 — wv dx Fe Al ae 

| du te 2 2 | / fee let i +a)+C 

| du 1 atu | = CG 
ere 7 ee 

du l at+JV@tiw i | eats _ 2 jy 2 VS ic 
| ee au? ae |u| 

EXAMPLE 6 Differentiation of Inverse Hyperbolic Functions 

2 

On) 

eee or) 
/4x2 + J 

at £. [sinh-1(2x)] = 

EXAMPLE 7 Integration Using Inverse Hyperbolic Functions 

a pe eae | kis === 
"J x/4 = 9x? (3x)n/4 = 9x7 te Ge 

3 I a lta ae aah 
2 |3x| a |u| 

b dx tn 1 2 dx | du 

i ae (V5 — (2x)? Ce 

ee eee dunlet4| +c 
NO 5, /5 — 2x 2a ja—u 

1 5 42 be 
= In a7 | 
A565 = 22K 
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5.8 Exercises 

Logarithmic, Exponential, and Other Transcendental Functions 

See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

In Exercises 1-6, evaluate the 

function. If the value is not a rational number, round your 

answer to three decimal places. 

2. (a) cosh 0 

(b) sech 1 

4. (a) sinh~! 0 

(b) tanh~! 0 

6. (a) csch~! 2 

(b) coth ! 3 

1. (a) sinh 3 

(b) tanh(—2) 

3. (a) csch(In 2) 

(b) coth(In 5) 

5. (a) cosh! 2 

(b) sech~! 3 

Verifying an Identity In Exercises 7-14, verify the identity. 

7. tanh?x + sech? x = 1 

8. coth?x — csch?x = 1 

1 + cosh 2x 
9, cosh?x = SE ee 2 

[se 2 
ae = cosh a 

11. sinh 2x = 2 sinh x cosh x 

12. e** = sinh 2x + cosh 2x 

13. sinh(x + y) = sinh x cosh y + cosh x sinh y 

wy 

2 

x+y 
14. cosh x + cosh y = 2 cosh z 5 2 cosh 

Finding Values of Hyperbolic Functions In Exercises 15 
and 16, use the value of the given hyperbolic function to find 

the values of the other hyperbolic functions at x. 

15. sinh x = es 16. tanh x = t » sinhx = 5 - tanhx = 5 

Finding a Limit In Exercises 17—22, find the limit. 

We Jim, sinh x 18. lim tanh x 

19. lim sech x 20. lim csch x 

1 ee 22. lim coth x 
x30 XG x30 

Finding a Derivative In Exercises 23-32, find the derivative 

of the function. 

23. f(x) = sinh 3x 

25. y = sech(5x?) 

24. f(x) = cosh(8x + 1) 

26. f(x) = tanh(4x? + 3x) 

27. f(x) = In(sinh x) 28. y= in tanh *) 

| 
= —sinh 2x — 29. h(x) ri 

ae 

30. y = xcoshx — sinhx 

31. f(t) = arctan(sinh f) 

32. o(x) = sech? 3x 

ot i ding an Equation of a Tangent Line In Exercises 

3- 36, find an equation of the tangent line to the graph of the 

function at the given point. 

33. y = sinh(1 — x), (1,0) 

34, y = xm, (1, 1) 
35. y = (coshx — sinh x)?, (0, 1) 

36. y= esinh x (0, 1) 

Finding Relative Extrema In Exercises 37—40, find any 

relative extrema of the function. Use a graphing utility to 

confirm your result. 

37. f(x) = simxsinhx — cosx¢oshx, —4 5x5 4 

38.) (x)= 2% sinh — 1))— cosh(x — 1) 

39. 2(x) = x sechx 

40. A(x) = 2 tanh x — x 

Catenary In Exercises 41 and 42, a model for a power cable 

suspended between two towers is given. (a) Graph the model, 

(b) find the heights of the cable at the towers and at the 

midpoint between the towers, and (c) find the slope of the 

model at the point where the cable meets the right-hand tower. 

IA 41. y= 10+ 15 cosh =, 15 2x2 15 

A 42. y= 18 + 25 cosh 5=, 295 S005 

Finding an Indefinite Integral In Exercises 43-54, find 
the indefinite integral. 

43. i cosh 2x dx 44, | sech?(3x) dx 

cosh cosh Vx 
45. | sinh(1 — 2x) dx 46. J cece 

> eye. sinh x 
47. [eos (x — 1) sinh — 1)dx 48. [5 ze sinh? x 

49. | pasha veg 50. | sech2(2x — 1) dx 
sinh x 

51. f. csch? as dx Sy, [soon x tanh x dx 

esch(1/x) coth( (/) | cosh x . 
S3, | SSS See 54 ——————— re 
| we? /9 — sinh? x 

Evaluating a Definite Integral 
evaluate the integral. 

In Exercises 55-60, 

In 2 1 

55. i tanh x dx 56. | cosh? x dx 
0 0 

eat | 57, | eae 58 | ees 
| Pe Wl [ Vv Die 

V2; ) In2 

59, ——— dx 60. 2e~* cosh x dx 
0 J1 — 4x? | 



WRITING ABOUT CONCEPTS 

61. Comparing Functions Discuss several ways in which 

the hyperbolic functions are similar to the trigonometric 

functions. 

. Hyperbolic Functions Which hyperbolic functions 

take on only positive values? Which hyperbolic functions 

are increasing on their domains? 

. Comparing ative Formulas Which 

hyperbolic derivative formulas differ from _ their 

trigonometric counterparts by a minus sign? 

O21 HOW DOYOU SEE IT? Use the graphs of f 
, and g shown in the figures to answer the following. 

(a) Identify the open interval(s) on which the graphs of f 

and g are increasing or decreasing. 

(b) Identify the open interval(s) on which the graphs of f 

and g are concave upward or concave downward. 

~ <>) a 
seypeemamcterroren errs ss ee 

Finding a Derivative In Exercises 65-74, find the derivative 
of the function. 

65. y = cosh !(3x) 

x 
2 

67. y = tanh~!/x 

69. y = sinh !(tan x) 

Tie yi= (csch—! x)? 

72. y = sech '(cos 2x), 0 <x < 7/4 

73. y = 2x sinh7'(2x) — /1 + 4x2 

fay — x tanh? x  in/ 1 — x7 

66. y = tanh”! 

68. f(x) = coth  '(x) 

70. y = tanh '(sin 2x) 

Finding an Indefinite Integral In Exercises 75-82, find 
the indefinite integral using the formulas from Theorem 5.20. 

1 
TS: IE 42 dx 

1 
ee 1G 
IF + e 

I 
On| =< _—$— 0. 
ls =e ms 

- 78. Fete 

80. |e 
le ac 

dx 
$2. 
le + 2) /x2 + 4x + 8 

79. las 

=I 
81. Peseta 

5.8 Hyperbolic Functions 391 

Evaluating a Definite | gral In Exercises 83-86, 

evaluate the definite integral using the formulas from 

Theorem 5.20. 

7 3 
l ; ] 

83. SS = hi 84. a 
[ Sx? — 4° | x/4 + x : 

1 1 
] l 

85. aE SOss a ———— aT I 16 — 9x j Jie ei 
erenti ation In Exercises 87-90, solve the 

differential equation. 

ry: 
wiTerential cq 

§7. 2 = 
dx  ./80 + 8x — 16x? 

gg, 2 = a 
dx (x-1) 4x2 8x — 

dy x? — 21x 

Be. dx 5+ 4x—-— x2 

asp A De 

nb dx 4x— x? 

Area In Exercises 91—94, find the area of the region. 

91. y= sech 5 92. y = tanh 2x 

¥ y 

A A 

14SR ele 

12+ ‘ll 

it 3) t= 

0.6 ‘eta ia 
Se See 0.4 Det Ml Slim? 18 

Moke 5 ab 

pep aimee an 
-4-3-2-1 1 12 3 4 3+ 

Wee eA 

y 
A 

a 
6+ 

4—> 

+ 
2+ 

Se 
di a Dee A 

—2+ 

95. Chemical Reactions Chemicals A and B combine in a 
3-to-1 ratio to form a compound. The amount of compound x 

being produced at any time f is proportional to the unchanged 

amounts of A and B remaining in the solution. So, when 

3 kilograms of A is mixed with 2 kilograms of B, you have 

dx 3Be Nee Shir, 

a i(3 T)2 4 16% 

One kilogram of the compound is formed after 10 minutes. 

Find the amount formed after 20 minutes by solving the equation 

3k ax 

16. |x2—12x+ 32 

12x + 32). 
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96. on An object is dropped from a height of 

400 feet. 

(a) Find the velocity of the object as a function of time 

(neglect air resistance on the object). 

(b) Use the result in part (a) to find the position function. 

(c) If the air resistance is proportional to the square of the 

velocity, then dv/dt = —32 + kv?, where —32 feet per 

second per second is the acceleration due to gravity and k 

is a constant. Show that the velocity v as a function of 

time is v(t) = —/32/k tanh( 32k t) by performing 

f dv/(32 — kv?) = —J dt and simplifying the result. 

(d ~~ Use the result of part (c) to find lim v(t) and give its 
: : t00 
interpretation. 

— fa’) =e, ) Integrate the velocity function in part (c) and find the 

position s of the object as a function of t. Use a graphing 

utility to graph the position function when k = 0.01 and 

the position function in part (b) in the same viewing 

window. Estimate the additional time required for the 

object to reach ground level when air resistance is not 

neglected. 

(f) Give a written description of what you believe would 

happen if k were increased. Then test your assertion with 

a particular value of k. 

97. Tractrix Consider the equation of the tractrix 

y =asech—'(x/a) — Ja? — x*, a> 0. 

(a) Find dy/dx. 

(b) Let L be the tangent line to the tractrix at the point P. 

When L intersects the y-axis at the point Q, show that the 

distance between P and Q is a. 

98. Tractrix Show that the boat in Example 5 is always 
pointing toward the person. 

99. Proof Prove that 

i SP oe 

= 36 
tanh! x = Fn ) =) 2 59 = Ih, 

100. Proof Prove that 

sinh! ¢ = In(¢ + Jf +1). 

101. Using a Right Triangle Show that 

arctan(sinh x) = arcsin(tanh x). 

102. Integration Let x > 0 and b > 0. Show that 

[ pipes 2 sinh bx 

= x 

Proof In Exercises 103-105, prove the differentiation formula. 

d 

dx 
103. [cosh x] = sinh x 

d 5 
104. —[coth x] = —csch? x 

dx 

hae 
105. ay lsech x] = —sech x tanh x As 

Ken Nyborg/Shutterstock.com 
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Verifying a Differentiation Rule In Exercises 106-108, 

verify the differentiation formula. 

1 | 
106. —[cosh~! x] = 

dx bi 

d Cee 107. 7 sinh x] 7 

d = 
13, see! |) = ————= 

a gra xJ/1 — x 

PUTNAM EXAM CHALLENGE 

109. From the vertex (0, c) of the catenary y = c cosh(x/c) a 

line L is drawn perpendicular to the tangent to the catenary | 

at point P. Prove that the length of L intercepted by the 

axes is equal to the ordinate y of the point P. 

. Prove or disprove: there is at least one straight line 

normal to the graph of y = cosh x at a point (a, cosh a) and } 
also normal to the graph of y = sinh x at a point (c, sinh c). 

[At a point on a graph, the normal line is the perpendicular 

to the tangent at that point. Also, cosh x = (e* + e-*)/2 

and sinh x = (e* — e~*)/2.] 

These problems were composed by the Committee on the Putnam Prize Competition. 

© The Mathematical Association of America. All rights reserved. 

Saqreishiiaa 

St. Louis Arch 
The Gateway Arch in St. Louis, Missouri, was constructed using 

the hyperbolic cosine function. The equation used for construction 

was 

= 693.8597 — 68.7672 cosh 0.0100333x, 

=I IPIEE) S36 = DEANS) 

where x and y are measured in feet. Cross sections of the arch are 

equilateral triangles, and (x, y) traces the path of the centers of mass 

of the cross-sectional triangles. For each value of x, the area of the 

cross-sectional triangle is 

A = 125.1406 cosh 0.0100333.x. 

(Source: Owner’s Manual for the Gateway Arch, Saint Louis, MO, 

by William Thayer) 

(a) How high above 

the ground is the 

center of the highest 

triangle? (At ground 

level, y = 0.) 

What is the height 

of the arch? (Hint: 

For an equilateral 

triangle, A = /3c?, 
where c is one-half the base of the triangle, and the center of 

mass of the triangle is located at two-thirds the height of the 

triangle.) 

(b wm 

(c) How wide is the arch at ground level? 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Sketching a Graph In Exercises 1 and 2, sketch the graph 

of the function and state its domain. 

y= 

arc) = 

Inte —"3 

(GaenS) 

Expanding a Logarithmic Expression In Exercises 3 and 

4, use the properties of logarithms to expand the logarithmic 

expression. 

4x? — ] 

4x2 + 1 

Aa ini tx? + 1)(x — 1)| 

3. In 

Condensing a Logarithmic Expression In Exercises 5 
and 6, write the expression as the logarithm of a single quantity. 

EY, ih 345 *In(4 = 5) — Ith 

ei — Qn(x2 +.1)| + 2n5 

Finding a Derivative In Exercises 7-12, find the derivative 

of the function. 

Bae) = In~/ 2x 

S. fl) = In(Bx? + 2x) 

9. f(x) = xJ/Inx 

10. f(x) = [Inv] 
vr+4 

Ti 

4x 
12. y= in - = -| 

Finding an Equation of a Tangent Line In Exercises 13 
and 14, find an equation of the tangent line to the graph of the 

function at the given point. eS | 

, 

11. y=In 

2 ene a) + (1, i3ay= In(2 + x) as (1,2) ee 

ian ee nix? (15,2) 2 LS 
> i | ¢ 

Finding an Indefinite Integral In Exercises 15-18, find 

the indefinite integral. 

] x2 

© Eat 16. [Aa 

17. Fewer 18. [Ate 
i = Cos x ag 

Evaluating a Definite Integral In Exercises 19-22, 

evaluate the definite integral. 

20. ie AE dx 

22. (i ae 
0 3 

ef Oy 
pa. 2 La 

a. | sec 0d0 
0 

le 

In Exercises 23-28, (a) find 

the inverse function off, (b) graph f and f—! on the same 

set of coordinate axes, (c) verify that f—'( f(x)) =x and 
f( f-'(x)) =x, and (d) state the domains and ranges of f 
and f—!. 

23. f(x) = ox — 3 
25. f(x) = /x #1 
27. f(x) = x41 

AG =n = 7 
2607 0y S339 
Ix Gey Se = 5 ae 

Evaluating the Derivative of an Inverse Function In 

Exercises 29-32, verify that f has an inverse. Then use the 

function f and the given real number a to find ( f~ !)’(a). (Hint: 
Use Theorem 5.9.) 

29. f(x) =e 2, a= 1 

30. f(x) = xV/x- 3, a=4 

31. §(x) = tan x, Sica ore a= 

32. f(x) =cosx, Osxsm, a=0 

Solving an Exponential or Logarithmic Equation In 
Exercises 33—36, solve for x accurate to three decimal places. 

33. e** = 30 

34. —4+ 3e% =6 

35. nJ/x +1 =2 

36. Inx + In(x — 3) = 0 

Finding a Derivative In Exercises 37-42, find the derivative 

of the function. 

ray ox 
| = fel = Se ale t7e 38. g(x) Ins ape 

(39, ‘y = (e+e 40. h(z) = e7=/? 

2 
41. g(x) =~ 42. y = 3e-3/t 

Finding an Equation of a Tangent Line In Exercises 43 
and 44, find an equation of the tangent line to the graph of the 

function at the given point. 

432 fG) =e (071) 44, f(x) =e 4, (4,1) 

implicit Differentiation In Exercises 45 and 46, use implicit 

differentiation to find dy/dx. 

45. yinx + y?=0 46. cos x* = xe” 

Finding an Indefinite Integral In Exercises 47-50, find 

the indefinite integral. 

48. [eee dx 47. | xe!—** dx 

; \ Ax 2x 26 pen / el eh Su al el e é ; 
49. | oe dx 50. | GL eB dx 
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it In Exercises 51-54, 

evaluate the definite integral. 

rl . 2 l/s 

SI. | Keno ax 52. —oe dx 

Jo 1/2 * 
7 r3 e 2 en 

53: | = se 54. = dx 
Ji es I 0 Cais I 

55 Find the area of the region bounded by the graphs of 

y=2e*, y=0, x=0, and x=2. 

Pe 56. Depreciation The value V of an item f¢ years after it is 

purchased is V = 9000e-°' for 0 s t < S. 

(a) Use a graphing utility to graph the function. 

(b) Find the rates of change of V with respect to t when t = 1 

and ¢ = 4. 

(c) Use a graphing utility to graph the tangent lines to the 

function when t = | and t = 4. 

Sketching a Graph In Exercises 57 and 58, sketch the 

graph of the function by hand. 

i x 

58. y = ( 1) 

Finding a Derivative In Exercises 59-64, find the derivative 

of the function. 

57. y = 33/2 

59. f(x) = 3°! 60. f(x) = 5* 
61. y = x2*+! 62. f(x) = x(4-*) 

63. e(x) =loe7 hh 64. h(x) = logs ar 1 

Finding an Indefinite Integral In Exercises 65 and 66, 

find the indefinite integral. 

—1/t 

66. | a dt 

67. Climb Rate The time ¢ (in minutes) for a small plane to 
climb to an altitude of h feet is 

65. [o + 1)5@+)? dy 

18,000 

oe NOES N00 =i 

where 18,000 feet is the plane’s absolute ceiling. 

(a) Determine the domain of the function appropriate for the 

context of the problem. 

acd (b) Use a graphing utility to graph the time function and 

identify any asymptotes. 

(c) Find the time when the altitude is increasing at the 

greatest rate. 

68. Compound Interest 

(a) How large a deposit, at 5% interest compounded 

continuously, must be made to obtain a balance of $10,000 

in 15 years? 

(b) A deposit earns interest at a rate of r percent compounded 

continuously and doubles in value in 10 years. Find r. 

Logarithmic, Exponential, and Other Transcendental Functions 

Evaluating an Expression In Exercises 69 and 70, evaluate 

each expression without using a calculator. (Hint: Make a 

sketch of a right triangle.) 

70. (a) tan(arccot 2) 

(b) cos(arcsec J5) 

69. (a) sin(aresin 4) 

(b) cos(arcsin 4) 

| ing aDerivative In Exercises 71-76, find the derivative 

of the function. 

71. y = tan(arcsin x) 

ee arctan(2x? — 3) S 
lI 

73. y = x arcsec x 

74. y= + arctan er 

75. y = x(arcsin x)? — 2x + 2\/1 — x? arcsin x 

On yee 2 arcsec 5, OMG aA 

Finding an Indefinite Integral In Exercises 77-82, find 
the indefinite integral. 

1 1 

79 | ———— dx 80. | a dx 
~) Yl = x4  ) x /9x? — 49 

arctan(x/2) arcsin 2x - 81. are 82. | 

Area In Exercises 83 and 84, find the area of the region. 

DG ae acs Kee ee 
y 

A 

1p 

lone x 
=a il 1 2 

Finding a Derivative In Exercises 85-90, find the derivative 
of the function. 

85. y = sech(4x — 1) 

87. y = coth(8x?) 

89. y = sinh !(4x) 

86. y = 2x — cosh Vx 

88. y = In(cosh x) 

90. y = xtanh~! 2x 

Finding an Indefinite Integral In Exercises 91-96, find 
the indefinite integral. 

91. [~ sech? x3 dx 

93. { Secheg 
tanh x 

95. |. d : lee 

92. [nn 6x dx 

94, [esr'Gneon(a0 dx 

x 
OG er 
Is —] 
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PS. Problem Solving 

Approximation To approximate e*, you can use a function 

of the form 

Qo DX 

l+ecx 

(This function is known as a Padé approximation.) The values 

of f (0), f’ (0), and f’(0) are equal to the corresponding values of 

e*. Show that these values are equal to | and find the values 

of a, b, and ¢ such that f(0) = f(0) = f(0) = 1. Then use a 

graphing utility to compare the graphs of f and e’. 

. Symmetry Recall that the graph of a function y = f(x) is 

symmetric with respect to the origin if, whenever (x, y) is a 
point on the graph, (—x, —y) is also a point on the graph. The 
graph of the function y = f(x) is symmetric with respect to 

the point (a, b) if, whenever (a — x, b — y) is a point on the 

graph, (a + x, b + y) is also a point on the graph, as shown in 
the figure. 

(a+x,b+y) 

— Xx 

(a) Sketch the graph of y = sin x on the interval [0, 27]. Write 

a short paragraph explaining how the symmetry of the graph 

with respect to the point (7, 0) allows you to conclude that 

Qa 

[ sin x dx = 0. 
0 

(b) Sketch the graph of y = sin. x + 2 on the interval [0, 27]. 
Use the symmetry of the graph with respect to the point 

(a, 2) to evaluate the integral 

20 

| (sin x + 2) dx. 
0 

(c) Sketch the graph of y = arccos x on the interval [—1, 1]. 
Use the symmetry of the graph to evaluate the integral 

1 

| arccos x dx. 
= 

a/2 1 

(d) Evaluate the integral [ Po (ane dx 

Proof 

(a) Use a graphing utility to graph f(x) = on the 
In(x + 1) 

; x 
interval [—1, 1]. 

(b) Use the graph to estimate lim f(x). 

(c) Use the definition of derivative to prove your answer to part (b). 

P.S. Problem Solving 395 

See CalcChat.com for tutorial help and 
worked-out solutions to odd-numbered exercises. 

} a FUNCTION Let f(x) = sin(In x). 

(a) Determine the domain of the function f. 

(b) Find two values of x satisfying f(x) = 1. 

(c) Find two values of x satisfying f(x) = —1. 

(d) What is the range of the function f? 

(e) Calculate f(x) and use calculus to find the maximum value 

of f on the interval [1, 10]. 

Pe (f) Use a graphing utility to graph f in the viewing window 

[0, 5] x [—2, 2] and estimate lim f(x), if it exists. 
x— OF 

(g) Determine lim. f(x) analytically, if it exists. 

Intersection Graph the exponential function y = a* for 
a = 0.5, 1.2, and 2.0. Which of these curves intersects the line 

y 

y 

= x? Determine all positive numbers a for which the curve 

a* intersects the line y = x. ll 

. Areas and Angles 

(a) Let P(cos ft, sin ¢) be a point on the unit circle x7 + y* = | 

in the first quadrant (see figure). Show that ¢ is equal to 

twice the area of the shaded circular sector AOP. 

(b) Let P(cosh t, sinh t) be a point on the unit hyperbola 
x? — y? = 1 in the first quadrant (see figure). Show that f is 

equal to twice the area of the shaded region AOP. Begin by 

showing that the area of the shaded region AOP is given by 

the formula 

cosh ¢ 

Xe axe AA) — 5 cosh t sinh t — 

o| ACL, 0), 

7. Mean ValueTheorem Apply the Mean Value Theorem to 

the function f(x) = In x on the closed interval [1, e]. Find the 

value of c in the open interval (1, e) such that 

} e) — f(1) 

a= il 



Area Use integration by substitution to find the area under 

the curve 

| 
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nice h 
8. Funct Show that f(x) = isaea ue 

decreasing function for x > e andn > 0. 

9, Consider the three regions A, B, and C determined by 

the graph of f(x) = arcsin x, as shown in the figure. 

— 4} 1 

iS NI 

(a) Calculate the areas of regions A and B. 

(b) Use your answers in part (a) to evaluate the integral 

J2/2 

i arcsin x dx. 
1/2 

(c) Use the methods in part (a) to evaluate the integral 

3 

[ In x dx. 
| 

(d) Use the methods in part (a) to evaluate the integral 

3 

| arctan x dx. 
1 

10. Distance Let L be the tangent line to the graph of the 

function y = In x at the point (a, b). Show that the distance 
between b and c is always equal to 1. 

y y 

Figure for 10 Figure for 11 

11. Distance Let L be the tangent line to the graph of the 

function y = e* at the point (a, b). Show that the distance 

between a and c is always equal to 1. 

12. Gudermannian Function The Gudermannian function 

of x is gd(x) = arctan(sinh x). 

(a) Graph gd using a graphing utility. 

(b) Show that gd is an odd function. 

(c) Show that gd is monotonic and therefore has an inverse. 

(d) Find the inflection point of gd. 

(e) Verify that gd(x) = arcsin(tanh x). 

ry Fifi 
f) Verify that gd(x) = 3 
Oy NET ESE Ent) ie 

14. 

BE 15. 

Fe 16. 

y = 

Jx sie 4E 

between x = 1 and x = 4. 

Area Use integration by substitution to find the area under 

the curve 

i 

sin? x + 4 cos? x 

between x = 0 and x = me 

Approximating a Function 

(a) Use a graphing utility to compare the graph of the function 

y = e* with the graph of each given function. 

: = es 
(1) een 

Ay eee (CO Wy Ise rT aF rT 

i: we eg 
(i) Vs = yo at 

(b) Identify the pattern of successive polynomials in part (a), 

extend the pattern one more term, and compare the graph 

of the resulting polynomial function with the graph of 

y =e”. 

(c) What do you think this pattern implies? 

Mortgage A $120,000 home mortgage for 35 years at 93% 

has a monthly payment of $985.93. Part of the monthly 

payment goes for the interest charge on the unpaid balance, and 

the remainder of the payment is used to reduce the principal. 

The amount that goes for interest is 

Py rp \120 
u=m—(m- PF) (42) 

and the amount that goes toward reduction of the principal is 

PE ha) vs 
v=(m-") (1+ 5) ; 

In these formulas, P is the amount of the mortgage, r is the 

interest rate (in decimal form), M is the monthly payment, and 

t is the time in years. 

(a) Use a graphing utility to graph each function in the same 

viewing window. (The viewing window should show all 

35 years of mortgage payments.) 

(b ma In the early years of the mortgage, the larger part of the 

monthly payment goes for what purpose? Approximate the 

time when the monthly payment is evenly divided between 

interest and principal reduction. 

Use the graphs in part (a) to make a conjecture about the 

relationship between the slopes of the tangent lines to the 

two curves for a specified value of ¢. Give an analytical 

argument to verify your conjecture. Find wu (15) and v (15). 

(c ~a 

(d) Repeat parts (a) and (b) for a repayment period of 20 years 

(M = $1118.56). What can you conclude? 
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ae; 6.4 First-Order Linear Differential Equations 

Intravenous Feeding 
(Exercise 30, p. 429) 
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Forestry 
(Exercise 62, p. 414) 

Radioactive Decay (Example 3, p. 409) 
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398 Chapter 6 Differential Equations 

1 ‘Slope Fields and Euler’s Method 

lf Use initial conditions to find particular solutions of differential equations. 

lf Use slope fields to approximate solutions of differential equations. 

l@ Use Euler’s Method to approximate solutions of differential equations. 

General and Particular Solutions 

In this text, you will learn that physical phenomena can be described by differential 

equations. Recall that a differential equation in x and y is an equation that involves x, 

y, and derivatives of y. For example, 

2xy’ — 3y = 0 Differential equation 

is a differential equation. In Section 6.2, you will see that problems involving radioactive 

decay, population growth, and Newton’s Law of Cooling can be formulated in terms of 

differential equations. 

A function y = f(x) is called a solution of a differential equation if the equation 

is satisfied when y and its derivatives are replaced by f(x) and its derivatives. For 

example, differentiation and substitution would show that y = e ~* is a solution of the 

differential equation y’ + 2y = 0. It can be shown that every solution of this differential 

equation is of the form 

y = Ce* General solution of y’ + 2y = 0 

where C is any real number. This solution is called the general solution. Some 

differential equations have singular solutions that cannot be written as special cases of 

the general solution. Such solutions, however, are not considered in this text. The order 

of a differential equation is determined by the highest-order derivative in the equation. 

For instance, y’ = 4y is a first-order differential equation. First-order linear differential 

equations are discussed in Section 6.4. 

In Section 4.1, Example 9, you saw that the second-order differential equation 

s(t) = —32 has the general solution 

s(t) == 16? +5GiaG. General solution of s”(t) = —32 

which contains two arbitrary constants. It can be shown that a differential equation of 

order n has a general solution with n arbitrary constants. 

EXAMPLE 1 Verifying Solutions 

Determine whether the function is a solution of the differential equation y” — y = 0. 

a. y = sinx b. y = 4e* c. y = Ce* 

Solution 

a. Because y = sin x, y’ = cos x, and y” = —sin x, it follows that 

y”— y = —sinx — sinx = —2sinx # 0. 

So, y = sin x is not a solution. 

b. Because y = 4e-*, y’ = —4e™*, and y” = 4e™, it follows that 

y”—y=4e* —4e*= 

So, y = 4e “is a solution. 

c. Because y = Ce*, y’ = Ce*, and y” = Ce’, it follows that 

yy See Cora U: 

So, y = Ce* is a solution for any value of C. wi 



General 

solution: 

Solution curves for xy’ + y = 

Figure 6.1 
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Geometrically, the general solution of a first-order differential equation represents 

a family of curves known as solution curves, one for each value assigned to the 

arbitrary constant. For instance, you can verify that every function of the form 

(E; 
Vi aaes General solution of xy’ + y = 0 

x 

is a solution of the differential equation 

xy’ + y=0. 

Figure 6.1 shows four of the solution curves corresponding to different values of C. 

As discussed in Section 4.1, particular solutions of a differential equation are 

obtained from initial conditions that give the values of the dependent variable or one 

of its derivatives for particular values of the independent variable. The term “‘initial 

condition” stems from the fact that, often in problems involving time, the value of the 

dependent variable or one of its derivatives is known at the initial time t = 0. For 

instance, the second-order differential equation 

s(t) = —32 

having the general solution 

S(t) = 1607 CPC, General solution of s’(f) = —32 

might have the following initial conditions. 

s(O0) = 80, s’(0) = 64 Initial conditions 

In this case, the initial conditions yield the particular solution 

SQ) == 16r- 040 sO: Particular solution 

EXAMPLE 2 Finding a Particular Solution 

‘© © «> See LarsonCalculus.com for an interactive version of this type of example. 

For the differential equation 

xy’— 3y =0 

verify that y = Cx? is a solution. Then find the particular solution determined by the 

initial condition y = 2 when x = —3. 

Solution You know that y = Cx? is a solution because y’ = 3Cx? and 

xy’ — 3y = x(3Cx2) — 3(Cx?) = 0. 

Furthermore, the initial condition y = 2 when x = —3 yields 

eS (he: General solution 

2=C(=3)° Substitute initial condition. 

z Solve for C a ai olve for C. 
Dy 

and you can conclude that the particular solution is 

Be Particul luti c= ¢ = eee sae icular solution 

4 27 

Try checking this solution by substituting for y and y’ in the original differential 

equation. | 

Note that to determine a particular solution, the number of initial conditions must 

match the number of constants in the general solution. 
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Figure 6.2 

Slope Fields 

Solving a differential equation analytically can be difficult or even impossible. 

However, there is a graphical approach you can use to learn a lot about the solution of 

a differential equation. Consider a differential equation of the form 

y’ = F(x, y) Differential equation 

where F(x, y) is some expression in x and y. At each point (x, y) in the xy-plane where 

F is defined, the differential equation determines the slope y’ = F(x, y) of the solution 

at that point. If you draw short line segments with slope F(x, y) at selected points (x, y) 
in the domain of F, then these line segments form a slope field, or a direction field, for 

the differential equation y’ = F(x, y). Each line segment has the same slope as the 

solution curve through that point. A slope field shows the general shape of all 

the solutions and can be helpful in getting a visual perspective of the directions of the 

solutions of a differential equation. 

Sketching a Slope Field 

Sketch a slope field for the differential equation y’ = x — y for the points (—1, 1), 

(On) wands): 

Solution The slope of the solution curve at any point (x, y) is 

F(x, y) =x — y. Slope at (x, y). 

So, the slope at each point can be found as shown. 

Slopetat (= 1.) yet 

Slope-at (Ofl)5 y= 0 sia 1 

Slope at (1, 1): yy’ = 1=1=0 

Draw short line segments at the three points with their respective slopes, as shown in 

Figure 6.2. 

EXAMPLE 4 Identifying Slope Fields for Differential Equations 

Match each slope field with its differential equation. 

a. Y b. y Cc. y 
A h 4 

Nese ore a Sd 2d) VO A) lines | ES TF 2 1 ie 

eteteirainegagy eee Ce ae 

Nea Naas Sa aah \n-- Loaf He LE TA ST De 

Neo Naghn Ss Pe ote fen fal No Si te Aas ty 2 Pe ae ee 

aL i a a ee fe hee et | ae 
aN a a ae) Eas er =2 SoS SS See 

VN ON See ee 7, We SaaS = a Y \ WS Ae SN NS 

ce a ryan fs sie YES NR NR 

\ NNW? rd TE \ \ \=-2 SYS ee a 

i y’=xt+y ii, y’ =x iii. y’ = y 

Solution 

a. You can see that the slope at any point along the y-axis is 0. The only equation that 

satisfies this condition is y’ = x. So, the graph matches equation (ii). 

b. You can see that the slope at the point (1, — 1) is 0. The only equation that satisfies 

this condition is y’ = x + y. So, the graph matches equation (1). 

c. You can see that the slope at any point along the x-axis is 0. The only equation that 

satisfies this condition is y’ = y. So, the graph matches equation (iii). a 
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A solution curve of a differential equation y’ = F(x, y) is simply a curve in the 

Xy-plane whose tangent line at each point (x, y) has slope equal to F(x, y). This is 

illustrated in Example 5. 

Sketching a Solution Using a Slope Field 

Sketch a slope field for the differential equation 

yo= 2x y, 

Use the slope field to sketch the solution that passes through the point (1, 1). 

Solution Make a table showing the slopes at several points. The table shown is a 

small sample. The slopes at many other points should be calculated to get a representative 

slope field. 

Next, draw line segments at the points with their respective slopes, as shown in 

Figure 6.3. 

y 

= ot | Ss 1) aoe Nas eee lh \ |i 

oe VRS a ae Sa Da 
WONG SS eA IR NEA NS il 

NEN oe 7 /e s/s] eS eel Bl 

caries A—|— | — 2 +1 Neate tn 

igh Oe Soe es ae suet ee Od ae a 
NSE NCE 2 aie! Ne SN AS Nua eae 

Nene Newnes af Py eee SS 
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Slope field for y’ = 2x + y Particular solution for y’ = 2x + y 

Figure 6.3 passing through (1, 1) 

Figure 6.4 

After the slope field is drawn, start at the initial point (1, 1) and move to the right in the 
direction of the line segment. Continue to draw the solution curve so that it moves 

parallel to the nearby line segments. Do the same to the left of (1, 1). The resulting 

solution is shown in Figure 6.4. | 

In Example 5, note that the slope field shows that y’ increases to infinity as x 

increases. 

[> TECHNOLOGY Drawing a slope field by 
* hand is tedious. In practice, slope fields are 

usually drawn using a graphing utility. If you 

have access to a graphing utility that can graph 

slope fields, try graphing the slope field for the 

differential equation in Example 5. One example 

of a slope field drawn by a graphing utility is 

shown at the right. 

/ 
/ 
/ 
/ 
/ 
/ 
7 

4 

eeeoee3#2ette#ees ¢ Generated by Maple. 
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Exact solution 

curve 

Euler 

approximation 

(X5; Y>) 

f_—(X1,Y;) 

hF (Xp, Yo) 

Slope F(X, Yo) 

Figure 6.5 

Euler’s Method 

Euler’s Method is a numerical approach to approximating the particular solution of the 

differential equation 

y’ = F(x, y) 

that passes through the point (x9, yo). From the given information, you know that the 

graph of the solution passes through the point (xp, yj) and has a slope of F(Xp, Yo) at this 

point. This gives you a “starting point” for approximating the solution. 

From this starting point, you can proceed in the direction indicated by the slope. 

Using a small step h, move along the tangent line until you arrive at the point (x,, y,), 

where 

X, =X +h “and y, =o + hFO, Yo) 

as shown in Figure 6.5. Then, using (x,, y,) as a new starting point, you can repeat the 

process to obtain a second point (x5, y,). The values of x, and y, are shown below. 

Xx, =X th yy =a nts hF (Xo; Yo) 

=y, + BEX) ) Xy = xy th Yo 

X, — x af h Yn i Yn=1 + ae ep Vines) n n=d 

When using this method, note that you can obtain better approximations of the exact 

solution by choosing smaller and smaller step sizes. 

Approximating a Solution Using Euler’s Method 

Use Euler’s Method to approximate the particular solution of the differential equation 

Ve ae) 
passing through the point (0, 1). Use a step of h = 0.1. 

Solution Using h = 0.1, x) = 0, y) = 1, and F(x, y) = x — y, you have 

tye = 0, 4 = 01, x% = 0.2, x, = 0:3, 

and the first three approximations are 

Yi = Yo + AF(X, Yo) = 1 + (0.1)(0 — 1) = 0.9 

yo = y, + AF(x,, y,) = 0.9 + (0.1)(0.1 — 0.9) = 0.82 

3 = J + hF(x,, y>) = 0.82 + (0.1)(0.2 — 0.82) = 0.758. 

The first ten approximations are shown in the table. You can plot these values to see a 

graph of the approximate solution, as shown in Figure 6.6. 

VEL ees ewes 

01 | 02 | 0.3 | O44! "OS5erueoe | 07 | 08~| 09° (ie 

Exact 

solution 

0.8 ++ & 

064 - 
ZL Approximate 

naa solution 

02-- 

O27 10:45 0:6) O'S 1.0 + 

Figure 6.6 

vi 0 | 

my 0 | 

Yn | 3 | 0.900 | 0.820 | 0.758 | 0.712 0.681 | 0,663 | 0.657 | 0.661 | 0.675 | 0.697 

For the differential equation in Example 6, you can verify the exact solution to be 

the equation 

Yo eo te Jew. 

Figure 6.6 compares this exact solution with the approximate solution obtained in 

Example 6. 



6.1. Exercises 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Verifying a Solution In Exercises 1-8, verify the solution 
of the differential equation. 

Solution Differential Equation 

1. y = Ce* y’ = 4y 

2, y = em Ai ae 
E 2 

3. ve = y? = Cy y => Ae 

Kena ye 

4,y°>-2Iny=+ NY oe 28) 
a4 ue Cimnye — ol 

Seen Sill x = C\COS % y"+y=0 

Gmyi—1C ce. cosx + Coe *sinx 

7. y = —cos x In|sec x + tan x| 

yeaa yaa vee) 

y”+ y = tanx 

Sec tc") Va AV oe 2c 

Verifying a Particular Solution In Exercises 9-12, verify 
the particular solution of the differential equation. 

Differential Equation 

and Initial Condition 

2y + y’ = 2sin(2x) — 1 

eee 
y’=6-4cosx 

Solution 

oer sin x COS. xX — cos*.x 

10. y = 6x — 4sinx + 1 

NO 
11. y=4e-" Wo = = oy 

y(0) = 4 
Ia y= e °s* y’=ysinx 

fe) 
Determining a Solution In Exercises 13-20, determine 
whether the function is a solution of the differential equation 

y — 1oy = 0. 

13. y = 3cosx 14. y = 2sinx 

15. y = 3 cos 2x 16. y = 3 sin 2x 

Woay=e > 18. y =5Inx 

19. a Ger ae Cam: =. C; sin 2x + GC, cos 2x 

20. y = 3e% — 4 sin 2x 

Determining a Solution In Exercises 21-28, determine 

whether the function is a solution of the differential equation 

xy’ — 2y = x°e*. 

21. y = x? 22. y= x 

23. y = xe" 2Aedy = x72 é”) 

25. y = sinx 26. y = cosx 

27. y = Inx DS.0y = xe" = Sx” 

Finding a Particular In Exercises 29-32, some 

of the curves corresponding to different values of C in the 

general solution of the differential equation are shown in the 

graph. Find the particular solution that passes through the 

point shown on the graph. 

29: y? = Ces? 30. y(x* + y) =C 

Dye yaa 0) 2 Qxy + (x? + 2y)y’ = 0 
y 

h 
| 

ae 

Fe Graphs of Particular Solutions In Exercises 33 and 34, 
the general solution of the differential equation is given. Use a 

graphing utility to graph the particular solutions for the given 

values of C. 

33. 4yy’-x=0 

Agyh i= 3? = 

C=0,C=+1,C = +4 

34. yy’ +x=0 

x tye = C 

C=0,C=1,c=4 

Finding a Particular Solution In Exercises 35-40, verify 

that the general solution satisfies the differential equation. Then 

find the particular solution that satisfies the initial condition(s). 

35.9 = Co 

yey 0 

36. 3x2 + 2y?=C 

3x + 2yy’ = 0 

y = 3 when x = 0 y = 3 when x = 1 

37. y = C, sin3x + C,cos3x 38. y=C, + C,Inx 

ya oye= 0 xy” + y’=0 

7 
y = 2 whenx =~ y = 0 when x = 2 

6 

y’ = | whenx = 
ay 
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Dy SC xa aw 40. y = e#/(C, + C,x) 

x2y” — 3xy’ + 3y = 0 9y” — 12y’+ 4y =0 

y = 0 when x = 2 y = 4when x = 0 

y’ = 4 when x = 2 y = 0 when x = 3 

j General Solution In Exercises 41-52, use 

fieeraiion to find a general solution of the differential 

equation. 

41. dy = 6x2 42. ey = 10x4 — 2 
dx dx 

dye dy Le 
43. dx 1+x2 hast diva Ae 

: Areas) ) 
45. & == . = 46. “ = EGICOSEL- 

a dyad 47. ots sin 2x 48. ee tan- x 

dy dy 7 
49. — = x%./x — 6 50. [Se DIG) 4x? + 1 

dx dx 

dy me eee dy = =P 51. ae xe 525 cos Se 

Slope Field In Exercises 53-56, a differential equation and 
its slope field are given. Complete the table by determining the 

slopes (if possible) in the slope field at the given points. 

E | =4 = 0|2/4]|8 

4|4 6 | 8 

53, 2 == 

ee od HOLE L ee — foal | Lh 
Shy Sa ar por ete? ae TT blu Ba oT haha ba ah 
Nea NGOS ANG scsi el a. are Re ON oe 

- 4—-N\ 
WEAN AS ONS Sse eae ny! MELEE TEL re 7NN\ 
WORN NAW SS ey ei PLT L IAAL SANNA 

PT LAD ETT = SeN NON 
Ne Meek ght Nee eee AR Me I} PPE EE DT IEC=NNNANA 
Vt ARN ee i el Preto bbe & 
et Se ee ete bts 

i AES r 

hy HET 47=N teeth FE ee SN Di NN AUIS Lt ha 
kl fk =Car, No Ne \ /7=NN\N\-O6-4N NNN 1101 

dy ) y Ty 
55 ea COS 56. (za | == 

dx 8 d 6 

y yy, 

\ r 
(a \ IAs? fier ip VAL AANA Let 

| Feo ay (Aen fi Les NOE ay at SANSA AY RASS SS 
; | WN AUN WACK SNC SAN 

iy eae ee WEP EE 
Sa a Sj Se i 

\ SNS Re Vans Wine aan Sake Hien t 

ye eae? aD SENN SAAN NN NO eee ties SYNE) 
“0, XXL 7 ff LO) LAE AA AEE AL ALE POLS 

z iy : CAREER! SESE AS Ne 
Pe fas Soh VN a WAAAY Se A 

Viatching In Exercises 57-60, match the differential 

equation with its slope field. [The slope fields are labeled (a), 

(b), (c), and (d).] 

y y (a) (b) 
, } 

SSS NNAAQ HEI 77 7--- yea oe oR 
AoE es Sa I NG if Page ee = 

NS NENG Nett) eae ie ES ION EEO rea 
Ss Sere NNN | i A ae a Ne 

SoS NNN Mestre fii mare SS fi Ff SNR ES ASS 
SSS NN LL oie ee ROR 7s On 

~MNSNNNA VE] I A A fern RK 
Ba SSE Ne NG NEIL I ete tee oe fe NN 

app tp po te be Oh 
oS Saw Lf ie ey 23277 SNN EFA HSN 

SSN NNNA le / SDAA Son = a 

SENN MN | A eee SS Mie DP MEG eee BS 
SSSA NN SEY TA oe ee =f 2 = NEF INNS 
SN a a Ea ANN ee 
SMS NNN AN VI I A 77 7 Oe R- = = = — ~ Ee eee Ral eo SL-NNAEZASI—NSN 

Sater ey ha a AE eee ig eae SS 

y y (c) (d) ; 
i A 

NN 3 NN ee 
I ee (eae ay i 

Nl eo ee ee Se PS (flees er ae he re 

~~ an SS {i et id pe gms 

ea || ls s+ x~e7———H-— 

fp x Mawes eee 
=3 SS — 4 2 e  N lL] ls orxr-————— 

lt, Ot i Sie! Agee — 

tt 2/1 /)/1¢ Sw#--————2 

SN -$3 HON LL) ee = 

dy_ dy 1 
Sl =" Sin(2%) SS COSY 

dx ene 

dy Pe Cyn 
59: =e * 60. — = -— 

dx Che 3% 

Slope Field In Exercises 61-64, (a) sketch the slope field 

for the differential equation, (b) use the slope field to sketch the 

solution that passes through the given point, and (c) discuss the 

graph of the solution as x 4 co and x > — oo. Use a graphing 

utility to verify your results. To print a blank graph, go to 

MathGraphs.com. 

a Go, (aa 

War XY, (0, —4) 

65. Slope Field Use the slope field for the differential 
equation y’ = 1/x, where x > 0, to sketch the graph of the 

solution that satisfies each given initial condition. Then make 

a conjecture about the behavior of a particular solution of 

= 1/x as x— 00. To print an enlarged copy of the graph, go 

to MathGraphs.com. 

61. y’=3 —x, 4,2) 62. y’ 

63. 9" Sy = Ax, 1 (2,2) 64. y’ 

AD, DA oe we we eS 

AAA ee See 

I / 4m 

L427 ---—-—-— -— -— 

l+/ 4-7 -- - - - - - 

Af - 

ae ae eee eng Ee ae reg brent 
{ 47-———————6 

-l+//7-—--------— 

1 ec ce cece tel 

=?) Lf Amma KKK 

f 427-—----- - 

34/4 --—-—--- - - - 

(a) (1, 0) (b) 2,=1) 



66. Slope Field Use the slope field for the differential 
equation y’ = 1/y, where y > 0, to sketch the graph of the 

solution that satisfies each given initial condition. Then make 

a conjecture about the behavior of a particular solution of 

y’ = 1/y as xo. To print an enlarged copy of the graph, go 

to MathGraphs.com. 

a 

te ed 

SAK OL ILL 

fee 
Lo a3. 

(a) (0, 1) (b) (1, 1) 

Ay Slope Field In Exercises 67-72, use a computer algebra 
system to (a) graph the slope field for the differential equation 

and (b) graph the solution satisfying the specified initial 

condition. 

dy _ oe 67. © = 0.25y, (0) = 4 

ee 2 68. oe 4—y, y0)=6 

69. a 0:02y(10 = y), yO) =2 
dx Pred 

70. BY ns 0.2x(2 — y), y(0)=9 
dx : win 

1h a 0.4y(3 — x), y(0) = 1 
dx kt) 

ee ak oy = 2. ares y(0) = 2 

Euler’s Method In Exercises 73-78, use Euler’s Method to 
make a table of values for the approximate solution of the 

differential equation with the specified initial value. Use n steps 

of size h. 

fom x+y, y0)=2; n=10, h=0.1 

74, y’Sx+y, y0)=2, n=20, h=0.05 

Tsay = 3x.— 2y, yO) =3, n= 10, b= 0.05 

76. y’ = 0.5x3 — y), y)=1, n=5, h=04 
77. y’ = e”, y(0) = il. A= 10, h = (jl 

78. y’=cosx+siny, y(0)=5, n=10, h=0.1 

Euler’s Method In Exercises 79-81, complete the table 
using the exact solution of the differential equation and two 

approximations obtained using Euler’s Method to approximate 

the particular solution of the differential equation. Use h = 0.2 

and h = 0.1, and compute each approximation to four decimal 

places. 

6.1 Slope Fields and Euler’s Method 405 

x Oy OQ OA Ny.0.68) 0:8 het 

y(x) 
(exact) 

y(x) 
(1012) 

y(x) 
(h = 0.1) 

Table for 79-81 

Differential Initial Exact 

Equation Condition Solution 

d 79, 2 =y (0, 3) y = 3e 
dx 

Gym 2x 80, 2 == (0, 2) y= Jae +4 
a) 

g1. % =y + cos(x) (0,0) = X(sinx — cosx + e') . ak y S\x 5 Vi y) sin Xx COS X a 

82. Euler’s Method Compare the values of the approxima- 
tions in Exercises 79-81 with the values given by the exact 

solution. How does the error change as / increases? 

Py 83. Temperature At time ¢t = 0 minutes, the temperature of 

an object is 140°F. The temperature of the object is changing 

at the rate given by the differential equation 

dy 1 
== (ye 72). Pie Cae, 

(a) Use a graphing utility and Euler’s Method to approximate 

the particular solutions of this differential equation at 

t = 1, 2, and 3. Use a step size of h = 0.1. (A graphing 

utility program for Euler’s Method is available at the 

website college.hmco.com.) 

(b) Compare your results with the exact solution 

y = 72 + 68e- "2, 

(c) Repeat parts (a) and (b) using a step size of h = 0.05. 

Compare the results. 

O20 HOW DOYOU SEE IT? The graph shows 
mt a solution of one of the following differential 

equations. Determine the correct equation. 

Explain your reasoning. 

(a) yp? = ey . 
4x 

b) y’=— (b) y . 

(c) y= —4xy 

(d) y= 4 — ay 
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RITING ABOUT CONCEPTS 

ular Solutions In your own 

words, describe the difference between a general solution 

of a differential equation and a particular solution. 

lc Explain how to interpret a slope field. 

le 29d ~=Describe how to use Euler’s Method 

to approximate a particular solution of a differential equation. 

rs vie 

. Finding Values It is known that y = Ce is a solution 

of the differential equation y’ = 0.07y. Is it possible to 

determine C or & from the information given? If so, find its 

value. 

True or False? In Exercises 89-92, determine whether the 

statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

89. 

90. 

91. 

92. 

93. 

If y = f(x) is a solution of a first-order differential equation, 

then y = f(x) + Cis also a solution. 

The general solution of a differential equation is 

y = —4.9x? + C\x + C,. To find a particular solution, you 

must be given two initial conditions. 

Slope fields represent the general solutions of differential 

equations. 

A slope field shows that the slope at the point (1, 1) is 6. This 

slope field represents the family of solutions for the 

differential equation y’ = 4x + 2y. 

Errors and Euler’s Method The exact solution of the 

differential equation 

seed 2 
dx y 

where y(0) = 4, is y = 4e~*, 

(a) Use a graphing utility to complete the table, where y is the 

exact value of the solution, y, is the approximate solution 

using Euler’s Method with h = 0.1, y, is the approximate 

solution using Euler’s Method with h = 0.2, e, is the 

absolute error |y — y,|, ey is the absolute error |y — y,|, 
and r is the ratio e,/e,. 

(b) What can you conclude about the ratio r as h changes? 

(c) Predict the absolute error when h = 0.05. 

BE 94, 

95: 

96. 

97. 

Errors and Euler’s Method Repeat Exercise 93 for 
which the exact solution of the differential equation 

dy Boe 2ae 
dx 

where y(0) = 1, is y = x — 1 + 2e™. 

Electric Circuit The diagram shows a simple electric 

circuit consisting of a power source, a resistor, and an inductor. 

R 

VA 

A model of the current /, in amperes (A), at time t is given by 

the first-order differential equation 

dl 
— + RI = i+ RE BG) 

where E(t) is the voltage (V) produced by the power source, R 

is the resistance, in ohms (©), and L is the inductance, in 

henrys (H). Suppose the electric circuit consists of a 24-V 
power source, a 12-( resistor, and a 4-H inductor. 

(a) Sketch a slope field for the differential equation. 

(b) What is the limiting value of the current? Explain. 

Think About It It is known that y = e“ is a solution of the 
differential equation y” — 16y = 0. Find the values of k. 

Think About It It is known that y = A sin @f is a solution 
of the differential equation y” + 16y = 0. Find the values of w. 

PUTNAM EXAM CHALLENGE 

98. Let fbe a twice-differentiable real-valued function satisfying : 

F(x) + fx) = —xg(x)f’@) 

where g(x) = 0 for all real x. Prove that | f(x)| is bounded. 

. Prove that if the family of integral curves of the differential 

equation 

ae 
dx 

p(x)y = q(x), p(x) + q(x) #0 

is cut by the line x = k, the tangents at the points of | 

intersection are concurrent. ! 

These problems were composed by the Committee on the Putnam Prize Competition. | 

© The Mathematical Association of America. All rights reserved. 
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6.2 Differential Equations: Growth and Decay 

li Use separation of variables to solve a simple differential equation. 

i Use exponential functions to model growth and decay in applied problems. 

Differential Equations 

In Section 6.1, you learned to analyze the solutions visually of differential equations 

using slope fields and to approximate solutions numerically using Euler’s Method. 

Analytically, you have learned to solve only two types of differential equations—those 

of the forms y’ = f(x) and y” = f(x). In this section, you will learn how to solve a more 

general type of differential equation. The strategy is to rewrite the equation so that each 

variable occurs on only one side of the equation. This strategy is called separation of 

variables. (You will study this strategy in detail in Section 6.3.) 

EXAMPLE 1 Solving a Differential Equation 

, _ 2x 
A ae Original equation 

y 

yy’ = 2x Multiply both sides by y. 

fo dx = | POX Integrate with respect to x. 

[> ay = fora dy = y' dx 

©*REMARK You can use 5 y? =x? + C, Apply Power Rule. 
* implicit differentiation to check 

* the solution in Example 1. Vi KGa GC Rewrite, letting C = 2C,. 
| es . . 

eee eeeerceceeceeee +) > So, the general solution is y? — 2x? =C. wi 

When you integrate both sides of the equation in Example 1, you don’t need to add 

Exploration a constant of integration to both sides. When you do, you still obtain the same result. 

In Example 1, the general of 

solution of the differential Vid yay | 27 ax 

equation is | 
ay, 3 

yr - 2x =C., panies 21 C2 
Use a graphing utility to ui y2 = x2 + (C; — C,) 

sketch the particular solutions 2 

for C = +2, C = +1, and manors C, 
C = 0. Describe the » 

solutions graphically. Is the 

following statement true of 

each solution? 

Some people prefer to use Leibniz notation and differentials when applying 

separation of variables. The solution to Example | is shown below using this notation. 

d Dee 
The slope of the graph at = = i 

the point (x, y) is equal to . 4 
twice the ratio of x and y. y dy = 2x dx 

Explain your reasoning. i ydy= [x dx 

Are all curves for which this 

statement is true represented a On, 
by the general solution? a 

By oD ee 
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i st 

gal (3, 5.657) 
ek 

| S y = 2e0-34661 

+ (2, 4) 
3 | 

{}———}———}—}-—» T 

l 2 3 4 

If the rate of change of y is proportional 

to y, then y follows an exponential 

model. 

Figure 6.7 

Growth and Decay Models 

In many applications, the rate of change of a variable y is proportional to the value of 

y. When y is a function of time ¢, the proportion can be written as shown. 

Rate of change of y iS proportional to y. 

Pe = ly 

7 = ky 

The general solution of this differential equation is given in the next theorem. 

THEOREM 6.1 Exponential Growth and Decay Model 

If y is a differentiable function of ¢ such that y > 0 and y’ = ky for some 

constant k, then 

y = Ce™ 

where C is the initial value of y, and k is the proportionality constant. 

Exponential growth occurs when k > 0, and exponential decay occurs 

when k < 0. 

Proof 

y’ = ky Write original equation. 

y’ 

—=k Separate variables. 
y 

y’ 

| a dt = | k dt Integrate with respect to t¢. 

1 
se = |kdt dy = y’dt 

In y Skt +.C, Find antiderivative of each side. 

y = eke Solve for y. 

y = Ce# Let C = €&. 

So, all solutions of y’ = ky are of the form y = Ce“. Remember that you can 

differentiate the function y = Ce with respect to t to verify that y’ = ky. 

See LarsonCalculus.com for Bruce Edwards's video of this proof. ee | 

EXAMPLE 2 Using an Exponential Growth Model 

The rate of change of y is proportional to y. When t = 0, y = 2, and whent = 2, y = 4. 

What is the value of y when t = 3? 

Solution Because y’ = ky, you know that y and ¢ are related by the equation 

y = Ce. You can find the values of the constants C and k by applying the initial 

conditions. 

2=Ce mp C=2 When t = 0, y = 2. 

4=2c* =» k= 5 In 2 ~ 0.3466 When t = 2, y = 4. 

So, the model is y = 2e%3466, When t = 3, the value of y is 2e934663) = 5.657 
(see Figure 6.7). wi 

Using logarithmic properties, the value of k in Example 2 can also be written as 

In./2. So, the model becomes y = Qeliny2)r, which can be rewritten as y = 2( 3} ; 



The Fukushima Daiichi nuclear 

disaster occurred after an 

earthquake and tsunami. 
Several of the reactors at the 

plant experienced full meltdowns. 

eeesevee eevee eevee eee of} > 

**REMARK The exponential 
decay model in Example 3 
could also be written as 

y = 10(5)/**'. This model is 
much easier to derive, but for 

some applications it is not as 

convenient to use. 
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Most graphing utilities have curve-fitting capabilities that can 

be used to find models that represent data. Use the exponential regression feature of 

a graphing utility and the information in Example 2 to find a model for the data. How 

does your model compare with the given model? 

Radioactive decay is measured in terms of half-life—the number of years required 

for half of the atoms in a sample of radioactive material to decay. The rate of decay is 

proportional to the amount present. The half-lives of some common radioactive 

isotopes are listed below. 

Uranium (738U) 4,470,000,000 years 

Plutonium (???Pu) 24,100 years 

Carbon ('4C) 5715 years 

Radium (?7°Ra) 1599 years 

Einsteinium (?°>4Es) 276 days 

Radon (???Rn) 3.82 days 

Nobelium (?>’No) 25 seconds 

EXAMPLE 3 Radioactive Decay 

Ten grams of the plutonium isotope 73?Pu were released in a nuclear accident. How long 

will it take for the 10 grams to decay to 1 gram? 

Solution Let y represent the mass (in grams) of the plutonium. Because the rate of 

decay is proportional to y, you know that 

y = Ce* 

where f¢ is the time in years. To find the values of the constants C and k, apply the 

initial conditions. Using the fact that y = 10 when t = 0, you can write 

10=ceé© m2 10= Ce? 

which implies that C = 10. Next, using the fact that the half-life of 73°Pu is 24,100 

years, you have y = 10/2 = 5 when t = 24,100, so you can write 

5= 10e*(24.100) 

= e4 100k 

[= Shs ae tp 
24,100 2 

—0,000028761 ~ k. 

So, the model is 

Van eee ee er Half-life model 

To find the time it would take for 10 grams to decay to | gram, you can solve for f in 

the equation 

(= 10e~ 2:0000287611 

The solution is approximately 80,059 years. P| 

From Example 3, notice that in an exponential growth or decay problem, it is 

easy to solve for C when you are given the value of y at t = 0. The next example 

demonstrates a procedure for solving for C and k when you do not know the value of 

yatt=0. 

KIMIMASA MAYAMA/EPA/Newscom 
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Number of fruit flies 

Time (in days) 

Figure 6.8 

Units sold (in thousands) 

LF Os ‘ASS LG 

Time (in months) 

Figure 6.9 

EXAMPLE 4 Population Growth 

sees [> See LarsonCalculus.com for an interactive version of this type of example. 

An experimental population of fruit flies increases according to the law of exponential 

growth. There were 100 flies after the second day of the experiment and 300 flies after 

the fourth day. Approximately how many flies were in the original population? 

Solution Let y = Ce be the number of flies at time ¢, where f is measured in days. 

Note that y is continuous, whereas the number of flies is discrete. Because y = 100 

when t = 2 and y = 300 when ¢ = 4, you can write 

100 = Ce** and 300 = Ce*. 

From the first equation, you know that 

C = 100e~*. 

Substituting this value into the second equation produces the following. 

300 = 100e~ **e** 

300: = 1002" 

3 =e 

In 3 = 2k 

sin 3=k 

0.5493 = k 

So, the exponential growth model is 

y = Ce0-54931, 

To solve for C, reapply the condition y = 100 when f = 2 and obtain 

100 = Ce9-5493(2) 

C= 100e7 !.0986 

Ca 33. 

So, the original population (when t = 0) consisted of approximately y = C = 33 flies, 

as shown in Figure 6.8. 

EXAMPLE 5 Declining Sales 

Four months after it stops advertising, a manufacturing company notices that its sales 

have dropped from 100,000 units per month to 80,000 units per month. The sales 

follow an exponential pattern of decline. What will the sales be after another 2 months? 

Solution Use the exponential decay model y = Ce“, where t is measured in months. 
From the initial condition (t = 0), you know that C = 100,000. Moreover, because 

y = 80,000 when t = 4, you have 

80,000 = 100,000e** 

0.38 =e" 

In(0.8) = 4k 
=). 055 oak 

So, after 2 more months (¢ = 6), you can expect the monthly sales rate to be 

y = 100,000e— 0-58) 

= 71,500 units. 

See Figure 6.9. | 
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In Examples 2 through 5, you did not actually have to solve the differential 

equation y’ = ky. (This was done once in the proof of Theorem 6.1.) The next example 

demonstrates a problem whose solution involves the separation of variables technique. 

The example concerns Newton’s Law of Cooling, which states that the rate of change 

in the temperature of an object is proportional to the difference between the object’s 

temperature and the temperature of the surrounding medium. 

EXAMPLE 6 Newton’s Law of Cooling 

Let y represent the temperature (in °F) of an object in a room whose temperature is kept 

at a constant 60°. The object cools from 100° to 90° in 10 minutes. How much longer 

will it take for the temperature of the object to decrease to 80°? 

Solution From Newton’s Law of Cooling, you know that the rate of change in y is 

proportional to the difference between y and 60. This can be written as 

y’=k(y — 60), 80 < y = 100. 

To solve this differential equation, use separation of variables, as shown. 

“ aye OU) Differential equation 

( : dy = kdt Separate variables. 
Vy 00) 

| : dy = | k dt Integrate each side. 
‘ys =-760 

In|y — 60] = At + C, Find antiderivative of each side. 

Because y > 60, |y — 60| = y — 60, and you can omit the absolute value signs. Using 

exponential notation, you have 

y = 60:= ef 

vi sOU0r Ge =e 

Using y = 100 when ¢ = 0, you obtain 

100°=.60'+ Ce) = 6054 

which implies that C = 40. Because y = 90 when ¢ = 10, 

90 = 60 + 40e*(!9) 

30'="40e""" 

ers) 
k= 10 2 me 

So, k ~ —0.02877 and the model is 

y= 60 + Aeme vrei". Cooling model 

When y = 80, you obtain 

80 "60" 402" 202877 
20 AQ e~ 9.028771 

1 ci e~ 0.028771 

1 
In ten 0.028708 

t ~ 24.09 minutes. 

So, it will require about 14.09 more minutes for the object to cool to a temperature of 

80° (see Figure 6.10). | 
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Exercises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

ti In Exercises 1-10, solve 

the differential equation. 

dy dy 2 =x43 2, = =5- 8 
Ser dx ; 

dy dy 
.-=yt+3 == 

sabe Be dx y 

5. y= =e 
y 

6. y’ = _vx 
: 4y 

1S ILY 

8. y’ = x(1 + y) 

9. (1 + x2)y’ — 2xy = 0 

10. xy + y’ = 100x 

Writing and Solving a Differential Equation In 
Exercises 11 and 12, write and solve the differential equation 

that models the verbal statement. 

11. The rate of change of Q with respect to ¢ is inversely propor- 

tional to the square of f. 

12. The rate of change of P with respect to ft is proportional to 

23h 

Pe Slope Field In Exercises 13 and 14, a differential equation, 
a point, and a slope field are given. (a) Sketch two approximate 

solutions of the differential equation on the slope field, one of 

which passes through the given point. (b) Use integration to 

find the particular solution of the differential equation and use 

a graphing utility to graph the solution. Compare the result 

with the sketch in part (a). To print an enlarged copy of the 

graph, go to MathGraphs.com. 

dy dy 
13. — = x(6 ~y), (0,0) 14. —=xy, |0, 

dx dx 2 

¥ y 

i 
Phiri ree Qmenvvyrvairta Lave ay ete 4: Soli iliedy teak 
PI ipo: Sec erent 
LD Dc badete reds. way VMAS MEST a Aa i a aa 
PAE PDE fate Sak NON SALE Vk xh Reha EN: Pot OE Sa 
PETE E EES Ame NNANANN LAA Sie A ARAN Nesp oh) ae Ta Ta 

PURO dear oben aaa PVVVAVVANE eer 
VVVANANSS- tamer rs sett YA ANON Niro hie att 
VVVUANANN Steers rrr Wt ER rr, Ce ae 

OER ER eae a nana ut \AVSS SSG e517 
PSG to WAL Nee ade TAC TLE +++ Set 
Te ANNs Na SENN Nit ar Meee de ACR AES ar ate a SRY! 
OT Cea ons. itt — 

HRM abt Aas rere tear? C Full heute Zoe seas Na aN Nea 
PUT cet UIA LPe (Nat ce Pal he, Wye, <8 el fey Pus bab Vs Gat Nan aL LUE ROLE LAREN SU PS 
CT Ly Rear Or eh ee ND al TE PY A farce och ten) SY wl Hal Bak 
We Foal, Tee Oe Rete tte alta ! 14 | CE EREGERUK SEREERREEEEe: TRS ae PENS AN Vet 
et OLA eL COUETTRL SSN UE Tas cad PT aN A TPM lay LOST Shun raed NEES Men 

—Sivrvere —Peprirrrrairs5 VIR) HS Ga RE A ae des bss WE 1 
1A ae ee NS I eth 

1g a Particular Solution In Exercises 15-18, find 

the finetion y = f(t) passing through the point (0, 10) with the 
given first derivative. Use a graphing utility to graph the solution. 

dy 1 dy 
5. = 51 16. = = —9,/1 

dt 2 dt 

ting and Solving a Differential Equation In 

Exercises 19 and 20, write and solve the differential equation 

that models the verbal statement. Evaluate the solution at the 

specified value of the independent variable. 

19. The rate of change of N is proportional to N. When ¢ = 0, 

N = 250, and when t = 1, N = 400. What is the value of N 

when t = 4? 

20. The rate of change of P is proportional to P. When t = 0, 

P = 5000, and when t = 1, P = 4750. What is the value of P 

when ¢ = 5? 

Finding an Exponential Function In Exercises 21-24, 
find the exponential function y = Ce“ that passes through the 

two given points. 

Pale 

WRITING ABOUT CONCEPTS 

25. Describing Values Describe what the values of C and | 
k represent in the exponential growth and decay model, 

y = Ce™, 

26. Exponential Growth and Decay Give the 
differential equation that models exponential growth and 

decay. 

Increasing Function In Exercises 27 and 28, determine 

the quadrants in which the solution of the differential 

equation is an increasing function. Explain. (Do not solve 

the differential equation.) 



Radioactive Decay In Exercises 29-36, complete the table 

for the radioactive isotope. 

Amount Amount 

Half-life Initial After After 

Isotope (in years) Quantity 1000 Years 10,000 Years 

29. °Ra 1599 20g 

S02-"Ra 1599 Io) & ; 

Bi Ra~ 1599 0.1 g 

SZC 5715 3g 

SoG 5715 5g 

Bae AC SS 1.6 ¢ 

Boe bur 24,100 Dail 

36. *°Pu = 24,100 0.4 g 

37. Radioactive Decay Radioactive radium has a half-life of 
approximately 1599 years. What percent of a given amount 

remains after 100 years? 

38. Carbon Dating Carbon-14 dating assumes that the carbon 
dioxide on Earth today has the same radioactive content as it 

did centuries ago. If this is true, the amount of '*C absorbed by 

a tree that grew several centuries ago should be the same as the 

amount of '4C absorbed by a tree growing today. A piece of 
ancient charcoal contains only 15% as much of the radioactive 

carbon as a piece of modern charcoal. How long ago was the 

tree burned to make the ancient charcoal? (The half-life of !+C 

is 5715 years.) 

Compound Interest In Exercises 39-44, complete the 
table for a savings account in which interest is compounded 

continuously. 

Initial Annual Time to Amount After 

Investment Rate Double 10 Years 

39. $4000 6% 

40. $18,000 55% 

41. $750 73 yr 

42. $12,500 20 yr 

43. $500 $1292.85 

44. $6000 $8950.95 

Compound Interest In Exercises 45-48, find the principal 
P that must be invested at rate r, compounded monthly, so that 

$1,000,000 will be available for retirement in ¢ years. 

45. r= 73%, t= 20 

46. r= 6%, t= 40 

47. r= 8%, t= 35 

48. r=9%, t= 25 

Compound Interest In Exercises 49 and 50, find the time 
necessary for $1000 to double when it is invested at a rate 

of r compounded (a) annually, (b) monthly, (c) daily, and 

(d) continuously. 

49. r=7% 50. r = 5.5% 

6.2 Differential Equations: Growth and Decay 413 

Populati 
ropulat ion In Exercises 51-54, the population (in millions) 

of a country in 2011 and the expected continuous annual rate 

of change k of the population are given. (Source: U.S. Census 

Bureau, International Data Base) 

(a) Find the exponential growth model 

P= Ce 

for the population by letting t = 0 correspond to 2010. 

(b) Use the model to predict the population of the country in 

2020. 

(c) Discuss the relationship between the sign of k and the 

change in population for the country. 

Country 2011 Population k 

51. Latvia 2.2 —0.006 

52. Egypt 82.1 0.020 

53. Uganda 34.6 0.036 

54. Hungary 10.0 — 0.002 

Pe 55. Modeling Data One hundred bacteria are started in a 
culture and the number N of bacteria is counted each hour for 

5 hours. The results are shown in the table, where f¢ is the time 

in hours. 

t 0 1 

(a) Use the regression capabilities of a graphing utility to find 

an exponential model for the data. 

alder Pod died | 

1ST OSs 243 | DOT | 

(b) Use the model to estimate the time required for the 

population to quadruple in size. 

56. Bacteria Growth The number of bacteria in a culture is 

increasing according to the law of exponential growth. There 

are 125 bacteria in the culture after 2 hours and 350 bacteria 

after 4 hours. 

(a) Find the initial population. 

(b) Write an exponential growth model for the bacteria 

population. Let ¢ represent time in hours. 

(c) Use the model to determine the number of bacteria after 

8 hours. 

(d) After how many hours will the bacteria count be 25,000? 

57. Learning Curve The management at a certain factory has 
found that a worker can produce at most 30 units in a day. The 

learning curve for the number of units N produced per day 

after a new employee has worked f¢ days is 

N = 30(1 — e*). 

After 20 days on the job, a particular worker produces 19 units. 

(a) Find the learning curve for this worker. 

(b) How many days should pass before this worker is 

producing 25 units per day? 
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oi Suppose the management in Exercise 57 

requires a new employee to produce at least 20 units per day 

after 30 days on the job. 

(a) Find the learning curve that describes this minimum 

requirement. 

(b) Find the number of days before a minimal achiever is 

producing 25 units per day. 

in ~ 

(a) Suppose an insect population increases by a constant 

number each month. Explain why the number of insects 

can be represented by a linear function. 

(b) Suppose an insect population increases by a constant 

percentage each month. Explain why the number of insects 

can be represented by an exponential function. 

60. HOW DO YOU SEE IT? The functions f and g 

are both of the form y = Ce”. 

> a 

1 
a 
4 5 6 Coe 2 

(a) Do the functions f and g represent exponential 

growth or exponential decay? Explain. 

(b) Assume both functions have the same value of C. 

Which function has a greater value of k? Explain. 

Pe 61. Viodeling Data The table shows the resident populations 

P (in millions) of the United States from 1920 to 2010. 

(Source: U.S. Census Bureau) 

Year 1920 } 1930 | 1940 } 1950 | 1960 

eee 
Population, P 106 123 1 Oo i) — Nn — — ~~ \© 

Year 1970 | 1980 | 1990 | 2000 | 2010 
a 

Population, P 203 ELA 249 281 309 
| L 

(a) Use the 1920 and 1930 data to find an exponential model 

P, for the data. Let t = 0 represent 1920. 

(b) Use a graphing utility to find an exponential model P, for 

all the data. Let tf = 0 represent 1920. 

(c) Use a graphing utility to plot the data and graph models P, 

and P, in the same viewing window. Compare the actual 

data with the predictions. Which model better fits the data? 

(d) Use the model chosen in part (c) to estimate when the 

resident population will be 400 million. 

Stephen Aaron Rees/Shutterstock.com 

e © 62. Forestry eocovoeceoeeeere eee eee ee 8 O 
; e 

The value of a tract of timber is ° 
e 

V(t) = 100,000e°8* 

where ¢ is the time in 

years, with t = 0 

corresponding to 2010. 

If money earns interest 

continuously at 10%, 

then the present value of 

the timber at any time f is 

A(t) oo Viphemo 18 

Find the year in which the timber should be harvested to 

maximize the present value function. 

63. Sound Intensity The level of sound B (in decibels) with 

an intensity of / is 

BI) = 10 logo () 
0 

where J, is an intensity of 10~!° watt per square centimeter, 

corresponding roughly to the faintest sound that can be heard. 

Determine B(/) for the following. 

(a) J = 10~'* watt per square centimeter (whisper) 

(b) J = 10~° watt per square centimeter (busy street corner) 

(c) J = 10-°> watt per square centimeter (air hammer) 

(d) 7 = 10~* watt per square centimeter (threshold of pain) 

64. Noise Level With the installation of noise suppression 
materials, the noise level in an auditorium was reduced from 

93 to 80 decibels. Use the function in Exercise 63 to find the 

percent decrease in the intensity level of the noise as a result 

of the installation of these materials. 

65. Newton’s Law of Cooling When an object is removed 
from a furnace and placed in an environment with a constant 

temperature of 80°F, its core temperature is 1500°F. One hour 

after it is removed, the core temperature is 1120°F. Find the 

core temperature 5 hours after the object is removed from the 

furnace. 

66. Newton’s Law of Cooling A container of hot liquid is 
placed in a freezer that is kept at a constant temperature of 

20°F. The initial temperature of the liquid is 160°F. After 5 

minutes, the liquid’s temperature is 60°F. How much longer 

will it take for its temperature to decrease to 30°F? 

True or False? In Exercises 67-70, determine whether the 

statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

67. In exponential growth, the rate of growth is constant. 

68. In linear growth, the rate of growth is constant. 

69. If prices are rising at a rate of 0.5% per month, then they are 

rising at a rate of 6% per year. 

70. The differential equation modeling exponential growth is 

dy/dx = ky, where k is a constant. 
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6.3 Separation of Variables and the Logistic Equation 

@ Recognize and solve differential equations that can be solved by separation of 

variables. 

@ Use differential equations to model and solve applied problems. 

i@ Solve and analyze logistic differential equations. 

Separation of Variables 

Consider a differential equation that can be written in the form 

M(x) + M(y) 2 = 0 
mds 

where MW is a continuous function of x alone and N is a continuous function of y alone. 

As you saw in Section 6.2, for this type of equation, all x terms can be collected with 

dx and all y terms with dy, and a solution can be obtained by integration. Such 

equations are said to be separable, and the solution procedure is called separation of 

variables. Below are some examples of differential equations that are separable. 

Original Differential Equation Rewritten with Variables Separated 

ee NG 3y dy = —x?* dx 
dx 

(sin x)y’ = cos x dy = cot x dx 

ae Wicd I _2 
ie a ligne! eo 

EXAMPLE 1 Separation of Variables 

sees > See LarsonCalculus.com for an interactive version of this type of example. 

Find the general solution of 

dy 2+ 4)— = xy. (x thee. xy 

Solution To begin, note that y = 0 is a solution. To find other solutions, assume that 

dx 
Cx In|y| = Inv/x? +4 + C, 

(x2 + VG = (C/x +4) Hee ee 
Pe Che ) 

Cx f+ 4 = CxS? +4 y= ke sim ae a 

Because y = 0 is also a solution, you can write the general solution as 

I~ 

So, the solution checks. 

eee sr etehs 61ers ee cee es y = CV/x* + 4. General solution P| 

*»REIMARK Besuretocheck y # 0 and separate variables as shown. 

. your solutions throughout this GF 4) dy 2 xy dx On ek 

* chapter. In Example 1, you . 

e can check the solution Oe are dx Separate variables. 
° y Yee 

© y=CV2 4 | 
a Now, integrate to obtain 
. by differentiating and 

: substituting into the original | dy _ i ; cai LEE intesrate! 

+ equation. y x 4 

f 1 
: d |) = —In(x? + 4) + ma (x? oe 4) = xy In|y| ) In(x 4) C, 
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@ FOR FURTHER INFORMATION 

For an example (from engineering) 

of a differential equation that 

is separable, see the article 

“Designing a Rose Cutter” 

by J. S. Hartzler in The College 

Mathematics Journal. To view this 

article, go to MathArticles.com. 

Figure 6.11 

In some cases, it is not feasible to write the general solution in the explicit form 

y = f(x). The next example illustrates such a solution. Implicit differentiation can be 

used to verify this solution. 

EXAMPLE 2 Finding a Particular Solution 

Given the initial condition y(O) = 1, find the particular solution of the equation 

xy dx + e~*(y? — 1) dy = 0. 

Solution Note that y = 01s a solution of the differential equation—but this solution 

does not satisfy the initial condition. So, you can assume that y # 0. To separate 

variables, you must rid the first term of y and the second term of e*. So, you should 

multiply by e* /y and obtain the following. 

xy dx + e~*(y? — 1)dy =0 

e*'(y2 — 1) dy = —xy dx 

[o-o- Jom 
2 1 9 

y = Bet aC eal 

From the initial condition y(0) = 1, you have 

1 
cae, === 4 

2; s D; C 

which implies that C = 1. So, the particular solution has the implicit form 

2 

5 7 Inly| 
Ly 
a ar Il 

y? — Iny? + e* =2., 

You can check this by differentiating and rewriting to get the original equation. 

EXAMPLE 3 Finding a Particular Solution Curve 

Find the equation of the curve that passes through the point (1, 3) and has a slope of 

y/x? at any point (x, y). 

Solution Because the slope of the curve is y/x?, you have 

Caer 
ne ae 

with the initial condition y(1) = 3. Separating variables and integrating produces 

[2- By y #0 
B 

| 
y 

] 
Ly): ai 

Xx 

y= e U/x)+C, 

yes Coe 

Because y = 3 when x = 1, it follows that 3 = Ce~! and C = 3e. So, the equation of 

the specified curve is 

y= (3e)e~1/* => y= 3e%— D/x, ms). 

Because the solution is not defined at x = O and the initial condition is given at x = 1, 

x is restricted to positive values. See Figure 6.11. | 
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Applications 

EXAMPLE 4 Wildlife Population 

The rate of change of the number of coyotes M(t) in a population is directly proportional 
to 650 — M(t), where ¢ is the time in years. When t = 0, the population is 300, and 
when ¢ = 2, the population has increased to 500. Find the population when t = 3. 

Solution Because the rate of change of the population is proportional to 650 — N(t), 
or 650 — N, you can write the differential equation 

dN 
—_=k a) a: (650 ) 

You can solve this equation using separation of variables. 

dN = k(650 — N) dt Differential form 

dN 
Te k dt Separate variables. 

—In|650 = N| Skirt, Integrate. 

In|650 = N{ =F Ki 

OS0I4IN =e S Assume N < 650. 

N = 650 — Ce-# General solution 

Using N = 300 when ¢t = 0, you can conclude that C = 350, which produces 

N =,650:— 350e—*, 

Then, using N = 500 when ¢ = 2, it follows that 

500 = 650 — 350e-** =? ee *= = = k =~ 0.4236. 

So, the model for the coyote population is 

INi=650 — Bo0e 6 Model for population 

When ¢ = 3, you can approximate the population to be 

N= 650) 350e 9-99) 

=~ 552 coyotes. 

The model for the population is shown in Figure 6.12. Note that N = 650 is the 

horizontal asymptote of the graph and is the carrying capacity of the model. You will 

learn more about carrying capacity later in this section. 

Number of coyotes 

Time (in years) 

Figure 6.12 

franzfoto.com/Alamy 



418 Chapter6 Differential Equations 

Orthogonal 

Orthogonal trajectories 

Figure 6.14 

A common problem in electrostatics, 

thermodynamics, and hydrodynamics involves 

finding a family of curves, each of which is 

orthogonal to all members of a given family of 

curves. For example, Figure 6.13 shows a family 

of circles 

ts y? =C Family of circles 

each of which intersects the lines in the family 

y = Kx Family of lines 

at right angles. Two such families of curves are 

said to be mutually orthogonal, and each curve Each line y = Kx is an orthogonal 

in one of the families is called an orthogonal trajectory of the family of circles. 

trajectory of the other family. In electrostatics, Figure 6.13 

lines of force are orthogonal to the eguipotential 

curves. In thermodynamics, the flow of heat across a plane surface is orthogonal to 

the isothermal curves. In hydrodynamics, the flow (stream) lines are orthogonal 

trajectories of the velocity potential curves. 

EXAMPLE 5 Finding Orthogonal Trajectories 

Describe the orthogonal trajectories for the family of curves given by 

Vics 
Xx 

for C # 0. Sketch several members of each family. 

Solution First, solve the given equation for C and write xy = C. Then, by differen- 

tiating implicitly with respect to x, you obtain the differential equation 

dy ait ls 
ce y= 0 Differential equation 

ibis os 

dy 
Ages Aa Nae 
dx ms 

DRIES. 
eS Slope of given family 
dx x 

Because dy/dx represents the slope of the given family of curves at (x, y), it follows that 

the orthogonal family has the negative reciprocal slope x/y. So, 

dy _x 
Gn = oe Slope of orthogonal family 
Oke Sy 

Now you can find the orthogonal family by separating variables and integrating. 

fra = fra 

y N 
) 

ll a ie 2 

y—-xv=K 

The centers are at the origin, and the transverse axes are vertical for K > 0 and 

horizontal for K < 0. When K = 0, the orthogonal trajectories are the lines y = +x. 

When K # 0, the orthogonal trajectories are hyperbolas. Several trajectories are shown 

in Figure 6.14. i | 
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Logistic Differential Equation 

In Section 6.2, the exponential growth model was derived from the fact that the rate of 

change of a variable y is proportional to the value of y. You observed that the differential 

equation dy/dt = ky has the general solution y = Ce*’. Exponential growth is unlimited, 

but when describing a population, there often exists some upper limit L past which 

growth cannot occur. This upper limit L is called the carrying capacity, which is the 

maximum population y(t) that can be sustained or supported as time f increases. A model 

i that is often used to describe this type of growth is the logistic differential equation 

a Sa ee 
Prius ip g1stic rentia at dt A ie Ogistic ailferential equation 

Logistic co ; , 

curve where k and L are positive constants. A population that satisfies this equation does not 

grow without bound, but approaches the carrying capacity L as ft increases. 

= From the equation, you can see that if y is between O and the carrying capacity L, 

l then dy/dt > 0, and the population increases. If y is greater than L, then dy/dt < 0, and 

Note that as t> 00, y> L. the population decreases. The graph of the function y is called the logistic curve, as 

Figure 6.15 shown in Figure 6.15. 

EXAMPLE 6 Deriving the General Solution 

Solve the logistic differential equation 

d dy _ (1 - 2 
dt : L 

Solution Begin by separating variables. 

oa == 1S Write differential equation. pe a : 

dy = kdt Separate variabl Soe = et =< } eparate variables. yt = 9/D” : 
1 
a a = | k dt Integrate each side. 
| y(1 — y/L) 

~ 1 1 ee 
escececoseecsseeseses eo) > = 55 ro dy = | kdt Rewrite left side using partial fractions. 
° y Ee. 

-- REMARK x Sette oe te In|y| — InjL — y| =kt+C Find antiderivative of each side. 
method of partial fractions is S 

given in Section 8.5. | y KiganG Multiply each side by — 1 and simplify. 
y 

aa oe ene Exponentiate each side. 
y 

F =. epee © Property of exponents 
Exploration y 

Use a graphing utility to |e ae bent PCR 
investigate the effects of the y 

values of L, b, and k on the L 

graph of Solving this equation for y produces y = Teepe ua 

eae OP 20 
et honk 

From Example 6, you can conclude that all solutions of the logistic differential 

Include some examples to - equation are of the general form 

support your results. L 

epee 
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Slope field for 

dp _ ae a 0.194p(1 4000 

and the solution passing through (0, 40) 

Figure 6.16 

EXAMPLE 7 Solving a Logistic Differential Equation 

A state game commission releases 40 elk into a game refuge. After 5 years, the elk 

population is 104. The commission believes that the environment can support no more 

than 4000 elk. The growth rate of the elk population p is 

dp htt a ran . rer bo( 4000 |* 40<sps nal 

where f is the number of years. 

a. Write a model for the elk population in terms of t. 

b. Graph the slope field for the differential equation and the solution that passes through 

the point (0, 40). 

c. Use the model to estimate the elk population after 15 years. 

d. Find the limit of the model as f— 00. 

Solution 

a. You know that L = 4000. So, the solution of the equation is of the form 

4000 

PO 1+ be® 

Because p(0) = 40, you can solve for b as follows. 

00) > 140 mb = 99 ie Sa ecy, 1 + be“ 0) 

Then, because p = 104 when t = 5, you can solve for k. 

4000 

UOTE 065-10) a> k~ 0.194 

So, a model for the elk population is 

_ 4000 
Pp it 4 99e~ 0.1941" 

b. Using a graphing utility, you can graph the slope field for 

dp _ 7 ae 
dt = 0.1949 4000 

and the solution that passes through (0, 40), as shown in Figure 6.16. 

c. To estimate the elk population after 15 years, substitute 15 for t in the model. 

4000 . 
jo = T + 99¢-0.194(15) Substitute 15 for t. 

4000 ye 
= 1 + 990-291 Simplify. 

= 626 

d. As f increases without bound, the denominator of 

4000 
1 + 99e-0-1941 

gets closer and closer to 1. So, 

lim ae = 4000. af eee f 90g 0194 
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6.3 Exercises 

Separation of Variables and the Logistic Equation 421 

See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Finding a General Solution Using Separation of 
Variables In Exercises 1-14, find the general eigen of the 

differential equation. 

dy x ay Bee 
1 = 2. = 

dx y ax y2 

ly aya ee Oils X- 3, 2 +5y2= oy 
ais dha REST 
d 5, = 0.75r yp TR 
ds d 

ie e@ ap x)y’ = 3y 8. xy’ any) 

9. yy’ = 4sinx 10. yy’ = —8 cos(zx) 

1, Jl — 4x7 y’=x 

12/216 y"= 11x 

13. yInx — xy’=0 

14. 12yy’ — 7e* = 0 

Finding a Particular Solution Using Separation of 
Variables In Exercises 15-24, find the particular solution 
that satisfies the initial condition. 

Differential Equation Initial Condition 

15. yy’ — 2e* = 0 y(0) = 3 

16. /x + J/yy’=0 y(1) = 9 

Toei er 1 jy’ = 0 aa 

18. 2xy’ — Inx? =0 y(1) = 

19. y(1 + x?)y’ — x(1 + y?) =0 y(0) = we 

20. y/1 — ey’ -— xJV1—y? =0 oe 1 

21. o = uv sin v? u(O) = 1 

22. . = e747 r(0) =0 

23. dP —kPdt=0 P(0) = 

24. dT + kK(T — 70) dt=0 T(0) = 140 

Finding a Particular Solution In Exercises 25-28, find an 
equation of the graph that passes through the point and has the 

given slope. 

Ox. 

l6y 

2y 

Bx 

25. (0,2), y’= 2G uL Nyaa Es 

Ay 

Bo 
279, 1), y= 28. (8,2), y’= 

2x 

Using Slope In Exercises 29 and 30, find all functions f 

having the indicated property. 

29. The tangent to the graph of fat the point (x, y) intersects the 

x-axis at (x + 2, 0). 

30. All tangents to the graph of f pass through the origin. 

Slope Field In Exercises 31 and 32, sketch a few solutions of 

the differential equation on the slope field and then find the 

general solution analytically. To print an enlarged copy of the 

graph, go to MathGraphs.com. 

Meee F 37) eee 
dx dx y 

a BY; 

A \ 
Ny SS See ee ih Geb et iAiitalem irs est oN 

ie Re eee LRA, Ozh Fig EINE ON 

Nene Nah ie Senate AY, Wt hat) te Se 

NEN, BN ine ee oe WY fe Pee NN 

pt tt tt t—+—+--}-}-4-+--+$- > x 
Se NE ye =4 WAN Compe yn aes 

NP Ne ORGS) a spe rns 

Niet Nee APRS pr ek ye fe 8 if NM Ser NF Bes ae a 

NN N=-27 2-777 NN Sed oe ae 

ad Slope Field In Exercises 33-36, (a) write a differential 

equation for the statement, (b) match the differential equation 

with a possible slope field, and (c) verify your result by using a 

graphing utility to graph a slope field for the differential 

equation. [The slope fields are labeled (a), (b), (c), and (d).] To 

print an enlarged copy of the graph, go to MathGraphs.com. 

(a) , (Or 

33. The rate of change of y with respect to x is proportional to the 

difference between y and 4. 

34. The rate of change of y with respect to x is proportional to the 

difference between x and 4. 

35. The rate of change of y with respect to x is proportional to the 

product of y and the difference between y and 4. 

36. The rate of change of y with respect to x is proportional to y’. 

37. Radioactive Decay The rate of decomposition of 

radioactive radium is proportional to the amount present at any 

time. The half-life of radioactive radium is 1599 years. What 

percent of a present amount will remain after 50 years? 
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38. / Saction 

compound changes into another compound at a rate 

proportional to the unchanged amount. There is 40 grams of 

the original compound initially and 35 grams after 1 hour. 

When will 75 percent of the compound be changed? 

In a chemical reaction, a certain 

el Gain A calf that weighs 60 pounds at birth gains 

weight at the rate 

le = k(1200 — w) 
dt 

where w is weight in pounds and f is time in years. 

— (a) Solve the differential equation. 

(b) Use a graphing utility to graph the particular solutions for 

k = 0.8, 0.9, and 1. 

(c) The animal is sold when its weight reaches 800 pounds. 

Find the time of sale for each of the models in part (b). 

(d) What is the maximum weight of the animal for each of the 

models in part (b)? 

40. Weight Gain A calf that weighs w, pounds at birth gains 
weight at the rate dw/dt = 1200 — w, where w is weight in 

pounds and f is time in years. Solve the differential equation. 

ad Finding Orthogonal Trajectories In Exercises 41-46, find 

the orthogonal trajectories of the family. Use a graphing utility 

to graph several members of each family. 

41. 7 + y=C 

43. x? = Cy 

45. y- = Gx 

42. x7 — Qy7="€ 

44, y? = 2Cx 

46. y = Ce* 

Matching In Exercises 47-50, match the logistic equation 
with its graph. [The graphs are labeled (a), (b), (c), and (d).] 

(b) 3 

12 12 
47. y= = == y= 

a pe Bay See 
12 12 

49. y= cates ee 50. y = =) 
[hea 7 . l+te = 

Using a Logistic Equation In Exercises 51 and 52, the 

logistic equation models the growth of a population. Use the 

equation to (a) find the value of k, (b) find the carrying 

capacity, (c) find the initial population, (d) determine when 

the population will reach 50% of its carrying capacity, and 

(e) write a logistic differential equation that has the solution 

P(t). 

2100 5000 

Pas meee A 51. P(t) = = 1 + 39¢e-0-2 

Re Using a Logistic Differential Equation In Exercises 53 
and 54, the logistic differential equation models the growth 

rate of a population. Use the equation to (a) find the value of k, 

(b) find the carrying capacity, (c) graph a slope field using a 

computer algebra system, and (d) determine the value of P at 

which the population growth rate is the greatest. 

eee 0.1P — 0.0004P? 
dP P 53 ae 3P(1 - 54 

100 

Solving a Logistic Differential Equation In Exercises 

55-58, find the logistic equation that passes through the given 

point. 

dyite (Ae, 4 dy _ ( 4 *) 55. = (1 zal (0,4) 56. pe AS rs: (0, 7) 

dy _4y ¥ yoy eye 
ES By aay OLE dt 20 1600’ We 

59. Endangered Species A _ conservation organization 
releases 25 Florida panthers into a game preserve. After 

2 years, there are 39 panthers in the preserve. The Florida 

preserve has a carrying capacity of 200 panthers. 

(a) Write a logistic equation that models the population of 

panthers in the preserve. 

(b) Find the population after 5 years. 

(c) When will the population reach 100? 

(d) Write a logistic differential equation that models the 

growth rate of the panther population. Then repeat part (b) 

using Euler’s Method with a step size of h = 1. Compare 

the approximation with the exact answer. 

(e) At what time is the panther population growing most 

rapidly? Explain. 

60. Bacteria Growth At time t= 0, a bacterial culture 
weighs | gram. Two hours later, the culture weighs 4 grams. 

The maximum weight of the culture is 20 grams. 

(a) Write a logistic equation that models the weight of the 

bacterial culture. 

(b) Find the culture’s weight after 5 hours. 

(c) When will the culture’s weight reach 18 grams? 

(d) Write a logistic differential equation that models the 

growth rate of the culture’s weight. Then repeat part (b) 

using Euler’s Method with a step size of h = 1. Compare 

the approximation with the exact answer. 

(e) At what time is the culture’s weight increasing most 

rapidly? Explain. 
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WRITING ABOUT CONCEPTS 

61. Separation 

63. 

64. 

of Variables In your own words, 
describe how to recognize and solve differential equations 

that can be solved by separation of variables. 

. Mutually Orthogonal 

the relationship between two families of curves that are 

mutually orthogonal. 

In your own words, describe 

Finding a Derivative Show that if 

i 
, = 
; 1 + be-* 

then 

dy 
pa Kt — y)- 

Point of Inflection For any logistic growth curve, show 
that the point of inflection occurs at y = L/2 when the 

solution starts below the carrying capacity L. 

e 065. Sailing ee eeeceerceecececcrecccececce 

Ignoring resistance, a 

sailboat starting from 

rest accelerates (dv/dt) 
at a rate proportional 

to the difference between 

the velocities of the wind 

and the boat. 

(a) The wind is blowing 

at 20 knots, and after 

1 half-hour, the boat is moving at 10 knots. Write the 

velocity v as a function of time ¢. 

(b) Use the result of part (a) to write the distance traveled 

by the boat as a function of time. 

HOW DOYOU SEE IT? The growth of a 

population is modeled by a logistic equation as 

shown in the graph below. What happens to the 

rate of growth as the population increases? What 

do you think causes this to occur in real-life 

situations, such as animal or human populations? 

cri 

Separation of Variables and the Logistic Equation 423 

Determining if a Function Is Homogeneous In Exercises 

67-74, determine whether the function is homogeneous, and if 

it is, determine its degree. A function f(x, y) is homogeneous of 

degree n if f (tx, ty) = t"f (x, y). 

Glad Gay) eee xy? + y? 

68. FG, y) = x + 3x2y? — 2y? 

69. f(x, )) = —2—— 

XY 

70. f(x,y) = a= 

71. f(x, y) = 2 Inxy 

72. f(x, y) = tan(x + y) 

73. f(x, y) = 2In z 
Y 

74, f(x, y) = tan 2 
xX 

Solving a Homogeneous Differential Equation In 
Exercises 75-80, solve the homogeneous differential equation 

in terms of x and y. A homogeneous differential equation is an 

equation of the form M(x, y) dx + N(x, y) dy = 0, where M and 
N are homogeneous functions of the same degree. To solve an 

equation of this form by the method of separation of variables, 

use the substitutions y = yx and dy = x dv + v dx. 

Tae ¥) dee 2% dy =10 

716. (x = y?) dx — xy? dy = 0 

77. (x— y) dx — (x + y)idy = 0 

188 (2 y2)\dx — Ixy dy = 0 

79. xy dx + (y? — x?) dy = 0 

80. (2x + 3y) dx —xdy=0 

True or False? In Exercises 81-83, determine whether the 

statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

81. The function y = 0 is always a solution of a differential 

equation that can be solved by separation of variables. 

82. The differential equation y’ = xy — 2y + x — 2 can be written 

in separated variables form. 

The families x? + y* = 2Cy and x* + y? 
orthogonal. 

83. 2Kx are mutually 

PUTNAM EXAM CHALLENGE 

84. A not uncommon calculus mistake is to believe that the prod- 

uct rule for derivatives says that ( fg)’ = f’g’. If f(x) = e*, 
determine, with proof, whether there exists an open interval 

(a, b) and a nonzero function g defined on (a, b) such that 
this wrong product rule is true for x in (a, b). 

This problem was composed by the Committee on the Putnam Prize Competition. 

© The Mathematical Association of America. All rights reserved. 

Web Picture Blog/Shutterstock.com 
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ANNA JOHNSON PELL WHEELER 
(1883-1966) 

Anna Johnson Pell Wheeler was 
awarded a master’s degree in 
1904 from the University of lowa 
for her thesis The Extension of 
Galois Theory to Linear Differential 
Equations. Influenced by David 
Hilbert, she worked on integral 

equations while studying infinite 
linear spaces. 

6.4 First-Order Linear Differential Equations 

@ Solve a first-order linear differential equation, and use linear differential equations to 
solve applied problems. 

First-Order Linear Differential Equations 

In this section, you will see how to solve a very important class of first-order differential 

equations—first-order linear differential equations. 

Definition of First-Order Linear Differential Equation 

A first-order linear differential equation is an equation of the form 

where P and Q are continuous functions of x. This first-order linear differential 

equation is said to be in standard form. 
ee OOOO 

To solve a linear differential equation, write it in standard form to identify the 

functions P(x) and Q(x). Then integrate P(x) and form the expression 

u(x) = el P(x) dx Integrating factor 

which is called an integrating factor. The general solution of the equation is 

y= ns O(x)u(x) dx. General solution 
u(x) 

It is instructive to see why the integrating factor helps solve a linear differential equation 

of the form y’ + P(x)y = Q(x). When both sides of the equation are multiplied by the 
integrating factor u(x) = e!?, the left-hand side becomes the derivative of a product. 

y eS PG) dx + P(x)ye JPG) & — O(x)el PO ae 

[velo ar] 4 = O(x)elP dx 

Integrating both sides of this second equation and dividing by u(x) produce the general 

solution. 

EXAMPLE 1 Solving a Linear Differential Equation 

Find the general solution of 

y’+y=e% 

Solution For this equation, P(x) = 1 and Q(x) = e*. So, the integrating factor is 

u(x) = eS P(x) dx = el & = ex 

This implies that the general solution is 

y= a5 | O(x)u(x) dx 

| 
=— e*(e*) dx a 

] 
= e-a(Sem ae c) 

| = se + Ce. a 
Courtesy of the Visual Collections, Canaday Library, Bryn Mawr College 
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— ip REM Solution of a First-Order Linear Differential 
ore Rather than Equation 

memorizing the formula in An integrating factor for the first-order linear differential equation 
Theorem 6.2, just remember 

that multiplication by the eo) 

integrating factor eJ?™) & is u(x) = e/? 4. The solution of the differential equation is 
converts the left side of the 

differential equation into the pe! ie aa \ O(x)el PO) 4 dy + C, 
derivative of the product 
yes P(x) dx 

EXAMPLE 2 Solving a First-Order Linear Differential Equation 

* © °°. See LarsonCalculus.com for an interactive version of this type of example. 

Find the general solution of xy’ — 2y = x?. 

Solution The standard form of the equation is 

4 (2 
yo ae hy = 25 Standard form 

So, P(x) = —2/x, and you have 

| Pova = -| 2a = —]n x? 

which implies that the integrating factor is 

ee eo 1 
ef PG) dx = e-InY® = —_, = nas Integrating factor 2 eln 5 x 

So, multiplying each side of the standard form by 1/x? yields 

Yue ee 
xe 

d || 7 
dx | x2 

a = fe 

pis fall 

| eee 
y 
z=] +C wD) n|x| 

ae x7(In|x| =k Ot General solution 

Figure 6.17 Several solution curves (for C = —2, —1, 0, 1, 2, 3, and 4) are shown in Figure 6.17. 

In most falling-body problems discussed so far in the text, air resistance has been 

neglected. The next example includes this factor. In the example, the air resistance on 

the falling object is assumed to be proportional to its velocity v. If g is the gravitational 

constant, the downward force F on a falling object of mass m is given by the difference 

mg — kv. If ais the acceleration of the object, then by Newton’s Second Law of Motion, 

Re ere 
at 

which yields the following differential equation. 

dv. ky 
— of pa 

dt m 

dy 
m—=me-k 

dt 
7S 
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Notice in 

Example 3 that the velocity 

approaches a limit of mg/k 

as a result of the air resistance. 

For falling-body problems 

in which air resistance is 

neglected, the velocity 

increases without bound. 

eeeevees354+res8seseeeee @ 

Figure 6.18 

eeeeveeeeenee ey 

TECHNOLOGY The 

integral in Example 4 was 

found using a computer algebra 

system. If you have access to 

Maple, Mathematica, or the 

TI-Nspire, try using it to 

integrate 

+ | ewe sin 2t dt. 

In Chapter 8, you will learn how 

to integrate functions of this 

type using integration by parts. 

Differential Equations 

EXAMPLE 3 A Falling Object with Air Resistance 

An object of mass m is dropped from a hovering helicopter. The air resistance is 

proportional to the velocity of the object. Find the velocity of the object as a function 

of time ¢. 

Solution The velocity v satisfies the equation 

kv 

dt m 

dv 
ae g = gravitational constant, k = constant of proportionality = {4. 

Letting b = k/m, you can separate variables to obtain 

dv = (g — bv) dt 

| dv =| a 

Cea 

1 
~;, Inlg = by| =r+ C, 

Inl2 — by] — of — DC, 

Gaby Ces. C=e 

Because the object was dropped, v = 0 when t = 0; so g = C, and it follows that 

=. aD er a = = ab ge? = a (1 ey ebm), | 

A simple electric circuit consists of an electric current / (in amperes), a resistance 

R (in ohms), an inductance L (in henrys), and a constant electromotive force FE (in 

volts), as shown in Figure 6.18. According to Kirchhoff’s Second Law, if the switch S$ 

is closed when ft = 0, then the applied electromotive force (voltage) is equal to the sum 

of the voltage drops in the rest of the circuit. This, in turn, means that the current / 

satisfies the differential equation 

dl 
L— + RI = E. 

dt 

EXAMPLE 4 An Electric Circuit Problem 

Find the current J as a function of time t (in seconds), given that / satisfies the 

differential equation L(dI/dt) + RI = sin 2t, where R and L are nonzero constants. 

Solution In standard form, the given linear equation is 

Claes. Le — +—] = =sin 2¢. 7, ae I L sin 2t 

Let P(t) = R/L, so that ef PO4 = e(®/L)", and, by Theorem 6.2, 

Te(R/Lt = i efR/L)t sin 2t dt 

| 
= AT Re efR/L)(R sin 2¢ 20 cos 2t) + C. 

So, the general solution is 

1 
l= —(R/L)t Fees 

F ALA RA 
e®/L)(R sin 2t — 2L cos 2t) + c| 

1 
SP ee mee VAC itil PP sos 2t) + Cem (R/, ie + (R sin 2¢ — 2L cos 2t) + Ce 
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One type of problem that can be described in terms of a differential equation 

involves chemical mixtures, as illustrated in the next example. 

EXAMPLE 5 A Mixture Problem 

A tank contains 50 gallons of a solution composed of 90% water and 10% alcohol. A 

second solution containing 50% water and 50% alcohol is added to the tank at the rate 

of 4 gallons per minute. As the second solution is being added, the tank is being drained 

at a rate of 5 gallons per minute, as shown in Figure 6.19. The solution in the tank is 

stirred constantly. How much alcohol is in the tank after 10 minutes? 

Solution Let y be the number of gallons of alcohol in the tank at any time ¢. You 

know that y = 5 when t = 0. Because the number of gallons of solution in the tank at 

any time is 50 — t¢, and the tank loses 5 gallons of solution per minute, it must lose 

an ) 
gallons of alcohol per minute. Furthermore, because the tank is gaining 2 gallons of 

alcohol per minute, the rate of change of alcohol in the tank is 

Co en ED dy 5 = 
me (2) - H+ (a) a 

To solve this linear differential equation, let 

5 

Eeeeeay es 
and obtain 

2) 
[ewa=|aoa- 5.1050 ets 

Because t < 50, you can drop the absolute value signs and conclude that 

1 
SP@ dt = ,—5inGO-) — 

‘ 3 (50 — a>" 
So, the general solution is 

2 2 
= dt 

(50 aL)” en = ¢) 

y 1 

Ge 7) e501) 

ELE aires 

Because y = 5 when t = 0, you have 

oe! 5 Os SS CGO® mm — EC 

which means that the particular solution is 

50 -t 50 -t\ 
Vien arar — 20/ 50 ib 

Finally, when t = 10, the amount of alcohol in the tank is 

50 — 10 50 — 
Peal Sucre) 20| 50 

5 
) = 13.45 gal 

which represents a solution containing 33.6% alcohol. | 
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6.4 Exercises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

h i Differential Equation Is Linear 

In Exercises 1-4, determine whether the differential equation 

is linear. Explain your reasoning. 

fiw Bey = eth I 2. 2xy — y’' nx =y 

Dy 
3. y’— ysinx = xy 4. = 5x 

ay 

Solving a First-Order Linear Differential Equation In 

Exercises 5-14, solve the first-order linear differential 

equation. 

dy 1 dy D} . = 4+ |(=ly = 6 +2 . — +(=ly = 3x = 5 - (4) 6x 6 oe (2), 3y3 = 5S 

FL eV AG 

8. y’ + 2xy = 10x 

(y + 1) cosx dx — dy =0 

10. (y — 1) sinx dx — dy = 0 

Mee 1)y ee 

12. yo 3) = e* 

3.4327 =e 

14. y’ + y tan x = sec x 

Fy Slope Field In Exercises 15 and 16, (a) sketch an approximate 

solution of the differential equation satisfying the given initial 

condition by hand on the slope field, (b) find the particular 

solution that satisfies the given initial condition, and (c) use a 

graphing utility to graph the particular solution. Compare the 

graph with the hand-drawn graph in part (a). To print an 

enlarged copy of the graph, go to MathGraphs.com. 

dy LSS ee ey, 16.) % (4}y = sin x, 
dx x 

(0, 1) (V7, 0) 
y y 

bib shy si of fo Se 
NAVE Ae Nines Sa seat ah ay ar | NN SS 
VN VHT TS =f=—f[-\\=s 
NENASS Bewne | = ro 
\S SNS ee/ fe | 5 

pap 
sea eakn 
a se cag ae 
bf 3) 

Finding a Particular Solution In Exercises 17-24, find 

the particular solution of the differential equation that satisfies 

the initial condition. 

Differential Equation Initial Condition 

17. y’cos*x +y—1=0 yO) = 5 

18. x3y’ + 2y = el/*” y(1) =e 

19. y’ + ytanx = secx + cos x y(0) = 1 

20. y’ + ysecx = secx y(0) = 4 

Differential Equation Initial Condition 

24S a (4) =0 y(2) = 2 

DOM y eaten (Zieh) yi —a 0) y(1) = 2 

23. x dy = (x + y + 2) dx y(1) = 10 

24. Diy == FP Sx y(4) = 2 

25. Population Growth When predicting population growth, 
demographers must consider birth and death rates as well as 

the net change caused by the difference between the rates of 

immigration and emigration. Let P be the population at time f 

and let N be the net increase per unit time resulting from the 

difference between immigration and emigration. So, the rate of 

growth of the population is given by 

dP 
ae kP aN, 

where N is constant. Solve this differential equation to find P 

as a function of time, when at time t = O the size of the 

population is Pp. 

26. Investment Growth A large corporation starts at time 
t = 0 to invest part of its receipts continuously at a rate of P 

dollars per year in a fund for future corporate expansion. 

Assume that the fund earns r percent interest per year 

compounded continuously. So, the rate of growth of the 

amount A in the fund is given by 

dA 
— = TAs P. 
dt 

where A = 0 when t = 0. Solve this differential equation for 

A as a function of f. 

Investment Growth In Exercises 27 and 28, use the result 

of Exercise 26. 

27. Find A for the following. 

(a) P = $275,000, r = 8%, t = 10 years 

(b) P = $550,000, r = 5.9%, t = 25 years 

28. Find ¢ if the corporation needs $1,000,000 and it can invest 

$125,000 per year in a fund earning 8% interest compounded 

continuously. 

29. Learning Curve The management at a certain factory has 
found that the maximum number of units a worker can produce 

in a day is 75. The rate of increase in the number of units V 

produced with respect to time ¢ in days by a new employee is 

proportional to 75 — N. 

(a) Determine the differential equation describing the rate of 

change of performance with respect to time. 

(b) Solve the differential equation from part (a). 

(c) Find the particular solution for a new employee who 

produced 20 units on the first day at the factory and 

35 units on the twentieth day. 



e ¢ 30. Intravenous ling eeceeeececeecece o 
e 

e Glucose is added 

e intravenously to the 

* _ bloodstream at the rate 
e Of g units per minute, 

e and the body removes 

* _ glucose from the blood- 
e stream at a rate propor- 

e tional to the amount 

* present. Assume that 
e Q(t) is the amount of 
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e 
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e 
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glucose in the bloodstream at time f. 

(a) Determine the differential equation describing the rate 

of change of glucose in the bloodstream with respect 

to time. 

(b) Solve the differential equation from part (a), letting 

Q — Q, when ¢ = 0. 

(c) Find the limit of Q(t) as t— 00. 

Falling Object In Exercises 31 and 32, consider an 
eight-pound object dropped from a height of 5000 feet, where 

the air resistance is proportional to the velocity. 

31. Write the velocity of the object as a function of time when the 

velocity after 5 seconds is approximately —101 feet per second. 

What is the limiting value of the velocity function? 

32. Use the result of Exercise 31 to write the position of the object 

as a function of time. Approximate the velocity of the object 

when it reaches ground level. 0 

Electric Circuits In Exercises 33 and 34, use the differential 

equation for electric circuits given by 

L as + RI=E. 
dt 

In this equation, / is the current, R is the resistance, L is the 

inductance, and E is the electromotive force (voltage). 

33. Solve the differential equation for the current given a constant 

voltage Ep. 

34. Use the result of Exercise 33 to find the equation for the current 

when 1(0) = 0, Ey = 120 volts, R = 600 ohms, and L = 4 

henrys. When does the current reach 90% of its limiting value? 

Mixture In Exercises 35-38, consider a tank that at time 

= 0 contains v, gallons of a solution of which, by weight, qo 

pounds is soluble concentrate. Another solution containing q, 
pounds of the concentrate per gallon is running into the tank at 

the rate of r, gallons per minute. The solution in the tank is 

kept well stirred and is withdrawn at the rate of r, gallons per 

minute. 

35. Let Q be the amount of concentrate in the solution at any time 

t. Show that 

dQ iy r20 

eee Vr, rat = Gyr). 

36. Let Q be the amount of concentrate in the solution at any time f. 

Write the differential equation for the rate of change of Q with 

respect to t when r, = r, = Fr. 
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37. A 200-gallon tank is full of a solution containing 25 pounds 

of concentrate. Starting at time t= 0, distilled water is 

admitted to the tank at a rate of 10 gallons per minute, and the 

well-stirred solution is withdrawn at the same rate. 

(a) Find the amount of concentrate QO in the solution as a 

function of f. 

(b) Find the time at which the amount of concentrate in the 

tank reaches 15 pounds. 

(c) Find the quantity of the concentrate in the solution as 

t > 00. 

38. A 200-gallon tank is half full of distilled water. At time t = 0, 

a solution containing 0.5 pound of concentrate per gallon 

enters the tank at the rate of 5 gallons per minute, and the well- 

stirred mixture is withdrawn at the rate of 3 gallons per minute. 

(a) At what time will the tank be full? 

(b) At the time the tank is full, how many pounds of 

concentrate will it contain? 

(c) Repeat parts (a) and (b), assuming that the solution 

entering the tank contains 1 pound of concentrate per gallon. 

39. Using an Integrating Factor The expression u(x) is an 
integrating factor for y’ + P(x)y = Q(x). Which of the 
following is equal to u’(x)? Verify your answer. 

(a) P(x)u(x) (b) P’(x)u(x) 

(c) O(x)u(x) (d) Q’(x)u(x) 

HOW DOYOU SEE IT? The graph shows the 
amount of concentrate Q (in pounds) in a solution 

in a tank at time f (in minutes) as a solution with 

concentrate enters the tank, is well stirred, and is 

withdrawn from the tank. 

0 

ey 
= 
2 

‘aay 
2 9 ué bE 

3 
(5) 

(=| 
fe) 
oO 

Time (in minutes) 

(a) How much concentrate is in the tank at time t = 0? 

(b) Which is greater, the rate of solution into the tank, or 

the rate of solution withdrawn from the tank? Explain. 

(c) At what time is there no concentrate in the tank? 

What does this mean? 

WRITING ABOUT CONCEPTS 

41. Standard Form Give the standard form of a first-order 
linear differential equation. What is its integrating factor? 

What does the term “first-order” refer to 42. First-Order 
in a first-order linear differential equation? 

Auremar/Shutterstock.com 
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In Exercises 43-46, match the differential 

Ries with its solution. 

Differential Equation Solution 

43. y’- 2x =0 (a) y = Ce* 

44, y’— 2y=0 (b) y = —5 + Ce” 

45. y’— 2xy = 0 © =< a2 EC 

46. y’ — 2xy =x (d) y = Ce 

Slope Field In Exercises 47-50, (a) use a graphing utility to 

graph the slope field for the differential equation, (b) find the 

particular solutions of the differential equation passing 

through the given points, and (c) use a graphing utility to graph 

the particular solutions on the slope field. 

Differential Equation Points 

7 Aa eet (—2,4), (2,8) 
abe aie 

Bie sit apt Js ( 2) ( -3) 48. ie to y=x 0,5 5 (O, 5 

dy 
49. — + (cotx)y = 2 Ga, =) 

dx 

ay 
50. ee Ixy = xy 

dx : ; 
(0;,3)) (0,1) 

Solving a First-Order Linear Differential Equation In 
Exercises 51-58, solve the first-order differential equation by 

any appropriate method. 

dy iia ety 

oh dx er 

dyin = 

os dx y(y + 4) 

53 Se ViCOSeGem (COS Giate whe 0 
7 dx 

54. y’ = 2x/1 — y 

55. (2y — e*)dx + xdy =0 

56. (x + y)dx —xdy=0 

57. 3(y — 4x?) dx + xdy = 0 

58. x dx + (y + &)(x* + 1)dy =0 

Solving a Bernoulli Differential Equation In Exercises 

59-66, solve the Bernoulli differential equation. The Bernoulli 

equation is a well-known nonlinear equation of the form 

y’ + Py = Q(x)y" 

that can be reduced to a linear form by a substitution. The 

general solution of a Bernoulli equation is 

yt ea = [o we n)Q(x)er dP PO* ax oye” 

59. iy 3x = xy? 

60. y’ + xy = xy"! 

1 
61. y’ + (*)y = xy" 

1 
6255 (4), =A/y 

63.. xy’ + y = xy 

64. y’-—y=y 

65. y’-y=erVy 

66. yy’ — 2rv =e 

True or False? In Exercises 67 and 68, determine whether 

the statement is true or false. If it is false, explain why or give 

an example that shows it is false. 

67. y’ + x/y = x? is a first-order linear differential equation. 

68. y’ + xy = e*y is a first-order linear differential equation. 

SECTION PROJECT eeee7e0e3e83#e#s#8#5cescseeese3s53oese0ee0eete@eeeeeee3newnseeeeeneeneweee#ee#es8 @ 

Weight Loss 
A person’s weight depends on both the number of calories 

consumed and the energy used. Moreover, the amount of energy 

used depends on a person’s weight—the average amount of energy 

used by a person is 17.5 calories per pound per day. So, the more 

weight a person loses, the less energy a person uses (assuming that 

the person maintains a constant level of activity). An equation that 

can be used to model weight loss is 

dw _C iA) 

dt 3500 3500” 

where w is the person’s weight (in pounds), ¢ is the time in days, 

and C is the constant daily calorie consumption. 

(a) Find the general solution of the differential equation. 

(b) Consider a person who weighs 180 pounds and begins a diet of 

2500 calories per day. How long will it take the person to lose 

10 pounds? How long will it take the person to lose 35 pounds? 

(c) Use a graphing utility to graph the solution. What is the 

“limiting” weight of the person? 

(d) Repeat parts (b) and (c) for a person who weighs 200 pounds 

when the diet is started. 

fl FOR FURTHER INFORMATION For more information on 

modeling weight loss, see the article “A Linear Diet Model” by 

Arthur C. Segal in The College Mathematics Journal. 
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Review Exercises 431 

See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

1. Determini a Solution Determine whether the 
function y = x° is a solution of the differential equation 

Qxy’ + 4y = 1023. 

2. Determining a Solution Determine whether the 

function y = 2 sin 2x is a solution of the differential equation 
WM 

y” — 8y = 0. 

Finding a General ution In Exercises 3-8, use 
integration to find a general solution of the differential equation. 

dy dy 
ga = AY? + eri Pe x 7 4 ie Bn 8x 

dy dy ' 
sS- = 2% .— = é on cos 2x 6 re 2 sin x 

dy : dy 
I. —- = g2-x a 3x e 8 fe 2e 

Slope Field In Exercises 9 and 10, a differential equation 
and its slope field are given. Complete the table by determining 

the slopes (if possible) in the slope field at the given points. 

Es wil PN) 2) aes 

y 2 0 A |) AL | ie | 
| 

dy /dx 

dy dy | Wy 
OMe oxy 10. = = x sin|— 

dx dx 4 

y. y 

A A 

PEVStirvy—-77 EN S10Se7 eh Py 
Heal We alin VANES Ze /ulevlinl Wie ipha gel by iin 
ev wet Ns ———-+-————----- 
ea eat PURO 797 Pi heli fe ee 
oe bee LP LP Pa ifiae Ate NooN NG Ne Nickola 
ile] TO OT ees tie Teg ace Ne aN 
(VA Say a) te ec ee 
\, Payee Sa fae in Pf NjcNesestezca meh vA lian 
{$443 —¢$-f$—-f¢--f $+} +--+} > x VIN SE nee ia 

—aiisqtiiitittg NG see 1 TE TT 
"a pessoas a a —+—+—+—+—_+—_ +— + x 
NNN TPE Tp sl ele). tel 2A Pe peN NON GN 9 
ee 4eev yr i that fe a SNS an ile Nea 

Slope Field In Exercises 11 and 12, (a) sketch the slope field 

for the differential equation, and (b) use the slope field to 

sketch the solution that passes through the given point. Use a 

graphing utility to verify your results. To print a blank graph, 

go to MathGraphs.com. 

ey 21 — x, (02) 

y= y 7 4x, (—1, 1) 

Euler’s Method In Exercises 13 and 14, use Euler’s Method 

to make a table of values for the approximate solution of the 

differential equation with the specified initial value. Use n steps 

of size h. 

13. y’=x-y, yO)=4, n=10, h=0.05 

14. y’=5x-—2y, y0)=2, n=10, h=0.1 

Solving a Differential In Exercises 15-20, solve 

the differential equation. 

dy dy 
(1G, = = De = ae _—~=y re se OPS 16 iia. a te 

dy = dy 
Wea (See y)e a= ) 

dx ( y) AB dx loVy 

19: @+ x)y — xy =0 PAD, Gai! (oe = SA 

Ww J d Equation In 
Exercises 21 and 22, the differential equation 

that models the verbal statement. 

21. The rate of change of y with respect to ¢ is inversely 

proportional to the cube of f. 

22. The rate of change of y with respect to ¢ is proportional to 

a) = 

Finding an Exponential Function In Exercises 23-26, 
find the exponential function y = Ce“ that passes through the 

two points. 

23a 24. 

26-0 
A 

27. Air Pressure Under ideal conditions, air pressure 

decreases continuously with the height above sea level at a rate 

proportional to the pressure at that height. The barometer reads 

30 inches at sea level and 15 inches at 18,000 feet. Find the 

barometric pressure at 35,000 feet. 

28. Radioactive Decay Radioactive radium has a half-life of 

approximately 1599 years. The initial quantity is 15 grams. 

How much remains after 750 years? 

29. Population Growth A population grows continuously 

at the rate of 1.85%. How long will it take the population to 

double? 



432 Chapter 6 Differential Equations 

30. nterest Find the balance in an account 

when $1000 is deposited for 8 years at an interest rate of 4% 

compounded continuously. 

31. The sales S (in thousands of units) of a new product 

after it has been on the market for tf years is given by 

S = Cet". 

(a) Find S$ as a function of t when 5000 units have been sold 

after | year and the saturation point for the market is 

30,000 units (that is, lim S = 30). 
too 

(b) How many units will have been sold after 5 years? 

32. Sales The sales S (in thousands of units) of a new product 

after it has been on the market for ¢ years is given by 

=P s(t) 

(a) Find S as a function of t when 4000 units have been sold 

after 1 year. 

(b) How many units will saturate this market? 

(c) How many units will have been sold after 5 years? 

Finding a General Solution Using Separation of 
Variables In Exercises 33-36, find the general solution of 

the differential equation. 

dy _ 5x aye ee Me 
2 ax aay 

35. y’— loxy = 0 36. y’ — e’ sinx = 0 

Finding a Particular Solution Using Separation of 
Variables In Exercises 37—40, find the particular solution 

that satisfies the initial condition. 

Differential Equation Initial Condition 

37. yy’ — 3x =0 y(2) = 2 

38. yy’ — 5e*7 =0 y(0) = —3 

39: yO + ty = 267 I= 0 y(0) = 1 

40. yy’ — xcosx? = 0 y(0) = —2 

Slope Field In Exercises 41 and 42, sketch a few solutions of 

the differential equation on the slope field and then find the 

general solution analytically. To print an enlarged copy of the 

graph, go to MathGraphs.com. 

dy 4x dy 
4S 420 = 3 Sy 

dx y dx 

y 
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2k OL il arg tala an Tat ees 
PTV VVN NEY ETT Sea tltelbel Fal iialiag 
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Using a Logistic Equation In Exercises 43 and 44, 

the logistic equation models the growth of a population. Use 

the equation to (a) find the value of k, (b) find the carrying 

capacity, (c) find the initial population, (d) determine when 

the population will reach 50% of its carrying capacity, and (e) 

write a logistic differential equation that has the solution P(t). 

5250 

1. PO TF Be O35 
4800 

44 PO TE eo 
Solving a Logistic Differential Equation In Exercises 45 

and 46, find the logistic equation that passes through the given 

point. 

da x 
45. ae (1 ~), (0, 8) 

dy _ my. Cee = 76)( 1 | (0, 3) 

47. Environment A conservation department releases 1200 
brook trout into a lake. It is estimated that the carrying capacity 

of the lake for the species is 20,400. After the first year, there 

are 2000 brook trout in the lake. 

(a) Write a logistic equation that models the number of brook 

trout in the lake. 

(b) Find the number of brook trout in the lake after 8 years. 

(c) When will the number of brook trout reach 10,000? 

48. Environment Write a logistic differential equation that 
models the growth rate of the brook trout population in 

Exercise 47. Then repeat part (b) using Euler’s Method with a 

step size of h = 1. Compare the approximation with the exact 

answer. 

Solving a First-Order Linear Differential Equation In 
Exercises 49-54, solve the first-order linear differential equation. 

49. y’-y=10 

50. e*y’ + 4e*y = 1 

51. 4y’=e7/4 + y 

See a ee 
ee dx x x 

$3. Gc 2) Viet eal 

54. (x + 3)y’ + 2y = 2( + 3)? 

Finding a Particular Solution In Exercises 55 and 56, find 
the particular solution of the differential equation that 

satisfies the initial condition. 

Initial Condition 

y(0) = 3 

Differential Equation 

55. y’ + 5y = e* 

S6uy o> (2). = 2x3 y() = 1 
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see CalcChat.com for tutorial help and 
worked-out solutions to odd-numbered exercises. 

tion The differential equation 

dy = I+e 

dt ky 

where k and « are positive constants, is called the doomsday 

equation. 

(a) Solve the doomsday equation 

dy _ 
dt 

given that y(O) = 1. Find the time 7 at which 

lim y(t) = 00. 
le 

(b) Solve the doomsday equation 

dy = l+e 

aed 

given that y(0) = yo. Explain why this equation is called the 

doomsday equation. 

. Sales Let S represent sales of a new product (in thousands of 

units), let L represent the maximum level of sales (in thousands 

of units), and let t represent time (in months). The rate of change 

of S with respect to t varies jointly as the product of S and 

1 a 

(a) Write the differential equation for the sales model when 

L = 100, S = 10 when t = 0, and S = 20 when ¢ = 1. 

Verify that 

if, 

5 Tt Cee 

(b) At what time is the growth in sales increasing most rapidly? 

(c) Use a graphing utility to graph the sales function. 

(d) Sketch the solution from part (a) on the slope field shown in 

the figure below. To print an enlarged copy of the graph, go 

to MathGraphs.com. 

S 

Coy Sen SND) HZ SSN NENG NN At) Zed Ft ENDER Ata Io NPV AANSNAN WELZ 

(e) Assume the estimated maximum level of sales is correct. 

Use the slope field to describe the shape of the solution 

curves for sales when, at some period of time, sales exceed L. 

sompertz Equation Another model that can be used to 

represent populatiante growth is the Gompertz equation, which 

is the solution of the differential equation 

dy 
ae = kin(= ‘)y 

where k is a constant and L is the carrying capacity. 

(a) Solve the differential equation. 

PR wv) Use a graphing utility to graph the slope field for the 

differential equation when k = 0.05 and L = 1000. 

(c) Describe the behavior of the graph as t— oo. 

(d) et the equation you found in part (a) for L = 5000, 

= 500, and k = 0.02. Determine the concavity of the 

ach and how it compares with the general solution of the 

logistic differential equation. 

. Error Using Product Rule Although it is true for some 
functions f and g, a common mistake in calculus is to believe 

that the Product Rule for derivatives is ( fg)’ = f’g 

(a) Given g(x) = x, find f such that (fg)’ = f’g’ 

(b) Given an arbitrary function g, find a function f such that 

BU 
(c) Describe what happens if g(x) = 

Torricelli’s Law  Torricelli’s Law states that water will flow 
from an opening at the bottom of a tank with the same speed 

that it would attain falling from the surface of the water to the 

opening. One of the forms of Torricelli’s Law is 

A(h) a = —k/2gh 

where h is the height of the water in the tank, k is the area of 

the opening at the bottom of the tank, A(/) is the horizontal 
cross-sectional area at height h, and g is the acceleration due to 

gravity (g ~ 32 feet per second per second). A hemispherical 

water tank has a radius of 6 feet. When the tank is full, a 

circular valve with a radius of | inch is opened at the bottom, as 

shown in the figure. How long will it take for the tank to drain 

completely? 

ix—— 6 ft —— 
\ 1 
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The cylindrical water tank shown in the 

figure has a height of 18 feet. When the tank is full, a circular 

valve is opened at the bottom of the tank. After 30 minutes, the 

depth of the water is 12 feet. 

(a) Using Torricelli’s Law, how long will it take for the tank to 

drain completely? 

(b) What is the depth of the water in the tank after 1 hour? 

. Torricelli’s Law Suppose the tank in Exercise 6 has a height 
of 20 feet and a radius of 8 feet, and the valve is circular with a 

radius of 2 inches. The tank is full when the valve is opened. 

How long will it take for the tank to drain completely? 

. Rewriting the Logistic Equation Show that the logistic 
equation 

ik 

Y~ 14 ber 

can be written as 

1 1 In b 
y= sl a tanh( (1 ar ))} 

What can you conclude about the graph of the logistic equation? 

. Biomass Biomass is a measure of the amount of living 
matter in an ecosystem. Suppose the biomass s(t) in a given 

ecosystem increases at a rate of about 3.5 tons per year, and 

decreases by about 1.9% per year. This situation can be 

modeled by the differential equation 

ds 
ne Sys) = OMI 

(a) Solve the differential equation. 

EB ow) Use a graphing utility to graph the slope field for the 

differential equation. What do you notice? 

(c) Explain what happens as to. 

Viedical Science In Exercises 10-12, a medical researcher 

wants to determine the concentration C (in moles per liter) of a 

tracer drug injected into a moving fluid. Solve this problem by 

considering a single-compartment dilution model (see figure). 

Assume that the fluid is continuously mixed and that the 

volume of the fluid in the compartment is constant. 

Tracer 

injected 

Flow R (pure) 

Flow R 

(concentration C) 

Figure for 10-12 

10. If the tracer is injected instantaneously at time t = 0, then the 

concentration of the fluid in the compartment begins diluting 

according to the differential equation 

dC R 

dt ={| Re 

where C = C, when t = 0. 

(a) Solve this differential equation to find the concentration C 

as a function of time t. 

(b) Find the limit of C as too. 

Pe 11. Use the solution of the differential equation in Exercise 10 to 

find the concentration C as a function of time ¢, and use a 

graphing utility to graph the function. 

(a) V = 2 liters, R = 0.5 liter per minute, and C, = 0.6 mole 

per liter 

(b) V = 2 liters, R = 1.5 liters per minute, and C, = 0.6 mole 

per liter 

12. In Exercises 10 and 11, it was assumed that there was a single 

initial injection of the tracer drug into the compartment. Now 

consider the case in which the tracer is continuously injected 

(beginning at t=) at the rate of Q moles per minute. 

Considering Q to be negligible compared with R, use the 

differential equation 

LONI NGO. 

dt V (Fc 

where C = 0 when t = 0. 

(a) Solve this differential equation to find the concentration C 

as a function of time t. 

(b) Find the limit of C as t—> co. 
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7.1 Area ofa Region Between Two Curves 

@ Find the area of a region between two curves using integration. 

l@ Find the area of a region between intersecting curves using integration. 

@ Describe integration as an accumulation process. 

Area of a Region Between Two Curves 

y With a few modifications, you can extend the application of definite integrals from the 

area of a region under a curve to the area of a region between two curves. Consider two 

functions f and g that are continuous on the interval [a, b]. Also, the graphs of both f Region 

ee } and g lie above the x-axis, and the graph of g lies below the graph of f, as shown in 

curves / ; Figure 7.1. You can geometrically interpret the area of the region between the graphs as 

i the area of the region under the graph of g subtracted from the area of the region under 

| the graph of f, as shown in Figure 7.2. 

= es = 
|x=a X=b ‘ y 7 

A h A 
Figure 7.1 2 

—~ X > xX 

> aes. 5 g > 

Figure 7.2 

To verify the reasonableness of the result Representative rectangle 

shown in Figure 7.2, you can partition the interval ee (x) — 8) 
; , Width: A. 

[a, b| into n subintervals, each of width Ax. Then, ora 
as shown in Figure 7.3, sketch a representative 

rectangle of width Ax and height f(x,) — g(x), 
where x; is in the ith subinterval. The area of this 

representative rectangle is f(x) 

AA, = (height)(width) = [ f(x,) — g(x,)] Ax. 

By adding the areas of the n rectangles and taking 

oe the limit as ||A||>0 (n> 00), you obtain 

Recall from Figure 7.3 

Section 4.3 that ||Al| is the norm lim 2 LF(%) — g(x;)] Ax. 
dl Ti =P OO = 

of the partition. In a regular 
partition, the statements ||A| 30 Because fand g are continuous on [a, b], f — gis also continuous on [a, b] and the limit 
and n—>co are equivalent. exists. So, the area of the region is 

Area = lim SL) = (x) x 
n (oo), ose co i=1 

b 
= [ [ f(x) — g(x)] dx. 
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Region bounded by the graph of f, the 
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Area of a Region Between Two Curves 

If f and g are continuous on [a, b] and g(x) < f(x) for all x in [a, b], then the 
area of the region bounded by the graphs of f and g and the vertical lines x = a 

and x = bis 

b 

Are | [f(x) — g(x)] dx. 

In Figure 7.1, the graphs of f and g are shown above the x-axis. This, however, is 

not necessary. The same integrand [ f(x) — g(x)] can be used as long as f and g are 

continuous and g(x) < f(x) for all x in the interval [a,b]. This is summarized 
graphically in Figure 7.4. Notice in Figure 7.4 that the height of a representative 

rectangle is f(x) — g(x) regardless of the relative position of the x-axis. 

(x, f@)) 
a b 
1 

1 

i) 
(x, fx) | 

Ff) — 8) 

Gr, 0(x)) 

Figure 7.4 

Representative rectangles are used throughout this chapter in various applications 

of integration. A vertical rectangle (of width Ax) implies integration with respect to x, 

whereas a horizontal rectangle (of width Ay) implies integration with respect to y. 

Finding the Area of a Region Between Two Curves 

Find the area of the region bounded by the graphs of y = x? + 2, y = —x,x = 0, and 

x= 1. 

Solution Let g(x) = —x and f(x) = x? + 2. Then g(x) < f(x) for all x in [0, 1], as 
shown in Figure 7.5. So, the area of the representative rectangle is 

AA = [f(x) — g(x)] Ax 
= |x + 2) — (=x) Ax 

and the area of the region is 

a= | te) - atolax 
= [ [(@? + 2) = (—x)] dx 

eae Pas c : =| +54 e+ 2x] 

ae ae] 
AME 

oe 
6 
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iy f@)=2=—x7 

J (x, g(x)) 

—2-+ 74 

Region bounded by the graph of f and 

the graph of g 

Figure 7.6 

(x, f(x) 

y 

g(x) = cos x 

e 
| ‘“ 

‘ : 

aN 
f(x) = sin x 

One of the regions bounded by the 

graphs of the sine and cosine functions 

Figure 7.7 

Applications of Integration 

Area of a Region Between Intersecting Curves 

In Example 1, the graphs of f(x) = x? + 2 and g(x) = —x do not intersect, and the values 

of a and b are given explicitly. A more common problem involves the area of a region 

bounded by two intersecting graphs, where the values of a and b must be calculated. 

EXAMPLE 2 A Region Lying Between Two Intersecting Graphs 

Find the area of the region bounded by the graphs of f(x) = 2 — x? and g(x) = x. 

Solution In Figure 7.6, notice that the graphs of f and g have two points of 

intersection. To find the x-coordinates of these points, set f(x) and g(x) equal to each 

other and solve for x. 

Of ee ie 

—x7 —x+2=0 

—(x + 2)(x — 1) = 0 

=I) (el 

Set f(x) equal to g(x). 

Write in general form. 

Factor. 

ag Solve for x. 

So, a = —2 and b = 1. Because g(x) < f(x) for all x in the interval [—2, 1], the 
representative rectangle has an area of 

AA = [f(x) etl Ax (2 = xt) ae Ax 

and the area of the region is 

A Region Lying Between Two Intersecting Graphs 

The sine and cosine curves intersect infinitely many times, bounding regions of equal 

areas, as shown in Figure 7.7. Find the area of one of these regions. 

Solution Let g(x) = cos x and f(x) = sin x. Then g(x) < f(x) for all x in the interval 

corresponding to the shaded region in Figure 7.7. To find the two points of intersection 

on this interval, set f(x) and g(x) equal to each other and solve for x. 

sin xX = COs x Set f(x) equal to g(x). 

sin x a 
=] Divide each side by cos x. 

COS X 

tanx = | Trigonometric identity 

i Oth 
x= af or vi 0) = xe & Dep Solve for x. 

So, a= 7/4 and b= 57/4. Because sinx = cosx for all x in the interval 

[a/4, 57/4], the area of the region is 

57/4 

A= | [sina = cos x] dx 
a/4 

57/4 

— COSMOTE 
1/4 

2.) 2: wl 

II 

II 
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To find the area of the region between two curves that intersect at more than two 

points, first determine all points of intersection. Then check to see which curve is above 

the other in each interval determined by these points, as shown in Example 4. 

EXAMPLE 4 Curves That Intersect at More than Two Points 

sees D> See LarsonCalculus.com for an interactive version of this type of example. 

Find the area of the region between the graphs of 

J) = Shera a 8 Oxuerand) \2(x)ien— x x 

_ g(x) S f(x) ee < g(x) Solution Begin by setting f(x) and g(x) equal to each other and solving for x. This 

; y yields the x-values at all points of intersection of the two graphs. 
' A 1 

3x2 = a? = 100 SS =x? + 2x Set f(x) equal to g(x). 

Bye he 0 Write in general form. 

r(x — 2)(x + 2) = | on 3x(x 2) (Gee) 0 Factor. 

a ——> x BS 2,057 Solve for x. 

So, the two graphs intersect when x = —2,0, and 2. In Figure 7.8, notice that 

! g(x) < f(x) on the interval [—2, 0]. The two graphs switch at the origin, however, and 
FC g(x) on the interval [0,2]. So, you need two integrals—one for the interval 

\ -10-+ 

[ fe) = 3x° = x2 — 10x 

On [—2, 0], g(x) < f(x), and on [0, 2], 

f(x) ¥ gv). 
Figure 7.8 

) ae 
[—2, 0] and one for the interval [0, 2]. 

a=] trey sorter + [ tot - seer 
-/ (3x3 - 129 ar+ | (3% + 12%) dx 

3x ae Ie 
lea? Wade Gal 
(Ae 12+ 24) 

-- > 4 a 

e»eeeREMARK In Example 4, notice that you obtain an incorrect result when you 
integrate from —2 to 2. Such integration produces 

[Ue -eolar= [oe - 29a 
=U) 

When the graph of a function of y is a boundary of a region, it is often convenient 

to use representative rectangles that are horizontal and find the area by integrating with 

respect to y. In general, to determine the area between two curves, you can use 

25) 

A= | [(top curve) — (bottom curve) | dx Vertical rectangles 
x, ed 

in variable x 

or 

2 

[(right curve) — (left curve)] dy Horizontal rectangles 
yy, Nene EEE 

in variable y 

where (x,, y,) and (x,, y,) are either adjacent points of intersection of the two curves 

involved or points on the specified boundary lines. 
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EXAMPLE 5 Horizontal Representative Rectangles 

Find the area of the region bounded by the graphs of x = 3 — y? andx = y + 1. 

Solution Consider 

ely) =3-y? and fly)=yrt1. 

These two curves intersect when y = —2 and y = 1, as shown in Figure 7.9. Because 

f(y) < g(y) on this interval, you have 

AAS ey) Fy Ay Gay) (yt by] Ay, 

So, the area is 

A= i [Gey iy, 1) ay 
=2) 

(-1,-2) 

Horizontal rectangles (integration Vertical rectangles (integration with 

with respect to y) respect to x) 

Figure 7.9 Figure 7.10 

In Example 5, notice that by integrating with respect to y, you need only one 

integral. To integrate with respect to x, you would need two integrals because the upper 

boundary changes at x = 2, as shown in Figure 7.10. 

teas [@ - 1) J3=a]ae+ [ VI=3+ I= a) ad 

2 3 
=o Pie +8 2)7]ax +2 1B x) sd 

2 

=(2-2-2)-(F41 | 210) + 2(3) 
9 

5 
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Integration as an Accumulation Process 

In this section, the integration formula for the area between two curves was developed by 

using a rectangle as the representative element. For each new application in the remaining 

sections of this chapter, an appropriate representative element will be constructed using 

precalculus formulas you already know. Each integration formula will then be obtained 

by summing or accumulating these representative elements. 

__ | Representative _. | New integration 

For example, the area formula in this section was developed as follows. 

EXAMPLE 6 Integration as an Accumulation Process 

Find the area of the region bounded by the graph of y = 4 — x? and the x-axis. Describe 

the integration as an accumulation process. 

Solution The area of the region is 

A= Ie (A= x?) idx, 

You can think of the integration as an accumulation of the areas of the rectangles formed 

as the representative rectangle slides from x = —2 to x = 2, as shown in Figure 7.11. 

y 

‘ 32 
A= | (4 — x?) dx =9 a= | Ge x) aoe 

= = 

Figure 7.11 gl 
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7.1. Exercises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

3 In Exercises 1-6, set up the 

definite integral that gives the area of the region. 

Log SF = 6x 2. \y =X ox ed 

y, =0 Vo = 2X oO 

y y 

ay) oka: 

8 

+ t+} x 
4 JD 4 

fe ee ae a Von an 4. y, =x? 

Vo eas yn =x? 

Finding a Region In Exercises 7-12, the integrand of the 

definite integral is a difference of two functions. Sketch the 

graph of each function and shade the region whose area is 

represented by the integral. 

iz ; 1 

th [ c oF IN) = 4 dx 8. i [(2 — x2) — x2] dx 

: =i 
3 a a/4 

s | ( _ x] 7 z| dx 10. (see7x = eos.x) dx 
aa s 3. —1/4 

aye 

Think About [t In Exercises 13 and 14, determine which 

value best approximates the area of the region bounded by the 

graphs of f and g. (Make your selection on the basis of a sketch 

of the region and not by performing any calculations.) 

1S Siocon ee ox) — (x a) 

@) Face Oyezen (Cc) 10 ~ (dy 4 hfe) 8 

14. f(x) =2-—4x, g(x) =2-Vx 

(a) 1 (b) Gi (©) en) eon (©) ar 

Comparing Methods In Exercises 15 and 16, find the area 

of the region by integrating (a) with respect to x and (b) with 

respect to y. (c) Compare your results. Which method is 

simpler? In general, will this method always be simpler than 

the other one? Why or why not? 

15. 4%=4— 16. y = x? 

yee y=6-x 

y y 
A 

LO hs 

8+ 

ake i—t > % 
Beak 6-4-2, | 2 4 6 

Finding the Area of a Region In Exercises 17-30, sketch 
the region bounded by the graphs of the equations and find the 

area of the region. 

=e ae) — ee — eal 

18. y= ee 22, Fy Se, eS Ie 

19.8/ (a) = Xx? 4a 2 ee) 

20 ee ey eae 

21. y=x, y=2-x, y=0 

4 
22. y = 5 ar we On. es eet 4 

23. f(x) = /x + 3, 9(x) = 5x43 

24. f(x) = ¥x—1, g(x) =x-1 

25. fly) =y?, sy) =y +2 

26. f(y) >= y(2 — y), aly) = —y 

27. fly) = yr Lely) = 0, Y= 1p y= 2 

y 
16 — y?” 

I 
29. f(x) = * x=0, y=2, y=10 

28. f(y) = 

30. g(x) = 
2-x’ 



Fle Finding the Area of a Region In Exercises 31-36, (a) use 
a graphing utility to graph the region bounded by the graphs 

of the equations, (b) find the area of the region analytically, and 

(c) use the integration capabilities of the graphing utility to 

verify your results. 

31. FACS) = x(x — 3x + 3), 2(x) = x2 

pleat — 2x7, y = 2x2 

Soe = x — Ax, o(x) =x2—4 

34. f(x) = x* — 9x?, efx) = 8 — Ox 

1 Le 
Boa S(t) = 75 we sao 

Ree st 0, Oe x= go Sitects Ww ovine 

Finding the Area of a Region In Exercises 37-42, sketch 
the region bounded by the graphs of the functions and find the 

area of the region. 

87. f(x) = cos x, g(x) = 2 — cosx, 0S x 5 27 

38. f(x) = sinx, g(x) = cos 2x, = ee "a 

39. f(x) =2sinx, g(x) = tanx, ae Soy ese = 

40. f(x) = sec FE tan =, * g(x) = (Y2 - 4)x +4. x=0 4 

Bien — xe", y=0, 0O=x = 1 

42. f(x) = 2", ae) =e+ 1 

Ae Finding the Area of a Region In Exercises 43-46, (a) use 

a graphing utility to graph the region bounded by the graphs 

of the equations, (b) find the area of the region, and (c) use the 

integration capabilities of the graphing utility to verify your 

results. 

43. fix) =2sinx+sin2x, y=0, O< xe 

44. f(x) =2sinx + cos2x, y=0, O<x<s7 

45. fe Vi Oe tee 

46. g(x) = =~ ,y=0, x=5 

ad Finding the Area of a Region In Exercises 47-50, (a) use 
a graphing utility to graph the region bounded by the graphs 

of the equations, (b) explain why the area of the region is 

difficult to find by hand, and (c) use the integration capabilities 

of the graphing utility to approximate the area to four decimal 

places. 

47. y= >» yO eS 
x 

4—x 

AS = ~/x e*, y 

49. y=x*, y=4cosx 

Moyox, y= J/3+x 

=0, x=0, x=1 
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In tec ati on as an Accumulation Process In Exercises 

51-54, find the accumulation friction F, Then evaluate F at 

each value of the independent variable and graphically show 

the area given by each value of F. 

gra 

x l 

51. F(x) =| (4 ar 1) (a) F(O) (b) F(2) (©) F(6) 
Ones 

Sys fae3) = l (Fe 4p 2) at (a) FO) (b) F(4) (c) F(6) 
0 

53. F(a) =| cos = ag (aye) a) ee) ee) (3) 

54. F(y) = i hex? dx (a) F(-1)  (b) FO) (c) F(4) 
-1 

Finding the Area of a Figure In Exercises 55-58, use 
integration to find the area of the figure having the given 

vertices. 

55. (2;-—3),.(46); (6,1) 

56. (0, 0), (6, 0), (4, 3) 

HSA PA RAC Ba (Oh P2 al (re a) 

5S (0,0) osetia) 

59. Numerical Integration Estimate the surface area of the 
golf green using (a) the Trapezoidal Rule and (b) Simpson’s Rule. 

60. Numerical Integration Estimate the surface area of the 
oil spill using (a) the Trapezoidal Rule and (b) Simpson’s Rule. 

Using a Tangent Line In Exercises 61-64, set up and 
evaluate the definite integral that gives the area of the region 

bounded by the graph of the function and the tangent line to 

the graph at the given point. 

61: f=) 

Cay — 2x, (fal) 

1 1 set (3) 
2 l 

Himes Met) 

63. f(x) = 
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WRITING ABOUT CONCEPTS 

65. urves The graphs of y = 1 — x? 

and y = x+ — 2x? + | intersect at three points. However, 

the area between the curves can be found by a single 

integral. Explain why this is so, and write an integral for 

this area. 

sing S The area of the region bounded by 

the graphs of y = x° and y = x cannot be found by the 

single integral f' , (x3 — x) dx. Explain why this is so. Use 
symmetry to write a single integral that does represent the 

area. 

. Interpreting Integrals Two cars with velocities v, 

and v, are tested on a straight track (in meters per 

second). Consider the following. 

5 10 

[ [v,(2) — v,(#)] dt = 10 [ [v,(2) — v,(2)] dt = 30 
0 0 

i [v0 — var = -5 

(a) Write a verbal interpretation of each integral. 

(b) Is it possible to determine the distance between the two 

cars when t = 5 seconds? Why or why not? 

(c) Assume both cars start at the same time and place. 

Which car is ahead when t = 10 seconds? How far 

ahead is the car? 

(d) Suppose Car 1 has velocity v, and is ahead of Car 2 by 

13 meters when t = 20 seconds. How far ahead or 

behind is Car 1 when t = 30 seconds? 

68. HOW DOYOU SEE IT? 4 state legislature is 

debating two proposals for eliminating the annual 

budget deficits after 10 years. The rate of decrease 

of the deficits for each proposal is shown in the 

figure. 

D 

ge 60 Proposal 2 

= 50 
s ay Proposal 1 

90 
AG 
as 
= 20 
eked 
'g 10 

Pe deOu 28) 0) 

Year 

(a) What does the area between the two curves represent? 

(b) From the viewpoint of minimizing the cumulative 

state deficit, which is the better proposal? Explain. 

In Exercises 69 and 70, find b such that 

the line y = b divides the region bounded by the graphs of the 

two equations into two regions of equal area. 

viding a Region 

69. y=9-— x4, y=0 70. y=9 — |x|, y=0 

Dividing a Region In Exercises 71 and 72, find a such that 

the line x = a divides the region bounded by the graphs of the 

equations into two regions of equal area. 

71. y=x, y=4, x=0 72. 7 =4-x, x=0 

Limits and Integrals In Exercises 73 and 74, evaluate the 

limit and sketch the graph of the region whose area is 

represented by the limit. 

l 1 
Te De 2) Ax, where x; = = 7 and Ax = ‘ 

Bet ' 4i 4 
74. lim S(4 = x7) Ax, wherex, = —2 -- — and Ax =— 

Alo i=1 nl nN 

Revenue In Exercises 75 and 76, two models R, and R, are 
given for revenue (in billions of dollars) for a large corporation. 

Both models are estimates of revenues from 2015 through 2020, 

with ¢ = 15 corresponding to 2015. Which model projects the 

greater revenue? How much more total revenue does that 

model project over the six-year period? 

75. R, = 7.21 + 0.581 
R, = 7.21 + 0.45¢ 

76. R, = 7.21 + 0.26t + 0.0222 
Ry = 7.21 + 0.1t + 0.017 

Ae 77. Lorenz Curve Economists use Lorenz curves to illustrate 

the distribution of income in a country. A Lorenz curve, 

y = f(x), represents the actual income distribution in the 

country. In this model, x represents percents of families in the 

country and y represents percents of total income. The model 

=x represents a country in which each family has the 

same income. The area between these two models, where 

0 < x < 100, indicates a country’s “income inequality.” The 

table lists percents of income y for selected percents of families 

x in a country. 

56 10 20 | 30 40 50 

am 3.35. |) 6.07 | SET |) dees) || -iI).2'5) 

ze | 60 | 70 | 80 90 

y | 28.03 | SEIT | S73) |) Sl? 

(a) Use a graphing utility to find a quadratic model for the 

Lorenz curve. 

(b) Plot the data and graph the model. 

(c) Graph the model y = x. How does this model compare 

with the model in part (a)? 

(d) Use the integration capabilities of a graphing utility to 

approximate the “income inequality.” 

78. Profit The chief financial officer of a company reports that 

profits for the past fiscal year were $15.9 million. The officer 

predicts that profits for the next 5 years will grow at a 

continuous annual rate somewhere between 33% and 5%. 

Estimate the cumulative difference in total profit over the 

5 years based on the predicted range of growth rates. 



e ¢ 79. Building Design ee eee ececececrecceccece 

Concrete sections for a new building have the dimensions 

(in meters) and shape shown in the figure. 

(a) Find the area of the 

face of the section 

superimposed on 

the rectangular 

coordinate system. 

(b) Find the volume of 

concrete in one of 

the sections by 

multiplying the area 

in part (a) by 2 meters. 

(c) One cubic meter of concrete weighs 5000 pounds. Find 

the weight of the section. 

80. Mechanical Design The surface of a machine part is the 
region between the graphs of y, = |x| and y, = 0.08x? + k 
(see figure). 

(a) Find k where the parabola is tangent to the graph of y,. 

(b) Find the area of the surface of the machine part. 

81. Area Find the area between the graph of y = sin x and the 

7 1 
line segment joining the points (0, 0) and (Z, -), as shown 

in the figure. 

Ceoeeeee | 
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82. Area _Let a > Oandb > 0. Show that the area of the ellipse 
eats Bye E 
aoe Se TaD) (Seeumoune): 
ab 

al (SA aa 
eae | Ee P| 

| io ee 2 (ree ek 

Y 

True or False? In Exercises 83-86, determine whether the 

statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

83. If the area of the region bounded by the graphs of f and g 

is 1, then the area of the region bounded by the graphs of 

h(x) = f(x) + C and k(x) = g(x) + Cis also 1. 

84. If 

Ir Lf) — g@)] dx =A 

then 

I Lg(x) — f(x)] dx = —A. 

85. If the graphs of f and g intersect midway between x = a and 

x = b, then 

b 

[ We - scala =o 
86. The line 

y=(1- 905)x 

divides the region under the curve 

f@).= x1 — x) 

on [0, 1] into two regions of equal area. 

PUTNAM EXAM CHALLENGE 

87. The horizontal line y = c intersects the curve y = 2x — 3x? 

in the first quadrant as shown in the figure. Find c so that 

the areas of the two shaded regions are equal. 

y 

A 

This problem was composed by the Committee on the Putnam Prize Competition. 

© The Mathematical Association of America. All rights reserved. 

j1661227/Shutterstock.com 
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7.2 Volume: The Disk Method 

@ Find the volume of a solid of revolution using the disk method. 

@ Find the volume of a solid of revolution using the washer method. 

l@ Find the volume of a solid with known cross sections. 

The Disk Method 

You have already learned that area is only one of the many applications of the definite 

integral. Another important application is its use in finding the volume of a three- 

dimensional solid. In this section, you will study a particular type of three-dimensional 

solid—one whose cross sections are similar. Solids of revolution are used commonly in 

engineering and manufacturing. Some examples are axles, funnels, pills, bottles, and 

pistons, as shown in Figure 7.12. 

Solids of revolution 

Figure 7.12 

When a region in the plane is revolved about a line, the resulting solid is a solid of 

revolution, and the line is called the axis of revolution. The simplest such solid is a 

right circular cylinder or disk, which is formed by revolving a rectangle about an axis 

adjacent to one side of the rectangle, as shown in Figure 7.13. The volume of such a 

disk is 

Volume of disk = (area of disk)(width of disk) 

= mR*w 

Rectangle 

| 

where R is the radius of the disk and w is the width. 

To see how to use the volume of a disk to find the volume of a general solid of 

revolution, consider a solid of revolution formed by revolving the plane region in 

Figure 7.14 about the indicated axis. To determine the volume of this solid, consider a 

representative rectangle in the plane region. When this rectangle is revolved about the 

axis of revolution, it generates a representative disk whose volume is 

Approximating the volume of the solid by n such disks of width Ax and radius R(x;) 
produces 

Volume of a disk: aR?2w 

Figure 7.13 

Volume of solid ~ S$’ a[R(x;)]? Ax 

lI s) MM z be 
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Representative ey bars STEGER ative Pp a Axisiot Representative 
rectangle disk 

/ revolution 

Plane region 

R 

t=a WW xe=b 
Ax 

Solid of 

revolution ee) Approximation 

Ax by n disks 

Disk method 

Figure 7.14 

This approximation appears to become better and better as ||A||> 0 (n> 00). So, you 
can define the volume of the solid as 

n b 
. = . 2 = 9) 

Volume of solid HEE el Ge rep | [R(x) ? dx. 
a 

Schematically, the disk method looks like this. 

Known Precalculus Representative New Integration 

Formula Element Formula 

A similar formula can be derived when the axis of revolution is vertical. 

THE DISK METHOD 

To find the volume of a solid of revolution with the disk method, use one of the 

formulas below. (See Figure 7.15.) 

Horizontal Axis of Revolution Vertical Axis of Revolution 

Volume = V = [ [R(x)]? dx Volume = V = [ [R(y)]? dy 

«*REMARK In Figure 7.15, Vem) IR@)P ar) gts 
note that you can determine 

the variable of integration 

by placing a representative 

rectangle in the plane region 

“perpendicular” to the axis of 

revolution. When the width 

of the rectangle is Ax, integrate 

with respect to x, and when the 

width of the rectangle is Ay, 

integrate with respect to y. Horizontal axis of revolution Vertical axis of revolution 

seer reece ee ee el > Figure 7.15 

‘d D) Aan Ver | ‘(ROP \ay) 

er 
tA yi 
re 

1 

i} 
t 
| 
1 
ij 

R(y) 

@oeeseeensee@*ese#n8eeseeetseeee 
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| f(x) = +/sin x 
ey 

\ 

mas | es = 

% | a ne T 

pall. Plane region 

Solid of revolution 

Figure 7.16 

Plane region 2 

c R(x) 

Y yy A 
1 C Xx (x) 
Axis of f e(x) 

, revolution f 

| + a X 

-1 ; 1 

y 

Solid of 

revolution 

Figure 7.17 

The simplest application of the disk method involves a plane region bounded by the 

graph of f and the x-axis. When the axis of revolution is the x-axis, the radius R(x) is 

simply f(x). 

Using the Disk Method 

Find the volume of the solid formed by revolving the region bounded by the graph of 

poe x / SINUX 

and the x-axis (0 < x < 7) about the x-axis. 

Solution From the representative rectangle in the upper graph in Figure 7.16, you 
can see that the radius of this solid is 

R(x) = f(x) 
= ./' Sin 3é 

So, the volume of the solid of revolution is 

b 

V= i [R(x)]? dx Apply disk method. 
a 

é A 
= a ley sin x) dx Substitute \/sin x for R(x). 

0 

aT 

= | sin x dx Simplify. 

0 

T 

= a - cos x Integrate. 
0 

= le |) 

= 27. 

Using a Line That Is Not a Coordinate Axis 

Find the volume of the solid formed by revolving the region bounded by the graphs of 

f@) =2-2 
and g(x) = 1 about the line y = 1, as shown in Figure 7.17. 

Solution By equating f(x) and g(x), you can determine that the two graphs intersect 
when x = +1. To find the radius, subtract g(x) from f(x). 

R(x) = f(x) — g(x) 
(2 — x”) -— 1 

= (ex 

To find the volume, integrate between — 1 and 1. 

b 

V= | [R(x) |? dx Apply disk method. 

Substitute 1 — x? for R(x). ll > 

2 
| * Ne aS > 

=| (1 — 2x? 4 x*)idx Simplify. 
=1 

0 xe |i. 
= a = ige | zt Integrate. 

167 

15 - 



\ 
vl 

Solid of revolution 

Figure 7.18 

Plane region 

/ 
Solid of 

revolution 

Solid of revolution 

Figure 7.20 

7.2. Volume:The Disk Method 449 

The Washer Method 

The disk method can be extended to cover solids of revolution with holes by replacing 

the representative disk with a representative washer. The washer is formed by revolving 

a rectangle about an axis, as shown in Figure 7.18. If r and R are the inner and outer 

radii of the washer and w is the width of the washer, then the volume is 

Volume of washer = 7(R?2 — r2)w. 

To see how this concept can be used to find the volume of a solid of revolution, 

consider a region bounded by an outer radius R(x) and an inner radius r(x), as shown 

in Figure 7.19. If the region is revolved about its axis of revolution, then the volume of 

the resulting solid is 

Washer method 

Note that the integral involving the inner radius represents the volume of the hole and 

is subtracted from the integral involving the outer radius. 

Solid of revolution 

with hole ff 

Plane region 

Figure 7.19 

Using the Washer Method 

Find the volume of the solid formed by revolving the region bounded by the graphs of 

y= Vx. Vand eH 4? 

about the x-axis, as shown in Figure 7.20. 

Solution In Figure 7.20, you can see that the outer and inner radii are as follows. 

TASS e 
Aa) =" 

Outer radius 

Inner radius 

Integrating between 0 and | produces 

ae: | (RO)? — [r(x)]2) ax 
a 

7 { [4eP- @ a 

Apply washer method. 

lI Substitute /x for R(x) and x2 for r(x). 

1 

=a [ Ga) dx Simplify. 
0 

EB x | ; Integrate el ee 
2 >) ala 

aly ww 
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In each example so far, the axis of revolution has been horizontal and you have 

integrated with respect to x. In the next example, the axis of revolution is vertical and 

you integrate with respect to y. In this example, you need two separate integrals to 

compute the volume. 

EXAMPLE 4 Integrating with Respect to y, Two-Integral Case 

Find the volume of the solid formed by revolving the region bounded by the graphs of 

Py 2s he ey = 0 ie = On etandiae =) 1 

about the y-axis, as shown in Figure 7.21. 

\ R Solid of 
lution 2 revo 

For 1 <y $2: (1, 2) = va 

R=1 cate 
r=/y-1 ates 

ForO0<y<1: 1 ee 

Raw 
Er ) 

Plane region Ge | 

Figure 7.21 

Solution For the region shown in Figure 7.21, the outer radius is simply R = 1. 

There is, however, no convenient formula that represents the inner radius. When 

0 < y < 1,r=0, but when 1 < y < 2, ris determined by the equation y = x? + 1, 

which implies that r= /y — 1. 

Ou 0, Ors y) S41 

des RAG wee i i, Sy 7. 

Using this definition of the inner radius, you can use two integrals to find the volume. 

il v) 

Ve [ ceo y+ =| fe - WaT 
0 1 

1 2, 

= 7 [ Lidyice | (2 y) dy Simplify. 
0 1 

1 y2 2 

= a >| ar n|2 = _ Integrate. 
0 1 

=+a(4-2-2+2) 

Apply washer method. 

| SSR a 377 

2 
NV 
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YS 
KES ay XK] xt KNV\ 

any 
/\ / Y| 

<S 2 

A 

y N N \ Y Wy) i} 
W\ 

4 Y ZS <Z> SZ es 
N= 

SQ 
M Y Y) Y D W Y yy Note that the first integral 7 fo 1 dy represents the volume of a right circular cylinder 

of radius | and height 1. This portion of the volume could have been determined 

without using calculus. if nit 

\ 
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SS 
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SY 
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Some graphing utilities have the capability of generating (or 

have built-in software capable of generating) a solid of revolution. If you have access 

» to such a utility, use it to graph some of the solids of revolution described in this 
Generated by Mathematica ~ * section. For instance, the solid in Example 4 might appear like that shown in 

Figure 7.22 . Figure 7.22. 

NW YY NN \\ \ 



Solid of revolution 

(a) 

R(x) = ¥25 —x? i 
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Exi=3 
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Plane region 

(b) 

Figure 7.23 

7.2. Volume:The Disk Method 451 

EXAMPLE 5 Manufacturing 

«+++. See LarsonCalculus.com for an interactive version of this type of example. 

A manufacturer drills a hole through the center of a metal sphere of radius 5 inches, as 

shown in Figure 7.23(a). The hole has a radius of 3 inches. What is the volume of the 

resulting metal ring? 

Solution You can imagine the ring to be generated by a segment of the circle whose 

equation is x? + y? = 25, as shown in Figure 7.23(b). Because the radius of the hole is 

3 inches, you can let y = 3 and solve the equation x7 + y? = 25 to determine that the 

limits of integration are x = +4. So, the inner and outer radii are r(x) = 3 and 
R(x) = 25 — x’, and the volume is 

ee i (CR(x)]2 = [r(x)]2) ae 

- an [(25 + x) > (3)?| dx 

= a (16 — x?) dx 
—4 

3314 
= a 16 =| ' 

= = 7 cubic inches. | 

Solids with Known Cross Sections 

With the disk method, you can find the volume of a solid having a circular cross 

section whose area is A = 7R?. This method can be generalized to solids of any shape, 

as long as you know a formula for the area of an arbitrary cross section. Some common 

cross sections are squares, rectangles, triangles, semicircles, and trapezoids. 

VOLUMES OF SOLIDS WITH KNOWN CROSS SECTIONS 

1. For cross sections of area A(x) taken perpendicular to the x-axis, 

b 
Volume = i A(x) dx. See Figure 7.24(a). 

2. For cross sections of area A(y) taken perpendicular to the y-axis, 

See Figure 7.24(b). 

d 
Volume -| A(y) dy. 

ye=d y 

ys 

(a) Cross sections perpendicular to x-axis (b) Cross sections perpendicular to y-axis 

Figure 7.24 
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Triangular base in xy-plane 

Figure 7.25 

Area = A(y) 

per 
Area of base = B = b? 

h-y 

Figure 7.26 

Applications of Integration 

EXAMPLE 6 Triangular Cross Sections 

Find the volume of the solid shown in Figure 7.25. The base of the solid is the region 

bounded by the lines 

g(x) = -1 + 5 AG ait == (0) f(x) =1- 

The cross sections perpendicular to the x-axis are equilateral triangles. 

Solution The base and area of each triangular cross section are as follows. 

ae % 
i = — —}] —{— +—-|]= == Base ( <) ( 1 4 2 36 

Area = se (base)? 

aa) =~3Q —a 

Length of base 

Area of equilateral triangle 

Area of cross section 

Because x ranges from 0 to 2, the volume of the solid is 

= X) ax = 2 a x)? ee (2 — xf)? _ 2v3 v=[ aga= | Be Pd eel a 

EXAMPLE 7 An Application to Geometry 

Prove that the volume of a pyramid with a square base is 

1 
V = =hB 

3 

where / is the height of the pyramid and B is the area of the base. 

Solution As shown in Figure 7.26, you can intersect the pyramid with a plane 

parallel to the base at height y to form a square cross section whose sides are of length 

b’. Using similar triangles, you can show that 

ates (ipteas poled Mc 
pie eres Oateali: y) 

where b is the length of the sides of the base of the pyramid. So, 

b2 

Aly) = (6)? = Fh — 2 
Integrating between 0 and h produces 

h 

v=[ A(y) dy 
0 

h 12 
b 

as (hae dy 
| h 

_ PP h : 

ea 



7.2. Exercises 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Finding the Volume of a Solid In Exercises 1-6, set up 
and evaluate the integral that gives the volume of the solid 

formed by revolving the region about the x-axis. 

ieee xt 1 YR ee Ne 

¥. y 

A A 

4 

1 20 

2+ 

« o 1+ 
a 1 & a) eres 

w | } eae 
1 2 3 4 

Ba ye (NW) es ef a5 

5, 

y y 
A 

5+ 

A> 
- 1+ 

‘ate Sy 4 44+ -4-++> « 
ioe We 9iet 12 3 

7 

Finding the Volume of a Solid In Exercises 7-10, set up 
and evaluate the integral that gives the volume of the solid 

formed by revolving the region about the y-axis. 

Soya 16 x2 

M y 
A 

Ty=x? 

95y = x79 10. x = —y? + 4y 

Finding the Volume of a Solid In Exercises 11-14, find 

the volumes of the solids generated by revolving the region 

bounded by the graphs of the equations about the given lines. 

toy = = s 

(a) the x-axis (b) the y-axis 

(c) the linex = 3 (d) the line x = 6 

12. y = 2x7, y=0, x ll i) 

(a) the y-axis (b) the x-axis 

(c) the liney = 8 (d) the line x = 2 

13509 = 

(a) the x-axis (b) the line y = 6 

14.y=4+2x—-2x, y=4-x 

(a) the x-axis (b) the line y = 1 

Finding the Volume of a Solid In Exercises 15-18, find 
the volume of the solid generated by revolving the region 

bounded by the graphs of the equations about the line y = 4. 

IS. y=x, y=3, x=0 16. y=35x%, y=4, x=0 

17. y= y= 0, £=0, x=3 
1+x 

18) yi="seex = y = 0) ie 

Finding the Volume of a Solid In Exercises 19-22, find 

the volume of the solid generated by revolving the region 

bounded by the graphs of the equations about the line x = 5. 

19. y=x, y=0, y=4, x=5 

Doy= sae oH 0, y= 2, 0 

21. x= y7, 9 = 4 

22. ay SA yee ya 4, x= 5 

Finding the Volume of a Solid In Exercises 23-30, find 

the volume of the solid generated by revolving the region 

bounded by the graphs of the equations about the x-axis. 

23. y= y=0, x=0, x=4 
1 

Vx +1? 

24. y=x/4—x; y=0 
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2. y=-, y=0, x=1, x=3 
x 

: 0 0 6 26 y al y=0, x= x= 

27. y=e™*, y=0, x=0) y= l 

28. y=e*, y=0, x=0, x=6 

29, y= a 1p ye x + 5, xe =H 0, x= 3 

30. y =—tx+ 4, x=0, x=8 ll > < 

Finding the Volume of a Solid In Exercises 31 and 32, 
find the volume of the solid generated by revolving the region 

bounded by the graphs of the equations about the y-axis. 

31.7 =30—.x), y=0, x=0 

32. y=9-—x7, y=0, x=2, x=3 

Finding the Volume of a Solid In Exercises 33-36, find 
the volume of the solid generated by revolving the region 

bounded by the graphs of the equations about the x-axis. Verify 

your results using the integration capabilities of a graphing 

utility. 

33. y=sinx, y=0, x=0, x=7 

34. y=cos2x, y=0, x=0, x= 

35. y= e7-1, y=0; ¥=1, x= 

36. y =e" eo? ay 0. = ee 

Fe Finding the Volume of a Solid In Exercises 37—40, use 
the integration capabilities of a graphing utility to approximate 

the volume of the solid generated by revolving the region 

bounded by the graphs of the equations about the x-axis. 

6p Ry oe] = Ob 

38. y=Inx, y=0, x=1, x=3 

39. y = 2 arctan(0.2x), y=0, x=0, x=5 

40. y= J2x, y=x? 

Finding the Volume of a Solid In Exercises 41-48, find 
the volume generated by rotating the given region about the 

specified line. 

41. R, aboutx = 0 42. R, about x = 1 

43. R, abouty = 0 44. R, about y = 1 

45. R, aboutx = 0 46. R; about x = | 

47. R, aboutx = 0 48. R, about x = 1 

WRITING ABOUT CONCEPTS 

Describing a Solid In Exercises 49 and 50, the integral 
represents the volume of a solid. Describe the solid. 

a/2 4 

49, | sin? x dx 50. al y* dy 
0 Z 

51. Comparing Volumes A region bounded by the } 

parabola y = 4x — x? and the x-axis is revolved about 

the x-axis. A second region bounded by the parabola | 

y = 4 — x? and the x-axis is revolved about the x-axis. | 

Without integrating, how do the volumes of the two solids } 

compare? Explain. 

. Comparing Volumes The 
region in the figure is revolved 

about the indicated axes and line. 

Order the volumes of the resulting 

solids from least to greatest. 

Explain your reasoning. 

(a) x-axis 

(b) y-axis 

(c) x =3 

. Analyzing Statements Discuss the validity of the 
following statements. 

(a) For a solid formed by rotating the region under a graph 

about the x-axis, the cross sections perpendicular to the 

x-axis are circular disks. 

(b) For a solid formed by rotating the region between two | 

graphs about the x-axis, the cross sections perpendicular 

to the x-axis are circular disks. 



BB os. 

Fe 64. 

Dividing a Solid In Exercises 55 and 56, consider the solid 

formed by revolving the region bounded by y = \/x, y = 0, and 

x = 4 about the x-axis. 

55. Find the value of x in the interval [0, 4] that divides the solid 

into two parts of equal volume. 

56. Find the values of x in the interval [0, 4] that divide the solid 
into three parts of equal volume. 

57. Manufacturing A manufacturer drills a hole through the 

center of a metal sphere of radius R. The hole has a radius r. 

Find the volume of the resulting ring. 

58. Manufacturing For the metal sphere in Exercise 57, let 
R = 6. What value of r will produce a ring whose volume is 

exactly half the volume of the sphere? 

59. Volume of a Cone Use the disk method to verify that the 
volume of a right circular cone is Sareh, where r is the radius 

of the base and h is the height. 

60. Volume of a Sphere Use the disk method to verify that 
the volume of a sphere is farr3, where r is the radius. 

61. Using a Cone A cone of height H with a base of radius r 
is cut by a plane parallel to and h units above the base, where 

h < H. Find the volume of the solid (frustum of a cone) below 

the plane. 

62. Using a Sphere A sphere of radius r is cut by a plane h 
units above the equator, where h < r. Find the volume of the 

solid (spherical segment) above the plane. 

Volume of a Fuel Tank A tank on the wing of a jet 
aircraft is formed by revolving the region bounded by the 

graph of y = ¢x2\/2 — x and the x-axis (0 < x < 2) about the 
X-axis, where x and y are measured in meters. Use a graphing 

utility to graph the function and find the volume of the tank. 

Volume of a Lab Glass A glass container can be 
modeled by revolving the graph of 

(WS se SS) 

WdheS}. <9 SINS) 

_ {0s — 2.22 ¥ 10.9% + 22.2, 
2.05; 

about the x-axis, where x and y are measured in centimeters. 

Use a graphing utility to graph the function and find the 

volume of the container. 

65. Finding Volumes of a Solid Find the volumes of the 
solids (see figures) generated if the upper half of the ellipse 

9x? + 25y* = 225 is revolved about (a) the x-axis to form a 
prolate spheroid (shaped like a football), and (b) the y-axis to 

form an oblate spheroid (shaped like half of a candy). 

y y 

4 4 

2) 

Figure for 65(b) 

—4 

Figure for 65(a) 

Pe 67. 
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e 66. WaterTowere eccecececececececcceccccee 

A tank on a water tower 

is a sphere of radius 

50 feet. Determine the 

depths of the water 

when the tank is filled 

to one-fourth and 

three-fourths of its total 

capacity. (Note: Use the 

zero or root feature of a 4 

graphing utility after e 

evaluating the definite integral.) ? 
e 

e eoee0aeo0eoe0e0eeee0eeoe30e0e3oe#ee#eeteeeeeee@e @ 

Minimum Volume The arc of y = 4 — (2/4) on the 
interval [0, 4] is revolved about the line y = b (see figure). 

(a) Find the volume of the resulting solid as a function of b. 

(b) Use a graphing utility to graph the function in part (a), and 

use the graph to approximate the value of b that minimizes 

the volume of the solid. 

(c) Use calculus to find the value of b that minimizes the 

volume of the solid, and compare the result with the 

answer to part (b). 

Figure for 67 Figure for 68 

Fy 68. Viodeling Data A draftsman is asked to determine the 

amount of material required to produce a machine part (see 

figure). The diameters d of the part at equally spaced points x 

are listed in the table. The measurements are listed in 

centimeters. 

See | GE || Geil || ae 

om 66 v] 8 9 10 

d|58|54 | 49 | 4.4 | 46 

(a) Use these data with Simpson’s Rule to approximate the 

volume of the part. 

(b) Use the regression capabilities of a graphing utility to find 

a fourth-degree polynomial through the points representing 

the radius of the solid. Plot the data and graph the model. 

(c) Use a graphing utility to approximate the definite integral 

yielding the volume of the part. Compare the result with 

the answer to part (a). 

Paul Brennan/Shutterstock.com 
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69. 

70. 

1G 

72. 

yut lt Match each integral with the solid whose 

volume it represents, and give the dimensions of each solid. 

(a) Right circular cylinder (b) Ellipsoid 

(c) Sphere (d) Right circular cone (e) Torus 
h aaND h 

(i) ow (=) dx (ii) n| r? dx 
0 h 0 

(iii) | (Vr? = x2)? dx 

b 2\2 

(iv) an Ce at =| dx 

(v) ae (he eee a ee ere 

Cavalieri’s Theorem Prove that if two solids have equal 
altitudes and all plane sections parallel to their bases and at 

equal distances from their bases have equal areas, then the 

solids have the same volume (see figure). 

Area of R, = area of R, 

Using Cross Sections Find the volumes of the solids 

whose bases are bounded by the graphs of y = x + | and 

y=x*— 1, with the indicated cross sections taken 

perpendicular to the x-axis. 

(a) Squares (b) Rectangles of height 1 

Using Cross Sections Find the volumes of the solids 
whose bases are bounded by the circle x? + y? = 4, with the 
indicated cross sections taken perpendicular to the x-axis. 

(a) Squares (b) Equilateral triangles 

73. Using Cross Sections Find the volume of the solid of 

intersection (the solid common to both) of the two mght 

circular cylinders of radius r whose axes meet at right angles 

(see figure). 

x 

Two intersecting cylinders Solid of intersection 

i FOR FURTHER INFORMATION For more information on 

this problem, see the article “Estimating the Volumes of Solid 

Figures with Curved Surfaces” by Donald Cohen in Mathematics 

Teacher. To view this article, go to MathArticles.com. 

74. Using Cross Sections The solid shown in the figure has 
cross sections bounded by the graph of |x|* + |y|* = 1, where 
1S ae, 

(a) Describe the cross section when a = | and a = 2. 

(b) Describe a procedure for approximating the volume of the 

solid. 

75. Volume of a Wedge Two planes cut a right circular 
cylinder to form a wedge. One plane is perpendicular to the 

axis of the cylinder and the second makes an angle of 6 

degrees with the first (see figure). 

(a) Find the volume of the wedge if @ = 45°. 

(b) Find the volume of the wedge for an arbitrary angle 0. 

Assuming that the cylinder has sufficient length, how does 

the volume of the wedge change as @ increases from 0° 

to 90°? 

Figure for 75 Figure for 76 

76. Volume of a Torus 

(a) Show that the volume of the torus shown in the figure is 

given by’ the integral 8aR J, /r? — y? dy, where 
RS rev: 

(b) Find the volume of the torus. 

¥ 
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Figure 7.27 

Axis of revolution 

Figure 7.28 

Axis of 

revolution 

Solid of revolution 
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@ Find the volume of a solid of revolution using the shell method. 

i Compare the uses of the disk method and the shell method. 

The Shell Method 

In this section, you will study an alternative method for finding the volume of a solid 

of revolution. This method is called the shell method because it uses cylindrical shells. 

A comparison of the advantages of the disk and shell methods is given later in this 

section. 

To begin, consider a representative rectangle as shown in Figure 7.27, where w is 

the width of the rectangle, h is the height of the rectangle, and p is the distance between 

the axis of revolution and the center of the rectangle. When this rectangle is revolved 

about its axis of revolution, it forms a cylindrical shell (or tube) of thickness w. To find 

the volume of this shell, consider two cylinders. The radius of the larger cylinder 

corresponds to the outer radius of the shell, and the radius of the smaller cylinder 

corresponds to the inner radius of the shell. Because p is the average radius of the shell, 

you know the outer radius is 

Ww 

jp or > Outer radius 

and the inner radius is 

=o sat Inner radius Fania 

So, the volume of the shell is 

Volume of shell = (volume of cylinder) — (volume of hole) 

2 2 
op + ¥)n~ a(p - 2) n 

27phw 

II 

= 27(average radius) (height)(thickness). 

You can use this formula to find the volume of a solid of revolution. For instance, 

the plane region in Figure 7.28 is revolved about a line to form the indicated solid. 

Consider a horizontal rectangle of width Ay. As the plane region is revolved 

about a line parallel to the x-axis, the rectangle generates a representative shell whose 

volume is 

_ DAES To! 

- 

You can approximate the volume of the solid by n such shells of thickness Ay, height 

h(y;), and average radius p(y,). 

Volume of solid ~ S 2a p(yaly) Ay = an) [p(y,)h(y,)] Ay 
i=1 

This approximation appears to become better and better as ||Al| > 0 (n — 00). So, the 

volume of the solid is 

Volume of solid = A, 2m) [ p(y,)A(y;)] Ay 
a i=1 

d 

oe | Lp(s)a(y)] ay. 
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THE SHELL METHOD 

To find the volume of a solid of revolution with the shell method, use one of the 

formulas below. (See Figure 7.29.) 

Horizontal Axis of Revolution 

d 

Volume = V = 2n| pliy)h(y) dy 

Horizontal axis of revolution 

Figure 7.29 

Vertical Axis of Revolution 

b 

Volume = V = 2m P(x)h(x) dx 
a 

a ' b 

p(x) 

Vertical axis of revolution 

Using the Shell Method to Find Volume 

Find the volume of the solid of revolution formed by revolving the region bounded by 

y=x-x 

and the x-axis (0 < x < 1) about the y-axis. 

Solution Because the axis of revolution is 
vertical, use a vertical representative rectangle, 

as shown in Figure 7.30. The width Ax indicates 

that x is the variable of integration. The distance 

from the center of the rectangle to the axis of 

revolution is p(x) = x, and the height of the 

rectangle is 

h(x) =x — x. 

Because x ranges from 0 to 1, apply the shell 

method to find the volume of the solid. 

V= 2m | p(x)h(x) dx 
1 

Simplify. 

xO) xe 
= 27 |-= 45 =| Integrate. 

0 

i 1 

=( 5 ) 
Aq 

P(x) =x 
Axis of 

revolution 

Figure 7.30 
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Using the Shell Method to Find Volume 

Find the volume of the solid of revolution formed by revolving the region bounded by 
the graph of 

GS Oo 

and the y-axis (0 < y < 1) about the x-axis. 

Solution Because the axis of revolution is horizontal, use a horizontal representative 

rectangle, as shown in Figure 7.31. The width Ay indicates that y is the variable of 

integration. The distance from the center of the rectangle to the axis of revolution is 
y p(y) = y, and the height of the rectangle is h(y) = e~”’. Because y ranges from 0 to 1, 

the volume of the solid is 

d 

V= an | P(y)h(y) dy Apply shell method. 

n 

= 2m | ye » dy 
0 

: 1 

=—- n[e>*| Integrate. 
0 

: > 1 
Axis of & = o(1 ee 4 

revolution @ 

Figure 7.31 = 1.986. | 

Exploration 

To see the advantage of using the shell method in Example 2, solve the 

equation x = e-» for y. 

al OE os Iie 

y Vein te Ljen xe) 

Then use this equation to find the volume using the disk method. 

Comparison of Disk and Shell Methods 

The disk and shell methods can be distinguished as follows. For the disk method, the 

representative rectangle is always perpendicular to the axis of revolution, whereas 

for the shell method, the representative rectangle is always parallel to the axis of 

revolution, as shown in Figure 7.32. 

x b oh fay Kg CEN ys “a b i pay id = 'd KG 1, 
A Vie cal iS 7 dx) 4 V= 2n |. ae ax) i Ve anf’ ph dy) 

Ax) ‘Ax a\-=> 

h (Ay! 
s 

p 1 

1 { == , 
i} ¥. 

€. 1 Pp ' , €. h 
——T- > X ante > X —— — zm X 

& a b Ry i 3 2 b & 

Vertical axis of revolution Horizontal axis of revolution Vertical axis of revolution Horizontal axis of revolution 

Disk method: Representative rectangle is Shell method: Representative rectangle is 
perpendicular to the axis of revolution. parallel to the axis of revolution. 

Figure 7.32 
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[For | <y <2: 

Ne Al 

r=./y—1 

ForO<y<l: 

R=] 
cl) 

Axis of 

revolution 

(a) Disk method 

h(x) =x? +1 

(b) Shell method 

Figure 7.33 

Axis of 

revolution 

Applications of Integration 

Often, one method is more convenient to use than the other. The next example 

illustrates a case in which the shell method is preferable. 

Shell Method Preferable 

cee. > See LarsonCalculus.com for an interactive version of this type of example. 

Find the volume of the solid formed by revolving the region bounded by the graphs of 

y=x*+1, y=0, x=0, and x=1 

about the y-axis. 

Solution In Example 4 in Section 7.2, you saw that the washer method requires two 

integrals to determine the volume of this solid. See Figure 7.33(a). 

I a 

V= | (z= Ody | [12 = (Vy a 1)| dy Apply washer method. 
0 1 

I 2 

= 7 | lay a | (2 — y) dy Simplify. 
0 I 

1 y2 2, 

= a y| sae [> = _ Integrate. 
0 ZAM 

1 
=a + (4-2-2432) 

Bs 
2 

In Figure 7.33(b), you can see that the shell method requires only one integral to find 

the volume. 

b 

V= 2m | p(x)h(x) dx Apply shell method. 

1 
= 2m | x(x? + 1) dx 

0 

hee 
= 27 E of | Integrate. 

2 lo 

3 =%97 |= 
=(\) 

30 

oe ~ 

Consider the solid formed by revolving the region in Example 3 about the vertical 

line x = 1. Would the resulting solid of revolution have a greater volume or a smaller 

volume than the solid in Example 3? Without integrating, you should be able to reason 

that the resulting solid would have a smaller volume because “more” of the revolved 

region would be closer to the axis of revolution. To confirm this, try solving the 

integral 

1 

v= 2m | (1 — x)(x? + 1) dx p(x) =1—~x 
0 

which gives the volume of the solid. 

i FOR FURTHER INFORMATION To learn more about the disk and shell methods, 

see the article “The Disk and Shell Method” by Charles A. Cable in The American 
Mathematical Monthly. To view this article, go to MathArticles.com. 
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7.3 Volume: The Shell Method 

EXAMPLE 4 Volume of a Pontoon 

A pontoon is to be made in the shape shown in Figure 7.34. The pontoon is designed 
by rotating the graph of 

461 

5 
x 
ao =f 

16 ; y=1— <4 

about the x-axis, where x and y are measured in feet. Find the volume of the pontoon. 

Solution Refer to Figure 7.35 and use the disk method as shown. 
4 2\9 

x- \? 
V= i |e “| =| dx 

2 4 

Apply disk method. 

Simplify. 

it ia, 97 | Gk eon Integrate. Ble 1980), oe 

_ 64a 
15 

~ 13.4 cubic feet | 

To use the shell method in Example 4, you would have to solve for x in terms of y 

in the equation 

ae aire 
and then evaluate an integral that requires a u-substitution. 

Sometimes, solving for x is very difficult (or even impossible). In such cases, you 

must use a vertical rectangle (of width Ax), thus making x the variable of integration. 

The position (horizontal or vertical) of the axis of revolution then determines the 

method to be used. This is shown in Example 5. 

Shell Method Necessary 

Find the volume of the solid formed by revolving the region bounded by the graphs of 

y =x? +x + 1,y = 1, and x = 1 about the line x = 2, as shown in Figure 7.36. 

Solution In the equation y = x* + x + 1, you cannot easily solve for x in terms of 
y. (See the discussion at the end of Section 3.8.) Therefore, the variable of integration 

must be x, and you should choose a vertical representative rectangle. Because the 

rectangle is parallel to the axis of revolution, use the shell method. 

b 

V= 2m p(x)h(x) dx Apply shell method. 

1 
=2%r| (2-xoOo+x+1-—1) dk 

0 
i 

=27| (—x4 + 2x? — x? + 2x) dx Simplify. 
0 

5 eee 1 
— 2n| : a - = oF | Integrate. 

1 1 ] 0 eet 2n( al ae 
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7.3 Exercises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Volu ( In Exercises 1-14, use the 

shell method to set up and evaluate the integral that gives the 

volume of the solid generated by revolving the plane region 

about the y-axis. 

te | 

2 4 ees ae 
~ Di 

oy 
y 

A 

| 4 
4->- 

3 

2- 

| 

: tale 
-2 -1@ ei 2 

Le 3 5. y=, y=0, r=4 6.y=58, y= 0, 2-3 
yi aes 3.) = ky 

y=4x—x7, x=0, y= 

10. y=x”, y=8 x=0 

ll. y= Vx-2, y=0, x=4 

125 yey 0 

| 3 
13. y= e*/?, y=0, x=0, x=1 

; J 27 ; 

= x >0 
LSet st Jay Oye tates 004 ee 

x=0 

Finding the Volume of a Solid In Exercises 15-22, use 
the shell method to set up and evaluate the integral that gives 

the volume of the solid generated by revolving the plane region 

about the x-axis. 

15. y=x 16. y=1-x 
y 

22. y= JV/x+2, y=x, y=0 

Finding the Volume of a Solid In Exercises 23-26, use 
the shell method to find the volume of the solid generated by 

revolving the plane region about the given line. 

23. y = 2x —x?, y=0, about the line x = 4 

24. y= ./x, y=0, x=4, about the linex = 6 

25. y= x?, y=4x—x?, about the line x = 4 

1 
26. y= ca y = 6x — x*, about the line x = 3 

Choosing a Method In Exercises 27 and 28, decide 
whether it is more convenient to use the disk method or the 

shell method to find the volume of the solid of revolution. 

Explain your reasoning. (Do not find the volume.) 

27. (y= 2) =4% 28. y=4-e* 

Choosing a Method In Exercises 29-32, use the disk 

method or the shell method to find the volumes of the solids 

generated by revolving the region bounded by the graphs of the 

equations about the given lines. 

29. y=x, y=0, x=2 

(a) the x-axis (b) the y-axis (c) the line x = 4 

A al y=0, x=1, x=5 
Xe 

(a) the x-axis (b) the y-axis (c) the line y = 10 



Bip ha = G/20 90,0 y= 0 

(b) the y-axis 

Slee y7/2 = 2/3, 

(a) the x-axis (c) the line x = a 

a > 0 (hypocycloid) 

(a) the x-axis (b) the y-axis 

Ei Finding the Volume of a Solid In Exercises 33-36, 
(a) use a graphing utility to graph the plane region bounded by 

the graphs of the equations, and (b) use the integration 

capabilities of the graphing utility to approximate the volume 

of the solid generated by revolving the region about the y-axis. 

Sona” y= 1, x=0, y=, first quadrant 

Dame lex, y— 0, «= 0 

Beye (x — 2)-(x—6)?, y=0, x= 2, x=6 

y=0, x=1, x=3 
2 

36. vies we ra 

WRITING ABOUT CONCEPTS 

37. Representative Rectangles Consider a solid that is 
generated by revolving a plane region about the y-axis. 

Describe the position of a representative rectangle when 

using (a) the shell method and (b) the disk method to find 

the volume of the solid. 

. Describing Cylindrical Shells Consider the plane 
region bounded by the graphs of 

y=k, y=0, x=0, and x=b 

where k > 0 and b > 0. What are the heights and radii of 

the cylinders generated when this region is revolved about 

(a) the x-axis and (b) the y-axis? 

Comparing Integrals In Exercises 39 and 40, give a 
geometric argument that explains why the integrals have 

equal values. 

39. a ae=2e[ 965 (9? + 1)] dy 
0 

40. an [16 — (2y)2]dy = 2m | (2) dx 

41. Comparing Volumes The region in the figure is 
revolved about the indicated axes and line. Order the 

volumes of the resulting solids from least to greatest. 

Explain your reasoning. 

(a) x-axis (b) y-axis (c) x=4 
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Omg) HOW DOYOU SEE IT? Use the graph to 
answer the following. 

(a) Describe the figure generated by revolving segment 

AB about the y-axis. 

(b) Describe the figure generated by revolving segment 

BC about the y-axis. 

(c) Assume the curve in the figure can be described as 

y = f(x) or x = g(y). A solid is generated by 
revolving the region bounded by the curve, y = 0, 

and x = 0 about the y-axis. Set up integrals to find 

the volume of this solid using the disk method and 

the shell method. (Do not integrate.) 

Analyzing an Integral In Exercises 43-46, the integral 
represents the volume of a solid of revolution. Identify (a) the 

plane region that is revolved and (b) the axis of revolution. 

2 1 

43. 2m | x dx 4A. 2m | y-y ay 
0 0 

6 1 
45. 2m | (y + 2) V6 — ydy 46. 2m (4 — x)e* dx 

0 0 

47. Miachine Part A solid is generated by revolving the region 
bounded by y = $x? and y = 2 about the y-axis. A hole, 

centered along the axis of revolution, is drilled through this 

solid so that one-fourth of the volume is removed. Find the 

diameter of the hole. 

48. iachine Part A solid is generated by revolving the region 
bounded by y = \/9 — x? and y = 0 about the y-axis. A hole, 

centered along the axis of revolution, is drilled through this 

solid so that one-third of the volume is removed. Find the 

diameter of the hole. 

49. Volume of a Torus A torus is formed by revolving the 
region bounded by the circle x? + y* = | about the line x = 2 
(see figure). Find the volume of this “doughnut-shaped” solid. 

(Hint: The integral f oe 1 — x? dx represents the area of a 

semicircle.) 
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50. Vol 

wn _ 

52. 

BBE 

54. 

Applications of Integration 

ume of alorus Repeat Exercise 49 for a torus formed 

by revolving the region bounded by the circle x? + y? = r? 
about the line x = R, where r < R. 

. Finding Volumes of Solids 

(a) Use differentiation to verify that 

[> sin x dx = sinx — xcosx + C. 

(b) Use the result of part (a) to find the volume of the solid 

generated by revolving each plane region about the y-axis. 

(i)? (i) i A 
1.0+ 

| # 

Finding Volumes of Solids 

(a) Use differentiation to verify that 

[ xcosxar = COS nes I tae 

(b) Use the result of part (a) to find the volume of the solid 

generated by revolving each plane region about the y-axis. 

(Hint: Begin by approximating the points of intersection.) 

(ii) 

Volume of a Segment of a Sphere Let a sphere of 
radius r be cut by a plane, thereby forming a segment of height 

h. Show that the volume of this segment is 

37h? —h). 

Volume of an Ellipsoid Consider the plane region 
bounded by the graph of 

x\7 y\? 

a (3) 

where a > 0 and b > 0. Show that the volume of the ellipsoid 

formed when this region is revolved about the y-axis is 

eee 
3 qra~b. 

What is the volume when the region is revolved about the 

X-axis? 

55. Exploration Consider the region bounded by the graphs of 
y = ax", y = ab", and x = 0 (see figure). 

¥. 

A 

ab” 

i] 

1 _ 

(— y=ax 
1 

1 

/ 

a 

b 

(a) Find the ratio R,(m) of the area of the region to the area of 

the circumscribed rectangle. 

(b) Find lim R,(n) and compare the result with the area of the 
n—-co 

circumscribed rectangle. 

(c) Find the volume of the solid of revolution formed by 

revolving the region about the y-axis. Find the ratio R,(n) 
of this volume to the volume of the circumscribed right 

circular cylinder. 

(d wa Find lim R,(n) and compare the result with the volume of 
noo 

the circumscribed cylinder. 

(e) Use the results of parts (b) and (d) to make a conjecture 

about the shape of the graph of y = ax" (0 < x < b) as 

noo. 

. Think About It Match each integral with the solid whose 
volume it represents, and give the dimensions of each solid. 

(b) Torus (c) Sphere 

(e) Ellipsoid 

(ii) 2a | ax(1 -*) ae 
0 qo 

r b 

(iii) 2m | Dee ge = ake oN 2m | 2ax 
0 0 

(a) Right circular cone 

(d) Right circular cylinder 

@) 27 [ hx dx 
0 

x2 

1 — 75 de 

(v) 2a i (R — x)(2/7 — x2) dx 

. Volume of a Storage Shed A storage shed has a 
circular base of diameter 80 feet. Starting at the center, the 

interior height is measured every 10 feet and recorded in the 

table (see figure). 

Height 

10 20 30 40 50 

Distance from center 

(a) Use Simpson’s Rule to approximate the volume of the shed. 

(b) Note that the roof line consists of two line segments. Find 

the equations of the line segments and use integration to 

find the volume of the shed. 



ER ss. Modeling Data A pond is approximately circular, with a 

diameter of 400 feet. Starting at the center, the depth of the 

water is measured every 25 feet and recorded in the table (see 

figure). 

x O) |) 2s) ad) 

x ~ n 2 S Ss Nn 
Depth 

is! seeal' ie 

| i‘: ae | ng Pee 50 100 150 200 
: 2 

Depth 10 | 6 0 Distance from center 

(a) Use Simpson’s Rule to approximate the volume of water in 

the pond. 

(b) Use the regression capabilities of a graphing utility to find 

a quadratic model for the depths recorded in the table. Use 

the graphing utility to plot the depths and graph the model. 

(c) Use the integration capabilities of a graphing utility and 

the model in part (b) to approximate the volume of water 

in the pond. 

(d) Use the result of part (c) to approximate the number of 

gallons of water in the pond. (Hint: 1 cubic foot of water 

is approximately 7.48 gallons.) 

59. Equal Volumes Let V, and V, be the volumes of the 
solids that result when the plane region bounded by y = 1/x, 

y=0,x= i, and x=c (where a= 5) is revolved about the 

x-axis and the y-axis, respectively. Find the value of c for 

which V, = V5. 

60. Volume of a Segment of a Paraboloid The region 
bounded by y = r? — x”, y = 0, and x = 0 is revolved about 

the y-axis to form a paraboloid. A hole, centered along the axis 

of revolution, is drilled through this solid. The hole has a 

radius k, 0 < k < r. Find the volume of the resulting ring 

(a) by integrating with respect to x and (b) by integrating with 

respect to y. 

61. Finding Volumes of Solids Consider the graph of 
y? = x(4 — x)? (see figure). Find the volumes of the solids that 

are generated when the loop of this graph is revolved about (a) 

the x-axis, (b) the y-axis, and (c) the line x = 4. 
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SECTION PROJECT [am 

Saturn 

The Oblateness of Saturn Saturn is the most oblate of the 
planets in our solar system. Its equatorial radius is 60,268 kilometers 

and its polar radius is 54,364 kilometers. The color-enhanced 

photograph of Saturn was taken by Voyager 1. In the photograph, 

the oblateness of Saturn is clearly visible. 

(a) Find the ratio of the volumes of the sphere and the oblate 

ellipsoid shown below. 

(b) If a planet were spherical and had the same volume as Saturn, 

what would its radius be? 

Computer model of 

“spherical Saturn,” whose 

equatorial radius is equal 

to its polar radius. The 

equation of the cross 

section passing through 

the pole is 

x? + y? = 60,2687. 

Computer model of 

“oblate Saturn,’ whose 

equatorial radius is greater 

than its polar radius. 

The equation of the 

cross section passing 

through the pole is 

x2 y2 

60,2682 | 54364 | 

NASA 
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7.4 Arc Length and Surfaces of Revolution 

@ Find the arc length of a smooth curve. 

@ Find the area of a surface of revolution. 

Arc Length 

In this section, definite integrals are used to find the arc lengths of curves and the areas 

of surfaces of revolution. In either case, an arc (a segment of a curve) is approximated 

by straight line segments whose lengths are given by the familiar Distance Formula 

dn) aa.) + (y, — y)2 

A rectifiable curve is one that has a finite arc length. You will see that a sufficient 

condition for the graph of a function f to be rectifiable between (a, f(a)) and (b, f(b)) is 

that f’ be continuous on [a, b]. Such a function is continuously differentiable on [a, b], 
and its graph on the interval [a, b] is a smooth curve. 

Consider a function y = f(x) that is continuously differentiable on the interval 

[a, b]. You can approximate the graph of f by n line segments whose endpoints are 

determined by the partition 

(REED NICE SEC AOT IS TGA Dia Ai al 2) 

CHRISTIAN HUYGENS (1629-1695) as shown in Figure 7.37. By letting Ax, = x, — x,_, and Ay, = y, _,, you can 

The Dutch mathematician approximate the length of the graph by 

Christian Huygens, who invented 
the pendulum clock, and James a yi cA x,12 + 6, — 9;-" 
Gregory (1638-1675), a Scottish = — 
mathematician, both made early n 
contributions to the problem of = Sy ~/ (Ax)? + (Aye e 
finding the length of a rectifiable a d a 
curve. a : Ay. \? 

See LarsonCalculus.com to read an »; (Gear + (32) (Ax;)? 
i 25; more of this biography. 
n Ay 

= » gi ollie (= a) (Ax;). 
= Ax; 

This approximation appears to become better and better as ||Al| > 0 (n — 00). So, the 
y length of the graph is 

| = iim 1+ (SY) (ap. : Ial-v0 
Sas a Because f(x) exists for each x in (x;_,,x;), the Mean Value Theorem guarantees the 

i existence of c; in (x;_ ;, x;) such that 

| et | FO) — Fl 1) = Fle); — x;-1) 
a =a, x ‘2 b =x, Aes f(x) = ee 1) as i (c,) 

inet 

, Ay; ee Oy 

[y =f) aN i = F(a). Y 

é Because f’ is continuous on [a, b], it follows that 1 + [f’(x)]? is also continuous (and 
s = length of therefore integrable) on [a, b], which implies that 

curve from 

= Jim, SVT TOP nee 

atob 
a | 

r; V1 + [f')P dx 

Figure 7.37 where s is called the are length of f between a and b. 

Bettmann/Corbis 
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The formula for the arc length of the 

graph of f from (x,, y,) to (x5, y>) is the 
same as the standard Distance Formula. 

Figure 7.38 
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Definition of Arc Length 

Let the function y = f(x) represent a smooth curve on the interval [a, b]. The 

arc length of f between a and b is 

b 

o= [ 1 = | f(x) | de. 

Similarly, for a smooth curve x = g(y), the arc length of g between c and d is 

d 
j= [ V1 + [g9’(y)]* dy. 

@ FOR FURTHER INFORMATION To see how arc length can be used to define 

trigonometric functions, see the article “Trigonometry Requires Calculus, Not Vice 

Versa” by Yves Nievergelt in UMAP Modules. 

Because the definition of arc length can be applied to a linear function, you can 

check to see that this new definition agrees with the standard Distance Formula for the 

length of a line segment. This is shown in Example 1. 

The Length of a Line Segment re 

Find the arc length from (x,, y,) to (x, y2) on the graph of 

f(x) = mx + b 

as shown in Figure 7.38. 

Solution Because 

Va Vi 

X» aE m = f(x) = 

it follows that 

s= le /1 + [f’ (x)? d& Formula for arc length 

(ey 
a i 

(9 

“i (= ae - y yi)? (x | Integrate and simplify. 

Xo x} 43 | 

(x, =a yi)? 
Core eaW) (x, — x)? 2 

nN, i, = vee ae (y, = We 

which is the formula for the distance between two points in the plane. a 

TECHNOLOGY Definite integrals representing arc length often are very 

difficult to evaluate. In this section, a few examples are presented. In the next 

chapter, with more advanced integration techniques, you will be able to tackle more 

difficult arc length problems. In the meantime, remember that you can always use a 

numerical integration program to approximate an arc length. For instance, use the 

numerical integration feature of a graphing utility to approximate arc lengths in 

Examples 2 and 3. 
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1 2 3 

The arc length of the graph of y on 

2 If 
Figure 7.39 

A (8, 5) 

+++ x 
Jos 

—_ in) we = tn 

j T 

(0, 1) 

i 
T i =a t 

ee oe ach ey wis) 

The arc length of the graph of y on 

[0, 8] 

Figure 7.40 

EXAMPLE 2 Finding Arc Length 

Find the arc length of the graph of 

ae ne 
y= ——— 

; 6 2x 

on the interval [5 2, as shown in Figure 7.39. 

Solution Using 

dy _ 3x? Sele: .) 
dx 6 2x22, 

yields an arc length of 

b 

s= Il se (2) dx Formula for arc length 
b, dx 

cael l 
= | srl Wes ie +) dx 

1/2 fs 

ag ea ea eee 
= , 5 55> Si 2 dx Simplify. 

1/2 

i aug 
= 2 3 = - _ Integrate. 

1/13, . 47 
= —|— + — 

2 ( 6 4 

33 
16 

Finding Arc Length 

Find the arc length of the graph of (y — 1)? = x? on the interval [0, 8], as shown in 

Figure 7.40. 

Solution Begin by solving for x in terms of y: x = +(y — 1)°/2 Choosing the 
positive value of x produces 

joe 3 
pat Ba 25 jj| V2 

dy 3 \Y ) 

The x-interval [0, 8] corresponds to the y-interval [1,5], and the arc length is 

d 
dx \? 

s= Ih Spe |) a5y Formula for arc length 
¢ dy 
5 2) 2 

-| th 4 }30- "| dy 
Q 

5 
9 5 

= Nt ead 
if? 

- Al / 9y — 5 dy Simplify. 

1 |e = | 

= tegrate. 18 yp tla P 
1 

ea 4903/2 om, 43/2 

a7! ) 

~ 9.073. af 
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The arc length of the graph of y on 

a 
Figure 7.41 

Figure 7.42 
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EXAMPLE 4 Finding Arc Length 

sees > See LarsonCalculus.com for an interactive version of this type of example. 

Find the are length of the graph of 

y = In(cos x) 

from x = 0 to x = 7/4, as shown in Figure 7.41. 

Solution Using 

dy sin x 
53 SS == = Sail or 
dx COS Xx 

yields an arc length of 

b dy 2 

s= IN ak (2) dx Formula for arc length 
, dx 
7/4 

= | /1 + tan? x dx 
0 
1/4 

= [ ~/ sec? x dx Trigonometric identity 

0 
a/4 

= [ sec x dx Simplify. 

0 
a/4 

= nsec x + tan x\| Integrate. 
0 

= In(/2 + 1)-In1 

== ().881. 

Length of a Cable 

An electric cable is hung between two towers that are 200 feet apart, as shown in 

Figure 7.42. The cable takes the shape of a catenary whose equation is 

Xx 
= 3/150 4 »-x/150) — y = 75(e e ) = 150 cosh 150 

Find the arc length of the cable between the two towers. 

Solution Because y’ = $(e%/!5° — e~*/15°), you can write 

(y’)? = tev == Dp ate e */15) 

and 

2 i - I 150 —x/150 ; l+(yy= a 7 dees 13) = ae ee ie) 1G 

Therefore, the arc length of the cable is 

b 

s= i V1 + (y’)? dx Formula for arc length 

f: 100 

4 Al (e%/150 4. 9-#/150) dy 

2 —100 

100 

= 75 jews = eH] Integrate. 
—100 

Il 150(e2/3 — e~ 2/3) 

—aOlioneers | 
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Area of a Surface of Revolution 

In Sections 7.2 and 7.3, integration was used to calculate the volume of a solid 

of revolution. You will now look at a procedure for finding the area of a surface of 

revolution. 

_ Definition of Surface of Revolution 

When the graph of a continuous function is revolved about a line, the resulting 

| surface is a surface of revolution. 
| 

The area of a surface of revolution is L 

derived from the formula for the lateral surface 

area of the frustum of a right circular cone. 

Consider the line segment in the figure at the r, i 

right, where L is the length of the line segment, 

r, 1s the radius at the left end of the line segment, 

and r, is the radius at the right end of the line 

segment. When the line segment is revolved 

about its axis of revolution, it forms a frustum 

of a right circular cone, with 

Axis of 

revolution 

S = 2arl Lateral surface area of frustum 

where 

1 . ioe mi - i): Average radius of frustum 

(In Exercise 54, you are asked to verify the formula for S.) 

Consider a function f that has a continuous derivative on the interval [a, b]. The 

graph of f is revolved about the x-axis to form a surface of revolution, as shown in 

Figure 7.43. Let A be a partition of [a, b], with subintervals of width Ax;. Then the line 

segment of length 

AL e (Ax Agtiphy- 

generates a frustum of a cone. Let r; be the average radius of this frustum. By the 

Intermediate Value Theorem, a point d; exists (in the ith subinterval) such that 

r, = f(d;,). 

The lateral surface area A'S; of the frustum is 

AS/= 297, AL, 

= 2nf(d)VBx? + By? 
=S2ay a) ee (2) as, 

Ax; 
L 

Axis of 

revolution 

Figure 7.43 



(x, fx) 

| es te 

Axis of 

revolution 

Figure 7.44 
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By the Mean Value Theorem, a point c; exists in (x,_,, x,) such that 

fc) = f(x) — Les i) 

DS eT 

aeAy; 

Ay 

So, AS; = 2mf(d,)V1 + [f(c;)|? Ax,, and the total surface area can be approximated 

by 

Ss ~ 29> fld)V1 + [PEP Ax, 
It can be shown that the limit of the right side as ||A|]| +0 (n > oo) is 

S=27 [ f)V1 + [fF]? dx. 

In a similar manner, if the graph of fis revolved about the y-axis, then S is 

S=27 | ; xvV1 + [f'@O)/? dx. 

In these two formulas for S, you can regard the products 27f(x) and 27x as the 

circumferences of the circles traced by a point (x, y) on the graph of f as it is revolved 

about the x-axis and the y-axis (Figure 7.44). In one case, the radius is r = f(x), and in 

the other case, the radius is r = x. Moreover, by appropriately adjusting r, you can 

generalize the formula for surface area to cover any horizontal or vertical axis of 

revolution, as indicated in the next definition. 

Definition of the Area of a Surface of Revolution 

Let y = f(x) have a continuous derivative on the interval [a, b]. The area S of the 
surface of revolution formed by revolving the graph of f about a horizontal or 

vertical axis is 

b 

S= 2m | r(x)V Ney [ f(x) |? dx y is a function of x. 

where r(x) is the distance between the graph of f and the axis of revolution. If 

x = g(y) on the interval [c, d], then the surface area is 

d 

S= 2m | r(y)V 1 + [g(y) |? dy x is a function of y. 

where r(y) is the distance between the graph of g and the axis of revolution. 

The formulas in this definition are sometimes written as 

b 

S= an | r(x) ds y is a function of x. 
a 

and 

d 

S= 2m | r(y) ds x is a function of y. 
i 

where 

ds=J1+[f@)Pdx and ds= V1 +[gy)P ay, 

respectively. 
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EXAMPLE 6 The Area of a Surface of Revolution 

Find the area of the surface formed by revolving the graph of f(x) = x° on the interval 

[0, 1] about the x-axis, as shown in Figure 7.45. 

oe Solution The distance between the x-axis and the graph of f is r(x) = f(x), and 
because f(x) = 3x7, the surface area is 

b 

= 2n| r(x)v Ls Le x) |? dx Formula for surface area 

r(x) =f(x) 1 

= Qr| xeV1 + Gx?)? dx 
a 0 

cee 27 a 4) 1/2 . a 
Axis of oon le ox) /2 dx Simplify. 
revolution 36 0 

=a) 0 Eh Se 18 a3i2aak , ntegrate. 

—1 i T 
= —(107/2 — 1 57 (10 ) 

= 3.563. 

Figure 7.45 

EXAMPLE 7 The Area of a Surface of Revolution 

Find the area of the surface formed by revolving the graph of f(x) = x? on the interval 

[o, LOH about the y-axis, as shown in the figure below. 

7) =x 

Axis of revolution 

Solution In this case, the distance between the graph of f and the y-axis is r(x) = x. 

Using f(x) = 2x and the formula for surface area, you can determine that 

s= 2m r(x)V1 + [ f(x) ]? dx 
a 

2 

= 2n| xV1 + (2x)? dx 
a7 | 

ee (1 + 4x2)2 (8x) dx Simplify. 
0 

a (1 + 4x2)3/2| v2 
= ri 3/2 ; Integrate. 

ll rales aie sll 

130 
3 

13.614. | ui 
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7. 4 Exe rcises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Finding D > Using Viethods In Exercises 1 O, n= if pees 
and 2, find the distance between the points using (a) the a x ac 

Distance Formula and (b) integration. 1 
20. y= , OS 3 = 1 

17(0,0), (8, 15) Pe) ene 10) ce 
ae , ral. 7 = Sindee, OS se Sa, 

Finding Arc Ler In Exercises 3-16, find the arc length 

of the graph of the function over the indicated interval. 22. y = cos x, -= RE . 

a, Bis Kiyo 3. x=e7 <y< 
ae)? bb ae -e=e>, Usys2 

; 3 ‘ yD 
; IES Wines, IWS ges 3S) 

h A 255 yi— arctan OS oes 
4A 4-4 

’ AR P= S35 =, OSH SS 
alte 5 

2+ end Approximation In Exercises 27 and 28, determine which 
1 LJ <i value best approximates the length of the arc represented by 

; cy ag ceo ila= the integral. (Make your selection on the basis of a sketch of the 

=i kD i A arc, not by performing any calculations.) 
—]| + 

2 
Re 7) am. [fi +[2(4)f a 

Ae 
Peg? td 6. y = 2x37 + 3 y 

(a) 25 (b) 5 (C)r2 (d) —4 (©) 3 

y y a a 3 

{ t : 28. ther E | 
Aat / 60 + } 8 i ik (tan x)| dx 

05 @3 ®-2 ©4 @2 1 
pee 7 T . . 

Wa - et Pe Approximation In Exercises 29 and 30, approximate the 

; és arc length of the graph of the function over the interval [0, 4] in 

ee 
10 

i> wren ica oo fh reba four ways. (a) Use the Distance Formula to find the distance 
=i i oP T ia ee 
ips : Be AaGme sen) Ob between the endpoints of the arc. (b) Use the Distance Formula 

to find the lengths of the four line segments connecting the 

Mo; Gx 1 points on the arc when x = 0,x = 1, x = 2,x = 3, andx = 4. 

ay = a ®, [1,8] ois @ wy ee [1,3] Find the sum of the four lengths. (c) Use Simpson’s Rule with 

a | 3 n = 10 to approximate the integral yielding the indicated arc 

9, y= ad +o 3 [255] 10. y= at SAS 11, 27] length. (d) Use the integration capabilities of a graphing utility 

‘i to approximate the integral yielding the indicated arc length. 

, wT 3a 1 
11. y = In(sin x), Be a 12. y = In(cos x), fo | 29. f(x) = x3 30. f(x) = (2 — 4) 

— AN Ba —x 

13. y=3(e* +e), [0,2] 31. Length of a Catenary Electrical wires suspended 

Bee Cel between two towers form a catenary (see figure) modeled by 
14. y= in( 7 [In 2, In 3] ihe eanation 

15. x = 3(y? + 2)3?, O<y<s4 J ie 
1 w= w0 cosh, — 20, =~ =: 20 

iomo—4/y(y 3), |<ys4 20 

ote Finding Arc Length In Exercises 17-26, (a) sketch the where x and y are measured in meters. The towers are 40 meters 
2, + 

graph of the function, highlighting the part indicated by the apari Find the length of the suspended cable. 
given interval, (b) find a definite integral that represents the y 

arc length of the curve over the indicated interval and observe 

that the integral cannot be evaluated with the techniques 

studied so far, and (c) use the integration capabilities of a 

graphing utility to approximate the arc length. 

Mav=4—x7, 0OSsxsa2 

freer tx 2, s24x2 | 
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32. Roof Area A barn is 100 feet long and 40 feet wide (see 40. y= 3x, 0OSxs3 

figure). A cross section of the roof is the inverted catenary 41. y= he ee ee 

y = 31 — 10(e*/° + e~*/?°), Find the number of square feet j 
Aly = JF = t= 2 an = 2 

Finding the Area of a Surface of Revolution In 
Exercises 43—46, set up and evaluate the definite integral for 

the area of the surface generated by revolving the curve about 

the y-axis. 

of roofing on the barn. 

| (pei = 1000205 
ee 

20 Va 100 ft 

43. y= Yx+2 44. y=9 — x? 

BP 33. Length of Gateway Arch The Gateway Arch in St. S|s 
Louis, Missouri, is modeled by —__ =~ 

y = 693.8597 — 68.7672 cosh 0.0100333x, al 

9239 en 299239) 

2 
1 

—+—+}_}—+/—_++-— 
(See Section 5.8, Section Project: St. Louis Arch.) Use the =$—6 4 ee 24 

integration capabilities of a graphing utility to approximate the 

length of this curve (see figure). 

= —t 
6 8 

x2 

45.y=1-7, Osxs2 46. y=5 +3, sy%ee 

EE Finding the Area of a Surface of Revolution In 
Exercises 47 and 48, use the integration capabilities of a 

graphing utility to approximate the surface area of the solid of 

revolution. 

—400-200 200 400 ‘ Function Interval Axis of Revolution 

47. y = sinx [0, 7] X-axis 

48. y = Inx [1, e] y-axis 
Figure for 33 Figure for 34 

34. Astroid Find the total length of the graph of the astroid WRITING ABOUT CONCEPTS 

x2/3 + y2/3 = 4, 

35. Arc Length of a Sector of a Circle Find the arc length | 50. Precalculus and Calculis What precalculus formula 

from (0, 3) clockwise to (2, v5) along the circle x* + y* = 9. and representative element are used to develop the | 
36. Arc Length of a Sector of a Circle Find the arc length integration formula for arc length? 

from (—3,4) clockwise to (4,3) along the circle 
x? + y? = 25. Show that the result is one-fourth the 

circumference of the circle. 

49. Rectifiable Curve Define a rectifiable curve. 

. Precalculus and Calculus What precalculus formula 
and representative element are used to develop the integration 

formula for the area of a surface of revolution? 

Finding the Area of a Surface of Revolution In 
Exercises 37—42, set up and evaluate the definite integral for 

the area of the surface generated by revolving the curve about 

the x-axis. 

37. y= 38 38. vis 20/5 



53. Think About It The figure shows the graphs of the 
functions y, = x, yp = 5x°/?, y, = 4x2, and y, = 4x5/2 on the 
interval [0, a To print an enlarged copy of the graph, go to 
MathGraphs.com. 

(a) Label the functions. 

(b) List the functions in order of increasing arc length. 

(c) Verify your answer in part (b) by using the integration 

capabilities of a graphing utility to approximate each 

arc length accurate to three decimal places. 

54. Verifying a Formula 

(a) Given a circular sector with radius L and central angle 0 

(see figure), show that the area of the sector is given by 

1 
=—]J2 S 5 EZO: 

(b) By joining the straight-line edges of the sector in part (a), 

a right circular cone is formed (see figure) and the lateral 

surface area of the cone is the same as the area of the 

sector. Show that the area is S = arL, where r is the radius 

of the base of the cone. (Hint: The arc length of the 

sector equals the circumference of the base of the cone.) 

\ ib 
, 

f 
—— r——~> 

E 

» ¥ 
Figure for 54(a) Figure for 54(b) 

(c) Use the result of part (b) to verify that the formula for the 

lateral surface area of the frustum of a cone with slant height 

L and radii r, and r, (see figure) is S = mr, a is) Ls 

(Note: This formula was used to develop the integral for 

finding the surface area of a surface of revolution.) 

\v 
Axis of 

revolution 

sb) 

56. 

57. 

58. 

BP 59. 
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Lateral Surface Area of a Cone A right circular cone 

is generated by revolving the region bounded by y = 3x/4, 

y = 3, and x = 0 about the y-axis. Find the lateral surface area 

of the cone. 

eral Surface Area of a Cor A right circular cone 

is generated on content ak region bounded by y = hx/r, 

y =h, and x = 0 about the y-axis. Verify that the lateral 

surface area of the cone is S = awrV/r2 + h2. 

Late 

Using a Sphere Find the area of the zone of a sphere 

formed by revolving the graph of y = /9 — x2,0 < x < 2, 

about the y-axis. 

Using a Sphere Find the area of the zone of a sphere 

formed by revolving the graph of y = ORES OS 

about the y-axis. Assume that a < r. 

Modeling Data The circumference C (in inches) of a vase 

is measured at three-inch intervals starting at its base. The 

measurements are shown in the table, where y is the vertical 

distance in inches from the base. 

| y 0] 3 6 Qe | Alsy yk 

ba 50 | 65.5 TOM POON Saale a4 

(a) Use the data to approximate the volume of the vase by 

summing the volumes of approximating disks. 

(b) Use the data to: approximate the outside surface area 

(excluding the base) of the vase by summing the outside 

surface areas of approximating frustums of right circular 

cones. 

(c a Use the regression capabilities of a graphing utility to find 

a cubic model for the points (y, r), where r = C/(277). Use 
the graphing utility to plot the points and graph the model. 

(d wa Use the model in part (c) and the integration capabilities of 

a graphing utility to approximate the volume and outside 

surface area of the vase. Compare the results with your 

answers in parts (a) and (b). 

. Modeling Data Property bounded by two perpendicular 
roads and a stream is shown in the figure. All distances are 

measured in feet. 

(a) Use the regression capabilities of a graphing utility to fit a 

fourth-degree polynomial to the path of the stream. 

(b) Use the model in part (a) to approximate the area of the 

property in acres. 

(c) Use the integration capabilities of a graphing utility to find 

the length of the stream that bounds the property. 
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61. 1d Surface Area Let RF be the region bounded 

by y = 1/x, the x-axis, x = 1, andx = b, where b > 1. Let D 

be the solid formed when R is revolved about the x-axis. 

(a) Find the volume V of D. 

(b) Write the surface area S as an integral. 

(c) Show that V approaches a finite limit as b— oo. 

(d) Show that S$ — co as b co. 

Pe 62. Think About It Consider the equation i + aa = |. 

(a) Use a graphing utility to graph the equation. 

(b) Set up the definite integral for finding the first-quadrant 

arc length of the graph in part (a). 

(c) Compare the interval of integration in part (b) and the 

domain of the integrand. Is it possible to evaluate the 

definite integral? Is it possible to use Simpson’s Rule to 

evaluate the definite integral? Explain. (You will learn how 

to evaluate this type of integral in Section 8.8.) 

WB Approximating Arc Length or Surface Area In 
Exercises 63-66, set up the definite integral for finding the 

indicated arc length or surface area. Then use the integration 

capabilities of a graphing utility to approximate the arc length 

or surface area. (You will learn how to evaluate this type of 

integral in Section 8.8.) 

63. Length of Pursuit A fleeing object leaves the origin and 
moves up the y-axis (see figure). At the same time, a pursuer 

leaves the point (1,0) and always moves toward the fleeing 
object. The pursuer’s speed is twice that of the fleeing object. 

The equation of the path is modeled by 

l 
y= 3 Sh ae ig 92 

How far has the fleeing object traveled when it is caught? 

Show that the pursuer has traveled twice as far. 

f 

f ci i fo Bie ma 
E = Cie Sse ease 2)| 

Figure for 63 Figure for 64 

64. Bulb Design An ornamental light bulb is designed by 

revolving the graph of 

pets ; 
y= gel —x3/2 Q0<x< 

wie 

about the x-axis, where x and y are measured in feet (see 

figure). Find the surface area of the bulb and use the result to 

approximate the amount of glass needed to make the bulb. 

(Assume that the glass is 0.015 inch thick.) 

65. Astroid Find the area of the surface formed by revolving 

the portion in the first quadrant of the graph of 

x2/3 + y?/3 = 4,0 < y < 8, about the y-axis. 

Figure for 65 Figure for 66 

66. Using a Loop Consider the graph of 

soy BE Na ere) 

shown in the figure. Find the area of the surface formed when 

the loop of this graph is revolved about the x-axis. 

67. Suspension Bridge A cable for a suspension bridge has 
the shape of a parabola with equation y = kx’. Let h represent 

the height of the cable from its lowest point to its highest point 

and let 2w represent the total span of the bridge (see figure). 

Show that the length C of the cable is given by 

C= 2 V1 + (4h?/w*)x? dx. 
0 

Pe 68. Suspension Bridge The Humber Bridge, located in the 

United Kingdom and opened in 1981, has a main span of about 

1400 meters. Each of its towers has a height of about 

155 meters. Use these dimensions, the integral in Exercise 67, 

and the integration capabilities of a graphing utility to 

approximate the length of a parabolic cable along the main span. 

69. Arc Length and Area Let C be the curve given by 
f(x) = cosh x for 0 < x < t, where t > 0. Show that the arc 

length of C is equal to the area bounded by C and the. x-axis. 

Identify another curve on the interval 0 < x < ¢ with this 

property. 

PUTNAM EXAM CHALLENGE 

70. Find the length of the curve y? = x° from the origin to the | 

point where the tangent makes an angle of 45° with the 

X-axis. 

This problem was composed by the Committee on the Putnam Prize Competition. 

© The Mathematical Association of America. All rights reserved. 
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7.5 Work | 

The work done in lifting a 50-pound 

object 4 feet is 200 foot-pounds. 

Figure 7.46 

i@ Find the work done by a constant force. 

i Find the work done by a variable force. 

Work Done by a Constant Force 

The concept of work is important to scientists and engineers for determining the 

energy needed to perform various jobs. For instance, it is useful to know the amount of 

work done when a crane lifts a steel girder, when a spring is compressed, when a 

rocket is propelled into the air, or when a truck pulls a load along a highway. 

In general, work is done by a force when it moves an object. If the force applied 

to the object is constant, then the definition of work is as follows. 

| Definition of Work Done by a Constant Force 

If an object is moved a distance D in the direction of an applied constant force F, 

then the work W done by the force is defined as W = FD. 

There are four fundamental types of forces—gravitational, electromagnetic, strong 

nuclear, and weak nuclear. A force can be thought of as a push or a pull; a force changes 

the state of rest or state of motion of a body. For gravitational forces on Earth, it is 

common to use units of measure corresponding to the weight of an object. 

Lifting an Object 

Determine the work done in lifting a 50-pound object 4 feet. 

Solution The magnitude of the required force F is the weight of the object, as shown 

in Figure 7.46. So, the work done in lifting the object 4 feet is 

W = FD Work = (force)(distance) 

= 50(4) Force = 50 pounds, distance = 4 feet 

= 200 foot-pounds. | 

In the U.S. measurement system, work is typically expressed in foot-pounds 

(ft-lb), inch-pounds, or foot-tons. In the International System of Units (SI), the basic 

unit of force is the newton—the force required to produce an acceleration of | meter per 

second per second on a mass of | kilogram. In this system, work is typically expressed 

in newton-meters, also called joules. In another system, the centimeter-gram-second 

(C-G-S) system, the basic unit of force is the dyne—the force required to produce an 

acceleration of 1 centimeter per second per second on a mass of | gram. In this system, 

work is typically expressed in dyne-centimeters (ergs) or newton-meters (joules). 

Exploration 

How Much Work? 1n Example 1, 200 foot-pounds of work was needed to lift 

the 50-pound object 4 feet vertically off the ground. After lifting the object, you 

carry it a horizontal distance of 4 feet. Would this require an additional 

200 foot-pounds of work? Explain your reasoning. 
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EMILIE DE BRETEUIL (1706-1749) 
A major work by Breteuil was 
the translation of Newton’s 
“Philosophiae Naturalis Principia 
Mathematica” into French. Her 
translation and commentary 
greatly contributed to the 
acceptance of Newtonian science 
in Europe. 
VCE | nC Calculus.com to read 

more of this biography. 

Applications of Integration 

Work Done by a Variable Force 

In Example 1, the force involved was constant. When a variable force is applied to an 

object, calculus is needed to determine the work done, because the amount of force 

changes as the object changes position. For instance, the force required to compress a 

spring increases as the spring is compressed. 

Consider an object that is moved along a straight line from x = a tox = b by a 

continuously varying force F(x). Let A be a partition that divides the interval [a, b] into 

n subintervals determined by 

0 iis oa es ES 

and let Ax; = x; — x;_,. For each i, choose c; such that 

Then at c,, the force is F(c;). Because F is continuous, you can approximate the work 

done in moving the object through the ith subinterval by the increment 

AW, = F(c;) Ax; 

as shown in Figure 7.47. So, the total work 

done as the object moves from a to b is 

approximated by 

w~ Saw, 
iF 

= SF(c)) AX Gite: 
i=1 Ax 

This approximation appears to become better 

and better as ||A || 0 (n> 00). So, the work 
done is 

The amount of force changes as an 

object changes position (Ax). 

Figure 7.47 

W = lim F(c.) Ax. 
|Al|oo0 »y uae 

= [ r0 dx. 
a 

Definition of Work Done by a Variable Force 

If an object is moved along a straight line by a continuously varying force F(x), 

then the work W done by the force as the object is moved from 

=a to: xu=1b 

is given by 

W= lim 
Also 

The remaining examples in this section use some well-known physical laws. The 

discoveries of many of these laws occurred during the same period in which calculus 

was being developed. In fact, during the seventeenth and eighteenth centuries, there was 

little difference between physicists and mathematicians. One such physicist- 

mathematician was Emilie de Breteuil. Breteuil was instrumental in synthesizing the 

work of many other scientists, including Newton, Leibniz, Huygens, Kepler, and 

Descartes. Her physics text /nstitutions was widely used for many years. 

Bettmann/Corbis 



Natural length: F(0) =0 

. 0 VV V VV VV: 

Compressed 3 inches: F(3) = 750 

0 3 15 

Compressed x inches: F(x) = 250x 

0 x \ 15 

Figure 7.48 
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The three laws of physics listed below were developed by Robert Hooke 

(1635-1703), Isaac Newton (1642-1727), and Charles Coulomb (1736-1806). 

1. Hooke’s Law: The force F required to compress or stretch a spring (within its 
elastic limits) is proportional to the distance d that the spring is compressed or 

stretched from its original length. That is, 

om e | 

where the constant of proportionality k (the spring constant) depends on the 
specific nature of the spring. 

2. Newton’s Law of Universal Gravitation: The force F of attraction between two 

particles of masses m, and m, is proportional to the product of the masses and 

inversely proportional to the square of the distance d between the two particles. That is, 

When m, and m, are in kilograms and d in meters, F will be in newtons for a value 

of G = 6.67 x 107! cubic meter per kilogram-second squared, where G is the 

gravitational constant. 

3. Coulomb’s Law: The force F between two charges q, and g, in a vacuum is 

proportional to the product of the charges and inversely proportional to the square of 

the distance d between the two charges. That is, 

When gq, and q, are given in electrostatic units and d in centimeters, F will be in 

dynes for a value of k = 1. 

EXAMPLE 2 Compressing a Spring 

tee > See LarsonCalculus.com for an interactive version of this type of example. 

A force of 750 pounds compresses a spring 3 inches from its natural length of 

15 inches. Find the work done in compressing the spring an additional 3 inches. 

Solution By Hooke’s Law, the force F(x) required to compress the spring x units 
(from its natural length) is F(x) = kx. Because F(3) = 750, it follows that 

F(3) = (kK)(3) > = 750=3k BD 250=k. 

So, F(x) = 250x, as shown in Figure 7.48. To find the increment of work, assume that 

the force required to compress the spring over a small increment Ax is nearly constant. 

So, the increment of work is 

AW = (force)(distance increment) = (250x) Ax. 

Because the spring is compressed from x = 3 to x = 6 inches less than its natural 

length, the work required is 

6 b 6 

W= | F(x) dx = [ 250x dx = 125:°| = 4500 — 1125 = 3375 inch-pounds. 
a 3 3 

Note that you do not integrate from x = 0 to x = 6 because you were asked to 

determine the work done in compressing the spring an additional 3 inches (not 

including the first 3 inches). | 
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In 2011, China launched an 

8.5-ton space module. The 

module will be used to conduct 

tests as China prepares to build 

a space station between 2020 

and 2022. 

EXAMPLE 3 Moving a Space Module into Orbit 

A space module weighs 15 metric tons on the 

surface of Earth. How much work is done in 

propelling the module to a height of 800 miles 

above Earth, as shown in Figure 7.49? (Use 

4000 miles as the radius of Earth. Do not consider 

the effect of air resistance or the weight of the 

propellant. ) 

Solution Because the weight of a body varies 

inversely as the square of its distance from the 

center of Earth, the force F(x) exerted by 
5 : . ee 

gravity 1s p> ye 
4000 

Not drawn to scale 

C Ax 

Ay) Figure 7.49 

where C is the constant of proportionality. Because the module weighs 15 metric tons 

on the surface of Earth and the radius of Earth is approximately 4000 miles, you have 

C 
15 = (4000)? E> 240,000,000 = C. 

So, the increment of work is 

240,000,000 

x 
AW = (force)(distance increment) = 

Finally, because the module is propelled from x = 4000 to x = 4800 miles, the total 

work done is 

b 

We F(x) dx Formula for work 

= [ *5°° 40,000,000 
5a Dh Pe Me 

4000 x 

= a 
=n EN CAEL) Integrate. 

x 4000 

— 50,000 + 60,000 

= 10,000 mile-tons 

1.164 x 10!! foot-pounds. ul 

In SI units, using a conversion factor of 1 foot-pound ~ 1.35582 joules, the work done is 

W = 1.578 x 10!! joules. | 

The solutions to Examples 2 and 3 conform to our development of work as the 

summation of increments in the form 

This second interpretation of AW is useful in problems involving the movement of 

nonrigid substances such as fluids and chains. 

AFP Creative/Getty Images 
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Emptying a Tank of Oil 

A spherical tank of radius 8 feet is half full of oil y 

that weighs 50 pounds per cubic foot. Find the 

work required to pump oil out through a hole in 

the top of the tank. 

Solution Consider the oil to be subdivided 
into disks of thickness Ay and radius x, as shown 

in Figure 7.50. Because the increment of force 

for each disk is given by its weight, you have 

AF = weight 

= (= pounds 
cubic foot 

= 50(ax?Ay) pounds. 

J(votume 

For a circle of radius 8 and center at (0, 8), Figure 7.50 
you have 

0 Ses yi 8) = 82 

= Oy yy? 

and you can write the force increment as 

AF = 50(ax? Ay) 

= 50a(l6y — y?) Ay. 

In Figure 7.50, note that a disk y feet from the bottom of the tank must be moved a 

distance of (16 — y) feet. So, the increment of work is 

AW = AF(16 — y) 

= 50(16y — y2) Ay(16 — y) 

= 50m(256y — 32y? + y>) Ay. 

Because the tank is half full, y ranges from 0 to 8, and the work required to empty the 

tank is 

8 
W= | 507(256y — 32y? + y3) dy 

0 
32 =I 

50m | 8y 37 ais 

264 my 50m 6 

i 

~ 589,782 foot-pounds. wi 

To estimate the reasonableness of the result in Example 4, consider that the weight of 

the oil in the tank is 

(5 )(votume)( density = 1 (£8°)(50) =~ 53,616.5 pounds 

Lifting the entire half-tank of oil 8 feet would involve work of 

W = FD Formula for work done by a constant force 

~ (53,616.5)(8) 

= 428,932 foot-pounds. 

Because the oil is actually lifted between 8 and 16 feet, it seems reasonable that the 

work done is about 589,782 foot-pounds. 
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Work required to raise one end of the 

chain 

Figure 7.51 

Work done by expanding gas 

Figure 7.52 

EXAMPLE 5 Lifting a Chain 

A 20-foot chain weighing 5 pounds per foot is lying coiled on the ground. How much 

work is required to raise one end of the chain to a height of 20 feet so that it is fully 

extended, as shown in Figure 7.51? 

Solution Imagine that the chain is divided into small sections, each of length Ay. 

Then the weight of each section is the increment of force 

5 pounds 
AF = (weight) = ( = 

foot 
Joenstn) = 5 Ay. 

Because a typical section (initially on the ground) is raised to a height of y, the 

increment of work is 

AW = (force increment)(distance) = (5 Ay)y = Sy Ay. 

Because y ranges from 0 to 20, the total work is 

20 
5y?|79  5(400 

W= [ Sy dy = ae | = 7600) = 1000 foot-pounds. wi 
0 0 

In the next example, you will consider a piston of radius r in a cylindrical casing, 

as shown in Figure 7.52. As the gas in the cylinder expands, the piston moves, and work 

is done. If p represents the pressure of the gas (in pounds per square foot) against the 

piston head and V represents the volume of the gas (in cubic feet), then the work 

increment involved in moving the piston Ax feet is 

AW = (force)(distance increment) = F(Ax) = p(ar?) Ax = p AV. 

So, as the volume of the gas expands from V) to V,, the work done in moving the 

piston is 

vy, 

W= i p dv. 
Vo 

Assuming the pressure of the gas to be inversely proportional to its volume, you have 

p = k/V and the integral for work becomes 

V, 
w= K ww. 

Tay 
0 

Work Done by an Expanding Gas 

A quantity of gas with an initial volume of | cubic foot and a pressure of 500 pounds 

per square foot expands to a volume of 2 cubic feet. Find the work done by the gas. 

(Assume that the pressure is inversely proportional to the volume.) 

Solution Because p = k/V and p = 500 when V = 1, you have k = 500. So, the 

work is 

Vi v= [av 
Vo Vv 

> 500 7 { 00 ay 

= 500 inv] 
1 

u 346.6 foot-pounds. af 



7.5 Exercises 

Constant Force In Exercises 1-4, determine the work done 

by the constant force. 

1. 

2. 

3. 

4. 

A 1200-pound steel beam is lifted 40 feet. 

An electric hoist lifts a 2500-pound car 6 feet. 

A force of 112 newtons is required to slide a cement block 

8 meters in a construction project. 

The locomotive of a freight train pulls its cars with a constant 

force of 9 tons a distance of one-half mile. 

Hooke’s Law Im Exercises 5-10, use Hooke’s Law to 

determine the variable force in the spring problem. 

Se 

= 

© 

10. 

11. 

12. 

13. 

14. 

A force of 5 pounds compresses a 15-inch spring a total of 

3 inches. How much work is done in compressing the spring 

7 inches? 

. A force of 250 newtons stretches a spring 30 centimeters. How 

much work is done in stretching the spring from 20 centimeters 

to 50 centimeters? 

A force of 20 pounds stretches a spring 9 inches in an exercise 

machine. Find the work done in stretching the spring 1 foot 

from its natural position. 

. An overhead garage door has two springs, one on each side of 

the door. A force of 15 pounds is required to stretch each 

spring | foot. Because of the pulley system, the springs stretch 

only one-half the distance the door travels. The door moves a 

total of 8 feet, and the springs are at their natural length when 

the door is open. Find the work done by the pair of springs. 

Eighteen foot-pounds of work is required to stretch a spring 

4 inches from its natural length. Find the work required to 

stretch the spring an additional 3 inches. 

Seven and one-half foot-pounds of work is required to 

compress a spring 2 inches from its natural length. Find the work 

required to compress the spring an additional one-half inch. 

Propulsion Neglecting air resistance and the weight of the 
propellant, determine the work done in propelling a five-ton 

satellite to a height of (a) 100 miles above Earth and 

(b) 300 miles above Earth. 

Propulsion Use the information in Exercise 11 to write the 
work W of the propulsion system as a function of the height A 

of the satellite above Earth. Find the limit (if it exists) of W as 

h approaches infinity. 

Propulsion Neglecting air resistance and the weight of the 
propellant, determine the work done in propelling a 10-ton 

satellite to a height of (a) 11,000 miles above Earth and 

(b) 22,000 miles above Earth. 

Propulsion A lunar module weighs 12 tons on the surface 
of Earth. How much work is done in propelling the module 

from the surface of the moon to a height of 50 miles? Consider 

the radius of the moon to be 1100 miles and its force of 

gravity to be one-sixth that of Earth. 

7.5 Work 483 

See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises, 

np Water A rectangular tank with a base 4 feet by 

2) (exe and a height of 4 feet is full of water (see figure). The 

water weighs 62.4 pounds per cubic foot. How much work is 

done in pumping water out over the top edge in order to empty 

(a) half of the tank and (b) all of the tank? 

16. 

17. 

18. 

19. 

Think About It Explain why the answer in part (b) of 
Exercise 15 is not twice the answer in part (a). 

Pumping Water A cylindrical water tank 4 meters high 
with a radius of 2 meters is buried so that the top of the tank is 

1 meter below ground level (see figure). How much work is 

done in pumping a full tank of water up to ground level? (The 

water weighs 9800 newtons per cubic meter.) 

Figure for 17 Figure for 18 

Pumping Water Suppose the tank in Exercise 17 is 
located on a tower so that the bottom of the tank is 10 meters 

above the level of a stream (see figure). How much work is 

done in filling the tank half full of water through a hole in the 

bottom, using water from the stream? 

Pumping Water An open tank has the shape of a right 
circular cone (see figure). The tank is 8 feet across the top and 

6 feet high. How much work is done in emptying the tank by 

pumping the water over the top edge? 

ay 
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20. Pumping Water Water is pumped in through the bottom 

of the tank in Exercise 19. How much work is done to fill the tank 

(a) to a depth of 2 feet? 

(b) from a depth of 4 feet to a depth of 6 feet? 

21. Pumping Water A hemispherical tank of radius 6 feet is 

positioned so that its base is circular. How much work is 

required to fill the tank with water through a hole in the base 

when the water source is at the base? 

22. Pumping Diesel Fuel The fuel tank on a truck has 
trapezoidal cross sections with the dimensions (in feet) shown 

in the figure. Assume that the engine is approximately 3 feet 

above the top of the fuel tank and that diesel fuel weighs 

approximately 53.1 pounds per cubic foot. Find the work done 

by the fuel pump in raising a full tank of fuel to the level of the 

engine. 

Pumping Gasoline In Exercises 23 and 24, find the work 
done in pumping gasoline that weighs 42 pounds per cubic foot. 

(Hint: Evaluate one integral by a geometric formula and the 

other by observing that the integrand is an odd function.) 

23. A cylindrical gasoline tank 3 feet in diameter and 4 feet long 

is carried on the back of a truck and is used to fuel tractors. 

The axis of the tank is horizontal. The opening on the tractor 

tank is 5 feet above the top of the tank in the truck. Find the 

work done in pumping the entire contents of the fuel tank into 

the tractor. 

24. The top of a cylindrical gasoline storage tank at a service 

station is 4 feet below ground level. The axis of the tank is 

horizontal and its diameter and length are 5 feet and 12 feet, 

respectively. Find the work done in pumping the entire 

contents of the full tank to a height of 3 feet above ground level. 

Lifting a Chain In Exercises 25-28, consider a 20-foot chain 
that weighs 3 pounds per foot hanging from a winch 20 feet 

above ground level. Find the work done by the winch in 

winding up the specified amount of chain. 

25. Wind up the entire chain. 

26. Wind up one-third of the chain. 

27. Run the winch until the bottom of the chain is at the 10-foot 

level. 

28. Wind up the entire chain with a 500-pound load attached to it. 

Lifting a Chain In Exercises 29 and 30, consider a 15-foot 

hanging chain that weighs 3 pounds per foot. Find the work 

done in lifting the chain vertically to the indicated position. 

29. Take the bottom of the chain and raise it to the 15-foot level, 

leaving the chain doubled and still hanging vertically (see 

figure). 

30. Repeat Exercise 29 raising the bottom of the chain to the 

12-foot level. 

WRITING ABOUT CONCEPTS 

| 31. Work by a Constant Force State the definition of 
work done by a constant force. 

32. Work by a Variable Force State the definition of 
work done by a variable force. 

33. Work Which of the following requires more work? | 

Explain your reasoning. 

(a) A 60-pound box of books is lifted 3 feet. 

(b) A 60-pound box of books is held 3 feet in the air for 

2 minutes. 



35. Ordering Forces Verify your answer to Exercise 34 by 
calculating the work for each force function. 

36. Electric Force Two electrons repel each other with a force 

that varies inversely as the square of the distance between 

them. One electron is fixed at the point (2, 4). Find the work 

done in moving the second electron from (—2, 4) to (1, 4). 

Boyle’s Law In Exercises 37 and 38, find the work done by 
the gas for the given volume and pressure. Assume that the 

pressure is inversely proportional to the volume. (See Example 6.) 

37. A quantity of gas with an initial volume of 2 cubic feet and a 

pressure of 1000 pounds per square foot expands to a volume 

aeOL oscubic feet. 

38. A quantity of gas with an initial volume of 1 cubic foot and a 

pressure of 2500 pounds per square foot expands to a volume 

of 3 cubic feet. 

Pe Hydraulic Press In Exercises 39-42, use the integration 
capabilities of a graphing utility to approximate the work done 

by a press in a manufacturing process. A model for the variable 

force F (in pounds) and the distance x (in feet) the press moves 

is given. 

Force Interval 

39. F(x) = 1000[1.8 — In + 1)] ioe 5 

ea | 
40. F(x) = 100 COSx54 

41. F(x) = 100x125 — x3 Olah =a 

42. F(x) = 1000 sinh x 0 Sins 2 

Ay 43. Modeling Data The hydraulic cylinder on a woodsplitter 
has a 4-inch bore (diameter) and a stroke of 2 feet. The 

hydraulic pump creates a maximum pressure of 2000 pounds 

per square inch. Therefore, the maximum force created by the 

cylinder is 2000(72?) = 800077 pounds. 

(a) Find the work done through one extension of the cylinder, 

given that the maximum force is required. 

(b) The force exerted in splitting a piece of wood is variable. 

Measurements of the force obtained in splitting a piece of 

wood are shown in the table. The variable x measures the 

extension of the cylinder in feet, and F is the force in 

pounds. Use Simpson’s Rule to approximate the work 

done in splitting the piece of wood. 

(c) Use the regression capabilities of a graphing utility to find 

a fourth-degree polynomial model for the data. Plot the 

data and graph the model. 

(d) Use the model in part (c) to approximate the extension of 

the cylinder when the force is maximum. 

(e) Use the model in part (c) to approximate the work done in 

splitting the piece of wood. 

Andrew J. Martinez/Photo Researchers, Inc 
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Saeaeeaietiiga: — 

Tidal Energy 
Tidal power plants use “tidal energy” to produce electrical energy. 

To construct a tidal power plant, a dam is built to separate a basin 

from the sea. Electrical energy is produced as the water flows back 

and forth between the basin and the sea. The amount of “natural 

energy” produced depends on the volume of the basin and the tidal 

range—the vertical distance between high and low tides. (Several 

natural basins have tidal ranges in excess of 15 feet; the Bay of 

Fundy in Nova Scotia has a tidal range of 53 feet.) 

(a) Consider a basin with a rectangular base, as shown in the 

figure. The basin has a tidal range of 25 feet, with low tide 

corresponding to y = 0. How much water does the basin hold 

at high tide? 

(b) The amount of energy produced during the filling (or the 

emptying) of the basin is proportional to the amount of work 

required to fill (or empty) the basin. How much work is required 

to fill the basin with seawater? (Use a seawater density of 

64 pounds per cubic foot.) 

The Bay of Fundy in Nova Scotia has an extreme tidal range, 

as displayed in the greatly contrasting photos above. 

i FOR FURTHER INFORMATION For more information on 

tidal power, see the article “LaRance: Six Years of Operating a Tidal 

Power Plant in France” by J. Cotillon in Water Power Magazine. 
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7.6 Moments, Centers of Mass, and Centroids 

l@ Understand the definition of mass. 

@ Find the center of mass in a one-dimensional system. 

l@ Find the center of mass in a two-dimensional system. 

@ Find the center of mass of a planar lamina. 

lf Use the Theorem of Pappus to find the volume of a solid of revolution. 

Mass 

In this section, you will study several important applications of integration that are 

related to mass. Mass is a measure of a body’s resistance to changes in motion, and is 

independent of the particular gravitational system in which the body is located. However, 

because so many applications involving mass occur on Earth’s surface, an object’s mass 

is sometimes equated with its weight. This is not technically correct. Weight is a type of 

force and as such is dependent on gravity. Force and mass are related by the equation 

Force = (1 (mass 18s) acceleration) mn). i 
an 

The table below lists some commonly used measures of mass and force, together with 

their conversion factors. 

Measurement of Mass Measure of Force 

System of Measure | 

LS: Slug Pound = (slug)(ft/sec”) 

International | Kilogram | Newton = (kilogram)(m/sec?) 

| C-G-S Gram Dyne = (gram)(cm/sec?) 

Conversions: 

1 pound = 4.448 newtons 1 slug = 14.59 kilograms 

1 newton = 0.2248 pound | kilogram = 0.06852 slug 

1 dyne = 0.000002248 pound 1 gram = 0.00006852 slug 

1 dyne = 0.00001 newton 1 foot = 0.3048 meter 

EXAMPLE 1 Mass on the Surface of Earth 

Find the mass (in slugs) of an object whose weight at sea level is 1 pound. 

Solution Use 32 feet per second per second as the acceleration due to gravity. 

force 
Veg = —— Force = (mass)(acceleration) 

acceleration 

| pound 

32 feet per second per second 

pound 

foot per second per second 

= 0.03125 slug 

0.03125 II 

Because many applications involving mass occur on Earth’s surface, this amount of 

mass is called a pound mass. | 



The seesaw will balance when the left 

and the right moments are equal. 

Figure 7.53 
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Center of Mass in a One-Dimensional System 

You will now consider two types of moments of a mass—the moment about a point 

and the moment about a line. To define these two moments, consider an idealized 

situation in which a mass m is concentrated at a point. If x is the distance between this 

point mass and another point P, then the moment of m about the point P is 

~ Moment = mx 

and x is the length of the moment arm. 

The concept of moment can be demonstrated simply by a seesaw, as shown in 

Figure 7.53. A child of mass 20 kilograms sits 2 meters to the left of fulcrum P, and an 

older child of mass 30 kilograms sits 2 meters to the right of P. From experience, you 

know that the seesaw will begin to rotate clockwise, moving the larger child down. This 

rotation occurs because the moment produced by the child on the left is less than the 

moment produced by the child on the right. 

Left moment = (20)(2) = 40 kilogram-meters 

Right moment = (30)(2) = 60 kilogram-meters 

To balance the seesaw, the two moments must be equal. For example, if the larger child 

moved to a position : meters from the fulcrum, then the seesaw would balance, because 

each child would produce a moment of 40 kilogram-meters. 

To generalize this, you can introduce a coordinate line on which the origin 

corresponds to the fulcrum, as shown in Figure 7.54. Several point masses are located 

on the x-axis. The measure of the tendency of this system to rotate about the origin is 

the moment about the origin, and it is defined as the sum of the n products m,x;. The 

moment about the origin is denoted by Mj and can be written as 

MAE REN ta PVT CK 

If M, is 0, then the system is said to be in equilibrium. 

G@ -@-,_6e6C- 
If mx, + mx, +--+ +m, x, = 0, then the system is in equilibrium. 

Figure 7.54 

For a system that is not in equilibrium, the center of mass is defined as the point 

xX at which the fulcrum could be relocated to attain equilibrium. If the system were 

translated x units, then each coordinate x, would become 

(x; at) 

and because the moment of the translated system is 0, you have 

n n n 

is at) = ex, a) 7n,t = 0) 
=i 4 <u 

Solving for x produces 

n 

>) mx; He 
_ moment of system about origin — 

a total mass of system 

When mx, + mx, +- + > + m,x, = 0, the system is in equilibrium. 
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Moments and Center of Mass: One-Dimensional System 

Let the point masses m,,m,,. . .,m, be located at x,,x,, .. .,% 
n 

1. The moment about the origin is 

VAL acl LA es 4159 dl chk ape day 
t (lah tes 

2. The center of mass is 

Mo 

m 

y= 

where m = m, + m, + - - - + m, is the total mass of the system. 

EXAMPLE 2 The Center of Mass of a Linear System 

Find the center of mass of the linear system shown in Figure 7.55. 

mM, mM, mM, mM, 

oo (as) — a |}—$}aae 
=) 4 3 Z 1 0 1 2 3 4 5 6 7 8 9 

Figure 7.55 

Solution The moment about the origin is 

Mo = MX, + Myx, + Max + MN4X4 

10(—5) + 15(0) + 5(4) + 10(7) 

= —50 + 0+ 20+ 70 

= A). 

Because the total mass of the system is 

m= 10+ 15 +5 + 10 = 40 

the center of mass is 

x= —_— = 1 

ae AO 

Note that the point masses will be in equilibrium when the fulcrum is located at x = 1 
al 

Rather than define the moment of a mass, you could define the moment of a force. 

In this context, the center of mass is called the center of gravity. Consider a system of 

point masses m,,m,. . ., m,, that is located at x,, x,,. . .,x,. Then, because 

force = (mass)(acceleration) 

the total force of the system is 

P= ia. bd be + md = ma: 

The torque (moment) about the origin is 

Ty = (ma)x, + (m,a)x, + + + - + (m,a)x, = Mya 

and the center of gravity is 

T, Moa Mo 

F ma m 

So, the center of gravity and the center of mass have the same location. 



In a two-dimensional system, there is 

a moment about the y-axis M, and a 

moment about the x-axis M,. 

Figure 7.56 

y 
m,=2 A 

ie m,=9 

0,0) jm =3 
Seat ett og fo a 
—5 -4 -3 -2 -1 (ow 

—1 m,=6 
—2-+-+ 

=< (3-2) 

Figure 7.57 
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Center of Mass in a Two-Dimensional System 

You can extend the concept of moment to two dimensions by considering a system of 

masses located in the xy-plane at the points (x, y,), (%, y2),. . -, (%,, Y,), a8 Shown in 
Figure 7.56. Rather than defining a single moment (with respect to the origin), two 

moments are defined—one with respect to the x-axis and one with respect to the 

y-ax1s. 

Moment and Center of Mass: Two-Dimensional System 

Let the point masses mj, 773, .., m, belocated at (x,, y,), (%o, Yo), « = «5 Ope Vp) 4 

1. The moment about the y-axis is 

NIE et Dees i BOER SS Oe SIL 
y no Cn 

| 2. The moment about the x-axis is 

MA Sih Verte Tibet hake UTTIDY. 
n/ n* | 

| 3. The center of mass (x, y) (or center of gravity) is 

tat M, = M, 

x=— and y=— 
m m 

where 

Tepe sects eam tence BIT 2 

is the total mass of the system. ind 
The moment of a system of masses in the plane can be taken about any horizontal 

or vertical line. In general, the moment about a line is the sum of the product of the 

masses and the directed distances from the points to the line. 

Moment = m,(y, — b) + my, — b) +: - 

a)+:-: 
/ os Ml Vn mt b) 

mat nt (x, = a) 

Horizontal line y = b 

Moment = m,(x, — a) + m,(x, — Vertical line x = a 

EXAMPLE 3 The Center of Mass of a Two-Dimensional System 

Find the center of mass of a system of point masses m, = 6,m, = 3,m, = 2, and 

m, = 9, located at 

(B22) \On0)ee(—5s3).8 and (4,2) 

as shown in Figure 7.57. 

Solution 

m =6 Tsai a2: +9 = 20 Mass 

M = 6(3) + 3(0) + 2(—5) + 9(4) = 44 Moment about y-axis 

M, = 6(—2) + 3(0) + 2G) + 9(2) = 12 Moment about x-axis 

So, 

ce erases Ll 
ERT ans 

and 

multe 4 te tas. 
Tigele eb 

The center of mass is (2, 3), | 



490 Chapter 7 

(X, y) 

Li 

| | J 
U U 

You can think of the center of mass 

(x, y) of a lamina as its balancing point. 

For a circular lamina, the center of 

mass is the center of the circle. For a 

rectangular lamina, the center of mass 

is the center of the rectangle. 

Figure 7.58 

Applications of Integration 

Center of Mass of a Planar Lamina 

So far in this section, you have assumed the total mass of a system to be distributed at 

discrete points in a plane or on a line. Now consider a thin, flat plate of material of 

constant density called a planar lamina (see Figure 7.58). Density is a measure of 

mass per unit of volume, such as grams per cubic centimeter. For planar laminas, 

however, density is considered to be a measure of mass per unit of area. Density is 

denoted by p, the lowercase Greek letter rho. 

Consider an irregularly shaped planar lamina 

of uniform density p, bounded by the graphs of 

y = f(x), y = g(x), anda < x < b, as shown in 
Figure 7.59. The mass of this region is | Ax 

(x;,f(%;)) 
m = (density)(area) 

= (709 - ewes | eases (XY; 
1 

= pA ie 
\ a { 

MM a 1 

where A is the area of the region. To find the mafic) 

center of mass of this lamina, partition the rt a + ie 
a xX interval [a, b] into n subintervals of equal width *t 

Ax. Let x; be the center of the ith subinterval. 
You can approximate the portion of the lamina 

lying in the ith subinterval by a rectangle whose 

height is h = f(x,) — g(x;). Because the density 

of the rectangle is p, its mass is 

= (density)(area) = p[f(x,) — g(x;)] Ax. 
a 

Height Width 

Planar lamina of uniform density p 

Figure 7.59 

Density 

Now, considering this mass to be located at the center G, y,) of the rectangle, the directed 

distance from the x-axis to (x,, y;) is y; = [f(x,) + g(x,)]/2. So, the moment of m, about 
the x-axis is 

Moment = (mass)(distance) 

US, 

pL f(x;) = 2(x;) | ee ge) 

Summing the moments and taking the limit as n > oo suggest the definitions below. 

| Moments and Center of Mass of a Planar Lamina 

Let f and g be continuous functions such that f(x) = g(x) on [a, b], and 
consider the planar lamina of uniform density p bounded by the graphs of 

y = f(x), y = g(x), anda <x <b. 

1. The moments about the x- and y-axes are 

| m= | [Ate 

b 

| m= p] ay) - alae 

|r) So ie 

M, M. 
2. The center of mass (xX, y) is given by X = a and y = a where 

/ m = p S°’[ f(x) — g(x)] dx is the mass of the lamina. 



The center of mass is the balancing 

point. 

Figure 7.60 
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EXAMPLE 4 The Center of Mass of a Planar Lamina 

*+* +P See LarsonCalculus.com for an interactive version of this type of example. 

Find the center of mass of the lamina of uniform density p bounded by the graph of 
f(x) = 4 — x? and the x-axis. 

Solution Because the center of mass lies on the axis of symmetry, you know that 
X = 0. Moreover, the mass of the lamina is 

m= p | (A¥= x?) dx 

x) 
= 4 — <= 

ol ‘ ah 
329 - 

3 

To find the moment about the x-axis, place a 

representative rectangle in the region, as shown 

in the figure at the right. The distance from 

the x-axis to the center of this rectangle is 

EAT Medi sh 
se naa 

Because the mass of the representative rectangle 

is 

pf(x) Ax = p(4 — x?) Ax 

you have 

2 4 — x2 

M.=e| a (4 = x7) dx 
-2 
2 

=2/ (16 — 8x? + x4) dx 
2 J-2 
p 8x3 =| ied A cia gii5;| 

_ 256p 

es) 

and y is 

__ M, _ 256p/15 _ 8. 
ee oe 5 

So, the center of mass (the balancing point) of the lamina is (0, 8), as shown in 

Figure 7.60. ad 

The density p in Example 4 is a common factor of both the moments and the mass, 

and as such divides out of the quotients representing the coordinates of the center of 

mass. So, the center of mass of a lamina of uniform density depends only on the shape 

of the lamina and not on its density. For this reason, the point 

(x, y) Center of mass or centroid 

is sometimes called the center of mass of a region in the plane, or the centroid of the 

region. In other words, to find the centroid of a region in the plane, you simply assume 

that the region has a constant density of p = 1 and compute the corresponding center 

of mass. 
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Figure 7.61 

~ |S 

te 4 a 

i SI —$ 1 

(a) Original region 

(b) The centroids of the three rectangles 

Figure 7.62 

EXAMPLE 5 The Centroid of a Plane Region 

Find the centroid of the region bounded by the graphs of f(x) = 4 — x? and g(x) = x + 2. 

Solution The two graphs intersect at the points (—2,0) and (1,3), as shown in 

Figure 7.61. So, the area of the region is 

A is | Lf) — g@)] dx = Ce ype - 

The centroid (x, y) of the region has the following coordinates. 

z= MA =x?) (x te 2) dx 

i 
2 

[|S] Desod | , = —x2)-(@+ y=4 FAA - 2) - + De 
ae Wis : ; 

ma OND (=x? + x + 6)(—x? = x = 2) dx 
= 

if 

=! (Gas a Op Hea ee UM bas 
2, Sexo 
(Dias ; Se eS) 5|2 B55 De x 

_12 
5 

So, the centroid of the region is (x, y) = (—2 12) | 

For simple plane regions, you may be able to find the centroids without resorting 

to integration. 

The Centroid of a Simple Plane Region 

Find the centroid of the region shown in Figure 7.62(a). 

Solution By superimposing a coordinate system on the region, as shown in Figure 

7.62(b), you can locate the centroids of the three rectangles at 

Lies 5) 
(3.3), (3.5) and (5, 1). 

Using these three points, you can find the centroid of the region. 

A = area of region = 3+3+4= 10 

(1/2)(3) + (5/2)(3) +(5)(4)'_ 29 
as 10 he 
, — 3/2)(3) + U/2)3) + M4) _ 10 _ , 
y 10 10 

So, the centroid of the region is (2.9, 1). Notice that (2.9, 1) is not the “average” of 

(3), (6) and 6, 0. 
7 
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Theorem of Pappus 

The final topic in this-section is a useful theorem credited to Pappus of Alexandria 

(ca. 300 A.D.), a Greek mathematician whose eight-volume Mathematical Collection is 

a record of much of classical Greek mathematics. You are asked to prove this theorem 

in Section 14.4. 

THEOREM 7.1 The Theorem of Pappus 

Let R be a region in a plane and let L be a line in the same plane such that L 

does not intersect the interior of R, as shown in Figure 7.63. If r is the distance 

between the centroid of R and the line, then the volume V of the solid of 

revolution formed by revolving R about the line is 

V=271rA 

| 
where A is the area of R. (Note that 27r is the distance traveled by the centroid | 

as the region is revolved about the line.) | 
£ Oe 

The Theorem of Pappus can be used to find the volume of a torus, as shown in the 

S's next example. Recall that a torus is a doughnut-shaped solid formed by revolving a 

circular region about a line that lies in the same plane as the circle (but does not 
The volume V is 277 rA, where A is the : ; 

intersect the circle). 
area of region R. 

Figure 7.63 

Finding Volume by the Theorem of Pappus 

Find the volume of the torus shown in Figure 7.64(a), which was formed by revolving 

the circular region bounded by 

U2) -chaye = 1 

about the y-axis, as shown in Figure 7.64(b). 

Centroid 

Torus >| 

(a) (b) 

Exploration Figure 7.64 

Use the shell method to show Pepe 

that the volume of the torus Solution In Figure 7.67(b), you can see that the centroid of the circular region 1s 

in Example 7 is (2, 0). So, the distance between the centroid and the axis of revolution is 

3 r= 2. 
V | Ade.) 1 (x — 2)" dx. , 

1 Because the area of the circular region is A = 77, the volume of the torus is 

Evaluate this integral using V = Dir 

a graphing utility. Does your x 

answer agree with the one _ mo 

in Example 7? AT 

=o). | 
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7.6 Exercises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

ass of a Linear System In Exercises 1-4, 

find the center of mass of the point masses lying on the x-axis. 

1. m; = 7,m, =3,m;3 = 5 

XS ae 0 i = 

2. m, =7,m, = 4,m, = 3,m,— 8 

i = Shey Rea heen = 

3. it, = 1,71, — 3,5 = 2, mi, — 9im-—s5 

= 6. 10, = 3, x, = 24 
4. m, = 8,m, = 5,m, = 5,m, = 12,m, = 2 

M2 hy — OF — O08 — 3,0. = 5 

5. Graphical Reasoning 

(a) Translate each point mass in Exercise 3 to the right four 

units and determine the resulting center of mass. 

(b) Translate each point mass in Exercise 4 to the left two 

units and determine the resulting center of mass. 

6. Conjecture Use the result of Exercise 5 to make a 
conjecture about the change in the center of mass that results 

when each point mass is translated k units horizontally. 

Statics Problems In Exercises 7 and 8, consider a beam of 

length L with a fulcrum x feet from one end (see figure). There 

are objects with weights W, and W, placed on opposite ends of 

the beam. Find x such that the system is in equilibrium. 

W, 

ix x i L-x ——— 

7. Two children weighing 48 pounds and 72 pounds are going to 

play on a seesaw that is 10 feet long. 

8. In order to move a 600-pound rock, a person weighing 

200 pounds wants to balance it on a beam that is 5 feet long. 

Center of Mass of a Two-Dimensional System In 
Exercises 9-12, find the center of mass of the given system of 

point masses. 

9. | 
m,; 5 | ] 3 

iy) | 2.2) | (3,1) | (4) 

10. 
m, 10 2 5 

T 
(x,y) | (1,-1) | (5,5) | (-4,0) 

ll. 
i = 6 4.5 15 

(zy) | (2,3) | (-1,5) | 8) | (2,—2) 

12. 

(5,5) ais Lie O20) (-3,0) | 

Center of Mass of a Planar Lamina In Exercises 13-26, 

find M,, M,, and (x,y) for the laminas of uniform density p 

bounded by the graphs of the equations. 

Baye oun =2 14. y=6-—x,y=0,x =0 

5 0.04 16. y= 3, y = 0,x =2 

17 ye Va 1S. ey = 3x 

19S ed 2 y eee 

20.sy:=~/teo lay = 4x 41 

21 ye a0 28 22. yaar y=4 

23.4% —4 — vy x— 0 24. x = 3y —y*,x=0 

25.0 = — yix = 2 yo 26.x=y+2,x=y? 

EE Approximating a Centroid In Exercises 27-30, use a 
graphing utility to graph the region bounded by the graphs of 

the equations. Use the integration capabilities of the graphing 

utility to approximate the centroid of the region. 

27. y = 10x-/125 — x,y =0 

28: y= Keak yO, = Oe =k 

29. Prefabricated End Section of a Building 

y = 53/400 — x?,y =0 

30. Witch of Agnesi 

8 

x2 +4’ 
v= y=0,x = -2,x =2 

Finding the Center of Mass In Exercises 31-34, 
introduce an appropriate coordinate system and find the 

coordinates of the center of mass of the planar lamina. (The 

answer depends on the position of the coordinate system.) 

32 1 

i. ) —+ 1 ~x|> 

~< |< — to — 1 

34. 



35. Finding the Center of Mass _ Find the center of mass of 
the lamina in Exercise 31 when the circular portion of the lamina 

has twice the density of the square portion of the lamina. 

36. Finding the Center of Mass _ Find the center of mass of 
the lamina in Exercise 31 when the square portion of the lamina 

has twice the density of the circular portion of the lamina. 

Finding Volume by the Theorem of Pappus In 
Exercises 37—40, use the Theorem of Pappus to find the volume 

of the solid of revolution. 

37. The torus formed by revolving the circle 

5) Sy? = 16 

about the y-axis 

38. The torus formed by revolving the circle 

gee (y — 3)? = 4 

about the x-axis 

39. The solid formed by revolving the region bounded by the 

graphs of y = x, y = 4, and x = 0 about the x-axis 

40. The solid formed by revolving the region bounded by the 
graphs of y = 2.\/x — 2, y = 0, and x = 6 about the y-axis 

41. Center of Mass Let the point masses m,, 
an. 77, be located at (x1, y,);"Ge; ys), 20 YFG, ¥)- 

_ Define the center of mass (x, y). 

Planar Lamina What is a planar lamina? Describe 
what is meant by the center of mass (x, y) of a planar lamina. 

Theorem of Pappus State the Theorem of Pappus. 
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Centroid of a Common Region In Exercises 45-50, find 
and/or verify the centroid of the common region used in 

engineering. 

45. Triangle Show that the centroid of the triangle with 
vertices (—a, 0), (a, 0), and (b, c) is the point of intersection of 

the medians (see figure). 

yy y 

(b, c) (a+ b,c) 

(—a, 0) (a, 0) (a, 0) 

Figure for 45 Figure for 46 

46. Parallelogram Show that the centroid of the parallelogram 
with vertices (0, 0), (a, 0), (b, c), and (a + b, c) is the point of 
intersection of the diagonals (see figure). 

47. Trapezoid Find the centroid of the trapezoid with vertices 
(0, 0), (0, a), (c, b), and (c, 0). Show that it is the intersection 
of the line connecting the midpoints of the parallel sides and 

the line connecting the extended parallel sides, as shown in the 

figure. 

Figure for 47 Figure for 48 

48. Semicircle Find the centroid of the region bounded by the 
graphs of y = /r? — x* and y = 0 (see figure). 

49. Semiellipse Find the centroid of the region bounded by 

the graphs of y = ay a’ — x? and y = 0 (see figure). 

y ay Parabolic spandrel 

Figure for 50 Figure for 49 

50. Parabolic Spandrel Find the centroid of the parabolic 
spandrel shown in the figure. 
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wr fae 

52. 

PP ss. 

sal Reasoning Consider the region bounded by Py 54. Modeling Data The manufacturer of a boat needs to 

the graphs of y = x? and y = b, where b > 0. 

(a) Sketch a graph of the region. 

(b) Use the graph in part (a) to determine x. Explain. 

O Set up the integral for finding M,. Because of the form of 

the integrand, the value of the integral can be obtained 

without integrating. What is the form of the integrand? 

What is the value of the integral? Compare with the result 

in part (b). 

b 
(d) Use the graph in part (a) to determine whether y > 4 oF 

L 
y< _ Explain. 

(e) Use integration to verify your answer in part (d). 

Graphical and Numerical Reasoning Consider the 

region bounded by the graphs of y = x?” and y = b, where 

b > O and nis a positive integer. 

(a) Sketch a graph of the region. 

(b) Set up the integral for finding M,. Because of the form of 

the integrand, the value of the integral can be obtained 

without integrating. What is the form of the integrand? 

What is the value of the integral and what is the value of x? 

‘ 5 b 
(c) Use the graph in part (a) to determine whether y > 7 oF 

b 
yx 7 Explain. 

(d) Use integration to find y as a function of n. 

(e) Use the result of part (d) to complete the table. 

(f) Find lim y. 

(g) Give a geometric explanation of the result in part (f). 

Modeling Data The manufacturer of glass for a window 
in a conversion van needs to approximate its center of mass. A 

coordinate system is superimposed on a prototype of the glass 

(see figure). The measurements (in centimeters) for the right 

half of the symmetric piece of glass are listed in the table. 

3 0 | 10 | 20 30 | 40 

y 30 | 29 | 26 20 | 0 

(a) Use Simpson’s Rule to approximate the center of mass of 

the glass. 

(b) Use the regression capabilities of a graphing utility to find 

a fourth-degree polynomial model for the data. 

(c) Use the integration capabilities of a graphing utility and 

the model to approximate the center of mass of the glass. 

Compare with the result in part (a). 

approximate the center of mass of a section of the hull. A 

coordinate system is superimposed on a prototype (see figure). 

The measurements (in feet) for the right half of the symmetric 

prototype are listed in the table. 

af 

A 

x Co RET Mint Pa ee 

1.50 | 1.45 | 1.30 | 0.99 | 0 | 

d | 0.50 | 0.48 | 0.43 | 0.33 | 0 

(a) Use Simpson’s Rule to approximate the center of mass of 

the hull section. 

(b) Use the regression capabilities of a graphing utility to find 

fourth-degree polynomial models for both curves shown in 

the figure. Plot the data and graph the models. 

(c) Use the integration capabilities of a graphing utility and 

the models to approximate the center of mass of the hull 

section. Compare with the result in part (a). 

Second Theorem of Pappus In Exercises 55 and 56, use 
the Second Theorem of Pappus, which is stated as follows. If a 

segment of a plane curve C is revolved about an axis that does 

not intersect the curve (except possibly at its endpoints), the 

area S of the resulting surface of revolution is equal to the 

product of the length of C times the distance d traveled by the 

centroid of C. 

55. A sphere is formed by revolving the graph of y = //r? — x? 
about the x-axis. Use the formula for surface area, S = 4ar?, 

to find the centroid of the semicircle y = /r? — x?. 

56. A torus is formed by revolving the graph of (x — 1)? + y? = 1 
about the y-axis. Find the surface area of the torus. 

57. Finding a Centroid Letn = 1 be constant, and consider 
the region bounded by f(x) = x”, the x-axis, and x = 1. Find 
the centroid of this region. As noo, what does the region 

look like, and where is its centroid? 

PUTNAM EXAM CHALLENGE 

58. Let V be the region in the cartesian plane consisting of all 

points (x,y) satisfying the simultaneous conditions 

|x| < y < |x| + 3 andy < 4. Find the centroid (x, y) of V. | 

This problem was composed by the Committee on the Putnam Prize Competition. 

© The Mathematical Association of America. All rights reserved. 



BLAISE PASCAL (1623-1662) 

Pascal is well known for his work 
in many areas of mathematics and 
physics, and also for his influence 

on Leibniz. Although much of 

Pascal’s work in calculus was 
intuitive and lacked the rigor of 
modern mathematics, he 
nevertheless anticipated many 

important results. 
See LarsonCalculus.com to read 
more of this biography. 

7.7 Fluid Pressure and Fluid Force 

7.7. Fluid Pressure and Fluid Force 497 

@ Find fluid pressure and fluid force. 

Fluid Pressure and Fluid Force 

Swimmers know that the deeper an object is submerged in a fluid, the greater the 

pressure on the object. Pressure is defined as the force per unit of area over the surface 

of a body. For example, because a column of water that is 10 feet in height and 1 inch 

square weighs 4.3 pounds, the fluid pressure at a depth of 10 feet of water is 4.3 pounds 

per square inch.* At 20 feet, this would increase to 8.6 pounds per square inch, and in 

general the pressure is proportional to the depth of the object in the fluid. 

Definition of Fluid Pressure 

| The pressure on an object at depth / in a liquid is 

Pressure = P = wh 

| where w is the weight-density of the liquid per unit of volume. 

Below are some common weight-densities of fluids in pounds per cubic foot. 

Ethyl alcohol 49.4 

Gasoline 41.0-43.0 

Glycerin 78.6 

Kerosene Sle2 

Mercury 849.0 

Seawater 64.0 

Water 62.4 

When calculating fluid pressure, you can use an important (and rather surprising) 

physical law called Pascal’s Principle, named after the French mathematician Blaise 

Pascal. Pascal’s Principle states that the pressure exerted by a fluid at a depth h is 

transmitted equally in all directions. For example, in Figure 7.65, the pressure at the 

indicated depth is the same for all three objects. Because fluid pressure is given in terms 

of force per unit area (P = F/A), the fluid force on a submerged horizontal surface of 

area A is 

Fluid force = F = PA = (pressure)(area). 

The pressure at h is the same for all three objects. 

Figure 7.65 

* The total pressure on an object in 10 feet of water would also include the pressure due 

to Earth’s atmosphere. At sea level, atmospheric pressure is approximately 14.7 pounds per 

square inch. 

The Granger Collection, New York 
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----4 

Sip tes athena ag! 1 

Pee by 

The fluid force on a horizontal metal 

sheet is equal to the fluid pressure 

times the area. 

Figure 7.66 

EXAMPLE 1 Fluid Force on a Submerged Sheet 

Find the fluid force on a rectangular metal sheet measuring 3 feet by 4 feet that is 

submerged in 6 feet of water, as shown in Figure 7.66. 

Solution Because the weight-density of water is 62.4 pounds per cubic foot and the 

sheet is submerged in 6 feet of water, the fluid pressure is 

P = (62.4)(6) P = wh 
= 374.4 pounds per square foot. 

Because the total area of the sheet is A = (3)(4) = 12 square feet, the fluid force is 

F = PA 
d 

= (374.4 ee Jur square feet) 
square foot 

= 4492.8 pounds. 

This result is independent of the size of the body of water. The fluid force would be 

the same in a swimming pool or lake. P| 

In Example 1, the fact that the sheet is rectangular and horizontal means that you 

do not need the methods of calculus to solve the problem. Consider a surface that is 

submerged vertically in a fluid. This problem is more difficult because the pressure 

is not constant over the surface. 

Consider a vertical plate that is submerged in a 

a fluid of weight-density w (per unit of volume), 

as shown in Figure 7.67. To determine the total 

force against one side of the region from depth c 

to depth d, you can subdivide the interval [c, d] 
into n subintervals, each of width Ay. Next, 

consider the representative rectangle of width 

Ay and length L(y,), where y, is in the ith 
subinterval. The force against this representative 

rectangle is 

AF, 
l 

w (depth)(area) Calculus methods must be used to find 

wh(y,)L(y;) Ay. the fluid force on a vertical metal plate. 
Figure 7.67 

The force against n such rectangles is 

> AF = wD A(yJLO,) Ay. 
i=1 t=1 

Note that w is considered to be constant and is factored out of the summation. 

Therefore, taking the limit as ||A|] > 0 (n — co) suggests the next definition. 

Definition of Force Exerted by a Fluid 

The force F exerted by a fluid of constant weight-density w (per unit of 

volume) against a submerged vertical plane region from y = c to y = dis 

dames es: ee (y;) Ay 
d 

= vf h(y)L(y) dy 

where /h(y) is the depth of the fluid at y and L(y) is the horizontal length of the 

region at y. 
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EXAMPLE 2 Fluid Force on a Vertical Surface 

*»*¢P> See LarsonCaicuius.com for an interactive version of this type of example. 

A vertical gate in a dam has the shape of an 

isosceles trapezoid 8 feet across the top and 

6 feet across the bottom, with a height of 

5 feet, as shown in Figure 7.68(a). What is 

the fluid force on the gate when the top of the 

gate is 4 feet below the surface of the water? 

Solution In setting up a mathematical model 
for this problem, you are at liberty to locate the 

x- and y-axes in several different ways. A 

convenient approach is to let the y-axis bisect 

the gate and place the x-axis at the surface of 

the water, as shown in Figure 7.68(b). So, the 

depth of the water at y in feet is 

Depth = h(y) = —y. 

To find the length L(y) of the region at y, find 
the equation of the line forming the right side 

of the gate. Because this line passes through 

the points (3, —9) and (4, —4), its equation is 

_ -4-=(-9) 

y +9 =5(x — 3) 

IS Oe 2h (b) The fluid force against the gate 

ia 24 Figure 7.68 

ice 
In Figure 7.68(b) you can see that the length of the region at y is 

Length = 2x = ae + 24) ='T(y). 
5) 

Finally, by integrating from y = —9 to y = —4, you can calculate the fluid force to be 

d 

P= wf mOILO)a 
eal (2) + 24) dy 

—9 

II —~62.4 (2) ‘ (y? + 24y) dy 
=9 

2\\ y= ie = 62 4)\= || 4 (oy 624 (2)|% y ee 

-oa()(=125 
13,936 pounds. | 

In Example 2, the x-axis coincided with the surface of the water. This was convenient, 

but arbitrary. In choosing a coordinate system to represent a physical situation, you 

should consider various possibilities. Often you can simplify the calculations in a problem 

by locating the coordinate system to take advantage of special characteristics of the 

problem, such as symmetry. 
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Past 

Observation 

window 

The fluid force on the window 

Figure 7.69 

EXAMPLE 3 Fluid Force on a Vertical Surface 

A circular observation window on a marine science ship has a radius of | foot, and the 

center of the window is 8 feet below water level, as shown in Figure 7.69. What is the 

fluid force on the window? 

Solution To take advantage of symmetry, locate a coordinate system such that the 

origin coincides with the center of the window, as shown in Figure 7.69. The depth at 

y is then 

Depth = h(y) = 8 — y. 

The horizontal length of the window is 2x, and you can use the equation for the 

circle, x? + y* = 1, to solve for x as shown. 

Length = 2x 

=2/1— y = L(y) 
Finally, because y ranges from —1 to 1, and using 64 pounds per cubic foot as the 

weight-density of seawater, you have 

: | liste a> EF 

] 

ot] (So y)(2)0/ leeve dy: 
=i 

Initially it looks as though this integral would be difficult to solve. However, when you 

break the integral into two parts and apply symmetry, the solution is simpler. 

4(16) | Sl i 64(2) va) Li ed 

The second integral is 0 (because the integrand is odd and the limits of integration are 

symmetric with respect to the origin). Moreover, by recognizing that the first integral 

represents the area of a semicircle of radius 1, you obtain 

F= 64(16)( 2) — 64(2)(0) 
2 

= 5127 

1608.5 pounds. ul 

So, the fluid force on the window is about 1608.5 pounds. | 

\OLOGY To confirm the result obtained in Example 3, you might have 
pondered using Simpson’s Rule to approximate the value of 

128 | (3 ae ee ae 

eoeoeeeeaey 

» From the graph of 

f(x) = (8 —2)V1 10 

however, you can see that fis not differentiable 

when x = +1 (see figure at the right). This 

means that you cannot apply Theorem 4.20 

from Section 4.6 to determine the potential 

error in Simpson’s Rule. Without knowing -1.5 16 

the potential error, the approximation is of 

little value. Use a graphing utility to 

approximate the integral. fis not differentiable at x = +1. 

-2 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

CL 

Force on a Submerged Sheet In Exercises 1—4, the area 

of the top side of a piece of sheet metal is given. The sheet metal 

is submerged horizontally in 8 feet of water. Find the fluid force 

on the top side. 

1. 3 square feet 2. 8 square feet 

3. 10 square feet 4. 25 square feet 

Buoyant Force In Exercises 5 and 6, find the buoyant force 
of a rectangular solid of the given dimensions submerged in 

water so that the top side is parallel to the surface of the water. 

The buoyant force is the difference between the fluid forces on 

the top and bottom sides of the solid. 

Sh 

Fluid Force on a Tank Wall In Exercises 7-12, find the 
fluid force on the vertical side of the tank, where the dimensions 

are given in feet. Assume that the tank is full of water. 

7. Rectangle 8. Triangle 

i—<—__— | ———>. i | ———_ +! 

| 
| 

9. Trapezoid 10. Semicircle 

i—__— | ——> | 

=x—2—>1 

11. Parabola, y = x? 12. Semiellipse, 

ee Nea 
———— 4 ———_> <_ 4 ———>1 

w © 

Fluid Force of Water In Exercises 13-16, find the fluid 

force on the vertical plate submerged in water, where the 

dimensions are given in meters and the weight-density of water 

is 9800 newtons per cubic meter. 

13. Square 14. Square 

| 

ab 
15. Triangle 

emer Dom 

16. Rectangle 

iM i 
3 

| 5 
9 | 

| ~~] > 

a 

Force on a Concrete Form In Exercises 17-20, the figure 

is the vertical side of a form for poured concrete that weighs 

140.7 pounds per cubic foot. Determine the force on this part of 

the concrete form. 

18. Semiellipse, 

ae wee 
=x— 4 ft 

17. Rectangle 

2 ft 

=< — ]|0 ft—r i 

19. Rectangle 20. Triangle 

21. Fluid Force of Gasoline A cylindrical gasoline tank is 
placed so that the axis of the cylinder is horizontal. Find the 

fluid force on a circular end of the tank when the tank is half 

full, where the diameter is 3 feet and the gasoline weighs 

42 pounds per cubic foot. 
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24. 

25. 

26. 

27. 

28. 

Chapter 7 Applications of Integration 

Repeat Exercise 21 for a tank 

that is full. (Evaluate one integral by a geometric formula and 

the other by observing that the integrand is an odd function.) 

asoiine 

Plate A circular plate of 

radius r feet is submerged vertically in a tank of fluid that 

weighs w pounds per cubic foot. The center of the circle is 

k feet below the surface of the fluid, where k > r. Show that 

the fluid force on the surface of the plate is 

Circulal 

F = wk(ar?). 

(Evaluate one integral by a geometric formula and the other by 

observing that the integrand is an odd function.) 

Fluid Force on a Circular Plate Use the result of 
Exercise 23 to find the fluid force on the circular plate shown 

in each figure. Assume the plates are in the wall of a tank filled 

with water and the measurements are given in feet. 

(a) | (b) 

Fluid Force on a Rectangular Plate A rectangular 
plate of height / feet and base b feet is submerged vertically in 

a tank of fluid that weighs w pounds per cubic foot. The 

center is k feet below the surface of the fluid, where k > h/2. 

Show that the fluid force on the surface of the plate is 

F = wkhb. 

Fluid Force on a Rectangular Plate Use the result of 
Exercise 25 to find the fluid force on the rectangular plate 

shown in each figure. Assume the plates are in the wall of a 

tank filled with water and the measurements are given in feet. 

(a) (b) 

4 6 

3 
5 

5 

10 

Submarine Porthole A square porthole on a vertical 

side of a submarine (submerged in seawater) has an area of 

1 square foot. Find the fluid force on the porthole, assuming 

that the center of the square is 15 feet below the surface. 

Submarine Porthole Repeat Exercise 27 for a circular 

porthole that has a diameter of | foot. The center is 15 feet 

below the surface. 

29. 

BP 30. 

Modeling Data The vertical stern of a boat with a 

superimposed coordinate system is shown in the figure. The 

table shows the widths w of the stern (in feet) at indicated 

values of y. Find the fluid force against the stern. 

BERBER EAEY 
| w | 0 a las s | 9 | 10 | 1025 | 105 | 105 | 

Irrigation Canal Gate The vertical cross section of an 

irrigation canal is modeled by f(x) = 5x?/(x? + 4), where x is 

measured in feet and x = 0 corresponds to the center of the 

canal. Use the integration capabilities of a graphing utility to 

approximate the fluid force against a vertical gate used to stop 

the flow of water when the water is 3 feet deep. 

WRITING ABOUT CONCEPTS 

31. Think About It Approximate the depth of the water in 
the tank in Exercise 7 if the fluid force is one-half as great 

as when the tank is full. Explain why the answer is not 5. 

. Fluid Pressure and Fluid Force 

(a) Define fluid pressure. 

(b) Define fluid force against a submerged vertical plane 

region. 

. Fluid Pressure Explain why fluid pressure on a | 
surface is calculated using horizontal representative 

rectangles instead of vertical representative rectangles. 

HOW DOYOU SEE IT? Two identical 

semicircular windows are placed at the same depth E ; 
in the vertical wall of an aquarium (see figure). -* 

Which is subjected to the greater fluid force? 

Explain. 

d 
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Review Exercises 503 

See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Finding the Area of a Region In Exercises 1-10, sketch 
the region bounded by the graphs of the equations and find the 

area of the region. 

1 ao y= =x, Y= —2, x= 2 

ye, y=4, x=5 
ay 

5 Vs0 6 = x= 1 
Zea ie | 

8. y=cscx, y= 2, Zaxs2t 

9. y = sin x = cos x ae pe eee y a, er ieee 
1 7 

10. x = cos y, x => no See 

a] Finding the Area of a Region In Exercises 11-14, use a 
graphing utility to graph the region bounded by the graphs of 

the equations, and use the integration capabilities of the 

graphing utility to find the area of the region. 

Pie — ox + 3, y=3 4+ 8x — x 

teem = Ay 4-3. y = 27, x =0 

ioe + / y=), » =0, x= 0 

tay = xt — 2x2, y. = 2x2 

15. Numerical Integration Estimate the surface area of the 
pond using (a) the Trapezoidal Rule and (b) Simpson’s Rule. 

16. Revenue The models R, = 6.4+0.2t+ 0.01 and 
R, = 8.4 + 0.35t give the revenue (in billions of dollars) for a 
large corporation. Both models are estimates of the revenues 

from 2015 through 2020, with t = 15 corresponding to 2015. 

Which model projects the greater revenue? How much more 

total revenue does that model project over the six-year period? 

Finding the Volume of a Solid In Exercises 17-22, use 

the disk method or the shell method to find the volumes of the 

solids generated by revolving the region bounded by the graphs 

of the equations about the given line(s). 

17. y=x, y=0, x=3 

(a) the x-axis (b) the y-axis 

(c) the linex = 3 (d) the line x = 6 

1S.cy Sy = De = 0) 

(a) the x-axis (b) the line y = 2 

(c) the y-axis (d) the lime x = —1 

nasil 

er 
revolved about the y-axis 

l 
=> — = 0, = _— il = i) 

TE een 
revolved about the x-axis 

19. =——11() Set () eee — al 

20. 

INNES Te =0, x=2, x=5 

revolved about the y-axis 

22. yi ee ey 0) 0) os 

revolved about the x-axis 

23. Depth of Gasoline in a Tank A gasoline tank is an 
oblate spheroid generated by revolving the region bounded by 

the graph of 

e 
See ae ee I 
IG 

about the y-axis, where x and y are measured in feet. Find the 

depth of the gasoline in the tank when it is filled to one-fourth 

its capacity. 

24. Using Cross Sections Find the volume of the solid 
whose base is bounded by the circle x” + y? = 9 and the cross 
sections perpendicular to the x-axis are equilateral triangles. 

Finding Arc Length In Exercises 25 and 26, find the arc 
length of the graph of the function over the indicated interval. 

l 
25. f(x) = axi/t [0, 4] 26. y = a + oe (iees| 

Py 27. Length of a Catenary A cable of a suspension bridge 
forms a catenary modeled by the equation 

Xx 
y = 300 cosh (5 S280 = 2000) = x =2000 

where x and y are measured in feet. Use the integration 

capabilities of a graphing utility to approximate the length of 

the cable. 
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28. 

29: 

30. 

aulle 

32. 

apy 

34. 

SS: 

36. 

37. 

38. 

Chapter 7 Applications of Integration 

Approximation Determine which value best approximates 

the length of the arc represented by the integral 

gee il sel dx. 
A bees ar OAL 

(Make your selection on the basis of a sketch of the arc and not 

by performing any calculations.) 

(a) SOR (b) em (C)) 2a (Ce 

Surface Area Use integration to find the lateral surface 
area of a right circular cone of height 4 and radius 3. 

(jy il 

Surface Area The region bounded by the graphs of 
y= 2.f°%: y = 0, x = 3, and x = 8 is revolved about the 

x-axis. Find the surface area of the solid generated. 

Work A force of 5 pounds is needed to stretch a spring 

! inch from its natural position. Find the work done in 

stretching the spring from its natural length of 10 inches to a 

length of 15 inches. 

Work A force of 50 pounds is needed to stretch a spring 

1 inch from its natural position. Find the work done in 

stretching the spring from its natural length of 10 inches to 

double that length. 

Work A water well has an 8-inch casing (diameter) and is 

190 feet deep. The water is 25 feet from the top of the well. 

Determine the amount of work done in pumping the well dry, 

assuming that no water enters it while it is being pumped. 

Boyle’s Law A quantity of gas with an initial volume of 
2 cubic feet and a pressure of 800 pounds per square foot 

expands to a volume of 3 cubic feet. Find the work done by the 

gas. Assume that the pressure is inversely proportional to the 

volume. 

Work A chain 10 feet long weighs 4 pounds per foot and is 

hung from a platform 20 feet above the ground. How much 

work is required to raise the entire chain to the 20-foot level? 

Work A windlass, 200 feet above ground level on the top of 
a building, uses a cable weighing 5 pounds per foot. Find the 

work done in winding up the cable when 

(a) one end is at ground level. 

(b) there is a 300-pound load attached to the end of the cable. 

Work The work done by a variable force in a press is 
80 foot-pounds. The press moves a distance of 4 feet, and the 

force is a quadratic of the form F = ax’. Find a. 

Work Find the work done by the force F shown in the figure. 

Pounds 

10 12 24678 

Feet 

39. Center of Mass of a Linear System Find the center 

of mass of the point masses lying on the x-axis. 

m, = 8, m,=12, m,=6, m,=14 

Gi oe et Ley = I) 

40. Center of Mass of a Two-Dimensional System 

Find the center of mass of the given system of point masses. 

Nw ON \O 

(—3,2) | (4,-1) | (6,5) 

Finding a Centroid In Exercises 41 and 42, find the 

centroid of the region bounded by the graphs of the equations. 

Al. y=x7, y=2e 43 42. y = x73, yor 

43. Centroid A blade on an industrial fan has the configuration 
of a semicircle attached to a trapezoid (see figure). Find the 

centroid of the blade. 

44. Finding Volume _ Use the Theorem of Pappus to find the 
volume of the torus formed by revolving the circle 

(& — 4)22 y? = 4 about the y-axis. 

45. Fluid Force of Seawater Find the fluid force on the 
vertical plate submerged in seawater (see figure). 

~«— 4 ft — 

Figure for 46 Figure for 45 

46. Force on a Concrete Form The figure is the vertical 
side of a form for poured concrete that weights 140.7 pounds 

per cubic foot. Determine the force on this part of the concrete 

form. 

47, Fluid Force A swimming pool is 5 feet deep at one end and 
10 feet deep at the other, and the bottom is an inclined plane. 

The length and width of the pool are 40 feet and 20 feet. If the 

pool is full of water, what is the fluid force on each of the 

vertical walls? 



4. 

. Finding a Limit 

PS. Problem Solving 

Let R be the area of the region in the first 

quadrant bounded by the parabola y = x? and the line y = cx, 

c > 0. Let T be the area of the triangle AOB. Calculate the limit 

i eyll 
hin 
c>0* R 

O ay 

Figure for 1 Figure for 2 

. Center of Mass of a Lamina Let L be the lamina of 

uniform density p = | obtained by removing circle A of radius 

r from circle B of radius 2r (see figure). 

(a) Show that M, = 0 for L. 

(b) Show that M, for L is equal to (M, for B) — (M, for A). 

(c) Find M, for B and M, for A. Then use part (b) to compute 
M, for L. 

(d) What is the center of mass of L? 

Dividing a Region Let R be the region bounded by the 
parabola y = x — x? and the x-axis. Find the equation of the 

line y = mx that divides this region into two regions of equal area. 

y 

Volume A hole is cut through the center of a sphere of 
radius r (see figure). The height of the remaining spherical ring 

is h. Find the volume of the ring and show that it is independent 

of the radius of the sphere. 

Pe 5. Surf 

P.S. Problem Solving 505 

See CalcChat.com for tutorial help and 
worked-out solutions to odd-numbered exercises. 

ice Area Graph the curve 

8y? = x2(1 — x’). 

Use a computer algebra system to find the surface area of the 

solid of revolution obtained by revolving the curve about the 

y-axis. 

(a) A torus is formed by revolving the region bounded by the 

circle 

(ery ll 

about the y-axis (see figure). Use the disk method to 

calculate the volume of the torus. 

Centroid 

(b) Use the disk method to find the volume of the general torus 

when the circle has radius r and its center is R units from the 

axis of rotation. 

. Volume A rectangle R of length € and width w is revolved 

about the line L (see figure). Find the volume of the resulting 

solid of revolution. 

7 

ik, 64 4 GE 

L at 

d = *)] 

ACI, 1) i 

aay, }+—+—++} > x 

R 

Figure for 7 Figure for 8 

8. Comparing Areas of Regions 

(a) The tangent line to the curve y = x° at the point A(1, 1) 
intersects the curve at another point B. Let R be the area of 

the region bounded by the curve and the tangent line. The 

tangent line at B intersects the curve at another point C 

(see figure). Let S be the area of the region bounded by the 

curve and this second tangent line. How are the areas R and 

S related? 

Repeat the construction in part (a) by selecting an arbitrary 

point A on the curve y = x°. Show that the two areas R and 

S are always related in the same way. 

(b 
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10. 

11. 

12. 

13. 

agth The graph of y = f(x) passes through 

the origin. The are length of the curve from (0, 0) to (x, f(x)) is 

given by 

s(x) = | 1 + e dt. 
0 

Identify the function f. 

Using a Function Let f be rectifiable on the interval 

[a, b], and let 

s(x) = i v1 + [fF de. 

ds 
Find —. (a) Fin ie 

(b) Find ds and (ds). 

(c) Find s(x) on [1,3] when f(t) = 8/2. 

(d) Use the function and interval in part (c) to calculate s(2) 

and describe what it signifies. 

Archimedes’ Principle Archimedes’ Principle states 
that the upward or buoyant force on an object within a fluid is 

equal to the weight of the fluid that the object displaces. For a 

partially submerged object, you can obtain information about 

the relative densities of the floating object and the fluid by 

observing how much of the object is above and below the 

surface. You can also determine the size of a floating object if 

you know the amount that is above the surface and the relative 

densities. You can see the top of a floating iceberg (see figure). 

The density of ocean water is 1.03 x 10% kilograms per cubic 

meter, and that of ice is 0.92 x 10° kilograms per cubic meter. 

What percent of the total iceberg is below the surface? 

Finding aCentroid Sketch the region bounded on the left 
by x = 1, bounded above by y = 1/x3, and bounded below by 

y = —1/x3. 

(a) Find the centroid of the region for 1 < x < 6 

SI (b) Find the centroid of the region for 1 IA & 

(c) Where is the centroid as b— 00? 

Finding a Centroid Sketch the region to the right of the 

y-axis, bounded above by y = 1/x*, and bounded below by 
y= 1/0: 

(a) Find the centroid of the region for 1 < x < 6. 

(b) Find the centroid of the region for 1 < x < b. 

(c) Where is the centroid as b— co? 

14. Work Find the work done by each force F. 

(a) > (b) 
A 

Consumer and Producer Surplus In Exercises 15 and 

16, find the consumer surplus and producer surplus for the 

given demand [p,(x)] and supply [p,(x)] curves. The consumer 
surplus and producer surplus are represented by the areas 

shown in the figure. 

P 

A 

Consumer 

surplus 
Supply 

; curve 
Point of ; 

equilibrium _/ 
/ 

7 Ps 
P.------------> (Cone) 
0 = m OF 0 

eee ee 1 i, 

1 

Producer : Demand 
| curve 

surplus nN 

Xo 

15. pe) = 50 = 05x, “ po(x)) = 0.125% 

16. p,(x) = 1000 — 0.4x?, p(x) = 42x 

17. Fluid Force A swimming pool is 20 feet wide, 40 feet 
long, 4 feet deep at one end, and 8 feet deep at the other end 

(see figures). The bottom is an inclined plane. Find the fluid 

force on each vertical wall. 
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8.1 Basic Integration Rules 

Chapter 8 

REVIEW OF BASIC 

INTEGRATION RULES 

(a > 0) 

: [fw du = k{ Fw) du 

, Jir@ + g9(u)| du = 

1) 
-3h 

‘i 
J 

du = 

[Pw au + Ja du 

Ph aie (C) 

yr! 

u" du = ae (C. 
jae 

n#—| 

du 

u 

e” du 

a” du 

Injul + C 

=eFC 

=(L)er+¢ 
Ina 

F sin udu = —cosu + C 

iy Jocos udu = sinu + C 

10. fran udu = —In|cos u| + C 

: foot udu = In|sin u| + C 

; Jsec udu = 

In|sec u + tanu| + C 

E Jose udu = 

—In|csc u + cotu| + C 

: J sec? udu =tanu+C 

J 
7 
Js 
fee 
‘Te 
ase 

csc? u di —=— Coin 4, GC 

sec u tanu du = secu + C 

osc u cot u du = —cscu+C 

= arcsin ~ = e+ (é. 
a 

Gh 

uy We 

‘a 

il Less +—+C 
a 

- arctan - 

—q a 

Integration Techniques, UHdpital’s Rule, and Improper Integrals 

@ Review procedures for fitting an integrand to one of the basic integration rules. 

Fitting Integrands to Basic Integration Rules 

In this chapter, you will study several integration techniques that greatly expand the set 

of integrals to which the basic integration rules can be applied. These rules are reviewed 

at the left. A major step in solving any integration problem is recognizing which basic 

integration rule to use. 

EXAMPLE 1 A Comparison of Three Similar Integrals 

tee [> See LarsonCalculus.com for an interactive version of this type of example. 

dx ie: | a! 
2 

a. Use the Arctangent Rule and let vu = x anda = 3. 

4 1 

Ree ol eee 

= 4(2 arctan *) ae (C 

Find each integral. 

4 
» [sige b. | 

Solution 

4x 

24+ 9 

Constant Multiple Rule 

Arctangent Rule 

Simplify. 
4 

= 5 arctan = eC 

b. The Arctangent Rule does not apply because the numerator contains a factor of x. 

Consider the Log Rule and let u = x? + 9. Then du = 2x dx, and you have 

ie d. 2 mele e t Multiple Rul x= onstant Multiple Rule +9 x2+9 a 
du sll 

= 2 Substitution: wu = x2 + 9 
u 

= 2 In|u| are, Log Rule 

=2 Ine? + 9) ge Rewrite as a function of x. 

c. Because the degree of the numerator is equal to the degree of the denominator, you 

should first use division to rewrite the improper rational function as the sum of a 

polynomial and a proper rational function. 

4x2 = 36 
i Pao [ (4+ oe) ae 

ai 

=) | 4dx — 36 eee 
as x2+9 2 

= 4x — 36(4 arctan *) ae E; 

Rewrite using long division. 

Write as two integrals. 

Integrate. 

Xx 
= 4x — 12 arctan 3 a C Simplify. 

Note in Example 1(c) that some algebra is required before applying any integration 

rules, and more than one rule is needed to evaluate the resulting integral. 
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EXAMPLE 2 Using Two Basic Rules to Solve a Single Integral 

Basic Integration Rules 

l 
wars 

Evaluate | a AN: 
y DAs Ee 

Solution Begin by writing the integral as the sum of two integrals. Then apply the 

Power Rule and the Arcsine Rule. 

ee 2S 

kine 
1 

x 3 
te a dx 

=| ~/ 4 = x? | ~/ 4 a= x? 

1 
l 

—=] (4 — x2)-!(—2x) dx + | 
2 Jo 0 

| -« — x*)!/2 + 3 arcsin | 

1 
I 

dx 

1 

t + Xx 
eal! 1 : 

The area of the region is approximately 

S39" 

Figure 8.1 

II (-v3 +2) — (-2 + 0) 

1.839 t See Figure 8.1. 

Exploration 

A Comparison of Three 

Similar Integrals Which, 

if any, of the integrals listed 

below can be evaluated using 

the 20 basic integration rules? 

For any that can be evaluated, 

do so. For any that cannot, 

explain why not. 

3 

oe dx eer 
ox 

oe) Jie” 

eoeeoev eee eevee e eo eo f 

ECHNOLOGY — Simpson’s Rule can be used to give a good approximation of 
the faite of the integral in Example 2 (for n = 10, the approximation is 1.839). 

When using numerical integration, however, you should be aware that Simpson’s 

Rule does not always give good approximations when one or both of the limits of 

integration are near a vertical asymptote. For instance, using the Fundamental 

Theorem of Calculus, you can obtain 

1E99) es 

ae dx = 6.213. : = 

For n = 10, Simpson’s Rule gives an approximation of 6.889. 

Rules 18, 19, and 20 of the basic integration rules on the preceding page all have 

expressions involving the sum or difference of two squares: 

2 a—w, atu, and wv — a’. 

These expressions are often apparent after a u-substitution, as shown in Example 3. 

EXAMPLE 3 A Substitution Involving a? — u? 

x2 

Pid 
° [==& % 

Solution Because the radical in the denominator can be written in the form 

Je 8 = JP a OP 
you can try the substitution u = x*. Then du = 3x? dx, and you have 

| x oe 1 3x2 dx 

y 16> A Sy xf 16 = (82)" 

1 

lees 

1 eb 
= 3 arcsin A se (C 

1 ee 
= 3 arcsin > ae (C. 

Rewrite integral. 

Substitution: u = x? 

Arcsine Rule 

Rewrite as a function of x. 
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Remember that 

you can separate numerators but 

not denominators. Watch out for 

this common error when fitting 

integrands to basic rules. For 

instance, you cannot separate 

denominators in Example 4. 

1 1 l 
a ~ 
1lt+e 1 e 

Two of the most commonly overlooked integration rules are the Log Rule and the 

Power Rule. Notice in the next two examples how these two integration rules can be 

disguised. 

EXAMPLE 4 A Disguised Form of the Log Rule 

| I 
Find axe 

lieeeee 2 

Solution The integral does not appear to fit any of the basic rules. The quotient form, 

however, suggests the Log Rule. If you let uw = 1 + e*, then du = e* dx. You can obtain 

the required du by adding and subtracting e* in the numerator. 

| Ngai Coe ee 
ite dx = ir a dx Add and subtract e* in numerator. @ 3 

ae ee Ga : 
= = 1 ae? dx Rewrite as two fractions. e: 

= [a oer i+ Rewrite as two integrals. 
(ee 

=x — In(l + e*) + C Integrate. wi 

There is usually more than one way to solve an integration problem. For instance, 

in Example 4, try integrating by multiplying the numerator and denominator by e * to 

obtain an integral of the form — f du/u. See if you can get the same answer by this 

procedure. (Be careful: the answer will appear in a different form.) 

EXAMPLE 5 A Disguised Form of the Power Rule 

Find | (cot x)[In(sin x)] dx 

Solution Again, the integral does not appear to fit any of the basic rules. However, 

considering the two primary choices for u 

i= (COLA On) w= Inisine) 

you can see that the second choice is the appropriate one because 

cos x 
w= In(gin gy) Pand die 

sin x 
Gkz— COMOX 

So, 

| (cot x)[In(sin x)] dx = | udu Substitution: wu = In(sin x) 

ue 

= i “iG: Integrate. 

l : 
- 5Lin(sin x) |? + C: Rewrite as a function of x. wi 

In Example 5, try checking that the derivative of 

“Tin(sin x)|? +C 

is the integrand of the original integral. 



If you have 

access to a computer algebra 

system, try using it to evaluate 

the integrals in this section. 

Compare the forms of the 

antiderivatives given by the 

software with the forms 

obtained by hand. Sometimes 

the forms will be the same, but 

often they will differ. For 
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Trigonometric identities can often be used to fit integrals to one of the basic 

integration rules. 

EXAMPLE 6 Using Trigonometric Identities 

Find | tan? 2x dx. 

Solution Note that tan? w is not in the list of basic integration rules. However, sec? u 

is in the list. This suggests the trigonometric identity tan? uv = 

u = 2x, then du = 2 dx and 

a) ] ) 
[ to 2x dx Al tan- u du 

1 
Al (sec? u — 1) du 

ll 

2 

sec? u — 1. If you let 

Substitution: u = 2x 

Trigonometric identity 

Rewrite as two integrals. 
l i i 
Al sec- u du — 5 du 

i 
FW Re 

instance, why is the antiderivative 

In 2x + C equivalent to the 

antiderivative In x + C? 

Integrate. 

se@eeseeeeeseweesteeeeeeecée ty 

I 
5 tate voy ae Cy Rewrite as a function of x. wl 

This section concludes with a summary of the common procedures for fitting 

integrands to the basic integration rules. 

PROCEDURES FOR FITTING INTEGRANDS TO BASIC INTEGRATION RULES 

Technique Example 

(Lt e*)? = Ie" Fe 

ec ge ae aL a 

x+1 oo ox2+1 x2 41 

ede 
box Se eae 

Xe Sai 1 

x7+1 x7 +1 

De se =) Ds 2 

x2?+2x+1 x%7+2x4+1 

Ise aD 2 

x2 +2xt+1 (x 4+ 1) 

cot” x = csc? x — 1 

1 =| 1 )( ==) 

1+sinx \1+sinx/\1 — sinx 

Expand (numerator). 

Separate numerator. 

Complete the square. =a 

Divide improper rational function. 

Add and subtract terms in numerator. 

Use trigonometric identities. 

Multiply and divide by Pythagorean conjugate. 

2 Sie: 

1 — sin? x 

eas 
9 

COSeRG 



512 Chapter 8 

8.1. Exercises 

Integration Techniques, UH6pital’s Rule, and Improper Integrals 

See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

correct Spade: ivative. 

if ay = ae 

dx es ll 

(ayer x +¢ 

(c) ae +C 

dy x 
2 ae 

hy Mer sa dl 

(a) nv’x? ++1+C 

(C)parctanea 

dy 1 

Ss 

(a) In/x? +14+C 

(c) arctan x + C 

4. iz x cos(x? + 1) 
dx 

(a) 2x sin(x? + 1) + C 

(c) + sin(x? +1)+C 

rivative In Exercises 1—4, select the 

) J/x27+14+C 

(d) Ine? + 1)+C 

DG —— Cras 4 
(d) In? + 1) + € 

Olena ran 

(d) In@? -- 1) + C¢ 

(b) —4sin(x2 + 1) + C 

(d) —2x sin(x? + 1) + C 

Choosing a Formula In Exercises 5-14, select the basic 
integration formula you can use to find the integral, and 

identify w and a when appropriate. 

5. [o — 3)4 dx 

| 

E (arpa 
3) 

oS es ———— 
Is — f? 

11. I t sin t? dt 

13. [ (cs x)esinx dx 

Finding an Indefinite Integral 

the indefinite integral. 

15. | 14(x — 5)®dx 

7 
ive | are 

| 
19. » + ———__| dy V ae 7 

jo 5 
Ge | eae 

ja tee | 

Die ae il 

lees 

2 

ie le ieee 

= )y5 
LO es eee 
[5 

12. [ 5x tan 5x dx 

I 
1 
l= —4 : 

In Exercises 15-46, find 

5 
16. Pex. dt 

18. [eve + ldt 

2 
20. [| aT CEs i dx 

7 ee be ees 
JS 3x2 + ae 

23. 

25. 

27. 

29. 

31. 

S35 

35. 

i a - dx 
lies 

[o + 4x7)? dx 

| x cos 2mx? dx 

sin x 
a 
COS x 

2 
wane Ch 
Catal 

D [= ee 
a 

37. i pets C089 
sin @ 

304 | ee ee 
de (ate 1)? 

41. I ene) oy 
t 

43 | cides i}, 
‘ /10x — x? 

44, 

45. 
4 

\eeernes te 

1 

ee Wore” 

She 
24. [- ws au 

] 

Cate Ie ey = | a 

28. | (3 +t 2) dx 

30. | csc mx cot 1x dx 

32: oe Kgl 

ee 
36. i (tan x)[In(cos x)] dx 

35. erent l 

oe pe 

Bae a [et 

1 

2 eae 

Pe Slope Field In Exercises 47 and 48, a differential equation, 
a point, and a slope field are given. (a) Sketch two approximate 

solutions of the differential equation on the slope field, one of 

which passes through the given point. (b) Use integration to 

find the particular solution of the differential equation and use 

a graphing utility to graph the solution. Compare the result 

with the sketches in part (a). To print an enlarged copy of the 

graph, go to MathGraphs.com. 

47. 

SAAACACAALSAS 
| m 

ds t 

di ae 

0) 

BRA NNN NNN NSN 

NN AANNAAN, 

\ ae \ 

a 

~ 

FA Pe oe 

Preity see 

1 

ee 

SSL CLSA AAAS CaaS \\ 
AOL PPA PA PA batten 
LEP BAB APA AP fd egal 

PEPE PAROLE ALL FGM 
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Pe Slope Field In Exercises 49 and 50, use a computer algebra Py Finding an Integral Using Technology In Exercises 

system to graph the slope field for the differential equation and 

graph the solution through the specified initial condition. 

49, a = 0.8y, y(0) = 4 
dx 

50. gy =5-y, y(0) = 1 
dx 

Differential Equation In Exercises 51-56, solve the differ- 
ential equation. 

51. dy ==i(e* 1-5)? 52. dy = (4 — ery 

dx dx 

dr 10e" dr_ (1+) 
> > SE 

4, — = 2S 

ae i - 2 Se 
55. (4+ tan?x)y’=sec?x 56. y’= 

FeiEbe <8) 

Evaluating a Definite Integral In Exercises 57-64, 
evaluate the definite integral. Use the integration capabilities of 

a graphing utility to verify your result. 

7/4 7 

57. [ cos 2x dx 58. | sin? t cos t dt 
0 0 

60. | i~ nx 3. 

rl x 

Sy 2 * 
a2) |p ane 

1 EAS 

1 

59. [ xe dx 
0 

8 
De 

| — 
\ We 36 
2/S3 | 

SS [ 4 + 9x? me 

7 
i 

64. So ————— 
[ /100 — x? 

Area In Exercises 65—68, find the area of the region. 

aye si- 2) 
-- _ Bf2. = 65. y = (—4x + 6) 66. y Png 

itd y 

15 

69-72, use a computer algebra system to find the integral. Use 

the computer algebra system to graph two antiderivatives. 

Describe the relationship between the graphs of the two 

antiderivatives. 

1 se 60a a he a le . 
ie ae ieee ce [2 ray rare en 

l e+e 3 

71. | ——— .|.(————}_ ax errs 72 I ( 5 Yaa 

WRITING ABOUT CONCEPTS 

Choosing a Formula In Exercises 73-76, state the 

integration formula you would use to perform the integration. 

Explain why you chose that formula. Do not integrate. 

73. [x + 1)? dx 

74. ll: sec(x? + 1) tan(x? + 1) dx 

xX eer 

77. Finding Constants. Determine the constants a and b such 

that 

sin x + cos x = asin(x + b). 

Use this result to integrate 

dx 

sin x + cos x 

78. Deriving a Rule Show that 

sin x COS X 
SOCOM a oe 

COS Xx i ae Sites 

Then use this identity to derive the basic integration rule 

[ sexae = In|sec x + tan.x| + C. 

79, Area The graphs of f(x) = x and g(x) = ax? intersect at the 
points (0, 0) and (1/a, 1/a). Find a (a > 0) such that the area 

of the region bounded by the graphs of these two functions is 2 

80. Think About It When evaluating 

1 
| rOrahe 
-1 

is it appropriate to substitute 

du 

2JSu 
u=x, x= Ju, and dx= 

to obtain 

if! 

$ | Vide = 02 
2 J 

Explain. 
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(a) Explain why the antiderivative y, = e**“ is equivalent to 

the antiderivative y, = Ce~. 

(b) Explain why the antiderivative y, = sec?x + C, is 
. . . . 2 

equivalent to the antiderivative y, = tan-x + C. 

82. HOW DO YOU SEE IT? Using the graph, is 
5 

| f(x) dx positive or negative? Explain. 
0 

Approximation In Exercises 83 and 84, determine which 

value best approximates the area of the region between the 

x-axis and the function over the given interval. (Make your 

selection on the basis of a sketch of the region and not by 

integrating.) 

4x 
83. f(x) = SOT EE [0, 2] 

(2) es) an (C)) ee (Ge oe (CK) 

_ 4 
84. f(x) = 2a? [0, 2] 

(3) Or CG) — 4a Gee (eal 

Interpreting Integrals In Exercises 85 and 86, (a) sketch 

the region whose area is given by the integral, (b) sketch the 

solid whose volume is given by the integral when the disk 

method is used, and (c) sketch the solid whose volume is given 

by the integral when the shell method is used. (There is more 

than one correct answer for each part.) 

4 

86. [ Ty dy 
0 

85. [ Qarx2 dx 
0 

87. Volume The region bounded by y = e*’, 
and x = b(b > 0) is revolved about the y-axis. 

y=0,x=0, 

(a) Find the volume of the solid generated when b = 1. 

(b) Find b such that the volume of the generated solid is : 

cubic units. 

88. Volume Consider the region bounded by the graphs of 

x=0, y=cosx*, y=sinx’, and x = 7/2. Find the 
volume of the solid generated by revolving the region about 

the y-axis. 

89. Arc Length Find the arc length of the graph of 

y = In(sin x) from x = 7/4 tox = w/2. 

90. Arc Length Find the arc length of the graph of 

y = In(cos x) from x = 0 to x = 77/3. 

Integration Techniques, UHopital’s Rule, and Improper Integrals 

91. Surface Area Find the area of the surface formed by 

revolving the graph of y = 2./x on the interval [0, 9] about 
the x-axis. 

92. Centroid Find the x-coordinate of the centroid of the 

region bounded by the graphs of 

and x= 4. y = ——, y=0, x=0, 

Average Value of a Function In Exercises 93 and 94, find 

the average value of the function over the given interval. 

] 
93. ea) = ieee: 

94, f(x) = sin nx, 

— 2h Sens 6) 

0 < x < w/n, nis a positive integer. 

Pe Arc Length In Exercises 95 and 96, use the integration 

capabilities of a graphing utility to approximate the arc length 

of the curve over the given interval. 

95. y=tanax, [0,4] 96. y = x2/3, [1,8] 

97, Finding a Pattern 

(a) Find i cos? x dx. 

(b) Find if SSO Rue 

(c) Find | cos? x de. 

(d) Explain how to find fcos'xdx without actually 
integrating. 

98. Finding a Pattern 

(a) Write ftan?xdx in terms of f tanxdx. Then find 

f tan? x dx. 

(b) Write f tan> x dx in terms of f tan? x dx. 

(c) Write f tan**+! x dx, where k is a positive integer, in 
terms of f tan2*—! x dx. 

(d) Explain how to find f tan’? xdx without actually 

integrating. 

99. Methods of Integration Show that the following 
results are equivalent. 

Integration by tables: 

1 [vw +1dx= aleve +1+ In|x + Se + i|) +C 

Integration by computer algebra system: 

i Vx? + 1dx = sive? +1+ arcsinh(x)| +C 

PUTNAM EXAM CHALLENGE 

; J/In(9 — x) dx 
100. Evaluate 

2 Vin(9 — x) + Vine + 3) 
This problem was composed by the Committee on the Putnam Prize Competition. 

© The Mathematical Association of America. All rights reserved. 
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8.2 Integration by Parts 

Exploration 

Proof Without Words Here | 

is a different approach to 

proving the formula for 

integration by parts. This 

approach is from “Proof 

Without Words: Integration 

by Parts” by Roger B. Nelsen, 

Mathematics Magazine, 64, 

No. 2, April 1991, p. 130, by 

permission of the author. 

v 

u=f(x) v=g(r) 
5= g(b); 

r= g(a) 

[ ®) p=f(a) q=f(b) 

Area + Area = qs — pr 

s p (45) 
[uae] vau = |u| 

i q (p,r) 

» (q. 8) iP 
udy = ja Navan 

(p,r) g 

Explain how this graph 

proves the theorem. Which 

notation in this proof is 

unfamiliar? What do you 

think it means? 

@ Find an antiderivative using integration by parts. 

Integration by Parts 

In this section, you will study an important integration technique called integration by 
parts. This technique can be applied to a wide variety of functions and is particularly 
useful for integrands involving products of algebraic and transcendental functions. For 

instance, integration by parts works well with integrals such as 

i x In x dx, | XE Ox, and [e sin x dx. 

Integration by parts is based on the formula for the derivative of a product 

cae -- oe ar ee 
dx dx dx 

= uv’ + vu’ 

where both uw and v are differentiable functions of x. When u’ and v’ are continuous, you 

can integrate both sides of this equation to obtain 

w= frac {war 

= [uar+ [vu 

By rewriting this equation, you obtain the next theorem. 

THEOREM 8.1 Integration by Parts 

If wu and v are functions of x and have continuous derivatives, then 

[ var=w- | vau 

This formula expresses the original integral in terms of another integral. Depending on 

the choices of u and dv, it may be easier to evaluate the second integral than the 

original one. Because the choices of u and dv are critical in the integration by parts 

process, the guidelines below are provided. 

GUIDELINES FOR INTEGRATION BY PARTS 

1. Try letting dv be the most complicated portion of the integrand that fits a basic 

integration rule. Then u will be the remaining factor(s) of the integrand. 

2. Try letting u be the portion of the integrand whose derivative is a function 

simpler than uv. Then dv will be the remaining factor(s) of the integrand. 

Note that dv always includes the dx of the original integrand. 

When using integration by parts, note that you can first choose dv or first choose 

u. After you choose, however, the choice of the other factor is determined—it must be 

the remaining portion of the integrand. Also note that dv must contain the differential 

dx of the original integral. 
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eoeeneevsxee8nteeeee e® @ 

eenmrivi 

eeeeeeerteeryf 

In Example 1, 

note that it is not necessary to 

include a constant of integration 

when solving 

v= few =e 7 C,. 

To illustrate this, replace v = e* 

by v = e* + C, and apply 

integration by parts to see that 

you obtain the same result. 

TECHNOLOGY Try graphing 

ie x 
a In vdyvand ipa [> nxdx and ~Inx — > 

on your graphing utility. Do you 

get the same graph? (This may 

take a while, so be patient.) 

EXAMPLE 1 Integration by Parts 

Find J xe dx. 

Solution To apply integration by parts, you need to write the integral in the form 

f u dv. There are several ways to do this. 

| (x) (e* dx), | (e*)(x dx), { (1) (xe* dx), (xe*)(dx) 
pees) a ye See 
u dv us dv u dy u dv 

The guidelines on the preceding page suggest the first option because the derivative of 

u = xis simpler than x, and dv = e* dx is the most complicated portion of the integrand 

that fits a basic integration formula. 

a=ear = y= [a = [e as =e 

= 

u=x = du = dx 

Now, integration by parts produces 

| udv=uv— ic du Integration by parts formula 

[re dx = “e> — fe dx Substitute. 

ee a Ge Integrate. 

To check this, differentiate xe* — e* + C to see that you obtain the original integrand. 

EXAMPLE 2 Integration by Parts 

Find be In x dx. 

Solution In this case, x? is more easily integrated than In x. Furthermore, the 

derivative of In x is simpler than In x. So, you should let dy = x? dx. 

dv=x?dx > v lI 

——— 

* i} > lI 
w |, 

1 
g=hxr => du=—dx 

x 

Integration by parts produces 

i udyv = uv — v du Integration by parts formula 

3 3 iG Gall 
x2 Inx dx = —Inx— (= \(4) dx Substitute. 

3 BW ACG 

3 aX 1 
=—Inx — = | x? dx Simplify. 

Sh eae I Sl See Ae eee . ntegrate. 

3 9 % 

You can check this result by differentiating. 

“ x x xe I ) xX a) 
Xx a = —|-]+ 72) -—= x2 ; 

BA 3 me 9 c| 2 (2) (In x)(x*) 5% In x w 



The area of the region is approximately 

0.571. 

Figure 8.2 
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One surprising application of integration by parts involves integrands consisting of 
single terms, such as 

| hibeerehe — Coxe i arcsin x dx. 

In these cases, try letting dv = dx, as shown in the next example. 

EXAMPLE 3 An Integrand with a Single Term 

1 

Evaluate [ arcsin x dx. 
0 

Solution Let dv = dx. 

dv = ax => y= far=x 

w=arcsnxs —> du = Sd 

Integration by parts produces 

formula 

| iene [ra Integration by parts 

: ; x 
arcsin x dx = x arcsin x — wieas dx Substitute. 

Se ie 

: 1 
= x atcsin x + Al (oy) (2a hide Rewrite. 

x aresinx + </1 — x2 + C. Integrate. 

Using this antiderivative, you can evaluate the definite integral as shown. 

1 

[ arCSIN a = x aresin + /1 — =| 
0 

T 
= 5 i 

PO 5 7. 

1 

0 

The area represented by this definite integral is shown in Figure 8.2. wi 

[> TECHNOLOGY Remember that there are two ways to use technology to 
* evaluate a definite integral: (1) you can use a numerical approximation such as the 

° Trapezoidal Rule or Simpson’s Rule, or (2) you can use a computer algebra system 

. to find the antiderivative and then apply the Fundamental Theorem of Calculus. Both 

* methods have shortcomings. To find the possible error when using a numerical 

method, the integrand must have a second derivative (Trapezoidal Rule) or a fourth 

* derivative (Simpson’s Rule) in the interval of integration; the integrand in Example 3 

* fails to meet either of these requirements. To apply the Fundamental Theorem of 

* Calculus, the symbolic integration utility must be able to find the antiderivative. 

i FOR FURTHER INFORMATION To see how integration by parts is used to prove 

Stirling’s approximation 

In(n!) =nInn—n 

see the article “The Validity of Stirling’s Approximation: A Physical Chemistry Project” 

by A. S. Wallner and K. A. Brandt in Journal of Chemical Education. 
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Some integrals require repeated use of the integration by parts formula. 

EXAMPLE 4 Repeated Use of Integration by Parts 

Find | x2 sin x dx. 

Solution The factors x* and sin x are equally easy to integrate. However, the 

derivative of x? becomes simpler, whereas the derivative of sin x does not. So, you 

should let u = x?. 

dv=sinxadx y= | sinxde = — Cos x 

fh Be = du =2xdx 

Now, integration by parts produces 

I ASI OL. —XaCOS & ot I 2x cos x dx. First use of integration by parts 

This first use of integration by parts has succeeded in simplifying the original integral, 

but the integral on the right still doesn’t fit a basic integration rule. To evaluate that 

integral, you can apply integration by parts again. This time, let u = 2x. 

dv=cosxdx => y= | cosrde = sinx 

u = 2x => du=2dx 

Now, integration by parts produces 

| 2x COS x dG = 2X sin xX — | RMT ENING Second use of integration by parts 

=i eS Gacineonc OSE Gaetan Oe 

Combining these two results, you can write 

[2 sinxde= 2? cosy + 2esinx + 2eosx + C wi 

When making repeated applications of integration by parts, you need to be careful 

not to interchange the substitutions in successive applications. For instance, in Example 4, 

the first substitution was u = x* and dy = sin x dx. If, in the second application, you 

had switched the substitution to vu = cos x and dv = 2x, you would have obtained 

[esinxa = —x?cosx + [ 2xcos.xax 

—x?cosx + x? cosx + [ 2 sinxac 

= [esinxa 

thereby undoing the previous integration and returning to the original integral. When 

making repeated applications of integration by parts, you should also watch for the 

appearance of a constant multiple of the original integral. For instance, this occurs when 

you use integration by parts to evaluate f e* cos 2x dx, and it also occurs in Example 5 

on the next page. 

The integral in Example 5 is an important one. In Section 8.4 (Example 5), you will 

see that it is used to find the arc length of a parabolic segment. 



Figure 8.3 

> X 

8.2 Integration by Parts 519 

EXAMPLE 5 | Integration by Parts 

Find [ sec a6 ake, 

Solution The most complicated portion of the integrand that can be easily integrated is 
sec? x, so you should let dv = sec? x dx and u = sec x. 

dv =sec?xdx p= [ se GO —stanies 

u = secx E> du = secxtanx dx 

Integration by parts produces 

[. ES ie [va Integration by parts 

formula 

| sec? x dx = sec x tan x — | sec x tan? x dx Substitute. 

| sec? x dx = sec x tanx — | sec x(sec? x — 1) dx Trigonometric identity 

| seé*x dx = sec x tan x — | sec? x dx + | sec X dx Rewrite. 

2 [ sec x dx = secxtanx + | sec x dx Collect like integrals. 

2 [ sec x dx = sec x tanx + In|secx + tanx/+C Integrate. 

1 | 
| sec? x dx = 3 see x tan. x + 5 Injsee x +> tan x C, Divide by 2. 

EXAMPLE 6 Finding a Centroid 

A machine part is modeled by the region bounded by the graph of y = sin x and the 

x-axis, 0 < x < 7/2, as shown in Figure 8.3. Find the centroid of this region. 

Solution Begin by finding the area of the region. 

a/2 a/2 

A= | sin xd = | ~c0s x| = 1 
0 0 

Now, you can find the coordinates of the centroid. To evaluate the integral for y, first 

rewrite the integrand using the trigonometric identity sin? x = (1 — cos 2x)/2. 

“ile eo a/2 : 1/2 
1 2X 

y= Bina) dr = 5 | (1 = cos 23) dr = F]x- == 
0 0 A 2 4 4 Lm. le 8 

You can evaluate the integral for x, (1/A) fq’ ? x sin x dx, with integration by parts. To 

do this, let dv = sin x dx and u = x. This produces v = —cos x and du = dx, and you 

can write 

[ sina EK COSEY az [ cos xa COS Gicine SLM Xan Oe 

Finally, you can determine X to be 

1 a/2 1/2 

z-4| xsinxde =| xe0s.x + sin. = 1. 
A Jo 0 

So, the centroid of the region is (1, 77/8). pe | 
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You can use the 

acronym LIATE as a guideline 

for choosing u in integration by 

parts. In order, check the 

integrand for the following. 

Is there a Logarithmic part? 

Is there an Inverse trigonometric 

part? 

Is there an Algebraic part? 

Is there a Trigonometric part? 

Is there an Exponential part? 

i@ FOR FURTHER INFORMATION 

For more information on the 

tabular method, see the article 

“Tabular Integration by Parts” by 

David Horowitz in The College 

Mathematics Journal, and the 

article “More on Tabular Integration 

by Parts” by Leonard Gillman in 

The College Mathematics Journal. 

To view these articles, go to 

MathArticles.com. 

Integration Techniques, UHopital’s Rule, and Improper Integrals 

As you gain experience in using integration by parts, your skill in determining u 

and dv will increase. The next summary lists several common integrals with suggestions 

for the choices of u and dv. 

SUMMARY: COMMON INTEGRALS USING INTEGRATION BY PARTS 

1. For integrals of the form 

[~ ZEA ye | xe? Sh Owe One, Or | x” cos ax dx 

let u = x” and let dv = e™ dx, sin ax dx, or cos ax dx. 

2. For integrals of the form 

| 5° hn se Chg | x” arcsin ax dx, or | x” arctan ax dx 

let u = In x, arcsin ax, or arctan ax and let dv = x” dx. 

3. For integrals of the form 

| Bers lope Gee Ove | e™ cos bx dx 

let uw = sin bx or cos bx and let dv = e@ dx. 

In problems involving repeated applications of integration by parts, a tabular 

method, illustrated in Example 7, can help to organize the work. This method works 

well for integrals of the form 

[x sin ax dx, [© cos ax dx, and [= e™ dx. 

Using the Tabular Method 
cee > See LarsonCalculus.com for an interactive version of this type of example. 

Find i x? sin 4x dx. 

Solution Begin as usual by letting uw = x? and dv = v’ dx = sin 4x dx. Next, create 

a table consisting of three columns, as shown. 

Alternate u and Its v’and Its 

Signs Derivatives Antiderivatives 

+ xe ee at 

SS ee. Re ee —+ cos 4x 
i ° 

Co ee tL ee 
| 

SS ee) 64 COS 4x 

Differentiate until you obtain 

0 as a derivative. 

The solution is obtained by adding the signed products of the diagonal entries: 

oy Seales ie. ‘ 7 
[- sin 4x dx = — 4° cos 4x+ gz sin Ang 39 098 4x + C. | 
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8.2 Integration by Parts 521 

See CalcChat.com for tutorial help.and worked-out solutions to odd-numbered exercises. 

Setting Up Integration by Parts In Exercises 1-6, 

identify | u and dy for finding the integral using integration by 

parts. (Do not evaluate the integral.) 

em ieveaarac 

3. f (In x)? dx 

emGSEC- 1 Ax 

Ns |) ACP Gk 

4. f In 5x dx 

Go iiews Cos 40x 

Using Integration by Parts In Exercises 7-10, evaluate 
the integral using integration by parts with the given choices of 

u and dy. 

ep [x In x dx; u = Inx, dv = x3 dx 

8. [a + T)e* dx: u = 4x + 7, dv = e* dx 

9. iE sin 3x dx; u = x, dv = sin 3x dx 

10. [. cos 4x dx; u = x, dv = cos 4x dx 

Finding an Indefinite Integral In Exercises 11-30, find 

the indefinite integral. (Note: Solve by the simplest method— 

not all require integration by parts.) 

11. [xe ac 12% [Sa 

el/t 

fone” ax 14. ro dt 

15. [ sant + 1) dt 16. [= In 3x dx 

ae 18. | PE ax 
x x 

cua an x3ex 19. Cae pad 20. [= na? 

ie 
: wise = Bias ee a ————— 21 | eal Se = B) rebe i Trectrr dx 

23. [ xcosxa 24. [ tesereot rat 

25. { x? sin x dx 26. i x? cos x dx 

DT. | arctan x dx 28. | 4 arccos x dx 

29. I e > sin 5x dx 30. i e** cos 2x dx 

Differential Equation In Exercises 31-34, solve the 

differential equation. 

OL y’ = Inx 32a arctan 5 

Bo Be Ve 

In Exercises 35 and 36, a differential equation, 

a points and a slope field are given. (a) Sketch two approximate 

solutions of the differential equation on the slope field, one of 

which passes through the given point. (b) Use integration to 

find the particular solution of the differential equation and use 

a graphing utility to graph the solution. Compare the result 

with the sketches in part (a). To print an enlarged copy of the 

graph, go to MathGraphs.com. 

dy ; >. dy ae és 18 a AVY 008%, (0, 4) 36. ina #13 sin Dax, (0, — #8) 

By 

Ee ee 
AA ST So 
Lf SSNS I Lee 
FE Ol OOo 

VAL fe NON LIE Se 
Af SA SO 
M1 SE ee 
Ab OL Sa 
LAA oe 
Af SA S33 

Sf EN LOA JERRY opment x 
LAO OOo 

SJ ERNES SER SISOS 
A A Soe 
AA 4 ee eee 
LS Sa eee 
AA 1 eee 
41/1  ——S—S__ 

i x V1 CD Oe 

4 Ah LS eee 

Lf — NN oe ee 

eas 

Leer rd 

eta 
SANA YNA SSS SSS SSS 

tf 

Vil A A Mt A ee ad 

4 P 

\ 
Ale VihuN eA VLA NOR AARNE Le A 

| VA de ee eee 

/ 

\ \ \ 

\ 
NEN 
\\ 

a De ROE TARE ENE FE LE 
/ 

NAN NNNAN NAN SS EST TTT 
VASA AAS AS Ce ooo nN SN NNN RR — pe 

-4 2 + 2 

Py Slope Field In Exercises 37 and 38, use a computer algebra 
system to graph the slope field for the differential equation and 

graph the solution through the specified initial condition. 

dy = “x8, y(0) = 2 38. 2 ==sinx, y(0) =4 y obey 

dy 
37. 

Evaluating a Definite Integral In Exercises 39-48, 
evaluate the definite integral. Use a graphing utility to confirm 

your result. 

3 ) 

39, ay xer!2 dx 40. [ x72e-2* dx 
0 

COSMAS 42. [ x sin 2x dx 
0 

45. e* sin x dx 

1/2 1 

43. | arccos x dx 44, | x arcsin x? dx 
0 
1 

[ 46. | In(4 + x?) dx 
0 

7/8 

47. Hf x arcsec x dx 48. | x sec? 2x dx 
0 2 

Using the Tabular Method In Exercises 49-54, use the 

tabular method to find the integral. 

49. | Ke AG 50. [ve dx 

51. i x? sin x dx pd. i x? cos 2x dx 
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53. E ome se 54. [ 20 Eye a 64 i Methc Integrate [x 4 — x dx 

(a) by parts, letting dv = 4 — x dx. 
cercises 55-5 she : 

HOB Grose eb ne (b) by substitution, letting uw = 4 — x. 
the indefinite integral by using substitution followed by 

integration by parts. Pe Finding a General Rule In Exercises 65 and 66, use a 
e 2 computer algebra system to find the integrals for n = 0, 1, 2, 

DS: | sin x dx 56 2x" cos x° dx and 3. Use the result to obtain a general rule for the integrals 

for any positive integer 7 and test your results for n = 4. 

57. | xe dx 58. | ev dx 
(BS |) af lingeeke 66. | x"e* dx 

WRITING ABOUT CONCEPTS Proof In Exercises 67-72, use integration by parts to prove 
59. Integration by Parts the formula. (For Exercises 67—70, assume that n is a positive 

: integer.) 
(a) Integration by parts is based on what differentiation 

rule? Explain. ; 
P CIES gaa — eGo COSPGE TIN Exe COSRUICLG 

(b) In your own words, state how you determine which 

parts of the integrand should be w and dv. he 
x" cosxdx = x"sinx —n | x"—! sinx dx 

. Integration by Parts When evaluating fx sin x dx, 
explain how letting wu = sinx and dv = x dx makes the 

69. | x"Inxdx = 
xt 1 

solution more difficult to find. ] male eee 
(n + 1)Inx]+C 

. Integration by Parts State whether you would use 
integration by parts to evaluate each integral. If so, identify 

what you would use for uw and dv. Explain your reasoning. 

70. 
ax 

x” ak firme "e Bi 

a a 

e“(a sin bx — b cos bx) 

In x 71. | e% sin bx dx = ae a 

(a) |e (b) [xmvay (c) [eer ap 
a 

a) ah | Noeicne hy Tee *(a cos es + b sin bx) eye 
a ave 2 Xx 

(d) [2x dx (e) [Re (f) [Re 

: Using Formulas In Exercises 73-78, find the integral by 
using the appropriate formula from Exercises 67-72. 

; 2 2 62.{ }) HOW DOYOU SEE IT? Use the graph of f’ a | ee tee | ene 
shown in the figure to answer the following. 

WS: [- In x dx 76. [re dx 

ae | e > sin 4x dx 78. | e?* cos 3x dx 

Py Area In Exercises 79-82, use a graphing utility to graph the 

region bounded by the graphs of the equations. Then find the 

area of the region analytically. 

19 y= 2xe~, Syl 0 a3 / 

(a) Approximate the slope of f at x = 2. Explain. i 
; 80. y = —xe*,, y=0, x=0, x=2 

(b) Approximate any open intervals in which the graph 10 

of fis increasing and any open intervals in which it $1. y=e“"sina, y=0, x= 1 

is decreasing. Explain. 
82. y=xInx, y=0, x=1, x=3 

83. Area, Volume, and Centroid Given the region bounded 
oe by the graph »=Inx,y = 0, x =e, 

63. Using Two Methods Integrate |e y OPT ND ae at laa la 
V4 + x? (a) the area of the region. 

x ; ] : 
) by parts, letting dy = ———= dy, (b) the volume of the solid generated by revolving the region 

i /4 + x? about the x-axis. 

(b) by substitution, letting u = 4 + x°. (c) the volume of the solid generated by revolving the region 
about the y-axis. 

(d) the centroid of the region. 



84. Area, Volume, and Centroid Given the region bounded 

by the graphs of y = x sin x, y = 0, x = 0, and x = 7, find 

(a) the area of the region. 

(b) the volume of the solid generated by revolving the region 

about the x-axis. 

(c) the volume of the solid generated by revolving the region 

about the y-axis. 

(d) the centroid of the region. 

85. Centroid Find the centroid of the region bounded by the 
graphs of y = arcsinx, x = 0, and y = 77/2. How is this 

problem related to Example 6 in this section? 

86. Centroid Find the centroid of the region bounded by the 
graphs of f(x) = x, g(x) = 2*,x = 2, and x = 4. 

87. Average Displacement A damping force affects the 
vibration of a spring so that the displacement of the spring is 

given by 

y= e “(cos 2¢ + 5 sin 22). 

Find the average value of y on the interval from t = 0 tot = a. 

88. Miemory Model «ee eecseeeeeceevesce 

A model for the ability WM of a child to memorize, measured 

on a scale from 0 to 10, is given by 

M=1+16rlnt, 0<t=4 : 

where ¢ is the child’s age in 

years. Find the average 

value of this model 

(a) between the child’s 

first and second 

birthdays. 

(b) between the child’s 

third and fourth 

birthdays. 
== cnccccemcemn

 nea
 

ESE MEATY aR
 

. 

Present Value In Exercises 89 and 90, find the present value 
P of a continuous income flow of c(¢) dollars per year for 

t 

p= | c(the—" dt 
0 

where ¢, is the time in years and r is the annual interest rate 
compounded continuously. 

89. c(t) = 100,000 + 40002, r = 5%, t, = 10 

90. c(t) = 30,000 + 500t, r = 7%, t, = 5 

Integrals Used to Find Fourier Coefficients In 
Exercises 91 and 92, verify the value of the definite integral, 

where n is a positive integer. 

2 ‘ “nis odd 
91. | x sin nx dx = 

= Wer 

. n 

z —1)"4 
92. x? cos nx dx = is 

SU 

> miseven 

Ay 94, Eul 
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93. Vibrating A string stretched between the two 

Sainte ©, 0) and (2, 0) is plucked by displacing the string h 
units at its midpoint. The motion of the string is modeled by a 

Fourier Sine Series whose coefficients are given by 

1 

b= n| x sin” 
0 2 

Find b,. 

Sak + i | (aera) sin dx. 
I 

r’'s | Consider the differential equation 
(CS) = ee Sih the initial condition f(0) = 0. 

(a) Use integration to solve the differential equation. 

(b) Use a graphing utility to graph the solution of the 

differential equation. 

(c) Use Euler’s Method with h = 0.05, and the recursive 

capabilities of a graphing utility, to generate the first 

80 points of the graph of the approximate solution. Use the 

graphing utility to plot the points. Compare the result with 

the graph in part (b). 

(d) Repeat part (c) using h = 0.1 and generate the first 

40 points. 

(e) Why is the result in part (c) a better approximation of the 

solution than the result in part (d)? 

° acd Euler’s Method In Exercises 95 and 96, consider the 

differential equation and repeat parts (a)—(d) of Exercise 94. 

96. f(x) = cos/x 

if =i 

95. f(x) = 3x sin(2x) 

f(0) =0 

97. Think About It Give a geometric explanation of why 

1/2 a/2 

[ x sin ode = [ x dx. 
0 0 

Verify the inequality by evaluating the integrals. 

98. Finding a Pattern Find the area bounded by the graphs of 
y = x sin x and y = 0 over each interval. 

(a) [0,7] (>) [7,27] (© [27,37] 

Describe any patterns that you notice. What is the area 

between the graphs of y = x sin x and y = O over the interval 

[nz, (n + 1)z], where n is any nonnegative integer? Explain. 

99. Finding an Error 
argument that 0 = 1. 

=p 

Find the fallacy in the following 

dv = dx 

So, 0 = 1. 

Juriah Mosin/Shutterstock.com 
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8.3 Trigonometric Integrals 
@ Solve trigonometric integrals involving powers of sine and cosine. 

@ Solve trigonometric integrals involving powers of secant and tangent. 

@ Solve trigonometric integrals involving sine-cosine products with different angles. 

Integrals Involving Powers of Sine and Cosine 

In this section, you will study techniques for evaluating integrals of the form 
SHEILA SCOTT MACINTYRE 

(1910-1960) 

Sheila Scott Macintyre published 

her first paper on the asymptotic ; ; eee Pe hg As ; 
periods of integral functions in where either m or n is a positive integer. To find antiderivatives for these forms, try to 

1935. She completed her doctorate break them into combinations of trigonometric integrals to which you can apply the 

work at Aberdeen University, Power Rule. 

where she taught. In 1958 she For instance, you can evaluate 
accepted a visiting research 
fellowship at the University of 
Cincinnati. 

| sin” x cos”? x dx and i sec™ x tan” x dx 

| sin? x cos x dx 

with the Power Rule by letting uv = sin x. Then, du = cos x dx and you have 

6 * 6 

[ sinsxeosxax= [utdu = 
+ ¢= M4 ¢ 

To break up f sin’ x cos” x dx into forms to which you can apply the Power Rule, 

use the following identities. 

Pythagorean identity 

Half-angle identity for sin? x 

Half-angle identity for cos? x 

GUIDELINES FOR EVALUATING INTEGRALS INVOLVING POWERS OF SINE AND COSINE 

1. When the power of the sine is odd and positive, save one sine factor and convert the remaining factors to 

cosines. Then, expand and integrate. 

Odd Convert to cosines Save for du 
aaa 

i Mii at COSY A [in x)Fcos"x sinxdx— | (1 —*cos*x)"cos* x sin x dx 

2. When the power of the cosine is odd and positive, save one cosine factor and convert the remaining factors 

to sines. Then, expand and integrate. 

Odd Convert to sines Save for du 
OFT cette 

] 
| sin” sCOs~ i xdx = | sio x(cos*.x)* cos x dx = | sin™x'(1 —'sin*’ x)" cos x dx, 

3. When the powers of both the sine and cosine are even and nonnegative, make repeated use of the identities 

ws Le COSmX Ie st COS 2% 
a ee atid" cos- x = ror. 

to convert the integrand to odd powers of the cosine. Then proceed as in the second guideline. 



rot 
0.8 + 

0.6 -- 

0.2 

The area of the region is approximately 

0.239. 

Figure 8.4 
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EXAMPLE 1 Power of Sine Is Odd and Positive 

Find | sin? x COS* x dx. 

Solution Because you expect to use the Power Rule with u = cos x, save one sine 

factor to form du and convert the remaining sine factors to cosines. 

[ sin RCS ed [sine cos* x(sin x) dx Rewrite. 

= | Ci—cos- x) cos* x sin x dx Trigonometric identity 

= | (cost = COS? %) Simi aaa. Multiply. 

= [eos x sin x dx — [eos x sine dx Rewrite. 

- | cos’ x(— sin x) dx + [cos x(— sin x) dx 

5 7 
COSy xX COS’ X 

ar “: 7 a Integrate. | 

Grin 4c A computer algebra system used to find the integral in 

atin 1 yielded the following. 

. . 1 2 
| sin’xcostx a = = COS? ne Sin 2) roe 

Is this equivalent to the result obtained in Example 1? 

In Example 1, both of the powers m and n happened to be positive integers. This 

strategy will work as long as either m or n is odd and positive. For instance, in the next 

example, the power of the cosine is 3, but the power of the sine is —}. 

EXAMPLE 2 Power of Cosine Is Odd and Positive 

: © *+—> See LarsonCalculus.com for an interactive version of this type of example. 

7/3 cog3 x 
Evaluate == ih. 

 </ Sili) ae 

Solution Because you expect to use the Power Rule with uw = sin x, save one cosine 

factor to form du and convert the remaining cosine factors to sines. 

3 3 
7/3 cog3 x 4 7/3 cos? x cos x 7 

CS ly 
ey S102, rere isin 

7/3 (1 — sin? x)(cos x) 

(hs J/ sin x 
1/3 

“het [(sin x)~!/2 — (sin x)3/2] cos x dx 

(sinx)/? _ (sin le 

1/2 a 
Beles Voie y 3 he Le Beciersea) 7 
~ 0.239 

Figure 8.4 shows the region whose area is represented by this integral. wa 
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JOHN WALLIS (1616-1703) 

Wallis did much of his work in 
calculus prior to Newton and 
Leibniz, and he influenced the 
thinking of both of these men. 
Wallis is also credited with 
introducing the present symbol 
(co) for infinity. 

See LarsonCalculus.com to read 

more of this biography. 

EXAMPLE 3 Power of Cosine Is Even and Nonnegative 

Find | COS* x dx. 

Solution Because m and n are both even and nonnegative (m = 0), you can replace 

cos*.x by 

1 + cos 2x/ 
a = Brit 

“a 

So, you can integrate as shown. 

| st eee s i [| temaey pe 
2 

I cos 2 cos" x 
= mn i 5 te 4 dx Expand. 

| COS Ul COSTA 
-|[3+ 5 +i 5 )Jas 

3 1 1 
= fa =P 4] 20 ge ole Se sp dcosdea Rewrite. 

Half-angle identity 

Half-angle identity 

see SIN De in Ae == 42, 8 4 39 ir Integrate 

Use a symbolic differentiation utility to verify this. Can you simplify the derivative to 

obtain the original integrand? wi 

In Example 3, when you evaluate the definite integral from 0 to 7/2, you obtain 

1/2 : : 1/2 
3 2 4 

I costae =| 4 S822 4 | 
0 

= (#2 +0+0)-@+0+0) 

= he 
16° 

Note that the only term that contributes to the solution is 

This observation is generalized in the following formulas developed by John Wallis - 

(1616-1703). 

Wallis’s Formulas 

1. If nis odd (n = 3), then 

Pore (NG 
2. If nis even (n = 2), then 

a/2 1 

| cos’ x dx = ( 
0 

These formulas are also valid when cos” x is replaced by sin” x. (You are asked to 

prove both formulas in Exercise 88.) 

Bettmann/Corbis 
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Integrals Involving Powers of Secant and Tangent 

The guidelines below can help you evaluate integrals of the form 

| sec” x tan” x dx. 

GUIDELINES FOR EVALUATING INTEGRALS INVOLVING POWERS OF SECANT AND TANGENT 

1. When the power of the secant is even and positive, save a secant-squared factor and convert the remaining factors 

to tangents. Then, expand and integrate. 

Even Convert to tangents Save for du 
A 

i Séc"" x tan? x dx = i (sec? x)*—! tan” x sec? x dx = | (1 + tan? x)‘—! tan” x sec? x dx 

2. When the power of the tangent is odd and eal save a secant-tangent factor and convert the remaining factors 

to secants. Then, expand and integrate. 
: y \GirFp nf (oe Go LO 

Odd Convert to secants Save for du peecents 

{ sec™ x tan**' 1x dx = | Sec’ u™ x(tane 4) eseery tama xn — | SEC" (Sec= wl) see x lam as 

3. When there are no secant factors and the power of the tangent is even and positive, convert a tangent-squared 

factor to a secant-squared factor, then expand and repeat if necessary. 

= Convert to secants 

i tan vay = | tan”? x(tan- xox — | tan” —* x(sec? x ="1) dx 

4. When the integral is of the form 

| sec”™ x dx 

where m is odd and positive, use integration by parts, as illustrated in Example 5 in Section 8.2. 

5. When none of the first four guidelines applies, try converting to sines and cosines. 

~ EXAMPLE 4 Power of Tangent Is Odd and Positive 

: tan? x 
leroayal || a aby. 

a/ SEC X 

~Solution Because you expect to use the Power Rule with u = sec x, save a factor of 

(sec x tan x) to form du and convert the remaining tangent factors to secants. 

tan? x, Xx 

Vv Sec ie 

(seex) ‘/*tan® x dx 

= i Ke *(tane MSE AEN, 

AOA 

= { (sec x)~3/2(sec? x — 1)(sec x tan x) dx 

= [ te x)!/2 — (sec x)~3/2|(sec x tan x) dx 

% = (sec yee esec we Pe | 
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The area of the region is approximately 

0.119. 

Figure 8.5 

Integration Techniques, UHopital’s Rule, and Improper Integrals 

EXAMPLE 5 Power of Secant Is Even and Positive 

Find | sec* 3x tan? 3x dx. 

Solution Let wu = tan 3x, then du = 3 sec? 3x dx and you can write 

| sec* 3x tan? 3x dx. = | sec? 3x tan? 3x(sec? 3x) dx 

| (1 + tan? 3x) tan? 3x(sec? 3x) dx 

ll Al (tan? 3x + tan> 3x)(3 sec? 3x) dx 

tan® 3x = + - 
3 4 6 G 

> tan? 3x ah tan® 3x 

1, 18 

al (= 3x 

eC. 4 

In Example 5, the power of the tangent is odd and positive. So, you could also find 

the integral using the procedure described in the second guideline on page 527. In 

Exercises 69 and 70, you are asked to show that the results obtained by these two 

procedures differ only by a constant. 

EXAMPLE 6 Power of Tangent Is Even 

7/4 

Evaluate | 
0 

tan* x dx. 

Solution Because there are no secant factors, you can begin by converting a tangent- 

squared factor to a secant-squared factor. 

i fan x ax = | tan? x(tan? x) dx 

= [an x(sec? x — 1) dx 

= [ian sec? x dx — fiantxay 

= fan? seetxdr ~ [ects - 1) dx 

tan? x 
= 3 = ine se 32 ae (C 

Next, evaluate the definite integral. 

7/4 3 
tan? x 

| tan* x dx = 
(6) 3 

=— — + — 

3 4 

== (9.119 

a/4 

== [reel oy | 
0 

The area represented by the definite integral is shown in Figure 8.5. Try using 

Simpson’s Rule to approximate this integral. With n = 18, you should obtain an 

approximation that is within 0.00001 of the actual value. al 
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For integrals involving powers of cotangents and cosecants, you can follow a 

strategy similar to that used for powers of tangents and secants. Also, when integrating 

trigonometric functions, remember that it sometimes helps to convert the entire 

integrand to powers of sines and cosines. 

EXAMPLE 7 Converting to Sines and Cosines 

Find | Bee alse, 
tan? x 

Solution Because the first four guidelines on page 527 do not apply, try converting 

the integrand to sines and cosines. In this case, you are able to integrate the resulting 

powers of sine and cosine as shown. 

[= ae I( 1 ye zy - 

tan? x cos x/\ sin x 

= [ ton x) *(cos x) dx 

= —(sinx) !+C 

Ste CSC Xe GC al 

Integrals Involving Sine-Cosine Products with Different 
Angles 

Integrals involving the products of sines and cosines of two different angles occur in many 

applications. In such instances, you can use the following product-to-sum identities. 

EXAMPLE 8 Using Product-to-Sum Identities 

Find | sin 5x cos 4x dx. 

Solution Considering the second product-to-sum identity above, you can write 

i sin 5x cos 4x dx = ; { (sin x + sin 9x) dx 

9 
a 3( cosa a ono") me 

COSEGEEECOSIOG 
— + ; 

2 18 f 4 

i FOR FURTHER INFORMATION 

To learn more about integrals involving sine-cosine products with different angles, 

see the article “Integrals of Products of Sine and Cosine with Different Arguments” by 

Sherrie J. Nicol in The College Mathematics Journal. To view this article, go to 

MathArticles.com. 
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8.3 Exercises 

Integration Techniques, UHopital’s Rule, and Improper Integrals 

See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

nteqci mn an 

In Exercises 1- v2, find the indefinite nea 

2. | cos? x sin* x dx cos? x sin x dx 

a: [ sw 2x cos 2x dx 4, sin? 3x dx 

Se {sin x cos? x dx 6. [ cos ay 

5 
ee 

7. | sin? 26/cos 26 dé 8. i = dt 
é, J/ sin t 

[oo 3x dx 10. [ sin 60d0 

F x sin? x dx 

“eing Wallis’s Formulas In Exercises 13-18, use Wallis’s 
Formulas to evaluate the integral. 

a/2 a/2 

13. [ cos’ x dx 14. [ cos? x dx 
0 0 

a/2 a/2 

15. \ cos!© x dx 16. i sin? x dx 
0 0 

ar/2 a/2 

17. [ sin® x dx 18. [ sin® x dx 
0 0 

Finding an Indefinite Integral Involving Secant and 
Tange nt In Exercises 19-32, find the indefinite integral. 

12) [~ sin? x dx 

19, iF sec 4x dx 20. “7 sect 2x dx 

21. | sec? mx dx tan® 3x dx 

23. iw) tan’ > dx 4, tan? = se 
2 

ee as 

sec® 4x tan 4x dx 28. | sec? 5 tan 5 

sec? x tan? x dx 30. an3 3x dx 

25. Jr 2t sec? 2t dt 26. [ en 2x sect 2x dx 

tan? x tan? x 
31. i = ay 32. 7 pe aN 

sec x sec? x 

al Equation In Exercises 33-36, solve the 

differential equation. 

ds dr a 
33. — = sin’ 70 34. = sin’ — cos? 

dé da 2 2 

35. y’ = tan? 3x sec 3x 36. y’ = ~/tan x sec* x 

RQ 

aq Hs Slope Field In Exercises 37 and 38, a differential equation, 

a saint and a slope field are given. (a) Sketch two approximate 

solutions of the differential equation on the slope field, one of 

which passes through the given point. (b) Use integration to 

find the particular solution of the differential equation and use 

a graphing utility to graph the solution. Compare the result 

with the sketches in part (a). To print an enlarged copy of the 

graph, go to MathGraphs.com. 

dyre dy : : | 
37, = sin? x, (0, 0) 38. ~ = sec?x tan? x, (o -1) 

dx dx 4 

y y 

See SW AS Mane | Wal Sean i | 

EEG EMSS SEED Nh ele 
samsaper ieovameg ee eS 
ee eee a Wefan 7 en 
Goan) ee i conamatee, | 
Sat ar Let ee 
eee ee pee | /-—+—— / | He 

Sie WAIT Wags pete ee ee ee a. 
See COGS Si Ces | hie Te pd | 
AeA SS amber {-—+—— / 

SIDEIIE a ees |} } /-15t+—--/ 11 | = 

Ae Slope Field In Exercises 39 and 40, use a computer algebra 
system to graph the slope field for the differential equation, 

and graph the solution through the specified initial condition. 

dy _ 3sinx 
39. dx i y ? y(0) = 2 40. a = 3,/y tan? x, y(0) = 3 

Using Product-to-Sum Identities In Exercises 41-46, 
find the indefinite integral. 

41. | cos 2x cos 6x dx 42. i cos 5A cos 36dé 

43. I sin 2x cos 4x dx 44, | sin(—7x) cos 6x dx 

45. | sin 6 sin 30 d0@ 46. i sin 5x sin 4x dx 

Finding an Indefinite Integral In Exercises 47-56, find 

the indefinite integral. Use a computer algebra system to 

confirm your result. 

47. | cot? 2x dx 48. I tan> i sect ; dx 

49 CSC 3x ax 50. | cot? : esc* 5 dx 

cot? t cot? t 

z 
51. Jit s2. | 

lo 54, [ee ease E 

fm lage 

csc fe 

55: 
sec x tan x COs Xx 

1 = sect 

AVE EE ie 
55. | (tan*t — sec* rt) dt 56. 



aluate the definite integral. 

7 1/3 ; 

sin? x dx 58. [ tan? x dx 
Le 0 

1/4 7/3 

6 tan? x dx 60. [ sec’? x tan x dx 
0 

1/2 1/3 
cos t ’ 
= — Ot 62. sin 6x cos 4x dx 

q tse Sin ie 

1/2 a/2 

i 3 cos? x dx 64. | (sine a i) ay 
=a 2 —1/2 

| WRITING ABOUT CONCEPTS 
65. Describing How to Find an Integral In your own 

words, describe how you would integrate f sin” x cos” x dx | 

for each condition. 

(a) m 1s positive and odd. (b) 71 is positive and odd. 

(c) mand n are both positive and even. 

66. Describing How to Find an Integral In your own 4 
words, describe how you would integrate f sec” x tan” x dx 

for each condition. 

(a) mis positive andeven. (b) n is positive and odd. 

(c) 1s positive and even, and there are no secant factors. 

(d) mis positive and odd, and there are no tangent factors. 

ESTER I ye 

4 67. Comparing Methods Evaluate { sin x cos x dx using the 
: given method. Explain how your answers differ for each 

method. ~ 

(a) Substitution where uv = sin x 

_ (b) Substitution where u = cos x 

() Integration by parts 

a ae Using the identity sin 2x = 2 sin x cos x 
~ 

79. | sions dx = 
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Evaluating a Definite Integral Im Exercises 57-64, Py Comparing Methods In Exercises 69 and 70, (a) find the 

indefinite integral in two different ways. (b) Use a graphing 

utility to graph the antiderivative (without the constant of 

integration) obtained by each method to show that the results 

differ only by a constant. (c) Verify analytically that the results 

differ only by a constant. 

69. | sec* 3x tan? 3x dx 

70. sec? x tan x dx 

Area In Exercises 71-74, find the area of the region bounded 

by the graphs of the equations. 

TA. We= sinixe ty =)sine x, = 080 = a 

72. y = sin? 7x, y=0, =O x=1 

Te ee ene ee 
Wi COsw es, oy = ihe, 24 1 x Z 

74. y= cos? x, y= sin x COS x, 2S ae x a7 

Volume In Exercises 75 and 76, find the volume of the solid 

generated by revolving the region bounded by the graphs of the 

equations about the x-axis. 

; 7 T 
75. y=tanx, y=0, x= es ae 

Xi we 83 ey a 
76.) COs, y= sin5, x=0, x 5 

Volume and Centroid In Exercises 77 and 78, for the 
region bounded by the graphs of the equations, find (a) the 

volume of the solid formed by revolving the region about the 

x-axis and (b) the centroid of the region. 

77. y=sinx, y=0, x=0, x=7 

78. y=cosx, y=0, x=0, x= 
SE) 

Verifying a Reduction Formula In Exercises 79-82, use 
integration by parts to verify the reduction formula. 

i= Il 3 
aa 2a 1 inet dx 

MSIN ee COSY 

n 

CQO HseSise ip <= + 
ail 

80. [ cos ax = 21 cosr-2 a 
n 

: COST 4 ising mx 
SEE cos sind = = 

mtn 

ig I ae 
a [ coves Ade 

m+n 

je 2 
82. [ secrxas = sec”—? x tan x + Ba feet ands 

/ 

Using Formulas In Exercises 83-86, use the results of 
Exercises 79-82 to find the integral. 

83. if Sin? x aye 84. ik cos* x dx 
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85. | sect (2mx/5) dx 86. | sin’ x cos? x dx 

87. : The table shows the normal maximum 

(high) and minimum (low) temperatures (in degrees 

Fahrenheit) in Erie, Pennsylvania, for each month of the year. 

(Source: NOAA) 

Month | Jan Feb | Mar | Apr | May | Jun 

Max 33.5 | 35.4 | 44.7 | 55.6 | 67.4 | 76.2 

SHI) || Gistal/ || sXers) 

Oct Nov | Dec 

61.0 | 49.3 | 38.6 
malic 

45.5 | 36.4 | 26.8 

The maximum and minimum temperatures can be modeled by 

t ; t 
f(t) =a) +a, cos — + b, sin — 

6 6 

where t = 0 corresponds to January | and do, a,, and b, are as 

follows. 
1 [2 if? as 

9 = 75 : f(t) dt a, = | f(t) cos Git 

12 

b, = ; £0 sin 7 dt 

(a) Approximate the model H(t) for the maximum 

temperatures. (Hint: Use Simpson’s Rule to approximate 

the integrals and use the January data twice.) 

(b) Repeat part (a) for a model L(t) for the minimum 

temperature data. 

(c) Use a graphing utility to graph each model. During what 

part of the year is the difference between the maximum 

and minimum temperatures greatest? 

88. Wallis’s Formulas Use the result of Exercise 80 to prove 

the following versions of Wallis’s Formulas. 

(a) If nis odd (n = 3), then 

(” - “) 
al [veste= QQ) 

(8) 
(b) If is even (n = 2), then 

a/2 
IMSS 

j par: (a)(a)l6) eye 
89. Orthogonal Functions The inner product of two 

functions f and g on [a, b] is given by 

II 

b 

(fg) = | f(x)g(x) dx. 

Two distinct functions f and g are said to be orthogonal if 

(f,g) = 0. Show that the following set of functions is 

orthogonal on [— 7, 7]. 

{(SIN.%, Sin 2x0, SINSX.. 2 2 COS COS 21 COSIO ney 

Victor Soares/Shutterstock.com 
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90. Fourier Series The following sum is a finite Fourier 

series. 

Me f(x) = a; Sin ix 
i 

= a, sin x + a, sin 2x + a, sin3x +-: : - + ad, simN% 

(a) Use Exercise 89 to show that the nth coefficient a,, is 

given by a, = (U/m){ f(x) sin nx dx. 

(b) Let f(x) = x. Find a,, ay, and a3. 

Sagie\initsae © 

Power Lines 
Power lines are constructed by stringing wire between supports and 

adjusting the tension on each span. The wire hangs between 

supports in the shape of a catenary, as shown in the figure. 

Let T be the tension (in pounds) on a span of wire, let wu be the 

density (in pounds per foot), let g ~ 32.2 be the acceleration due 

to gravity (in feet per second per second), and let L be the distance 

(in feet) between the supports. Then the equation of the catenary is 
Gf 

: 
y= on (cosn oa = i), where x and y are measured in feet. 

(a) Find the length of the wire between two spans. 

(b) To measure the tension in a span, power line workers use the © 

return wave method. The wire is struck at one support, 

creating a wave in the line, and the time ¢ (in seconds) it takes 

for the wave to make a round trip is measured. The velocity v 

(in feet per second) is given by v = \/T/u. How long does it 

take the wave to make a round trip between supports? 

(c wa The sag s (in inches) 

can be obtained by [ 

evaluating y when re 
x = L/2 in the ) 
equation for the 

catenary (and 
multiplying by 12). 

In practice, however, 

power line workers 

use the “lineman’s equation” given by s ~ 12.075. Use the 

fact that 

ugLl 
aig ll 2 

va Pil bs 

to derive this equation. 

if FOR FURTHER INFORMATION To learn more about the 

mathematics of power lines, see the article “Constructing Power 

Lines” by Thomas O’Neil in The UMAP Journal. 



Exploration 

Integrating a Radical 

Function Up to this point 

in the text, you have not 

evaluated the integral 

1 

| /1 — x? dx. 
a 

From geometry, you should 

be able to find the exact 

value of this integral—what 

is it? Using numerical 

integration, with Simpson’s 

Rule or the Trapezoidal 

Rule, you can’t be sure of 

the accuracy of the 

approximation. Why? 

Try finding the exact value 

using the substitution 

=x = sin 0 

and 

dx = cos 0d. 

Does your answer agree with 

the value you obtained using 

geometry? 

8.4 Trigonometric Substitution 

8.4 Trigonometric Substitution 

lf Use trigonometric substitution to solve an integral. 

ll Use integrals to model and solve real-life applications. 

Trigonometric Substitution 

Now that you can evaluate integrals involving powers of trigonometric functions, you 

can use trigonometric substitution to evaluate integrals involving the radicals 

Va- =u Sa? ei. Vue — a’. 

The objective with trigonometric substitution is to eliminate the radical in the integrand. 

You do this by using the Pythagorean identities. 

and 

SPSS Eee eee Oe Sai 

© 2cos* @ eh. sore 
See rey un 
_ sec? = 1+ uno 

tan? = = sec? 6 - =a | 

For example, for a > 0, let u = asin 6, where — 7/2 < 6 < 7/2. Then 

a u2 = /a? — asin? 6 

= /a(1 — sin? 6) 
= /a? cos? 6 
= acos 0. 

Note that cos @ = 0, because — 77/2 = 6 <= 7/2. 

Trigonometric Substitution (a > 0) 

1. For integrals involving /a? — v2, let 

= asin 0. s u 

Then a? — u2 = acos 6, where A | 

—n/2< 0< n/2. va? —u? 
eRe ES eo Sa 

2. For integrals involving /a* + wu’, let es 
wv 

a= yx 

u u = atan 0. 

Then /a2 + v2 = asec 0, where AN a 

Sy Oar at Oe i 

3. For integrals involving /u? — a?, let 

u = asec 0. ? Vu? — a? 

Then La, | | 

s—— 5 _ Jatan Oforu > a, where0 < 6 < 7/2 | 

ss * ~ \—a tan @foru < —a, where 77/2 < 0S 7. | 

The restrictions on @ ensure that the function that defines the substitution is 

one-to-one. In fact, these are the same intervals over which the arcsine, arctangent, and 

arcsecant are defined. 
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: x J9 — x? 
sine ==, cot @ = ——__— 

3 x 

Figure 8.6 

*oseeeoseeseee 8 eo f 

EXAMPLE 1 Trigonometric Substitution: u = asin 60 

dx 
hind) ———— 

lk Ao mm 

Solution First, note that none of the basic integration rules applies. To use 

trigonometric substitution, you should observe that 

CES 

is of the form \/a2 — u2. So, you can use the substitution 

x = asin 0 = 3 sin 6. 

Using differentiation and the triangle shown in Figure 8.6, you obtain 

dx =3cos0d0, /9—x?=3cos6, and x? = 9sin? 6. 

So, trigonometric substitution yields 

dx - 3 cos dé Ree 

v/9—x2 |} (9 sin? 0)(3 cos 8) rai 

= 1 dé Simplif 9} sin? 6 etsy 
I 2 Re 

= 3 csc- 0 dé Trigonometric identity 

1 = a coud + C Apply Cosecant Rule. 

1 AC ee ee 

= (22) =O} Substitute for cot 6. 
9 ne 

oe 
eaten (On 

9x 

Note that the triangle in Figure 8.6 can be used to convert the @’s back to x’s, as shown. 

adj. 

opp. 

(rae 
ae ud 

cot 0 = 

VVLA Use a computer algebra system to find each indefinite integral. 

| dx | dx 

y One ra 

i dx | dx 

x2/9 — x? VO 

Then use trigonometric substitution to duplicate the results obtained with the 

computer algebra system. 

In Chapter 5, you saw how the inverse hyperbolic functions can be used to evaluate 

the integrals 

du du d du 
5 5 » an SS: 

/u2 + a ear u~/a* + u2 

You can also evaluate these integrals using trigonometric substitution. This is shown in 

the next example. 



tantor— 2x sec 9 = ~/4x? 1 

Figure 8.7 

Xx 
tan @ = x, sin 8 = ——— 

JSx2 + 1 

Figure 8.8 
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EXAMPLE 2 Trigonometric Substitution: u = atan @ 

dx 
Pod) | 
| Vax 4 

Solution Let wu = 2x, a = 1, and 2x = tan @, as shown in Figure 8.7. Then, 

] 
dx =, seo- 0. d0evands ~/ 4x74 ai=1sec. 0. 

Trigonometric substitution produces 

1 oe 1 [ sec? 0d0 ae 
ae 5 aw ubstitute. 

i 
= 5 i sec 0d0 Simplify. 

| 
ai In|sec 6 + tan 6] + C Apply Secant Rule. 

1 
= 5 In| V 4x? + 14+ 2x| ar (C. Back-substitute. 

Try checking this result with a computer algebra system. Is the result given in this 

form or in the form of an inverse hyperbolic function? wi 

You can extend the use of trigonometric substitution to cover integrals involving 

expressions such as (a? — u?)"/? by writing the expression as 

(a2 — 2)"/2 = ( ier yr, 

EXAMPLE 3 Trigonometric Substitution: Rational Powers 

cee. [> See LarsonCalculus.com for an interactive version of this type of example. 

Find | 

Solution Begin by writing (x? + 1)9/? as 

(Vr eT) 
Then, let a = 1 and u = x = tan 0, as shown in Figure 8.8. Using 

dx = sec2?@d@ and ./x? +1 =sec0 

you can apply trigonometric substitution, as shown. 

| aE 2 Rewrite denominator. ase = re ewrite denominator. 
ese are earn 

sec? 0 d0 
= eee Substitute. 

sec” 0 

dé . ae 
= Simplify. 

sec 0 

= [eo 6dé Trigonometric identity 

=sind+C Apply Cosine Rule. 

Xx 
= ——- + €C Back-substitute. P| 

iy) 

eae 
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J3 

eo = 3 
bec OS = un dS 

S38: 3 
Figure 8.9 

For definite integrals, it is often convenient to determine integration limits for 6 that 

avoid converting back to x. You might want to review this procedure in Section 4.5, 

Examples 8 and 9. 

EXAMPLE 4 Converting the Limits of Integration 

ce 28 
Evaluate i. 

3 i 

Solution Because \/x? — 3 has the form /u? — a’, you can consider 

i= Mua see) and x =1./3 sec.6 

as shown in Figure 8.9. Then, 

dx = /3sec OtanOd@ and J/x? —3 = J/3tanO. 

To determine the upper and lower limits of integration, use the substitution 

x = /3 sec 6, as shown. 

Lower Limit Upper Limit 

2) 
When x = 3, sec 9 = 1 When x = 2, sec 0 = —= 

Ve 
and 6 = 0. 

a 6" and 9 = 

So, you have 

Integration 

limits for x 

Integration 

limits for 0 

[ ees ir (/3 tan 6)(/3 sec @ tan 6) dé 
——— i). = 

0 V3 sec 0 

1/6 

= ./3 tan? 0 dé 
0 

17/6 

= i | (sec? 6 — 1) dé 
0 

1/6 

= V3 tan 0 - a 
0 

= v3(, - 2) 
<Oined 

377 
En 7 

= 0.0931. | 

In Example 4, try converting back to the variable x and evaluating the 

antiderivative at the original limits of integration. You should obtain 

a By SAG ~ axosec | 
eee: x) V3) 

a O\ a 
== ().0931. 
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When using trigonometric substitution to evaluate definite integrals, you must be 
careful to check that the values of 6 lie in the intervals discussed at the beginning of this 
section. For instance, if in Example 4 you had been asked to evaluate the definite integral 

ys} US 

—9 X 

then using uw = x and a = \/3 in the interval [—2, = V3] would imply that vu < —a. 
So, when determining the upper and lower limits of integration, you would have to 
choose @ such that 7/2 < 6 < 7. In this case, the integral would be evaluated as shown. 
[Pes =s: : 7 (- J3 tan a)(/3 sec 6 tan 6) dé 

— xX j 2 57/6 3 sec 0 

= — ./3 tan? 6 d0 
57/6 

= —/3 (sec? 6 — 1) dé 
57/6 

T 

= V3| tan i) = a| 
57/6 

“aloo (--#) 
V3 

= — + —— 

6 

=), 093i 

Trigonometric substitution can be used with completing the square. For instance, 

try finding the integral 

[ve — 2x dx. 

To begin, you could complete the square and write the integral as 

[ve = 1)? — 1? dx. 

Because the integrand has the form 

ie 

with uw = x — | and a = 1, you can now use trigonometric substitution to find the 

integral. 

Trigonometric substitution can be used to evaluate the three integrals listed in the 

next theorem. These integrals will be encountered several times in the remainder of the 

text. When this happens, we will simply refer to this theorem. (In Exercise 71, you are 

asked to verify the formulas given in the theorem.) 

THEOREM 8.2 Special Integration Formulas (a > 0) | 

1. [ve — uw du= AG arcsin = ia ?) a: 

2. [ve — a du = sluvie Se pee Ud ew) @|) a Cat iba ee 

' 
| 

j 3. [ve + a du = su vie + a@+@Inju+ V2 + a|) +C 
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7) tii 

The arc length of the curve from (0, 0) 

to (1,9) 
Figure 8.10 

The barrel is not quite full of oil—the 

top 0.2 foot of the barrel is empty. 

Figure 8.11 

Figure 8.12 

Applications 

EXAMPLE 5 Finding Arc Length 

Find the arc length of the graph of f(x) = 3x? from x = 0 to x = | (see Figure 8.10). 

Solution Refer to the arc length formula in Section 7.4. 

I 

s= | ~/ | Fe) 2 dx Formula for arc length 

0 
I 

= | J1 + x? dx f'@) =x 
0 
a/4 

= | sec? 0d0 Leta = 1 and’ x = tani@: 

0 
| 7/4 

- 3] see @tan @ + In|sec 6 + tan a Example 5, Section 8.2 
0 

1 = slv2 + in(/2 + 1)| 

= 1.148 

EXAMPLE 6 Comparing Two Fluid Forces 

A sealed barrel of oil (weighing 48 pounds per cubic foot) is floating in seawater 

(weighing 64 pounds per cubic foot), as shown in Figures 8.11 and 8.12. (The barrel is 

not completely full of oil. With the barrel lying on its side, the top 0.2 foot of the 

barrel is empty.) Compare the fluid forces against one end of the barrel from the inside 

and from the outside. 

Solution In Figure 8.12, locate the coordinate system with the origin at the center of 

the circle 

ey als 

To find the fluid force against an end of the barrel from the inside, integrate between 

—1 and 0.8 (using a weight of w = 48). 

] 
d 

F=w i h(y)L(y) dy General equation (See Section 7.7.) 

0.8 

eee sae 18| (0.8 - y)(2) Vv NS y? dy 

=i 
0.8 0.8 

= 763 T= Fay ~ 96] Vw iaeye ay 
+1 ei 

To find the fluid force from the outside, integrate between — | and 0.4 (using a weight 

of w = 64). 

0.4 

F aikide = ot | (0.4 = y)(2) 41 — y? dy 

= 

0.4 0.4 

= 512 J1 — y2dy - 128 | Wait = ye dy 
= —] 

The details of integration are left for you to complete in Exercise 70. Intuitively, would 

you say that the force from the oil (the inside) or the force from the seawater (the 

outside) is greater? By evaluating these two integrals, you can determine that 

Fide 121.3 pounds and Foye = 93.0 pounds. wi 



8.4 Exercises 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Trigonometric Substitution In Exercises 1-4, state the 
trigonometric substitution you would use to find the indefinite 

integral. Do not integrate. 

1. [o + x7)~2 dx 2: | J/4 — x? dx 

3) | Tare dx 4, [20 oe 25) 92 dx 

Using Trigonometri¢ Substitution In Exercises 5-8, 
find the indefinite integral using the substitution x = 4 sin 6. 

pS i] = 
Sor 

‘{ J/16 — x? x3 
o | Se oy | SS —== Jr 

x /16 — x? 

Using Trigonometric Substitution In Exercises 9-12, 
find the indefinite integral using the substitution x = 5 sec 0. 

Di 

10, [ = a 

i decooes . | oad 
x2./16 — x? 

, 1 Cs ae 
la = 

s Pe 

(S) [ave = DS) ahs 12. [eee 

+ Using Trigonometric Substitution In Exercises 13-16, 
find the indefinite integral using the substitution x = tan 0. 

9x3 
i; J 1 + x? d 14.0) a dx, ie x xX i aes Xx 

1 Ge 

| eee ok Ih; at 

Using Formulas In Exercises 17-20, use the Special 
Integration Formulas (Theorem 8.2) to find the indefinite integral. 

LT. [v “Pil6xtidx. 18. [ 4FRa 

19. [vz — 4x2 dx 20. | w= 1 dx 

Finding an Indefinite Integral In Exercises 21-36, find 
the indefinite integral. 

2 
1 56 

eS dy 2205 | 
| i6 — 2 | ipa 

1 
LV 16 — 4x? dx 24. |e 

SEY 2 ae 

pol 2 56) | 
x* x* 

jaa 28 i a ites | eee 
| x/4x2 +9 x Joe +1 

l 
| G2 +32” 30. (ape 

/ ae 

= | e*/1 — e* dx aa —* dx 
Vx 

l eer | B40 ee ee | Pee ee 
- lj ae Aye ae oe ue 4 {2 a rainy dx 

B5s i ALCSCC) 200d eu ac 36. | x arcsin x dx 
Ol ae 

Completing the Square In Exercises 37-40, complete the 

square and find the indefinite integral. 

x2 
S/n SSa =< 
i J4x% = x? “i | Vox x2 vs 

39. i as See 1 FP 40. i lee ee», 
Sx? + 6x + 12 J/x? —- 6x + 5 

Converting Limits of Integration In Exercises 41-46, 

evaluate the definite integral using (a) the given integration 

limits and (b) the limits obtained by trigonometric substitution. 

J3/2 2 a BY2. | 

41. Sa li 42. See th 
j (1 j (is 752 — 72)3/2 

3/5 

44, [ J9 = 25x? dx 
0 

Say oem 
46. | = ae we be ea: OS 

3 3 
Xe: 

43. ae | Vero 
6 x2 

45. ——————— 1/7) I =o ee 

WRITING ABOUT CONCEPTS 

47. Trigonometric Substitution State the substitution 
you would make if you used trigonometric substitution for 

an integral involving the given radical, where a > 0. 

Explain your reasoning. 

(a) /a> =u? 

(b) a? + u? 

(c)) a ="a2 

. Choosing a Method State the method of integration 
you would use to perform each integration. Explain why 

you chose that method. Do not integrate. 

(b) oe —ld& (a) [xe + 1 dx 

. Comparing Methods 

ese 
xe apm 

Then find the integral using trigonometric substitution. 

Discuss the results. 

(a) Find the integral | dx using u-substitution. 

5 

(b) Find the integral l= dx algebraically using 
se So) 

x? = (x2 +9) — 9. Then find the integral using 
trigonometric substitution. Discuss the results. 
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On) HOW DOYOU SEE IT? Use the graph of f’ 

shown in the figure to answer the following. 

(a) Identify the open interval(s) on which the graph of f 

is increasing or decreasing. Explain. 

(b) Identify the open interval(s) on which the graph of f 

is concave upward or concave downward. Explain. 

True or False? In Exercises 51-54, determine whether the 

statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

51. If x = sin 6, then 

dx 
SS = || ii} 
| VL x | 

52. If x = sec 0, then 

(ae 
[4a = [ se 6 tan 6 dé. 

53. If x = tan 0, then 

PAS: ake 47/3 

[ (ase = i cos 6 dé. 

0 ss 0 

54. If x = sin 6, then 

1 

| PIF ax = 2) 
=j 0 

a/2 

sin? @ cos? 6 dé. 

2 2 
55. Area Find the area enclosed by the ellipse ae =f io = 1 

shown in the figure. i 

y 

A 

a 

= Ia > xX —a 

od 

x 

A 
Bir 

y oOU™N 
» At tt ‘e4 

=a 

Figure for 55 Figure for 56 

56. Area Find the area of the shaded region of the circle of 

radius a when the chord is h units (0 < h < a) from the center 

of the circle (see figure). 

Integration Techniques, UHopital’s Rule, and Improper Integrals 

57. Mechanical Design The surface of a machine part is the 

region between the graphs of y = |x| and x? + (y — k)? = 25 

(see figure). 

(a) Find k when the circle is tangent to the graph of y = |x|. 

(b) Find the area of the surface of the machine part. 

(c) Find the area of the surface of the machine part as a 

function of the radius r of the circle. 

Ay 58. Volume The axis of a storage tank in the form of a right 
circular cylinder is horizontal (see figure). The radius and 

length of the tank are | meter and 3 meters, respectively. 

_——— 
’ 3m a 

TO ISR Rp re 

(a) Determine the volume of fluid in the tank as a function of 

its depth d. 

(b) Use a graphing utility to graph the function in part (a). 

(c) Design a dip stick for the tank with markings of I . and :. 

(d) Fluid is entering the tank at a rate of 5 cubic meter per 

minute. Determine the rate of change of the depth of the 

fluid as a function of its depth d. 

(e) Use a graphing utility to graph the function in part (d). 

When will the rate of change of the depth be minimum? 

Does this agree with your intuition? Explain. 

Volume of aTorus In Exercises 59 and 60, find the volume 

of the torus generated by revolving the region bounded by the 

graph of the circle about the y-axis. 

59. @ — 3? + y? =1 

60°C 2h) yew he 

Arc Length In Exercises 61 and 62, find the arc length of the 

curve over the given interval. 

61, y=Inx {1,5} 

62. y = 5x’, [0,4] 

63. Arc Length Show that the length of one arch of the sine 
curve is equal to the length of one arch of the cosine curve. 



64. Conjecture 

(a) Find formulas for the distances between (0, 0) and (a, a2) 

along the line between these points and along the parabola 

y = x’. 

(b) Use the formulas from part (a) to find the distances for 

a=1landa= 10. 

(c) Make a conjecture about the difference between the two 

distances as a increases. 

Centroid In Exercises 65 and 66, find the centroid of the 

region determined by the graphs of the inequalities. 

IA Cove Ax +9) y = 0x 24, xs 4 

| 
Gomyeee x, (x — 4)? + y* = 16,y = 0 A 

67. Surface Area Find the surface area of the solid generated 
by revolving the region bounded by the graphs of y = x?, 

y = 0,x = 0, and x = ./2 about the x-axis. 

68. Field Strength The field strength H of a magnet of length 
2L on a particle r units from the center of the magnet is 

2mL 

i= (2 + 12372 

where +m are the poles of the magnet (see figure). Find the 

average field strength as the particle moves from 0 to R units 

from the center by evaluating the integral 

nf" 2mL 
er 
pepe + 17)3/2 

+m 

2L 

e ¢69. Fluid Force 

Find the fluid force on 

a circular observation 

window of radius | foot 

in a vertical wall of a 

large water-filled tank 

at a fish hatchery when 

the center of the window 

is (a) 3 feet and (b) d feet 

(d > 1) below the water’s 
surface (see figure). Use 

trigonometric substitution 

to evaluate the one integral. 

Water weighs 62.4 pounds 

per cubic foot. (Recall that 

in Section 7.7 in a similar 

problem, you evaluated one 

integral by a geometric formula 

and the other by observing that 

the integrand was odd.) 
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70. Fluid Force Evaluate the following two integrals, which 

yield the fluid forces given in Example 6. 
0.8 

(Das = 18| (0.8 = yQ)V1 = y*dy 
-1 

0.4 

(b) Peutside 7 ot (0.4 —s y)(2)V = y? dy 

=! 

71. Verifying Formulas Use trigonometric substitution to 

verify the integration formulas given in Theorem 8.2. 

72. Arc Length Show that the arc length of the graph of 
y = sin x on the interval [0, 27] is equal to the circumference 

of the ellipse x2 + 2y? = 2 (see figure). 

73. Area of a Lune The crescent-shaped region bounded by 
two circles forms a lune (see figure). Find the area of the lune 

given that the radius of the smaller circle is 3 and the radius of 

the larger circle is 5. 

74, Area Two circles of radius 3, with centers at (—2, 0) and 

(2, 0), intersect as shown in the figure. Find the area of the 

shaded region. 

PUTNAM EXAM CHALLENGE 

75. Evaluate 

1 In(x + 1) 
2 dx. 

On ae | 

This problem was composed by the Committee on the Putnam Prize Competition. 

© The Mathematical Association of America. All rights reserved. 

Jeungchopan/Shutterstock.com 
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8.5 Partial Fractions 

i Understand the concept of partial fraction decomposition. 

@ Use partial fraction decomposition with linear factors to integrate rational functions. 

@ Use partial fraction decomposition with quadratic factors to integrate rational 

functions. 

Partial Fractions 

This section examines a procedure for decomposing a rational function into simpler 

rational functions to which you can apply the basic integration formulas. This 

procedure is called the method of partial fractions. To see the benefit of the method 

of partial fractions, consider the integral 

[=e 

To evaluate this integral without partial fractions, you can complete the square and use 

trigonometric substitution (see Figure 8.13) to obtain 

2x? — 5x +6 1 ef dx 
[lee |e 

‘ | (1/2) sec 6 tan 6d0 
(1/4) tan? 0 

is) ll 
vie & 

| 

dx = + sec @tan 6d0 

om a : = 2 csc 6d0 

= 2 In|csc 6 = cot O) ae 

Se 1 

We = 5xt6 2W/—5xt+6 
x= 3 

eee Se ae + 

J/x2 — 5x + 6 

= 2 n= BC 
hse = DY 

=21In oC 

= 2 In G& 

Kigeee) 

eS 2 

= Tn] Sin ate 2 |e 

= In [+c 

Now, suppose you had observed that 

1 he a ie 1 

x7-—5x+6 x-3 x-2 
Partial fraction decomposition 

JOHN BERNOULLI (1667-1748) Then you could evaluate the integral, as shown. 

The method of partial fractions i 1 1 

was introduced by John Bernoulli, 2 5 Ci = dx 
' ie ees O RS Exe 

a Swiss mathematician who was 

instrumental in the early = Jn|x =93|— Inve 2l=_ C 
development of calculus. John : 4 ‘ ; ae 
Bernoulli was a professor at the This method is clearly preferable to trigonometric substitution. Its use, however, 

University of Basel and taught depends on the ability to factor the denominator, x7 — 5x + 6, and to find the partial 
many outstanding students, the fractions 

most famous of whom was 
Leonhard Euler. q I 

o—— i ee 
ern @h ee 

In this section, you will study techniques for finding partial fraction decompositions. 

The Granger Collection 
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°*REMA In precalculus, 

you learned how to combine 

functions such as 

_ =e 
x-2 x4+3 (-2)(x4+3) 

Lig 

The method of partial fractions 

shows you how to reverse this 

process. 

9 ? 
So oa aL = Ss 

i 2)ix+3) x—-2 x+3 
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Recall from algebra that every polynomial with real coefficients can be factored 

into linear and irreducible quadratic factors.* For instance, the polynomial 

Mastioua Viera! 

can be written as 

wP+xt*—x—1=x4(x+ 1)—-(% 41) 

= (x* — 1)(x + 1) 

= (x2 + 1)(x? — 1)(x + 1) 

= (x? + I(x + I - 1) + 1) 

= (x =A) 1)762 + 1) 

where (x — 1) is a linear factor, (x + 1)? is a repeated linear factor, and (x2 + 1) is an 

irreducible quadratic factor. Using this factorization, you can write the partial fraction 

decomposition of the rational expression 

N(x) 

xi+xt-—x-1 

where N(x) is a polynomial of degree less than 5, as shown. 

N(x) A B C = rh (DB sr Jas 

(oe) Gest LAG ee et ee C(x 1)? x2 +] 

Decomposition of N(x)/D(x) into Partial Fractions 

1. Divide when improper: When N(x)/D(x) is an improper fraction (that is, 

when the degree of the numerator is greater than or equal to the degree of the 

denominator), divide the denominator into the numerator to obtain 

M(x) N(x) 
D(x) D(x) 

= (a polynomial) + 

where the degree of N,(x) is less than the degree of D(x). Then apply 
Steps 2, 3, and 4 to the proper rational expression N,(x)/D(a). 

2. Factor denominator: Completely factor the denominator into factors of 

the form 

(px + q)” 
where ax? + bx + c is irreducible. 

and (ax? + bx + c)" 

3. Linear factors: For each factor of the form (px + q)'”, the partial fraction 
decomposition must include the following sum of m fractions. 

A, A, te + ee 
(px + q) (px + 4)? (px + q) 

4. Quadratic factors: For each factor of the form (ax? + bx + c)", the partial 

fraction decomposition must include the following sum of n fractions. 

Bx ai C, 

(ax? + bx +c)" 

Bex CG, 

ax? + bx+c 

Baxi Gs 

(ax? + bx + c)? 

* For a review of factorization techniques, see Precalculus, 9th edition, or Precalculus: 

Real Mathematics, Real People, 6th edition, both by Ron Larson (Boston, Massachusetts: 

Brooks/Cole, Cengage Learning, 2014 and 2012, respectively). 

siete! 
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@ © © BLOOMS (OS (O'S Se KO ER je rere eit 5 
he 

° 

°*REMARK Note that the 

substitutions for x in Example | 

are chosen for their convenience 

in determining values for A and 

B:; x = 3 is chosen to eliminate 

the term B(x — 3), and x = 2 is 

chosen to eliminate the term 

A(x — 2). The goal is to make 
convenient substitutions whenever 

possible. 

i FOR FURTHER INFORMATION 

To learn a different method for 

finding partial fraction 

decompositions, called the 

Heavyside Method, see the article 

“Calculus to Algebra Connections 

in Partial Fraction Decomposition” 

by Joseph Wiener and Will Watkins 

in The AMATYC Review. 

> 

Linear Factors 

Algebraic techniques for determining the constants in the numerators of a partial 

fraction decomposition with linear or repeated linear factors are shown in 

Examples | and 2. 

EXAMPLE 1 Distinct Linear Factors 

Write the partial fraction decomposition for 

at 2S 
1 lee Ot ee! 

Solution Because x? — 5x + 6 = (x — 3)(x — 2), you should include one partial 

fraction for each factor and write 

(Goa t-lehowe: ented | 
x7 — 5x+6° *¥— 3 x12 

where A and B are to be determined. Multiplying this equation by the least common 

denominator (x — 3)(x — 2) yields the basic equation 

l= AG — 2) + Ba — 3) Basic equation 

Because this equation is to be true for all x, you can substitute any convenient values 

for x to obtain equations in A and B. The most convenient values are the ones that make 

particular factors equal to 0. 

To solve for A, let x = 3. 

{=AG6— 2) + BG 3) Let x = 3 in basic equation. 

1 = A(1) + B(O) 

1=A 

To solve for B, let x = 2. 

duet A (Qe) a bigee 3) Let x = 2 in basic equation. 

1 =A(0) + B(—1) 

= 1 = B 

So, the decomposition is 

lubsni al 9 Tak +i 
x*—5x+6 x-3 x-2 

as shown at the beginning of this section. wi 

Be sure you see that the method of partial fractions is practical only for integrals 

of rational functions whose denominators factor “nicely.” For instance, when the 

denominator in Example | is changed to 

x2—5x+5 

its factorization as 

+ — 

at eM yl ali papi ta 
2 Zz 

would be too cumbersome to use with partial fractions. In such cases, you should use 

completing the square or a computer algebra system to perform the integration. When 

you do this, you should obtain 

[eg - Ske /5 - 5| ~Binlox + J5-—5| +. 



i FOR FURTHER INFORMATION 

For an alternative approach to 

using partial fractions, see the 

article “A Shortcut in Partial 

Fractions” by Xun-Cheng Huang 

in The College Mathematics 

Journal. 

8.5 Partial Fractions 545 

EXAMPLE 2 Repeated Linear Factors 

Dx 20% ir 
Find | : Cony 

oe tek 

Solution Because 

oD te A te es 1 )2 

you should include one fraction for each power of x and (x + 1) and write 

5x2+20x+6 A. B C 
x(x + 1) x x1 (w+ 1) 

Multiplying by the least common denominator x(x + 1)? yields the basic equation 

5x? + 20x + 6= A(x + 1)? + Bx(x + iN) ee (eee, Basic equation 

To solve for A, let x = 0. This eliminates the B and C terms and yields 

6=A(1)+0+0 

6=A 

To solve for C, let x = —1. This eliminates the A and B terms and yields 

5 = Ws © =] Os O = € 

9=C. 

The most convenient choices for x have been used, so to find the value of B, you can 

use any other value of x along with the calculated values of A and C. Using x = 1, 

A = 6, and C = 9 produces 

5+20+6=A(4) + B2)+C 

= 6(4) + 2B +9 

—2=2B 

= le— Bs 

So, it follows that 

5x? + 20x + 6 9 

[=e sabe ale gt i [(¢- "G+ wp) a 

fade 
= 6 In|x| — In|x + 1| +982 J +c 

x 9 
= i +f 5 

a gee I C 

Try checking this result by differentiating. Include algebra in your check, simplifying 

the derivative until you have obtained the original integrand. wd 

It is necessary to make as many substitutions for x as there are unknowns 

(A, B,C, . . .) to be determined. For instance, in Example 2, three substitutions 

(x = 0,x = —1, and x = 1) were made to solve for A, B, and C. 

> TECHNOLOGY Most computer algebra systems, such as Maple, Mathematica, 
* and the T/-nSpire, can be used to convert a rational function to its partial fraction 

» decomposition. For instance, using Mathematica, you obtain the following. 

Apart [(5 *x A 2 + 20* x + 6)/(x* (x + 1) A 2), x] 

: 6 2 1! 

Be cae ees 
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Quadratic Factors 

When using the method of partial fractions with linear factors, a convenient choice of 

x immediately yields a value for one of the coefficients. With quadratic factors, 

a system of linear equations usually has to be solved, regardless of the choice of x. 

EXAMPLE 3 Distinct Linear and Quadratic Factors 

> + © +> See LarsonCalculus.com for an interactive version of this type of example. 

: 2x3 — 4x — 8 
Find | oe) abs. 

Solution Because 

(ex) (02 A) xe 1) (a? = 4) 

you should include one partial fraction for each factor and write 

2x3 — 4x — 8 A B Cx + D 

Cac eta) ee | ee cect ae 

Multiplying by the least common denominator 

Hos = NG ae ey 

yields the basic equation 

2x? — 4x — 8 = A(x — 1)? + 4) + Bre? + 4) + (Cx + D)()G@ — 1). 

To solve for A, let x = 0 and obtain 

—8 = A(-1)(4) +0+0 

2=A. 

To solve for B, let x = 1 and obtain 

—10= 0+ Bb) @ 

mV 

At this point, C and D are yet to be determined. You can find these remaining constants 

by choosing two other values for x and solving the resulting system of linear equations. 

Using x = —1,A = 2, and B = —2, you can write 

20 (2) 2) (3) ae 2) (SING) ce Ca) (1a) 
y= (6 ar 1B). 

For x = 2, you have 

0 = (2)(1)(8) + (—2)(2)(8) + (2€ + D)(2)(1) 
§ =2C + D. 

Solving the linear system by subtracting the first equation from the second 

~ Goa DiS 

2C+D=8 

yields C = 2. Consequently, D = 4, and it follows that 

2x3 — 4x — 8 Rae (2 2 rn 2s Se 4 Ja 

x(x = I(x? + 4)” CN ®t Aa ee ae 

=e 2 In| ee tiie | ne eee) ate arctan 5 male 
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In Examples 1, 2, and 3, the solution of the basic equation began with substituting 

values of x that made the linear factors equal to 0. This method works well when the 

partial fraction decomposition involves linear factors. When the decomposition involves 

only quadratic factors, however, an alternative procedure is often more convenient. For 

instance, try writing the right side of the basic equation in polynomial form and 

equating the coefficients of like terms. This method is shown in Example 4. 

EXAMPLE 4 Repeated Quadratic Factors 

; 8h levee 
Find | (2 +2) dx. 

Solution Include one partial fraction for each power of (x? + 2) and write 

ue ie Mieke © las ay he Sa) 

a ae (Xu a) 

Multiplying by the least common denominator (x? + 2)? yields the basic equation 

8x2 13% —=.(Ax + B)(x% 2). Gx + D: 

Expanding the basic equation and collecting like terms produces 

8x? + 13x = Ax? + 2Ax + Bx? +2B+ Cx +D 

8x> + 13x = Ax® + Bx? + (2A + C)x + (2B + D). 

Now, you can equate the coefficients of like terms on opposite sides of the equation. 

8=A 0=2B+D 

jaiein ail a NSISNPsonbach aim Lo) icc) scl 
8x3 + Ox? + 13x + 0 = Ax? + Bx? + (2A + C)x + (2B + D) 

0=B 

13 = 2A + C 

Using the known values A = 8 and B = 0, you can write 

I3=2A+C m 13=2(8)+C m -3=C 

0=2B+D =>» =2(0)+D => 0=D. 

Finally, you can conclude that 

3 = 8x tas = | ( 8x i Spe a 

x5 Ga)? hPa (tea PD 

3 
= 2+ 2)+———_ + €. A ln(x2: 2) a2 +2) | 

TECHNOLOGY You can use a graphing utility to confirm the decomposition 

ie in Example 4. To do this, graph 

oth cia) eh 
nee (2 + 2)? Graphs of y, 

and y, are 

and identical. 

8x 13x 
Yo 2 +2 °° (2 + 2) 

in the same viewing window. The graphs 

should be identical, as shown at the right. 

, ar 

eeoee@e eee eeeseeeaeee\ f 

/ 



548 Chapter 8 Integration Techniques, UH6dpital’s Rule, and Improper Integrals 

i FOR FURTHER INFORMATION 

To read about another method of 

evaluating integrals of rational 

functions, see the article “Alternate 

Approach to Partial Fractions to 

Evaluate Integrals of Rational 

Functions” by N. R. Nandakumar 

and Michael J. Bossé in The Pi 

Mu Epsilon Journal. To view this 

article, go to MathArticles.com. 

When integrating rational expressions, keep in mind that for improper rational 

expressions such as 

N(x) . 2x7 Fx? = Tx 7 

D(x) xt+x-—2 

you must first divide to obtain 

N(x) yes, =9x + 5 
ar ; 

D(x) xe+x-2 

The proper rational expression is then decomposed into its partial fractions by the usual 

methods. 

Here are some guidelines for solving the basic equation that is obtained in a partial 

fraction decomposition. 

GUIDELINES FOR SOLVING THE BASIC EQUATION 

Linear Factors 

1. Substitute the roots of the distinct linear factors in the basic equation. 

2. For repeated linear factors, use the coefficients determined in the first 

guideline to rewrite the basic equation. Then substitute other convenient 

values of x and solve for the remaining coefficients. 

Quadratic Factors 

. Expand the basic equation. 

. Collect terms according to powers of x. 

. Equate the coefficients of like powers to obtain a system of linear equations 

involving A, B, C, and so on. 

. Solve the system of linear equations. 

Before concluding this section, here are a few things you should remember. First, 

it is not necessary to use the partial fractions technique on all rational functions. For 

instance, the following integral is evaluated more easily by the Log Rule. 

Kee ll ee 3x 4S d 

xet+3x—-4°° 3) 334+ 3x—-4° 

= 5 Injx? + 3x — 4] + € 

Second, when the integrand is not in reduced form, reducing it may eliminate the need 

for partial fractions, as shown in the following integral. 

Ve i (x + 1)@ — 2) 

[Se-| See 

a eam d 

x7 +2x+2 i 

- 5 Ils? t 25 2G 

Finally, partial fractions can be used with some quotients involving transcendental 

functions. For instance, the substitution w = sin x allows you to write 

COS x du 
SSS Sth a= oe u = sinx, du = cos x dx 
sin x(sin. x — 1) u(u — 1) 



8.5 Exercises 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Partial Fraction Decomp on. In Exercises 1—4, write 

the form of the partial eee stiles ane of the rational 

expression. Do not solve for the constants. 

ee 
x? — 8x 

Des — 3} 

x3 + 10x 

1. 

ak 

Ix? =o] 

(= 3)? 

De = || 

~ x(x? + 1)? 

2. 

Using Partial Fractions In Exercises 5-22, use partial 
fractions to find the indefinite integral. 

1 
5. fo a 

5 

* | eer 

x? + 12x + 12 0. | ee 

11. 
2x3 — 4x2 — 15x + 5 

x? — 2x — 8 

4x2 + 2x — 1 13. | See ae 

x7+3x-4 

aa | Sees 

>a | 
17. jane 

a2 
19. | reste 

x27 +5 

0 | ers 

Evaluating a Definite Integral 

dx 

2 
6. i 2 = 1 

Sues 

|e ae 

Sresa 

10. ar Sa 
xix 2 

12. Soe ex 

14. | ae 

res lees 2 ees 

18. ir zx 

20. | revien bed 

+ 6x4+4 

he (= ee 

In Exercises 23-26, 

evaluate the definite integral. Use a graphing utility to verify 

your result. 

3 
© | ease 

2 
35 ace 

25; | RG? + Wee 

Finding an Indefinite Integral 

| 2 x7 =x 

| ee 

In Exercises 27-34, use 

substitution and partial fractions to find the indefinite integral. 

sin x 
Sh || SS 
I cos x + cos? x 

sec? x 
i ad 

% | (fe eee z 

e* 

pi. (e* — 1)(e* + 4) de 

33. | a dx 
5 

5 cos x 

zs lene + 3sinx — a 

sec? x 
. | ———— & 

on | tan x(tanx + 1) 7 

en 

fs ——— ori, 
32 | (+ De -— 1) 

34. = dx 

Verifying a Formula _ In Exercises 35-38, use the method of 

partial fractions to verify the integration formula. 

| ] 
35. x= 
3 {= =p 122.9) o a " 

1 | 
6. x= 

3 | Ge Saxe a 2a * 

37 x nee | ( a 

"| (a t+ bx)? b?\a + bx 

i b 

Bu ee + bx) CSE EG 

WRITING ABOUT CONCEPTS 

39. Using Partial Fractions What is the first step when 

x 

a+ bx 

ON aia 25 

(Oh = 3¢ 
staat 

+ Inja + bx\] +6 

x, 

a+ bx 

3 

integrating | s ~ 5 dx? Explain. 

. Decomposition Describe the decomposition of the 
proper rational function N(x)/D(x) (a) for D(x) = (px + q)" 
and (b) for D(x) = (ax2 + bx + c)" where ax? + bx + cis | 
irreducible. Explain why you chose that method. 

. Choosing a Method State the method you would use 
to evaluate each integral. Explain why you chose that 

method. Do not integrate. 

Seated 7x + 4 

@ |attiy eo lat 

4 

@ | areas 

O20 HOW DOYOU SEE IT? Use the graph of /’ 
eae shown in the figure to answer the following. 

_ 5x? + 10x 
(x? + 1)? 

(a) Is f(3) — f(2) > 0? Explain. 

(b) Which is greater, the area under the graph of f’ from 

1 to 2, or the area under the graph of f’ from 3 to 4? 

43. Area Find the area of the region bounded by the graphs of 

ye12/e- 15x 4-6), y — Oe = 0; and x = 1. 

44. Area Find the area of the region bounded by the graphs of 

y = 7/(16 — x*) andy = 1. 
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45. 

46. 

Chapter 8 

Modeling Data The predicted cost C (in hundreds of 

thousands of dollars) for a company to remove p% of a 

chemical from its waste water is shown in the table. 

P. | 0 | 10 | 20 | 30 | 40 

C | On Oy | 1.0 | 1.3 | ihe 

fam, 50 | 60 | 7M) || O 90 | 

ae 2.0 4 25/3 /Oh | Sel, | 

124p 
A model for the data is given by C = (10 + p)(100 — p) 

for 0 s p < 100. Use the model to find the average cost of 

removing between 75% and 80% of the chemical. 

Logistic Growth In Chapter 6, the exponential growth 
equation was derived from the assumption that the rate of 

growth was proportional to the existing quantity. In practice, 

there often exists some upper limit L past which growth 

cannot occur. In such cases, you assume the rate of growth to 

be proportional not only to the existing quantity, but also to the 

difference between the existing quantity y and the upper limit 

L. That is, dy/dt = ky(L — y). In integral form, you can write 

this relationship as 

dy ~ 

laws [xa 
(a) A slope field for the differential equation dy/dt = 

y(3 — y) is shown. Draw a possible solution to the 
differential equation when y(0) = 5, and another when 

y(0) = 3. To print an enlarged copy of the graph, go to 
MathGraphs.com. 

Saleh lll Mihi bth dba beo hig 
\ PRORORROROREREREE 
\ it NV 12 Up i Wah gh 3 
ES hl gh SV a a 

CMe pA VIA AV AV AVIAUAY AYA PAN YeR VaR e\t) AVA AW AYE AVIAN 
NoASYAAAU AR ADNGAS NORCO NNN 
ASS AGATA DSS NAUSEA CES AEN 

3 NANSNANANSNASANSNSANNS 

LAPGLAAOCLCALELOOL OEE 
LEELA A LAL AAT LSTA OLS! fe 
PPT LORE TUR AED RD a 

Dita Ue ha Leta ia ate. AH aD 
pede eee ee 
ey ie the UT SMTi 
TTT tr 

1 elle I] LOVE) UTES Went ES fa Pat eT 
PLLA ESTELLE haf ede 
EPLALAIASAMALEL SL ELL IA 
COALASSARSAOSASSASLSAS 4 

i et ee 
1 2 3 4 5 

(b) Where y(0) is greater than 3, what is the sign of the slope 
of the solution? 

(c) For y > 0, find lim y(r). 
> oo 

(d) Evaluate the two given integrals and solve for y as a 

function of t, where yo is the initial quantity. 

(e) Use the result of part (d) to find and graph the solutions in 

part (a). Use a graphing utility to graph the solutions and 

compare the results with the solutions in part (a). 

= The graph of the function y is a logistic curve. Show that 

the rate of growth is maximum at the point of inflection, 

and that this occurs when y = L/2. 

dextroza/Shutterstock.com 

47. 

48. 

49. 

nn a 

Integration Techniques, UHopital’s Rule, and Improper Integrals 

Volume and Centroid Consider the region bounded by 

the graphs of y = 2x/(x? + 1), y = 0,x = 0, and x = 3. Find 
the volume of the solid generated by revolving the region 

about the x-axis. Find the centroid of the region. 

Volume Consider the region bounded by the graph of 

2 = (2 rs xe 

(1 + x)? 

on the interval [0, |]. Find the volume of the solid generated by 
revolving this region about the x-axis. 

Epidemic Model A single infected individual enters a 

community of n susceptible individuals. Let x be the number 

of newly infected individuals at time ¢. The common epidemic 

model assumes that the disease spreads at a rate proportional 

to the product of the total number infected and the number not 

yet infected. So, dx/dt = k(x + 1)(n — x) and you obtain 

1 
lect | 

Solve for x as a function of t. 

50. Chemical Reaction: ee eeceeeccececcececce 

In a chemical reaction, one 

unit of compound Y and | 
one unit of compound 

Z are converted into a 

single unit of compound 

X. Let x be the amount 

of compound X formed. 

The rate of formation 

of X is proportional to 

the product of the amounts 

of unconverted compounds Y and Z. So, 

dx/dt = k(yp) — x)() — x), where yo and Zp are the initial 
amounts of compounds Y and Z. From this equation, you 

obtain 

1 
[z ice. ax = [at 

(a) Perform the two integrations and solve for x in terms 

of ¢. 

(b) Use the result of part (a) to find x as too for 

(1) yo < 2» (2) Yo > %, and (3) Yo = %. 

Using Two Methods Evaluate 

1 
x 

I Tgee 

in two different ways, one of which is partial fractions. 

PUTNAM EXAM CHALLENGE 

52. Prove 2 —- T= 

ae jeer 

0 Pcie 

This problem was composed by the Committee on the Putnam Prize Competition. 

© The Mathematical Association of America. All rights reserved. 
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TECHNOLOGY A computer 
algebra system consists, in part, 

of a database of integration 

formulas. The primary 

difference between using a 

computer algebra system and 

using tables of integrals is that 

with a computer algebra system, 

the computer searches through 

the database to find a fit. With 

integration tables, you must do 

the searching. 

8.6 Integration by Tables and Other Integration Techniques 

8.6 Integration by Tables and Other Integration Techniques 551 

@ Evaluate an indefinite integral using a table of integrals. 

@ Evaluate an indefinite integral using reduction formulas. 

@ Evaluate an indefinite integral involving rational functions of sine and cosine. 

Integration by Tables 

So far in this chapter, you have studied several integration techniques that can be used 

with the basic integration rules. But merely knowing how to use the various techniques 

is not enough. You also need to know when to use them. Integration is first and 

foremost a problem-of recognition. That is, you must recognize which rule or technique 

to apply to obtain an antiderivative. Frequently, a slight alteration of an integrand will 

require a different integration technique (or produce a function whose antiderivative is 

not an elementary function), as shown below. 

Integration by parts 
2 4 

[22a JU 
x 2 

1 
| dx 

Palins 

[a ? 
iki se 

Many people find tables of integrals to be a valuable supplement to the integration 

techniques discussed in this chapter. Tables of common integrals can be found in 

Appendix B. Integration by tables is not a “cure-all” for all of the difficulties that can 

accompany integration—using tables of integrals requires considerable thought and 

insight and often involves substitution. 

Each integration formula in Appendix B can be developed using one or more of the 

techniques in this chapter. You should try to verify several of the formulas. For instance, 

Formula 4 

u au = 1 ( a 

(a + bu)? b? \a + bu 

can be verified using the method of partial fractions, Formula 19 

[xinxae=Sinx- 24 C 

Power Rule 

In|In x| a Log Rule 

Not an elementary function 

Formula 4 + Inja + bu ae 

Va bu du 
eee LU = Gee Dt ——<——<—— Fi la 19 | 7 u a Uu a Pray, ormula 

can be verified using integration by parts, and Formula 84 

Fee: du=u-—in(l+e)+C Formula 84 
| Fee 

can be verified using substitution. Note that the integrals in Appendix B are classified 

according to the form of the integrand. Several of the forms are listed below. 

Tif (a + bu) 

(a + bu + cu’) Va + bu 

fu? + a? 

Trigonometric functions 

(ne) 
Pie 

Inverse trigonometric functions Exponential functions 

Logarithmic functions 
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Exploration 

Use the tables of integrals 

in Appendix B and the 

substitution 

bo Seal 

to evaluate the integral in 

Example 1. When you do 

this, you should obtain 

2 du ere 
xJ/x- 1 uz+1 

Does this produce the same 

result as that obtained in 

Example 1? 

Figure 8.14 

| | EXAMPLE 1 Integration by Tables 

dx 
Find | oo 

N38 — I 

Solution Because the expression inside the radical is linear, you should consider 

forms involving /a + bu. 

ae E ta g Ly +C Formula 17 (a < 0) — arctan > =—7 aan ormula a< 

Lh G) se lob fu =U) 

Leta = —1, b = 1, and u = x. Then du = dx, and you can write 

dx 
al CUA en On 
3/56 = I 

EXAMPLE 2 Integration by Tables 

tee [> See LarsonCalculus.com for an interactive version of this type of example. 

Find [xe — 9 dx. 

Solution Because the radical has the form \/u? — a’, you should consider 
Formula 26. 

| vereau = Mu Jee - A infu + VPA) + 0 
Let u = x? and a = 3. Then du = 2x dx, and you have 

[=a =F | VERA F On a 

= tle JVF=9 — 9In|x? + /x*— 9|) + €. 

EXAMPLE 3 Integration by Tables 

2. Be 
Evaluat Speers va uae [ fe oat ae 

Solution Of the forms involving e”, consider the formula 

d 
| — u—In(l + e) + C. Formula 84 

ll see 

Let u = —x?. Then du = —2x dx, and you have 

258 Gn do) pees 

Ce 20) Ie ven” 

= -5[-2 gs In(1 =p e*)| eG 

+ [92 a In(1 + e~*)| Gs 

So, the value of the definite integral is 
5 

i x l ie ts 
Ss Mader +e*)| ==-[4 + + e~4) — ~ 1.66. | ae 5; In(1 + ¢ )| >[4 + In( + e~4) — In 2] = 66 

Figure 8.14 shows the region whose area is represented by this integral. wi 



> TECHNOLOGY Sometimes 

*eees8ecsceee#eees##es*+eo3e3+eeesee#eeeeeee?#?#8#¢6#?# 

when you use computer algebra 

systems, you obtain results that 

look very different, but are 

actually equivalent. Here is how 

two different systems evaluated 

the integral in Example 5. 

Maple 

/3 = 5x — 
V3: arctanh($./3 — 5x/3 ) 

Mathematica 

J3 3 5x — 

J/3 ArcTanh Ls =| 

Notice that computer algebra 

systems do not include a 

constant of integration. 

8.6 Integration by Tables and Other Integration Techniques 553 

Reduction Formulas 

Several of the integrals in the integration tables have the form 

I f(x) dx = g(x) + i h(x) dx. 

Such integration formulas are called reduction formulas because they reduce a given 
integral to the sum of a function and a simpler integral. 

EXAMPLE 4 Using a Reduction Formula 

Find [x sin x dx. 

Solution Consider the three formulas listed below. 

[. sinu du = smu — wcosu + C Formula 52 

[e sinudu = —u"cosu +n | u"—! cos u du Formula 54 

[ew cosu du = u™sinu —n fun sin u du Formula 55 

Using Formula 54, Formula 55, and then Formula 52 produces 

[x sin x dx = —x3 cosx + 3 | x cosa 

= —x3cosx + 3 G sin x — ale sin vv) 

= —x3cosx + 3x? sinx + 6xcosx — 6sinx + C. 

EXAMPLE 5 Using a Reduction Formula 

<3) 5% 

Wb) oe 
Solution Consider the two formulas listed below. 

ae (DD = 

|= -- iF il eran 

So ae Loy) du 
SSS = DANG SE IIL Se a F la 19 | ” u a u a 4 - i ie ormula 

Using Formula 19, with a = 3, b = —5, and u = x, produces 

| Bae aee s(2v5=5e + 3 

3 =4/3 5x + = | ———. 
2 is 

Using Formula 17, with a = 3, b = —5, and u = x, produces 

[ASee . see (tit Bae) 4 ¢ 
Seer es 

Serelas = 5x = 3 
= V3 — 5x + “In Se ec} ee ~! 

SRC. Formula 17 (a > 0) 

|sa=s) 
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Rational Functions of Sine and Cosine 

EXAMPLE 6 Integration by Tables 

Bans Yee 

Find | x 
te COS 

Solution Substituting 2 sin x cos x for sin 2x produces 

sin 2x sin x COS x 
Sh SF | 
Dea COSES Dei COSES 

A check of the forms involving sin u or cos u in Appendix B shows that none of those 

listed applies. So, you can consider forms involving a + bu. For example, 

[4 = wa (bu = Gi Inja = bul) ap (Ce Formula 3 

Let a = 2, b = 1, and u = cos x. Then du = —sin x dx, and you have 

Sill X,C0S. 50 ae cos x(—sin x dx ) 

g | BeOS ap 2| 2 AH Cas x 

ee) COs ee, In| 2 cos x1 it. C 

—2Jcosx + 4 In\2—— cosix| + C. wi 

Example 6 involves a rational expression of sin x and cos x. When you are unable 

to find an integral of this form in the integration tables, try using the following special 

substitution to convert the trigonometric expression to a standard rational expression. 

Substitution for Rational Functions of Sine and Cosine = 

For integrals involving rational functions of sine and cosine, the substitution 

n= wa ead tan = 
Pecos ee y 

| yields 
| 
| 1, ae 2u 2 du 
/ cos xX = FMI ee eeereerrmemsveht ital (hg = 

il +e il a= we I aE ie 
| 

Proof From the substitution for uw, it follows that 

5 sin? x 1 — cos? x 1 — cosx 

(1 + cos x)? Al (1+ cosx)? 1+ cosx’ 
Uu 

Solving for cosx produces cosx = (1 — u)/(1 + u?). To find sinx, write 

nu = sinx/(1 + cos.x) as 

sin x = wil + e082) = (1 + = 

See LarsonCalculus.com for Bruce Edwards’s video of this proof. | 
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8.6 Exercises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Integration by Tab! In Exercises 1 and 2, use a table of 

integrals with forms involving a + bu to find the indefinite 

integral. 

2 2 1 
“ | (4 + 3x2 

ne 
1. iE a dx 

Integration by Tables In Exercises 3 and 4, use a table of 

integrals with forms involving \/a? — u? to find the indefinite 

integral. 

3 | dx 4 | oe 1 . es Bf . — ap aa Ip 6 

x2/1 — x2 a : 

Integration by Tables In Exercises 5-8, use a table of 
integrals with forms involving the trigonometric functions to 

find the indefinite integral. 

4 

SE | cos* 3x dx 6. sus ey dx 

| a 
1 

E: ie ordi 

Integration by Tables In Exercises 9 and 10, use a table of 
integrals with forms involving e“ to find the indefinite integral. 

I 

si [raze 
integration by Tables In Exercises 11 and 12, use a table of 

integrals with forms involving In uw to find the indefinite integral. 

10. { e ** sin 3x dx 

14: [x In x dx 12: | (In x)> dx 

UsingTwo Methods In Exercises 13-16, find the indefinite 

integral (a) using integration tables and (b) using the given 

method. 

Integral Method 

13. | x7e* dx 

14. [» In x dx 

1 
15. er ed) dx 

16. 2 2 %6 dx Partial fractions 

Integration by parts 

Integration by parts 

Partial fractions 

Finding an Indefinite Integral In Exercises 17-38, use 

integration tables to find the indefinite integral. 

ike [ «arcesetr + 1) dx 18. | arcsin 4.x dx 

I 
19. | ——— dx yy ee ee 

4x a 

21. | Ba & 224))| 00 
ie = 5x2 | + sin 0" g 

23s Je arccos e* dx 24. | AS dx 
j= tanie* 

Foy fee oki needa s 
Oe i EE ae ~ J ttl + An 2)” 

(os O =, 
27. { ee SS TD | x2./2 + 9x2 dx 

3 + 2sin 6 + sin~ 6 

29. | Se 30. | /x arctan x3/2 dx 

vee 32. | qa 

6 | oe ne a4. finf2 at 

35. | Fea 36. Sar 

37. | ears ke 38. | cot! dé 

Evaluating a Definite Integral In Exercises 39-46, use 

integration tables to evaluate the definite integral. 

1 

39. | xe* dx 
0 
2 

41. | x* In x dx 
1 

a/2 cos x 
43. a Te 

n/2 1 + sin® x 

a/2 

45. | t? cos t dt 
0 

Verifying a Formula In Exercises 47-52, verify the 

integration formula. 

uw 1 RY 

(Px taiee a — 2a Inja + bul) + C 47. Ie + ba? du 53 (m are a\nja nu 

9) yu" | 

= — |" Ja + bu - —— di du (Qn + 1b ( a+ bu ra anu G } 

Eu | 
49. * SC) = S79 = 
| (ea) a’/u* + a’ 

50. [w cos udu = u"sinu — n | u"~! sin u du 

40 renee i 
, 0 ack On Db 

ar/2 

42. [ x sin 2x dx 
0 

5 > 
ae 

44, eae eG 
| (5 sir Dn) ee 

3 

46. | Jx2 + 16 dx 
0 

48. 
u" 

| Rideau 

1aG 

51. [ arctan udu = warctanu — InJ/1 + u2+C 

52. | (In u)" du = u(lnu)" — nf (In uw)" ! du 
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jral In Exercises 53-60, Vaiuating an integ 

find or evaluate the integral. 

Jz a sin at 
mn mn ‘ow 

sin 0 4. 
|i + cos? ac 

55. 0 56. dé 
ste |) eee! 0 ECrET 

as sin 0 cos 6 

oe I. le se, { ee rane 

4 
so, { in 4 ae 

expe csc 8 — cot 0 

Area In Exercises 61 and 62, find the area of the region 

bounded by the graphs of the equations. 

x 
61. y= y= 0.0 = 6 fs 

a8 
62. y hoe 

WRITING ABOUT CONCEPTS 

63. Finding a Pattern 

(a) Evaluate fx" In x dx for n = 1, 2, and 3. Describe any 

patterns you notice. 

(b) Write a general rule for evaluating the integral in part 

(a), for an integer n = 1. 

64. Reduction Formula Describe what is meant by a 
reduction formula. Give an example. 

65. Choosing a Method State (if possible) the method 
or integration formula you would use to find the 

antiderivative. Explain why you chose that method or 

formula. Do not integrate. 

(Ee 2 
@ | a w | Soa © |x dx 

(d) | xerax (e) [er ax (6) [everta 

66. HOW DOYOU SEE IT? Use the graph of f’ 

shown in the figure to answer the following. 

(a) Approximate the slope of fat x = —1. Explain. 

(b) Approximate any open intervals in which the graph 

of f is increasing and any open intervals in which it 

is decreasing. Explain. 

Integration Techniques, UHopital’s Rule, and Improper Integrals 

True or False? In Exercises 67 and 68, determine whether 

the statement is true or false. If it is false, explain why or give 

an example that shows it is false. 

67. To use a table of integrals, the integral you are evaluating must 

appear in the table. 

68. When using a table of integrals, you may have to make 

substitutions to rewrite your integral in the form in which it 

appears in the table. 

69. Work A hydraulic cylinder on an industrial machine 

pushes a steel block a distance of x feet (0 < x < 5), where 

the variable force required is F(x) = 2000xe~* pounds. Find 
the work done in pushing the block the full 5 feet through the 

machine. 

500x 

J/26 — x2 

71. Volume _ Consider the region bounded by the graphs of 

y=xJ/16—-x7, y=0, x=0, 

Find the volume of the solid generated by revolving the region 

about the y-axis. 

70. Work Repeat Exercise 69, using F(x) = = pounds. 

and x = 4. 

72. Building Design The cross section of a precast concrete 

beam for a building is bounded by the graphs of the equations 

paikd, aR Sih eS ST 
a/ dest 2s yey 

where x and y are measured in feet. The length of the beam is 

20 feet (see figure). 

y=0, and y=3 

(a) Find the volume V and the weight W of the beam. Assume 

the concrete weighs 148 pounds per cubic foot. 

(b) Find the centroid of a cross section of the beam. 

73. Population A population is growing according to the 
logistic model 

5000 
i> 1 + e481 

where f is the time in days. Find the average population over 

the interval [0, 2]. 

PUTNAM EXAM CHALLENGE 

74. Evaluate i = 
Apne 48 ( tant x)v2° 

This problem was composed by the Committee on the Putnam Prize Competition. 

© The Mathematical Association of America, All rights reserved. 
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The limit as x approaches 0 appears to 

be 2. 

Figure 8.15 

8.7 Indeterminate Forms and L'Hé6pital’s Rule 

8.7. Indeterminate Forms and L’H6pital’s Rule 557 

@ Recognize limits that produce indeterminate forms. 

@ Apply L’Hépital’s Rule to evaluate a limit. 

Indeterminate Forms 

Recall that the forms 0/0 and co/co are called indeterminate because they do not 
guarantee that a limit exists, nor do they indicate what the limit is, if one does exist. 
When you encountered one of these indeterminate forms earlier in the text, you 
attempted to rewrite the expression by using various algebraic techniques. 

Indeterminate 

Form Limit Algebraic Technique 

0 So ; Divide numerator and 
= im = lim 2(x — 1) ; 
0 ree fl x31 denominator by (x + 1). 

=-4 

oo ie Shears aall gi 3 — (1/x?) Divide numerator and 

oe) x00 2x7 ++ 1 x4002 + (1/x?) — denominator by x2. 

3 
2 

Occasionally, you can extend these algebraic techniques to find limits of 

transcendental functions. For instance, the limit 

ex — J 
im 

AN) 2 Il 

produces the indeterminate form 0/0. Factoring and then dividing produces 

. ex— i wihs AG caiteed) (e caet 
lim — Sn 
x30 ex — | x30 Be = || 

= lim (e* + 1) 

= ee 

Not all indeterminate forms, however, can be evaluated by algebraic manipulation. This 

is often true when both algebraic and transcendental functions are involved. For 

instance, the limit 

. ex—] 
lim 
x30 xX 

produces the indeterminate form 0/0. Rewriting the expression to obtain 

iti |= = = 
x0 D5 XG 

merely produces another indeterminate form, oo — oo. Of course, you could use 

technology to estimate the limit, as shown in the table and in Figure 8.15. From the 

table and the graph, the limit appears to be 2. (This limit will be verified in Example 1.) 

x a ) -0. =(-01 0 | 0.001 | 0.01 0.1 | 1 

ex — 

2? | 2.002 | 2.020 | 2.214 | 6.389 0.865 | 1.813 | 1.980 
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GUILLAUME L’HOPITAL (1661-1704) 

LH6pital’s Rule is named after the 
French mathematician Guillaume 
Francois Antoine de LHopital. 
LH6pital is credited with writing 
the first text on differential 
calculus (in 1696) in which the 
rule publicly appeared. It was 
recently discovered that the rule 
and its proof were written in a 
letter from John Bernoulli to 
L’Ho6pital.“... | acknowledge that 
| owe very much to the bright 
minds of the Bernoulli brothers. 
... | have made free use of their 
discoveries ...,’ said LH6pital. 

See LarsonCalculus.com to read 

more of this biography. 

lf FOR FURTHER INFORMATION 

To enhance your understanding of 

the necessity of the restriction that 

g (x) be nonzero for all x in (a, b), 
except possibly at c, see the article 

“Counterexamples to L’ H6pital’s 

Rule” by R. P. Boas in The 

American Mathematical Monthly. 

To view this article, go to 

MathArticles.com. 

L’Hopital’s Rule 

To find the limit illustrated in Figure 8.15, you can use a theorem called L’H6pital’s 

Rule. This theorem states that under certain conditions, the limit of the quotient 

f(x)/g(x) is determined by the limit of the quotient of the derivatives 

fx) 
g(x) 

To prove this theorem, you can use a more general result called the Extended Mean 

Value Theorem. 

The Extended Mean Value Theorem 

If f and g are differentiable on an open interval (a, b) and continuous on [a, b] 

such that g(x) # 0 for any x in (a, b), then there exists a point c in (a, b) such that 
| 

| fle) _ fo) ~ fla 
gc) gb) — g(a) 

A proof of this theorem is given in Appendix A. 

See LarsonCalculus.com for Bruce Edwards’s video of this proof. 

To see why Theorem 8.3 is called the Extended Mean Value Theorem, consider the 

special case in which g(x) = x. For this case, you obtain the “standard” Mean Value 

Theorem as presented in Section 3.2. 

THEOREM 8.4 LHopital’s Rule 

Let f and g be functions that are differentiable on an open interval (a, b) 

containing c, except possibly at c itself. Assume that g’(x) # 0 for all x in 
(a, b), except possibly at c itself. If the limit of f(x)/g(x) as x approaches c 
produces the indeterminate form 0/0, then 

im ee 
Xe e(x) iG 2 (x) 

provided the limit on the right exists (or is infinite). This result also applies when 

the limit of f(x)/g(x) as x approaches c produces any one of the indeterminate 
forms 00/00, (— 00)/00, c0/(— 00), or (— co) /(—00). 
A proof of this theorem is given in Appendix A. 

See LarsonCalculus.com for Bruce Edwards's video of this proof. 

People occasionally use L’H6pital’s Rule incorrectly by applying the Quotient 

Rule to f(x)/g(x). Be sure you see that the rule involves 

£Q) 
g(x) 

not the derivative of f(x)/g(x). 
L’H6pital’s Rule can also be applied to one-sided limits. For instance, if the limit 

of f(x)/g(x) as x approaches c from the right produces the indeterminate form 
0/0, then 

fe). F@) 
a ay ok a) 

provided the limit exists (or is infinite). 

The Granger Collection 



Exploration 

Numerical and Graphical 

Approaches Usea | 
numerical or a graphical ) 

approach to approximate 

each limit. 

ean : 

What pattern do you 

observe? Does an analytic 

approach have an advantage 

for determining these limits? 

If so, explain your reasoning. 

8.7. Indeterminate Forms and UH6pital’s Rule 559 

EXAMPLE 1 Indeterminate Form 0/0 

2x = cok? | 
Byaluate in) —._— 

( > xX 

Solution Because direct substitution results in the indeterminate form 0/0 

lim(e* — 1) =0 
x0 

. ex— i 
lim 
ae x as es 

limi = "0 
r30 

you can apply L’H6pital’s Rule, as shown below. 

d 2 [ex — 1] 
< Oe = J ers i 
lim = i Apply L’ H6pital’s Rule. 
x0 iN x30 d 

aa 
dx 

2e* 
= lim Differentiate numerator and denominator, 

Nes Ol 

=2 Evaluate the limit. af 

In the solution to Example 1, note that you actually do not know that the first limit 

is equal to the second limit until you have shown that the second limit exists. In other 

words, if the second limit had not existed, then it would not have been permissible to 

apply L’ H6pital’s Rule. 

Another form of L’H6pital’s Rule states that if the limit of f(x)/g(x) as x approaches 

oo (or — 00) produces the indeterminate form 0/0 or co/oo, then 

provided the limit on the right exists. 

EXAMPLE 2 Indeterminate Form oo /co 

su Shite 
Evaluate lim —. 

x00 X 

Solution Because direct substitution results in the indeterminate form oo/o0, you 
can apply L’H6pital’s Rule to obtain 

d 
—T[In x ] 

Spires a CoA 
bn) —— =n Apply L’H6pital’s Rule. 
x00 X x00 d [ ] 

sae 
d. 

= lim — Differentiate numerator and denominator. 
x00 X 

= 0. Evaluate the limit. P| 

[> TECHNOLOGY Use a graphing utility to graph y, = Inx and y, = x in the 

same viewing window. Which function grows faster as x approaches 00? How is this 

- observation related to Example 2? 
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@ FOR FURTHER INFORMATION 

To read about the connection 

between Leonhard Euler and 

Guillaume L’ Hopital, see the 

article “When Euler Met I’ Hépital” 

by William Dunham in Mathematics 

Magazine. To view this article, 

go to MathArticles.com. 

Occasionally it is necessary to apply L’Ho6pital’s Rule more than once to remove 

an indeterminate form, as shown in Example 3. 

EXAMPLE 3 Applying L’'Hopital’s Rule More than Once 

4 Be) 
Evaluate lim —. 

r9-c0 e * 

Solution Because direct substitution results in the indeterminate form o0/o0, you 

can apply L’Hopital’s Rule. 

Chere 
; ate] 

? : f dx , 
lim = lin =<—$<—$_—_)— "lim 

X¥—»—0co @ Y= = 05 d Xx —-co —@ sale 
ped?,! 

dx 

This limit yields the indeterminate form (—0o)/(—oo), so you can apply L’ H6pital’s 
Rule again to obtain 

d 
seed 

lim ae (ips es em Ss | 
x>-00o —e x —0o 47 _ ox] X-co @ 

dx 

In addition to the forms 0/0 and co/co, there are other indeterminate forms such 

as 0 + co, 1%, 009, 0°, and co — oo. For example, consider the following four limits 

that lead to the indeterminate form 0 + oo. 

: | ; 2 : 1 ; 1 
lim (A) lim (2)e, lim (L\on, lim (A)e) 
x0 \X x90 \X x 900 \E x00 \X 

= eS) Say ——— a (ee, 

Limit is |. Limit is 2. Limit is 0. Limit is co. 

Because each limit is different, it is clear that the form 0 + oo is indeterminate in the 

sense that it does not determine the value (or even the existence) of the limit. The 

remaining examples in this section show methods for evaluating these forms. Basically, 

you attempt to convert each of these forms to 0/0 or 00/co so that L’ H6pital’s Rule can 

be applied. 

EXAMPLE 4 Indeterminate Form 0 - co 

Evaluate lim ex. 
x co 

Solution Because direct substitution produces the indeterminate form 0 + oo, you 

should try to rewrite the limit to fit the form 0/0 or co/oo. In this case, you can rewrite 

the limit to fit the second form. 

lim e*/x = lim 
x—00 x—co e* 

Now, by L’H6pital’s Rule, you have 

NE: = lim W2Vx) lim Differentiate numerator and denominator. 
x00 @ Xx—> CO 

li Simplif = him Simplify. 

X— CO =) J/xe* E : 

= 0. Evaluate the limit. ad 
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When rewriting a limit in one of the forms 0/0 or 00/00 does not seem to work, 

try the other form. For instance, in Example 4, you can write the limit as 

eae 
lim e-*./x = lim ae 
x— co x—>.00 x ‘ie 

which yields the indeterminate form 0/0. As it happens, applying L’H6pital’s Rule to 

this limit produces 

Ca x = (2° x 

int a 
x00 x 1/2 x00 — Wax /) 

which also yields the indeterminate form 0/0. 

The indeterminate forms 1%, 00°, and 0° arise from limits of functions that have 
variable bases and variable exponents. When you previously encountered this type of 

function, you used logarithmic differentiation to find the derivative. You can use a 

similar procedure when taking limits, as shown in the next example. 

EXAMPLE 5 Indeterminate Form 17” 

Evaluate lim ( ot 1) 
ce 2 $ 

Solution Because direct substitution yields the indeterminate form 1%, you can 

proceed as follows. To begin, assume that the limit exists and is equal to y. 

y = lim ( ae +) 
xX—0O x 

Taking the natural logarithm of each side produces 

Iny = in| lim (: sr +)" 
x00 Xx 

Because the natural logarithmic function is continuous, you can write 

Iny = jim, E in + +)| 

= lim (ab te) faved 2 

= lim (ee ed 
x00 — x2 

leans 
= 1, 

Now, because you have shown that 

Iny = 1 

you can conclude that 

y=e 

and obtain 

: Py 
lim ( + 1) =e. 
x—> co Xi 

You can use a graphing utility to confirm this 

result, as shown in Figure 8.16. 

Indeterminate form co - 0 

Indeterminate form 0/0 

L’H6pital’s Rule 

yy 

—1 

The limit of [1 + (1/x)} as x 
approaches infinity is e. 

Figure 8.16 | 
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L’H6pital’s Rule can also be applied to one-sided limits, as demonstrated in 

Examples 6 and 7. 

EXAMPLE 6 Indeterminate Form 0° 

> + «+P See LarsonCalculus.com for an interactive version of this type of example. 

Evaluate lim (sin x)’. 
x0" 

Solution Because direct substitution produces the indeterminate form 0’, you can 

proceed as shown below. To begin, assume that the limit exists and is equal to y. 

y ="lim’ (sin) Indeterminate form 0° 
x—>0+t 

Iny = Inf lim (sin x} Take natural log of each side. 
x-0* 

= lim [In(sin x)*] Continuity 
x>0* 

= lim [x In(sin x)] Indeterminate form 0 - (—oo) 
x->0* 

___ In(sin x) 
= din ——_——— Indeterminate form —0co/co 

x07 1/% 

hi eas L’H6pital’s Rul = Ibhon )H6pital’s Rule 
x70 — Wee P 

— x2 

= lim Indeterminate form 0/0 
x>0* tan x 

oh 
= lim 5 L’H6pital’s Rule 

x—0+* SEC~ X 

=0 

Now, because In y = 0, you can conclude that y = e° = 1, and it follows that 

eeceeneeesveesteeseeveeese et 

lim, (sia x)” = 1. | 

When evaluating complicated limits such as the one in 

a. e it is helpful to check the reasonableness of the solution with a graphing 

utility. For instance, the calculations in the table and the graph in the figure (see 

below) are consistent with the conclusion that (sin x)* approaches | as x approaches 

0 from the right. 

0.1 | 0.01 | 0.001 0.0001 | 0.00001 

(sin x)* | 0.8415 | 0.7942 | 0.9550 | 0.9931 | 0.9991 | 0.9999 

Use a graphing utility to estimate the limits lim (1 — cos x)* and Jim, (tan x)*. Then 
try to verify your estimates analytically. sa 

The limit of (sin.x)* is 1 as x 
approaches 0 from the right. 
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EXAMPLE 7 Indeterminate Form co — co 

Evaluate lim ( = ) 
mooie oe Il 

Solution Because direct substitution yields the indeterminate form co — oo, you 
should try to rewrite the expression to produce a form to which you can apply 
L’Hopital’s Rule. In this case, you can combine the two fractions to obtain 

lim (ies ese = lim beeen Sent | 
x>1* \Inx x-—I1 x1* | (x — 1) Inx | 

Now, because direct substitution produces the indeterminate form 0/0, you can apply 
L’HO6pital’s Rule to obtain 

d 
va = jh phate 

, 1 1 , b 

re (+ x ) UN: x1" = se VC 

=m [@— 1) Inx] 

‘eo 2) 
= ae E — 1)(1/x) + In | 

; Dieeill 
TTT all se 
old eine 

This limit also yields the indeterminate form 0/0, so you can apply L’H6pital’s Rule 

again to obtain 

1 i 1 1 
li —— = ]j SS =| S = 

aim (4 ae ) sim |; + x(1/x) + In | 2 ~ 

The forms 0/0, co/00, co — c0, 0 + co, 0°, 1%, and co” have been identified as 

indeterminate. There are similar forms that you should recognize as “determinate.” 

CO + CO > CO Limit is positive infinity. 

EC iCoi Sysee) Limit is negative infinity. 

07 > 0 Limit is zero. 

0° > co Limit is positive infinity. 

(You are asked to verify two of these in Exercises 108 and 109.) 

As a final comment, remember that L’H6pital’s Rule can be applied only to 

quotients leading to the indeterminate forms 0/0 and oo/oo. For instance, the 

application of L’Hépital’s Rule shown below is incorrect. 

e* = e* 
lim —\= lim — = 1 Incorrect use of L’H6pital’s Rule 

a oh ae 

The reason this application is incorrect is that, even though the limit of the denominator 

is 0, the limit of the numerator is 1, which means that the hypotheses of L’ Hépital’s Rule 

have not been satisfied. 

Exploration 

In each of the examples presented in this section, L Hdpital’s Rule is used to 

find a limit that exists. It can also be used to conclude that a limit is infinite. 

For instance, try using L’H6pital’s Rule to show that lim e*/x = oo. 
x00 
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. 7 Exercises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

In Exercises 1-4, Sula Sie 5. SUN RS : 
: ase 19. lim — 20. lim ———, where a, b # 0 

complete the table and use the result to estimate the limit. Use x0 Sin 5x x0 sin bx 

a graphing utility to graph the function to support your result. Aerts arctan x — (77/4) 
21 lim ae 22. lim : 

; sin 4x x0 Xx x1 9 = | 

Le ae 5x2 + 3x-1 5x +3 x30 8 IX 3 IX aX = i ay e 

23. jim. 4x2 + 5 a Le. Or oe 

x lee O01 se OLO01 i OLO01s OLO1 On Perciie. Mgo De x3 
25. lim Sere 26. lim ~ — 

x90 Leo x— 00 X Li 

f(x) 3 3 

27. lim =; 28. lim ~ 
les RN On (Canoe x00 €& 

2. lim : e 2 
x30 e 5 : ’ 

29 ae ———$—— 50 Seis —————— 
x00 x2 +] X00 JSxt 1 

§ althstt | —0.01 | —0.001 | 0.001 | 001 0.1 , in x : | 31. lim ——= Ey y Wt 
x>co ) OX x00 X — TT 

Wo} | | | litt 3 a, WDB 

Sh lim x5e—*/100 ae x2 ae Me x3 

ican x x/2 

35. lim 36. lim © 
| KO? |) IGE | GP ee Se 

in 5 In 3 | A 37, intl 38. lim ——~ 
x30 tan 9x x31 SiN 7x 

| 39. im, Alia 
He ae 6x x30 8 «sinx x30 arctan 2x 

Io / 3x? =D x 41-1) df x i 
41. lim Judnle aula in ) 42. lim, Seboneay cae d 

a i | LOis|, «10? | LO? il OF le LO® 

f@)| | | 
acd Evaluating a Limit In Exercises 43-60, (a) describe the 

| type of indeterminate form (if any) that is obtained by direct 

substitution. (b) Evaluate the limit, using L’H6pital’s Rule if 

Using Two Methods In Exercises 5-10, evaluate the limit necessary. (c) Use a graphing utility to graph the function and 
(a) using techniques from Chapters 1 and 3 and (b) using verify the result in part (b). 
L’H6pital’s Rule. 

43. lim xInx 44, lim x* cotx 
pe aon ili sedi al Sd te?) schasci ac 

Shi sf i 
ad XG x34 3 se Vl é ae : 1 

45. lim| x sin — 46. lim x tan— 
Nee is oa eae oy Sint OX seated - a - 

7. lim S Glee 8. lim 4 
x7 2 ee x7 > G 

: 47. lim xls 48. lim (ex + x)?/* 
x2 — 3x + — x0" x—>0* 

9. lim Se 10. lim eae ae 
x00 Peco x00 JX” ‘7 

49, lim ie 50. lim (: ae 1) 

Evaluating a Limit In Exercises 11-42, evaluate the limit, 

using L’H6pital’s Rule if necessary. 51. lim (1 + x)!* 52. tim (ta) 
x >0* x00 

_ x2 — 2x —3 _ x2 — 3x — 10 
Ml. im Tyo 12,40) Se reronite 53. lim [3(x)"?] 54. lim [3(x — 4)]*~4 

_ J —- 2-5 _ JB x oe 
el fermen. ed or $8. im (Ins) 56. tim loos( F ~ x) 

gx — (1 +x x : ; (6 iy ee iG 57) Sin | eee 58 lim| —_— —- “2 
ceed ig cecal ama! “xsatlx?-4 x-2 “yoatlx?-—4 42-4 
meee El , o) 10 a 

| hf. lim Fe Bg 18. lim et where a, b # 0 59. Jim (2. <n : = ) 60. im ( = 5) 



WRITING ABOUT CONCEPTS 

61. 

62. 

63. 

| , 

65. L'HOpital’s Rule Determine which of the following limits 
can be evaluated using L’H6pital’s Rule. Explain your reasoning. 

Indeterminate Forms _ List six different indeterminate 
forms. 

L'Hopital’s Rule State L’H6pital’s Rule. 

Finding Functions Find differentiable functions fand 
g that satisfy the specified condition such that 

lim f(x) =0 and lim g(x) = 0. 
x5 x5 

Explain how you obtained your answers. (Note: There are 

many correct answers.) 

10 (b) lim fos 0 
ane ae 

Xx 
ane (oe) 

x35 g(x) - 

. Finding Functions Find differentiable functions f and 
g such that 

tim f(x) = lim g(x) = co and lim [ f(x) — g(@)] = 25. 

Explain how you obtained your answers. (Note: There are 

many correct answers.) 

aj Do not evaluate the limit. 

OT eee OR reer 
_ (im ae - @ tim 

Besse og a 
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68. Numerical Approach Complete the table to show that e* 

eventually “overpowers” x. 

x 20 | 30 40 | 50 100 

a 
ae 

Comparing Functions In Exercises 69-74, use L’H6pital’s 

Rule to determine the comparative rates of increase of the 

functions f(x) = x”, g(x) =e”, and h(x) = (Inx)", where 
n> 0,m > 0, and x — oo. 

2 3 

69. lim — 70. lim = 
x700 @ x00 @ 

3 2 

mune? rainieaeaeeee 
x00 Xx xX700 x 

(In x)" bal goes 
a. aig wot uh ao (Ae 

| Pe Asymptotes and Relative Extrema In Exercises 75-78, 
find any asymptotes and relative extrema that may exist and 

use a graphing utility to graph the function. (Hint: Some of the 

limits required in finding asymptotes have been found in 

previous exercises.) 

15 iy == We nes 0) 76. y=x*, x>0 

Inx 
77. y = 2xe* 78. y= cF 

Think About It In Exercises 79-82, L’H6pital’s Rule is used 
incorrectly. Describe the error. 

7 Pe Analytical Approach In Exercises 83 and 84, (a) explain 

why L’H6pital’s Rule cannot be used to find the limit, (b) find 

the limit analytically, and (c) use a graphing utility to graph the 

function and approximate the limit from the graph, Compare 

the result with that in part (b). 

tan x 
83. lim a 84. lim 

x31/2- SCC X x00 ./x? + J] 
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In Exercises 85 and 86, graph f (x)/g(x) 

and f(x)/g (x) near x = 0. What do you notice about these 

ratios as x > 0? How does this illustrate L’H6pital’s Rule? 

85. f(x) = sin3x, g(x) = sin 4x 

86. f(x) =e*—1, ex) =x 

87. | isting The velocity v of an 

object falling through a resisting medium such as air or water 

is given by 

ee Le Voke = 
y= 53 lire ate ian. 

where Vv, is the initial velocity, fis the time in seconds, and k is 

the resistance constant of the medium. Use L’H6pital’s Rule to 

find the formula for the velocity of a falling body in a vacuum 

by fixing vp) and ft and letting k approach zero. (Assume that the 

downward direction is positive.) 

88. Compound Interest The formula for the amount A in a 

savings account compounded n times per year for f years at an 

interest rate r and an initial deposit of P is given by 

nt 

A = P(1 +2] 
n 

Use L’Hopital’s Rule to show that the limiting formula as the 

number of compoundings per year approaches infinity is given 

by A = Pe”. 

89. The Gamma Function The Gamma Function I(n) is 

defined in terms of the integral of the function given by 

f(x) = x"~'e*, n> 0. Show that for any fixed value of n, 

the limit of f(x) as x approaches infinity is zero. 

ad 90. Tractrix A person moves from the origin along the positive 

y-axis pulling a weight at the end of a 12-meter rope (see 

figure). Initially, the weight is located at the point (12, 0). 

ne 

h 

6- Weight 
4 = 

ges ae meee (x, y) 

SEE (a) Show that the slope of the tangent line of the path of the 

weight is 

dy_ _Ji44— x 
dx he 

(b) Use the result of part (a) to find the equation of the path of 

the weight. Use a graphing utility to graph the path and 

compare it with the figure. 

(e) Find any vertical asymptotes of the graph in part (b). 

(d) When the person has reached the point (0, 12), how far has 

the weight moved? 

Integration Techniques, LHopital’s Rule, and Improper Integrals 

Extended Mean Value Theorem In Exercises 91-94, 

apply the Extended Mean Value Theorem to the functions f and 

g on the given interval. Find all values c in the interval (a, b) 
such that 

fc) _ fb) = fla) 
gc)  g(b) — g(a) 

Functions Interval 

91, fix)=e, eG) =x? +1 [0, 1] 

1 
LNG) Sey At) lea [1, 2] 

93. f(x) = sinx, g(x) = cosx jo z| 

94. f(x) =Inx, g(x) =x 1.4] 

True or False? In Exercises 95-98, determine whether the 

statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

95. lim Eero = lim |* | =] 
x30 x x30 

96. Ify = = then y’ = a ae 

97. If p(x) is a polynomial, then lim a = (). 
x3 

98. If lim c= 1, then lim [ f(x) — g(x)] = 0. 
x00 g(x) x00 

99, Area Find the limit, as x approaches 0, of the ratio of the 

area of the triangle to the total shaded area in the figure. 

100. Finding a Limit In Section 1.3, a geometric argument 
(see figure) was used to prove that 

os sin 0 

00 «660 
Ihe 

(a) Write the area of AABD in 

terms of 0. 

(b), Write the area of the shaded 

region in terms of 6. 

(c) Write the ratio R of the area 

of AABD to that of the 

shaded region. 

(d) Find lim R. 
630 



Continuous Function In Exercises 101 and 102, find the 
value of c that makes the function continuous at x = 0. 

4% — 2 sin 2x 

101. f(x) = 2x3 eight 
(x x=0 

aX BNIGiE: ~ 

102. f(x) = ie ii eam biat 
C, r=0 

103. Finding Values Find the values of a and b such that 

Qe COS DX 
hte $$ = 9). 
x30 Xia 

Pe 104. Evaluating a Limit Use a graphing utility to graph 

x*—] fl) = 
for k = 1, 0.1, and 0.01. Then evaluate the limit 

el 
k>0* k : 

105. Finding a Derivative 

(a) Let f(x) be continuous. Show that 

am Lt + #) — FO = 4) 
h—0 2h 

= f(x). 

(b) Explain the result of part (a) graphically. 

yy, 

}—t—}——» x 
x-h x x+h 

106. Finding a Second Derivative Let f”(x) be continuous. 
Show that 

cea hb) of (x) f= hk), cae. 
107. Evaluating a Limit Consider the limit lim, (—x In x). 

x= 

(a) Describe the type of indeterminate form that is obtained 

by direct substitution. 

(b) Evaluate the limit. Use a graphing utility to verify the 

result. 

lf FOR FURTHER INFORMATION For a geometric approach 

to this exercise, see the article “A Geometric Proof of 

jim (—dInd) = 0” by John H. Mathews in The College 
>t 

Mathematics Journal. To view this article, go to MathArticles.com. 

108. Proof Prove that if f(x) =0, limf(x)=0, and 
lim g(x) = oo, then lim f(x)s™ = (). xa 

xa 
Se 
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109. Proof Prove that if f(x) =0, limf(x)=0, and 
va 

lim g(x) = —oo, then lim f(x)’ = oo, 
xa x— >a 

110. Proof Prove the following generalization of the Mean 
Value Theorem. If f is twice differentiable on the closed 

interval [a, b], then 

L 

f(b) — fla) = f(@(b — a) - | f’(t\(t — b) dt. 
a 

111. Indeterminate Forms Show that the indeterminate 

forms 0°, 00°, and 1% do not always have a value of 1 by 
evaluating each limit. 

(a) lim x!2/(1+In) 
x07 

(b) lim xin 2/(1 +In x) 

x99 

(c) lim (x + 1)n2)/x 

112. Calculus History In L’H6pital’s 1696 calculus textbook, 
he illustrated his rule using the limit of the function 

J 2a3x — x4 — av/ax 
f@) = 

= GRE 

as x approaches a, a > (). Find this limit. 

113. Finding a Limit Consider the function 

Gat SG 
1) = 

x 

Ay (a) Use a graphing utility to graph the function. Then use the 

zoom and trace features to investigate lim h(x). 
x00 

(b) Find lim A(x) analytically by writing 
x00 

ae Rint ae == + h(x) a 2 

(c) Can you use L’H6pital’s Rule to find lim h(x)? Explain 

your reasoning. ae 

114. Evaluating a Limit Let f(x) =x+xsinx and 
g(x) = 22 — 4. 

(a) Show that lim 7a) = 0. 
x00 g(x) 

(b) Show that lim f(x) = co and lim g(x) = oo. 
X00 x00 

(c) Evaluate the limit 

fe) 
Sao g(x) 

What do you notice? 

(d) Do your answers to parts (a) through (c) contradict 

L’Hopital’s Rule? Explain your reasoning. 

PUTNAM EXAM CHALLENGE 

Gaal 
1/x 

where a > 0,a # 1. 115. Evaluate lim \2 : 
x00 | X an- | 

This problem was composed by the Committee on the Putnam Prize Competition. 

© The Mathematical Association of America. All rights reserved. 
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8.8 Improper Integrals 

to 

b —- 0 

The unbounded region has an area of 1. 

Figure 8.17 

@ Evaluate an improper integral that has an infinite limit of integration. 

i Evaluate an improper integral that has an infinite discontinuity. 

Improper Integrals with Infinite Limits of Integration 

The definition of a definite integral 

b 

[ f(x) dx 

requires that the interval [a, b] be finite. Furthermore, the Fundamental Theorem of 

Calculus, by which you have been evaluating definite integrals, requires that f be 

continuous on [a, b]. In this section, you will study a procedure for evaluating integrals 

that do not satisfy these requirements—usually because either one or both of the limits 

of integration are infinite, or because f has a finite number of infinite discontinuities 

in the interval [a, b]. Integrals that possess either property are improper integrals. 

Note that a function fis said to have an infinite discontinuity at c when, from the right 

or left, 

lim f(s) ="co or lim f(x) = oo; 
KC. X= > 

To get an idea of how to evaluate an improper integral, consider the integral 

b ies Ae oyai 
i ee ie 

which can be interpreted as the area of the shaded region shown in Figure 8.17. Taking 

the limit as b — co produces 

co ID ails 

| & = jim (| &) = jim (1 - $) = 1. 
1 Big b>oco 1 & a boo b 

This improper integral can be interpreted as the area of the unbounded region between 

the graph of f(x) = 1/x? and the x-axis (to the right of x = 1). 

" Definition Al imnrenoe intenrals with Infinite reecrecion Limits 

| 1. If fis continuous on the interval [a, 00), then 
| | ce b 

| f(x) dx = Jim | f(x) dx 

2. If fis continuous on the interval (— oo, b], then 

ih fx) dx = tim [ foe 
3. If fis continuous on the interval ( ), then 

[Loe faves fe 
where c is any real number (see Exercise 111). 

In the first two cases, the improper integral converges when the limit exists— 

otherwise, the improper integral diverges. In the third case, the improper integral 

on the left diverges when either of the improper integrals on the right diverges. 



Diverges 

(infinite area) 

This unbounded region has an infinite 

area. 

Figure 8.18 
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EXAMPLE 1 An Improper Integral That Diverges 

Evaluate | ae 
‘OPx 

Solution 

| ahs . | ° dx 
— = lim == 

| ae bo>oo | 56 

b 

= jin | In | 
boo 1 

slime inpe—) 
boo 

—=16O 

Take limit as b > oo. 

Apply Log Rule. 

Apply Fundamental Theorem of Calculus. 

Evaluate limit. 

The limit does not exist. So, you can conclude that the improper integral diverges. See 

Figure 8.18. 

Try comparing the regions shown in Figures 8.17 and 8.18. They look similar, yet 

the region in Figure 8.17 has a finite area of | and the region in Figure 8.18 has an 

infinite area. 

EXAMPLE 2 Improper Integrals That Converge 

Evaluate each improper integral. 

a | CMTOLX 
0 

pupreacias | 
alg aexe ee z 

Solution 

co b 

a. [ EG Ghe = Winn | Cm aK 
0 Uiss dco fy) 

b 
= lien || =e” 

b->co 0 

Jim (—e-8 + 1) 

See Figure 8.19. 

2 = 

The area of the unbounded 

region is |. 

Figure 8.19 

co ] : co 1 

b. | styar= tim | Pr 
b 

lim arctan | 
boo 0 

lim arctan b 
co 

T 

? 

See Figure 8.20. 

Ee Se 

1 2 3 

The area of the unbounded 

region is 7/2. 

Figure 8.20 i 
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In the next example, note how L’H6pital’s Rule can be used to evaluate an improper 

integral. 

EXAMPLE 3 Using L'Hopital’s Rule with an Improper Integral 

Evaluate | (lie ee dr 
l 

Solution Use integration by parts, with dv = e-* dx and u = (1 — x). 

[a — x)e* dx = —e(1 — x) - fe dx 

SSC 8 spe ae Ose C 

— tee te 

Now, apply the definition of an improper integral. 

co b 

| (i xe dx —" lim [xe | 

(2 t) 
lim Reig be 
boo \eé e 

: walt 
Sei EE (Vetere rem 

y bow e bow e@ 

A 

| , For the first limit, use L’H6pital’s Rule. 

b 1 
lim — = lim —=0 
pas Coe ie cae 

So, you can conclude that 

i ier 
i (= x)e dim in 

| boo @ b>co @€ 

1 HOQ= = 

The area of the unbounded region is bi 

|- Vial: ===. See Figure 8.21. 
Figure 8.21 e 

EXAMPLE 4 Infinite Upper and Lower Limits of Integration 

co ex 

Evaluate Saas Ge 
plete 

Solution Note that the integrand is continuous on (—oo, 00). To evaluate the 
integral, you can break it into two parts, choosing c = 0 as a convenient value. 

lo) Pes 0 er co er 

| eee | fae | Se: 
eee Soleo eure 

0 b 
== linn | arctan e + lim | arctan e 

b——oco b boo 0 

= . T b : b 7 
= lim a — arctan e0| et: jim arctan eas 

b>—co b—>0O 4 

x 

T T 7 

alsa vip 10 aie 
The area of the unbounded region is 

a2. #, 
: ae See Figure 8.22. 

Figure 8.22 2 é a 



The work required to move a 

15-metric-ton space module an 

unlimited distance away from 

Earth is about 6.984 x 10"' foot- 
pounds. 
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EXAMPLE 5 Sending a Space Module into Orbit 

In Example 3 in Section 7.5, you found that it would require 10,000 mile-tons of work 

to propel a 15-metric-ton space module to a height of 800 miles above Earth. How 

much work is required to propel the module an unlimited distance away from Earth’s 
surface? 

Solution At first you might think that an infinite amount of work would be required. 

But if this were the case, it would be impossible to send rockets into outer space. 

Because this has been done, the work required must be finite. You can determine the 

work in the following manner. Using the integral in Example 3, Section 7.5, replace the 

upper bound of 4800 miles by co and write 

20 ie | 240,000,000 
e 

5 

000 x” 

; 240,000,000 
= [ina | —<——— 

boo x 4000 

lim { — He oen.oon ee) 

b—>c0 b 4000 

60,000 mile-tons 

= 6.984 x 10!! foot-pounds. 

II 

In SI units, using a conversion factor of 

1 foot-pound ~ 1.35582 joules 

the work done is W ~ 9.469 x 10!! joules. | 

Improper Integrals with Infinite Discontinuities 

The second basic type of improper integral is one that has an infinite discontinuity at 

or between the limits of integration. 

| Definition of Improper Integrals with Infinite Discontinuities 

1. If fis continuous on the interval [a, b) and has an infinite discontinuity at 

b, then 

b c 

[ 1 dx = im | re) dx. 

2. If fis continuous on the interval (a, b] and has an infinite discontinuity at 

a, then 

b b 

[ 1 dx = lim, i f(x) dx. 

| 3. If fis continuous on the interval [a, b], except for some c in (a, b) at which 

| fhas an infinite discontinuity, then 

| 

| 
| 

| 

a 

[ yeh | leis | “eye 

In the first two cases, the improper integral converges when the limit exists— 

otherwise, the improper integral diverges. In the third case, the improper 

integral on the left diverges when either of the improper integrals on the right 

diverges. 

Creations/Shutterstock.com 
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EXAMPLE 6 An Improper Integral with an Infinite Discontinuity 

l 1 ey 

dx 
Evaluate | Vat 

0 Vx 

Solution The integrand has an infinite 

discontinuity at x = 0, as shown in Figure 8.23. 

You can evaluate this integral as shown below. 

1 9/371 

| f= Wein | ] (1, 1) 
0 b> 0+ 2 b | 

3 
= lim ric. — p?/3) 

to 

| 

b>0' 

a et > xX 

= 2 | I 2 / 
us ee ae ee a 

Infinite discontinuity at x = 0 

Figure 8.23 

EXAMPLE 7 An Improper Integral That Diverges 

* dx 
Evaluate | eae 

On 

Solution Because the integrand has an infinite discontinuity at x = 0, you can write 

2 
dx 

3 
bm i | 

ee bv0" eal 

i (-i+ 55 
Poe Mee be 

—= CO. 

So, you can conclude that the improper integral diverges. 

EXAMPLE 8 An Improper Integral with an Interior Discontinuity 

Pod 
Evaluate i = 

-—1 0 

Solution This integral is improper because the integrand has an infinite discontinuity at 

the interior point x = 0, as shown in Figure 8.24. So, you can write 

dx [dx ("ax 
eee eX ie ap cave 

From Example 7, you know that the second integral diverges. So, the original improper 

integral also diverges. P| 

Remember to check for infinite discontinuities at interior points as well as at 

endpoints when determining whether an integral is improper. For instance, if you had 

not recognized that the integral in Example 8 was improper, you would have obtained 

z the incorrect result 
; : Cvs 

The improper integral —, diverges. i 
beer Sorel bane 3 ire 

Seaton SR Se ncorrect evaluation 
VRh Teens Si art? Maps Figure 8.24 



eX 

The area of the unbounded region is 77. 

Figure 8.25 

=I 

The circumference of the circle is 277. 

Figure 8.26 
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The integral in the next example is improper for two reasons. One limit of 

integration is infinite, and the integrand has an infinite discontinuity at the outer limit 
of integration. 

EXAMPLE 9 A Doubly Improper Integral 

* «ef See LarsonCalculus.com for an interactive version of this type of example. 

Evaluate | esr 0 x (2% “Fa 1) 

Solution To evaluate this integral, ie it at a convenient point (say, x = 1) and write 

1 
¢ dx 

eras Marr, \ mae 

c 

dim, [2 arctan ; + lim }2 arctan V3 | 
p=) , coo l b 

lim, (2 arctan 1 — 2 arctan \/b) + lim (2 arctan /c — 2 arctan 1) 
T= c>00 

45) -e (8) 
See Figure 8.25. 

An Application Involving Arc Length 

Use the formula for arc length to show that the circumference of the circle x7 + y? = 1 

iS\ 2ar. 

II 

Solution To simplify the work, consider the quarter circle given by y = 1 — x?, 

where 0 = x < 1. The function y is differentiable for any x in this interval except 

x = 1. Therefore, the arc length of the quarter circle is given by the improper integral 

se etna 

hv es 25] 

[4 V1 = x? 

This integral is improper because it has an infinite discontinuity at x = 1. So, you can 

write 

=| 25 
0 <i eee 

b 
lim | arcsin x 

b>17— 0 

= lim (arcsin b — arcsin 0) 
b> 1- 

7 
5 0 

ie 7° 

Finally, multiplying by 4, you can conclude that the circumference of the circle is 

4s = 277, as shown in Figure 8.26. | 
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@ FOR FURTHER INFORMATION 

For further investigation of solids 

that have finite volumes and 

infinite surface areas, see the article 

“Supersolids: Solids Having Finite 

Volume and Infinite Surfaces” by 

William P. Love in Mathematics 

Teacher. To view this article, go to 

MathArticles.com. 

i@ FOR FURTHER INFORMATION 
To learn about another function 

that has a finite volume and an 

infinite surface area, see the article 

“Gabriel’s Wedding Cake” by 

Julian F. Fleron in The College 

Mathematics Journal. To view this 

article, go to MathArticles.com. 

Integration Techniques, UH6pital’s Rule, and Improper Integrals 

This section concludes with a useful theorem describing the convergence or 

divergence of a common type of improper integral. The proof of this theorem is left as 

an exercise (see Exercise 49). 

A Special Type of Improper Integral | 

° dx D> I : 
| Hs = Pp = il ! 

Lac diverges, p< 1 | 

DONE see =n Application Involving a Solid of Revolution 

The solid formed by revolving (about the x-axis) the unbounded region lying between 

the graph of f(x) = 1/x and the x-axis (x = 1) is called Gabriel’s Horn. (See 

Figure 8.27.) Show that this solid has a finite volume and an infinite surface area. 

Solution 

to be 

Using the disk method and Theorem 8.5, you can determine the volume 

“f(a 
a4) 

= alle 

Ss II Theorem 8.5, p = 2 > 1 

II 

The surface area is given by 

= 25 “POT + FOIE dr = 22 | 4 1+ dr 
1 

Because 

i 
ll SF 7 =) 1 

on the interval [1, co), and the improper integral 

ae 
| 08 
bas 

diverges, you can conclude that the improper integral 

im 1 
[2 err OX 
fee NV x 

also diverges. (See Exercise 52.) So, the surface area is infinite. 

Gabriel’s Horn has a finite volume and an infinite surface area. 

Figure 8.27 | 
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8.8 Improper Integrals 575 

See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Determining Whether an Integral Is Improper In 

Exercises 1- 8, Hictide whether the inteaPal is is improper. egilain 

your reasoning. 

1 9 

dx ~ Gbe 
1. De a 
[ Sie 0s} bbe 

1 = 

2x — 5 a 
3. Seeks 3 x?) dx [ ec go 4 | In(x2) dx 

Bi [ e*dx 6. | cos x dx 
0 0 

ioe) 2 77/4 
sin x 

Tk 55 aX 8. esc x dx Cs [ sc x dx 

Evaluating an Improper Integral In Exercises 9-12, 
explain why the integral is improper and determine whether it 

diverges or converges. Evaluate the integral if it converges. 

ex - | 
eh ci 1 ——— [ ce” 0 | @ — 3) dx 

y y 

: 

_ . Jee at ees Se 

Pe Writing In Exercises 13-16, explain why the evaluation of 
the integral is incorrect. Use the integration capabilities of a 

graphing utility to attempt to evaluate the integral. Determine 

whether the utility gives the correct answer. 

= 8 

aluatin« In Exercises 17-32, 

determine whether the improper integral diverges or 

converges. Evaluate the integral if it converges. 

oo | 5G 

17. | os dx 18. fa s dx 
ae 

19. SS (hs 20. SE | yx‘ fe ie 
0 fora) 

21. f Yeu AX Pde [ox e dx 

23. [ BAe abe 24. ike “cos x dx 
0 

25 B ! d. 26. ions 1 ‘dd er EES Be dx 

co 4 co 

Qiks Sh ie fon 7 Co (+ 1? 

29. | ae leay | 30. 

a1. | cos mx dx ae sin ~ dx 
0 0 Z 

Evaluating an Improper Integral In Exercises 33-48, 
determine whether the improper integral diverges or 

converges. Evaluate the integral if it converges, and check your 

results with the results obtained by using the integration 

capabilities of a graphing utility. 

1 5 

33. | Ee 34. | de 
0% 0 * 

1 oi gee 
Soe a. 36. dx 
i 3/x— 1 i [ o— wats 

1 e 

37. [ x In x dx 38. [ In x? dx 
: 0 0 

a/2 ar/2 

39. | tan 6d0 40. | sec 6d0 
0 0 

41. 42. ———_—_ (Ir 

[ ie 

ie 
F = (0 b,¢ 44 [ aL 

— = 16 

|e 
> xJ/x2 — 4 
: 
‘ 1 

43. iG 
| ale = 

45. 46. 
1 

————_ (/y 

| bao eo) ‘ 

47. SS bt. 48. rc dx 
[ Vax + 6) : j mehiilss 

Finding Values In Exercises 49 and 50, determine all values 

of p for which the improper integral converges. 

-P 

ay 

co 1 1 1 

49, — an 50. tL 
yo 
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nn _ Use mathematical induction 

to verify that the following integral converges for any positive 

integer 7. 

oC 

| es ax 
0 

yn Test for Improper Integrals In some 

cases, it is impossible to find the exact value of an improper 

integral, but it is important to determine whether the integral 

converges or diverges. Suppose the functions f and g are 

continuous and 0 < g(x) < f(x) on the interval [a, 00). It can 

be shown that if f° f(x) dx converges, then J g(x) dx also 
converges, and if f° g(x) dx diverges, then f°° f(x) dx also 
diverges. This is known as the Comparison Test for improper 

integrals. 

On i) 

(a) Use the Comparison Test to determine whether J, e~* dx 
converges or diverges. (Hint: Use the fact thate~* < e* 

iors = ly) 

(b) Use the Comparison Test to determine whether 
co 

—— dx converges or diverges. (Hint: Use the fact 
peeie 

1 1 
Se > that 71*3 for x = 1.) 

Convergence or Divergence In Exercises 53-62, use the 

results of Exercises 49-52 to determine whether the improper 

integral converges or diverges. 

eal 
BBE I pu 

0 

el 
ss. | Te 

pees 

SWE | zi dx 
ie ks che 

1 I 54, dx 
| /x 

so. | xte* dx 
0 

= il 
58. a 
i a5 = Il # 

59, ae 60. = ll 
I Yuet) | Veet) 

co ] —_ . 5 co | 

61. | ee 62) [ ee ay 
; ae hy (oe ae eS 

WRITING ABOUT CONCEPTS 

63. Improper Integrals Describe the different types of 

improper integrals. 

64. Improper Integrals Define the terms converges and 
diverges when working with improper integrals. 

1 

Sax ¢ 0. . Improper Integral Explain why | 
=1 

. Improper Integral Consider the integral 

3 

aw kO 
AX. 

[ jae a 

To determine the convergence or divergence of the integral, 

how many improper integrals must be analyzed? What 

must be true of each of these integrals if the given integral 

converges? 

Integration Techniques, UHdpital’s Rule, and Improper Integrals 

Area In Exercises 67-70, find the area of the unbounded 

shaded region. 

67. y= Ce OO ar al 68. y = —Inx 

yy, 

4 
| 

ai 

69. Witch of Agnesi: 

l 8 
y= y= 

: eae Il Fe sed 

y y 

i A 

a= Oats 

2 4-- 

a oa xX eat + 2s 
-3 -2 -1 Mo 2 eS, -—6 -4 -2 2 4 6 

-1+ -2+ 

=—2-+- —4—- 

eae -6-- 

Area and Volume In Exercises 71 and 72, consider the 

region satisfying the inequalities. (a) Find the area of the 

region. (b) Find the volume of the solid generated by revolving 

the region about the x-axis. (c) Find the volume of the solid 

generated by revolving the region about the y-axis. 

ib yee — ye 0) yew 

1 
Ty =>.) 2 Oe 2) 

73. Are Length Sketch the graph of the hypocycloid of four 
cusps x?/3 + y?/3 = 4 and find its perimeter. 

74. Arc Length Find the arc length of the graph of 
y = /16 — x? over the interval [0, 4]. 

75. Surface Area _ The region bounded by (x — 2)? + y? =1 
is revolved about the y-axis to form a torus. Find the surface 

area of the torus. 

76. Surface Area Find the area of the surface formed by 
revolving the graph of y = 2e~* on the interval [0, 00) about 

the x-axis. 

Propulsion In Exercises 77 and 78, use the weight of the 
rocket to answer each question. (Use 4000 miles as the radius 

of Earth and do not consider the effect of air resistance.) 

(a) How much work is required to propel the rocket an 

unlimited distance away from Earth’s surface? 

(b) How far has the rocket traveled when half the total work 

has occurred? 

77. 5-ton rocket 78. 10-ton rocket 



Probability A nonnegative function f is called a probability 

density function if 

[ o ieee —el- 

The probability that x lies between a and b is given by 

Pae= =) = [roa 

The expected value of x is given by 

E(x) = | f. tf (0) dt. 

In Exercises 79 and 80, (a) show that the nonnegative function 

is a probability density function, (b) find P(O < x < 4), and 

(c) find E(x). 

sige FeO 

0, r<=0 

=e ~ 21/5 | 

79. f(t) = i oo 0, t<0 a0. f1) = | 

Capitalized Cost In Exercises 81 and 82, find the 
capitalized cost C of an asset (a) for n = 5 years, (b) forn = 10 

years, and (c) forever. The capitalized cost is given by 

C=C, + [ c(He—" dt 
0 

where C, is the original investment, ¢ is the time in years, r is 

the annual interest rate compounded continuously, and c(t) is 

the annual cost of maintenance. 

81. Cy = $650,000 

c(t) = $25,000 

r = 0.06 

82. C, = $650,000 

c(t) = $25,000(1 + 0.087) 

E006 

83. Electromagnetic Theory The magnetic potential P at a 
point on the axis of a circular coil is given by 

1 

where N, J, r, k, and c are constants. Find P. 

# 2a Nir 

Gravitational Force A “semi-infinite” uniform rod 
occupies the nonnegative x-axis. The rod has a linear density 

6, which means that a segment of length dx has a mass of 6 dx. 

A particle of mass M is located at the point (—a, 0). The 
gravitational force F that the rod exerts on the mass is given by 

r= | 
0 

where G is the gravitational constant. Find F. 

84. 

GM6 d 

(a + x)? 5 

True or False? In Exercises 85-88, determine whether the 

statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

85. If fis continuous on [0, 00) and lim f(x) = 0, then fy° f(x) dx 
converges. ae 

86. If f is continuous on [0,00) and fy f(x) dx diverges, then 

lim f(x) # 0. 

88. 

89. 

90. 

91. 

Pe 92. 

8.8 Improper Integrals 577 

. If f’ is continuous on [0, oo) and lim f(x) = 0, then 

f (x) dx = —f (0). 
0 

If the graph ae soa with respect to the origin or the 

y-axis, then f° f(x) dx converges if and only if [7% f(x) dx 
converges. 

(a) Show that f™ sin x dx diverges. 

(b) Show that lim ff, sin x dx = 0. 

(c) What do parts (a) and (b) show about the definition of 

improper integrals? 

Making an Integral Improper For each integral, find a 
nonnegative real number b that makes the integral improper. 

Explain your reasoning. 
b 1 

e i x= aes 

: Xx 

Me [ Fe Si WARS part 
b 

(e) | tan 2x dx 
0 

Writing 

dx 

b 1 

b » fe 
10 

@ | In x dx 

(f) [Ss 

(a) The improper integrals 

[2a and | 2s 
es il 2s 

diverge and converge, respectively. Describe the essential 

differences between the integrands that cause one integral 

to converge and the other to diverge. 

_ COSx 

i) = sim a 

(b) Sketch a graph of the function y = (sin x)/x over the 

interval (1,00). Use your knowledge of the definite 
integral to make an inference as to whether the integral 

= six. [rm 
fet OES 

converges. Give reasons for your answer. 

(c) Use one iteration of integration by parts on the integral in 

part (b) to determine its divergence or convergence. 

Exploration Consider the integral 

a/2 (ae 
gee tet= (tana)? 

where 7 is a positive integer. 

(a) Is the integral improper? Explain. 

(b) Use a graphing utility to graph the integrand for n = 2, 4, 

8, and 12. 

(c) Use the graphs to approximate the integral as n > 00. 

(d) Use a computer algebra system to evaluate the integral for 

the values of n in part (b). Make a conjecture about the 

value of the integral for any positive integer n. Compare 

your results with your answer in part (c). 
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Fe os: The mean height of American men 

between 20 and 29 years old is 70 inches, and the standard 

deviation is 2.85 inches. A 20- to 29-year-old man is chosen 

at random from the population. The probability that he is 

6 feet tall or taller is 

oo 

1 
P72, =x <s60) = a 

ih 2.85/27 

(Source: National Center for Health Statistics) 

x —70)*/6.245 dx. 

(a) Use a graphing utility to graph the integrand. Use the 

graphing utility to convince yourself that the area 

between the x-axis and the integrand is 1. 

(b) Use a graphing utility to approximate P(72 < x < oo). 

(c) Approximate 0.5 —P(70 < x < 72) using a graphing 

utility. Use the graph in part (a) to explain why this result 

is the same as the answer in part (b). 

94, HOW DOYOU SEE IT? The graph shows the 

probability density function for a car brand that 

has a mean fuel efficiency of 26 miles per gallon 

and a standard deviation of 2.4 miles per gallon. 

Probability 

16 18 20 22 24 26 28 30 32 34 36 

Miles per gallon 

(a) Which is greater, the probability of choosing a car at 

random that gets between 26 and 28 miles per gallon 

or the probability of choosing a car at random that 

gets between 22 and 24 miles per gallon? 

(b) Which is greater, the probability of choosing a car at 

random that gets between 20 and 22 miles per 

gallon or the probability of choosing a car at random 

that gets at least 30 miles per gallon? 

Laplace Transforms Let f(t) be a function defined for all 

positive values of t. The Laplace Transform of f(t) is defined by 

ene | ~ 6s (t) dt 

when the improper integral exists. Laplace Transforms are 

used to solve differential equations. In Exercises 95-102, find 

the Laplace Transform of the function. 

95. (i) = 1 96. f(t) =t 

97. f(t) = 0? 98. f(t) = e% 

99. f(t) = cos at 100. f(t) = sin at 

101. f(t) = cosh at 102. f(t) = sinh at 

Integration Techniques, UHopital’s Rule, and Improper Integrals 

103. The Gamma Function The Gamma Function I() is 

defined by 

INGA) = | OO Ge Tose O: 
0 

(a) Find P(1), P(2), and 1'(3). 

(b) Use integration by parts to show that ['(n + 1) = n(n). 

(c) Write ['(n) using factorial notation where n is a 

positive integer. 

= =) || 
104. Proof Prove that J, = (2 \i ,, where 

par 2 

oe x21 

T= a ei, eh n , (x? ak Mens 

Then evaluate each integral. 

Se 
e | ‘aaa Diy ce 

(b) I (Shen 

© | (porns 

105. Finding a Value For what value of c does the integral 

[ ( 1 H ai’c an 

0 Sx2 + 1 Saal 

converge? Evaluate the integral for this value of c. 

106. Finding a Value For what value of c does the integral 

SS Nas 1 

| (5 +2 i. ee 

converge? Evaluate the integral for this value of c. 

107. Volume Find the volume of the solid generated by revolving 
the region bounded by the graph of f about the x-axis. 

Ora = 2 =. |leslhnse. 

oe lf x=0 

108. Volume Find the volume of the solid generated by 
revolving the unbounded region lying between y = —Inx 

and the y-axis (y = 0) about the x-axis. 

u-Substitution In Exercises 109 and 110, rewrite the 

improper integral as a proper integral using the given 

u-substitution. Then use the Trapezoidal Rule with n = 5 to 

approximate the integral. 

ec, 

10. | aT ik = Se 
0 Ve 
1 

cos x 
110. athe RE Sl ase 

0 <1 ae, ¢ 

111. Rewriting an Integral Let 
co. 

f(x) dx be convergent 

and let a and b be real numbers where a # b. Show that 

a oo b fore} 

| 7 (idaets | f(x) dx = (lGNeee ar i f(x) dx. 
a b ey —~ oo 



Review Exercises 

Review Exercises 579 

Finding or Evaluating an Integral In Exercises 1-8, use 

the basic integration rules to find or evaluate the integral. 

1. [we — 36 dx 2, [xen dx 

x x 

:: | a ‘i | Tae 

* In(2x 
Sh i med 6. [ De Obes = Byers 

1 3/2 3/2 

100 2x 
eee |e (1X, : ; 
| ae : |e 

Using Integration by Parts In Exercises 9-16, use 

integration by parts to find the indefinite integral. 

9, | xe** dx 10. | xee* dx 

ith fe sin 3x dx 12. [ws —ldx 

13. [~ sin 2x dx 14. | In./x? — 4 dx 

15. | x arcsin 2x dx 16. i arctan 2x dx 

Finding aTrigonometric Integral In Exercises 17-22, find 
the trigonometric integral. 

17: [ costa = iD web 18. | sine Ba 

4x 19. | 7 

1 

2a I; — sin Bde 

Area In Exercises 23 and 24, find the area of the region. 

20. | tan @ sect 6 d@ 

mes { cos 26(sin 9 + cos 6)? dé 

23. y = sin* x 24. y = sin 3x cos 2x 

t A 
Nia 

AJA 

eh 

3 3a m 1+ 

eee! * AIA 

Using Trigonometric Substitution In Exercises 25-30, 
use trigonometric substitution to find or evaluate the integral. 

OG: i oid dx, be) 
112) 

Sn $= x 
= — x? 

See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

as 

27. | Fi” 28. | 6 EY ar 

I 3 4 

29. [ a= dx 30. [ JP = 9 dx 

Using Different Methods In Exercises 31 and 32, find the 

indefinite integral using each method. 

x3 

31. | Wee dx 

(a) Trigonometric substitution 

(b) Substitution: w* = 4 + x? 

X eon Ne ee 
JS4 + x? 

(c) Integration by parts: dv = 

32. [wa 5p seas 

(a) Trigonometric substitution 

(b) Substitution: v2 = 4 + x 

(c) Substitution: u = 4 + x 

(d) Integration by parts: dv = /4 + x dx 

Using Partial Fractions In Exercises 33-38, use partial 
fractions to find the indefinite integral. 

33. [ae 34, [32a 
x2—x-12 32 

ae oe Ds Lyi 
35: a 1 36. lx Whe 

ie sec? 0 

2p ls + 5x = 24 ae oe lz 6(tan @ — 1) Ze 

Integration by Tables In Exercises 39-46, use integration 

tables to find or evaluate the integral. 

5G 
39. Iz ee dx 

J x/2 : 

41. | SS itis 
0 Easiness 

Ets 3 1 
po ee Adie \oseee iinl Ras 

f [= ae Hive ie tet ae | sy —] ‘ 3 

1 
45. pee dx AR | he 

sin 7x COS 77x 1 + tan mx 

47. Verifying a Formula Verify the reduction formula 

x 
400) |i =. 
|= 4 

1 

2. | ae 
0 1+ e 

| (In. x)" dx = x(In x)" — nf ((insg) aes 

48. Verifying a Formula Verify the reduction formula 

| tan” x dx = 
iQ = 

[ike Se | tan” 2 x dx. 
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In Exercises 49-56, find 

the indefinite integral using any method. 

50. | = SEs dx 
Vx 

1/4 
i 2 ae Ok S52: [vi + Sx dx 

3x3 + 4x sa, { 3 a 

49, | 6 sin Ocos 6dé 

mn 

53. xy 5 sx by 53 | (COS ac ax Gamen 

Sa: | x In(sin x) dx 56. [ Gin @+ cos 0)? dé 

i itte aren tia ic q uation Di In Exercises 57—60, solve the 

differential sipeinon using any method. 

dy __25 dy ey Son ioe 
dx x2 —25 * dx 2x 

60. y’ = V1 — cos 0 

Evaluating a Definite Integral In Exercises 61-66, 

evaluate the definite integral using any method. Use a graphing 

utility to verify your result. 

Sie 

59) yy’ = Inte? + x) 

5 

61. [ x(x2 — 4)3/2 dx 

63. [ Ba Inz , 

65. IF x sin x dx 
0 

G 

2 

64. [ xe>* dx 
0 

5 
% 

66. aa LY 
I V4+x 

Area In Exercises 67 and 68, find the area of the region. 

67. y=xVJ/4-x 68. y= 5 

Be y 

a! 

1 2 3 4 

Centroid In Exercises 69 and 70, find the centroid of the 

region bounded by the graphs of the equations. 

69. y= J1—x2, y=0 

70. (x= 1h) ey tues ili (x — 4)? + y?=4 

Are Length In Exercises 71 and 72, approximate to two 

decimal places the arc length of the curve over the given interval. 

Function Interval 

71. y = sinx [0, 7] 

72. ¥ = sit x [0, 7] 

Integration Techniques, UH6pital’s Rule, and Improper Integrals 

evaluating a Limit In Exercises 73-80, use L’H6pital’s 

Rule to evaluate the limit. 

Sidings? Siig 
73500) = Te}; skin 

ai se = || x30 sin Sax 

75. limes 76. lim xe~® 
x00 X~ x00 

77. lim (In x)2/ 78. lim (x — 1)ine 

09 \" 2 2 
79. lim 1000(1 45 ota 80. lim (= _ 

n-00 n eit \iiglse se I 

V n Integral In Exercises 81-88, 

determine heen the improper integral diverges or 

converges. Evaluate the integral if it converges. 

16 4 

81. eee ICG lie 
a3. | x? In x dx 

Nl 

n Im proper t 

ole EE Rr eens 
1 

g. | ee oe 
Beas =4 Jo Saxe 4) 

89. Present Value The board of directors of a corporation is 
calculating the price to pay for a business that is forecast to 

yield a continuous flow of profit of $500,000 per year. The 

money will earn a nominal rate of 5% per year compounded 

continuously. What is the present value of the business 

(a) for 20 years? 

(b) forever (in perpetuity)? 

«” 500,000e~ °° dt.) 

90. Volume Find the volume of the solid generated by 
revolving the region bounded by the graphs of y = xe *, 

y = 0, and x = 0 about the x-axis. 

(Note: The present value for 7, years is 

Pe 91. Probability The average lengths (from beak to tail) of 
different species of warblers in the eastern United States are 

approximately normally distributed with a mean of 

12.9 centimeters and a standard deviation of 0.95 centimeter 

(see figure). The probability that a randomly selected warbler 

has a length between a and b centimeters is 

Plasx<b= e ~& —12.9)7/1.805 dy, 1 

0.95 / 277 [ 

Use a graphing utility to approximate the probability that a 

randomly selected warbler has a length of (a) 13 centimeters or 

greater and (b) 15 centimeters or greater. (Source: Peterson’s 

Field Guide: Eastern Birds) 

V cael | ae tae = T 

OF 10) Tl, 125 ish sae tS SnG 



PS. Problem Solving 

. Wallis’s Formulas 1 

(a) Evaluate the integrals 

1 

J 
(b) Use Wallis’s Formulas to prove that 

1 Dent l(n!)2 
1 — x2 n xy = 

ie aoe (2n + 1)! 

1 

(1 — x”)? dx. 
=i 

(1 — x2) dx and | 

for all positive integers n. 

. Proof 

(a) Evaluate the integrals 

1 
[ Inxdx and | (In x)? dx. 
0 0 

(b) Prove that 

1 
[ (In x)” dx 
0 

for all positive integers n. 

(Si a 

Finding a Value Find the value of the positive constant c 

such that 

tim (2=£)' = 9, 
x00 \X — C 

Finding a Value Find the value of the positive constant c 

such that 

meee C\" 

tim (2) bea: 

10. 

Length The line x = | is tangent to the unit circle at A. The 
length of segment QA equals the length of the circular arc PA 

(see figure). Show that the length of segment OR approaches 2 

as P approaches A. 

y 
A 

B 

= £O Nite 
O DJA 

Figure for 5 Figure for 6 

. Finding a Limit The segment BD is the height of AOAB. 

Let R be the ratio of the area of ADAB to that of the shaded 

region formed by deleting AOAB from the circular sector 

subtended by angle 6 (see figure). Find Jim, R. 

Fy 11. 

P.S. Problem Solving 581 

See CalcChat.com for tutorial help and 
worked-out solutions to odd-numbered exercises. 

. Area _ Consider the problem of finding the area of the region 

bounded by the x-axis, the line x = 4, and the curve 

>) 

x 

YG? + 9/2 

Fe (a) Use a graphing utility to graph the region and approximate 

its area. 

(b) Use an appropriate trigonometric substitution to find the 

exact area. 

(c) Use the substitution x = 3 sinh wu to find the exact area and 

verify that you obtain the same answer as in part (b). 

. Area Use the substitution u = tan (x/2) to find the area 

f the shaded regi th Bian a of the shaded region under the graph of y ree 

0 <x < 7/2 (see figure). 

Figure for 8 Figure for 9 

. Arc Length Find the arc length of the graph of the function 
y = In(1 — x2) on the interval 0 < x < 4 (see figure). 

Centroid Find the centroid of the region above the x-axis 
and bounded above by the curve y = e°*’, where c is a 

positive constant (see figure). 

(ane Show iat [ eo dx = Al ex ax. 
0 € 

Finding Limits Use a graphing utility to estimate each 
limit. Then calculate each limit using L’H6pital’s Rule. What 

can you conclude about the form 0 + 00? 

1 : | 
(a) lim (cot. =e 1) (b) lim [co be 1) 

x—0t 26 x—0F x 

: S'S as 
(c) jim (co 29 Se Neco x 1) 
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12. 

13. 

14. 

15. 

16. 

Chapter 8 

tA 
na Area 

(a) Let y = f~ '(x) be the inverse function of f. Use integration 

by parts to derive the formula 

| ie debs = qf Nea) = [10 dy. 

(b) Use the formula in part (a) to find the integral 

| arcsin x dx. 

(c) Use the formula in part (a) to find the area under the graph 

of y = Inx, 1 < x S e (see figure). 

y y 
A 4 

Figure for 12 Figure for 13 

Area Factor the polynomial p(x) = x*+ + 1 and then find 
the area under the graph of 

(see figure). 

Partial Fraction Decomposition Suppose the 
denominator of a rational function can be factored into distinct 

linear factors 

DOF ieee Nn ene 

for a positive integer m and distinct real numbers 

(x —c,) 

Cj, C>,.. ., ¢,. If Nis a polynomial of degree less than n, show 

that 

N(x) _ iss ae ub) Yee 
DG) sua, BoC Ko Cs 

where P, = N(c,)/D'(c,) for k = 1,2,...,n. Note that this 
is the partial fraction decomposition of N(x)/D(x). 

Partial Fraction Decomposition Use the result of 
Exercise 14 to find the partial fraction decomposition of 

it = See 

x* — 13x? + 12x 

Evaluating an Integral 
ee T ‘ 

(a) Use the substitution u = Len x to evaluate the integral 

a/2 : 
sin x 

ona aie 1. 
ge ecOSntise sins 

(b) Let n be a positive integer. Evaluate the integral 

ar/2 r 
d sin” x Z 

cos"x + sint'x 0 Ss: sin’. 

7s 

18. 

19. 

20. 

21. 

22. 

Integration Techniques, UHopital’s Rule, and Improper Integrals 

Elementary Functions Some elementary functions, 

such as f(x) = sin(x?), do not have antiderivatives that are 

elementary functions. Joseph Liouville proved that 

e* 
ae CLG 
G 

does not have an elementary antiderivative. Use this fact to 

prove that 

[ike 
In x 

is not elementary. 

Rocket The velocity v (in feet per second) of a rocket 

whose initial mass (including fuel) is m is given by 

m m 
v= gt + uln oe oli 

(ih Sat ip 

where wu is the expulsion speed of the fuel, r is the rate at which 

the fuel is consumed, and g = —32 feet per second per second 

is the acceleration due to gravity. Find the position equation 

for a rocket for which m = 50,000 pounds, u = 12,000 feet 

per second, and r = 400 pounds per second. What is the height 

of the rocket when t = 100 seconds? (Assume that the rocket 

was fired from ground level and is moving straight upward.) 

Proof Suppose that f(a) = f(b) = g(a) = g(b) = O and the 
second derivatives of f and g are continuous on the closed 

interval [a, b]. Prove that 

b b 

[ flx)g(x) dx = [ f(x)g(x) dx. 

Proof Suppose that f(a) = f(b) =0 and the second 
derivatives of f exist on the closed interval [a, b]. Prove that 

b b 
i (x — a\(x = b)f') dx = 2| f(x) dx. 

Approximating an Integral Using the inequality 

1 1 1 2 

so] S557 pot ys 
1 1 1 
Tiles eas 
Fee we Se x x 

7 = || 

Volume _ Consider the shaded region between the graph of 
y = sinx, where 0 < x < 7, and the line y= c, where 

0 <c < 1 (see figure). A solid is formed by revolving the 

region about the line y = c. 

for x = 2, approximate [ 
2a 

(a) For what value of c does the solid have minimum volume? 

(b) For what value of c does the solid have maximum volume? 

y 
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Projectile Motion 
Exercise 84, p. 675) 
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Multiplier Effect 
(Exercise 73, p. 602) 
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9.1 Sequences 

Exploration 

| Finding Patterns Describe 

| a pattern for each of the 

sequences listed below. Then 

| use your description to write 

a formula for the nth term of 

each sequence. As 7 increases, 

do the terms appear to be 

| approaching a limit? Explain 

your reasoning. 

Leip lapels Qin Losartan ee 

Datliste caer oe 
c. 10,12, 1010 

14 9 16 25 
G4, 0; 167 257 56 

= 7> 10 132 16> 197 = + * 

Some sequences 

are defined recursively. To 

define a sequence recursively, 

you need to be given one or 

more of the first few terms. All 

other terms of the sequence are 

then defined using previous 

terms, as shown in Example 1(d). 

@ List the terms of a sequence. 

ll Determine whether a sequence converges or diverges. 

l@ Write a formula for the nth term of a sequence. 

l@ Use properties of monotonic sequences and bounded sequences. 

Sequences 

In mathematics, the word “sequence” is used in much the same way as it is in ordinary 

English. Saying that a collection of objects or events is in sequence usually means that 

the collection is ordered in such a way that it has an identified first member, second 

member, third member, and so on. 

Mathematically, a sequence is defined as a function whose domain is the set of 

positive integers. Although a sequence is a function, it is common to represent 

sequences by subscript notation rather than by the standard function notation. For 

instance, in the sequence 

iB 2 SoU 9K) eg esac 0. Meremee 

| | | | | | { Sequence 

Gy; Go quan). to es 

| is mapped onto a,, 2 is mapped onto a,, and so on. The numbers 

A, , Qa, Acyeniiets nett 

are the terms of the sequence. The number a,, is the nth term of the sequence, and the 

entire sequence is denoted by {a,,}. Occasionally, it is convenient to begin a sequence 

with dp, so that the terms of the sequence become dp, a), d>, 43, . . .,d,,. . . and the 

domain is the set of nonnegative integers. 

EXAMPLE 1 Listing the Terms of a Sequence 

a. The terms of the sequence {a,} = {3 + (—1)"} are 

3 (—1)!, SE ee) ee 

2. 4, Pas 4, 

b. The terms of the sequence {b,,} = (| are 

l 2) 3 4 

L217 1 2 Oy eS ie 

2 ALD | alga S iA | 2 3 4 

c. The terms of the sequence {c,,} = Fe ie i cate 

12 92 32 42 

2) — Te ae ese] 

| 4 9 16 

1 3° 7 1s 

d. The terms of the recursively defined sequence {d,,}, where d, = 25 andd,,,, = d,,— 5, n 

are 

29, 20) = 20) 920 SD Se aaa Se a | 



e 

e 

e 

4 e 
Ot acetate FE eee EY 

74. Se 

ie iecetet ttt te 
We, BA 6 M 

For n > M, the terms of the sequence 

all lie within ¢ units of L. 

Figure 9.1 

eeeeveeesee eee evee2e28e 0a} > 

e*REMARK The converse of 

Theorem 9.1 is not true (see 

Exercise 84). 
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Limit of a Sequence 

The primary focus_of this chapter concerns sequences whose terms approach limiting 

values. Such sequences are said to converge. For instance, the sequence { 1/2” } 

peti i abide ol 
24473 a1 Ges Danie 

converges to 0, as indicated in the next definition. 

Definition of the Limit of a Sequence 

Let L be a real number. The limit of a sequence {a,,} is L, written as 

lim a,=L 
n—-oo 

if for each e > 0, there exists M > 0 such that |a, — L| < ¢ whenevern > M._ | 
If the limit L of a sequence exists, then the sequence converges to L. If the limit | 

of a sequence does not exist, then the sequence diverges. 

Graphically, this definition says that eventually (for n > M and € > 0), the terms 

of a sequence that converges to L will lie within the band between the lines y = L + € 

and y = L — g, as shown in Figure 9.1. 

If a sequence {a,} agrees with a function f at every positive integer, and if f(x) 

approaches a limit L as x 00, then the sequence must converge to the same limit L. 

THEOREM 9.1 Limit of a Sequence 

Let L be a real number. Let f be a function of a real variable such that 

lim f(x) =L. . 

If {a,,} is a sequence such that f(n) = a, for every positive integer n, then 

lim a, = L. 
n>co 

Finding the Limit of a Sequence 

] n 

Find the limit of the sequence whose nth term is a, = (i te 1) : 

Solution In Theorem 5.15, you learned that 

] x 

lim ( ++ 1) =e. 
xXx 0Oo X 

So, you can apply Theorem 9.1 to conclude that 

i| n 

lim a, = lim ( a 4) =e. ps | 
n—-oco n—-oo 

There are different ways in which a sequence can fail to have a limit. One way is 

that the terms of the sequence increase without bound or decrease without bound. These 

cases are written symbolically, as shown below. 

Terms increase without bound: lim a, = co 
n—>oco 

Terms decrease without bound: lim a, = —co 
n—-0oo 
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CHNO Use a 

graphing utility to graph the 

function in Example 4. Notice 

that as x approaches infinity, 

the value of the function gets 

closer and closer to 0. If you 

have access to a graphing utility 

that can generate terms of 

a sequence, try using it to 

calculate the first 20 terms of 

the sequence in Example 4. 

Then view the terms to observe 

numerically that the sequence 

converges to 0. 

The properties of limits of sequences listed in the next theorem parallel those given 

for limits of functions of a real variable in Section 1.3. 

Properties of Limits of Sequences 

Let lim a, = Land lim b, = K. 
n—-oo n—-oo 

1. lim (a,+b)=L+K 
noo 

2. lim ca, = cL, c is any real number. 
noo 

Slime (api Lk 
nv-n 

n—->co 

S, Die Olanclakiee 30) 

EXAMPLE 3 

eee [> See LarsonCalculus.com for an interactive version of this type of example. 

ey i 8 
i> 

Determining Convergence or Divergence 

a. Because the sequence {a,} = {3 + (—1)"} has terms 

DA DAs 5. See Example 1(a), page 584. 

that alternate between 2 and 4, the limit 

lim a,, 
n->co 

does not exist. So, the sequence diverges. 

b. For {b,} = | i “ zh divide the numerator and denominator by n to obtain 

li at z eel See E le 1(b 584 sg T=. oe (/n) = 5 ee Example 1(b), page : 

which implies that the sequence converges to —}. 

EXAMPLE 4 Using L'Hopital’s Rule to Determine Convergence 

n2 

Show that the sequence whose nth term is a, = ary converges. 

Solution Consider the function of a real variable 

2: 2 
2° 1 fx) = 

Applying L’ H6pital’s Rule twice produces 

ee ee ee 
2* er? i| x—0cO 

lim = 0. 
x00 

z 

(In Die x— 00 (In 2/72" 

Because f(n) = a, for every positive integer, you can apply Theorem 9.1 to conclude 

that 

2 
lim —“— = 0. 
noo Qn =, l 

See Example l(c), page 584. 

So, the sequence converges to 0. 
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For n = 4, (—1)"/n! is squeezed 
between — 1/2” and 1/2”. 

Figure 9.2 
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The symbol n! (read “n factorial”) is used to simplify some of the formulas 

developed in this chapter. Let n be a positive integer; then n factorial is defined as 

OUTS OT PROS Sarit hos G7 NO 7 

As a special case, zero factorial is defined as 0! = 1. From this definition, you can see 

that 1! = 1,2! =1+2=2,3! = 1-2-3 = 6, and so on. Factorials follow the same 

conventions for order of operations as exponents. That is, just as 2x7 and (2x)? imply 

different orders of operations, 2n! and (2n)! imply the orders 

on! = Dee eee 2 a  ) 

and 

(Qn)! =1+2-3-A-» -n-(n+1)-- -2n 

respectively. 

Another useful limit theorem that can be rewritten for sequences is the Squeeze 

Theorem from Section 1.3. 

19.3 Squeeze Theorem for Sequences 

Se | 
If lim a, = L = lim J, and there exists an integer N such that a, < c, < b 

n n 
nooo noo 

for alln > N, then lim c, = L. 
noo j 

Za | 

i 

CO en pO EE OR A TERRA PRR NE RN AE ER AOR TREE a OE BE py Senn en een es nn ee ee f 

EXAMPLE 5 Using the Squeeze Theorem 

1 Sot 
Show that the sequence {c,,} = f —1)" | converges, and find its limit. 

Solution To apply the Squeeze Theorem, you must find two convergent sequences 

that can be related to {c,,}. Two possibilities are a, = —1/2” and b, = 1/2”, both of 
which converge to 0. By comparing the term n! with 2”, you can see that 

pl ic De SycmaNoSy GG o 2 ci == WA! 0 5) Gero cay?) (n = 4) 
a 

n — 4 factors 

and 

FE AD) ODO DOD SD Woo s CDI NGC 7 Pe ade (n = 4) 
—————— 

n — 4 factors 

This implies that for n = 4, 2” < n!, and you have 

Fall ek 1 
< (— — < — > 

ea 

as shown in Figure 9.2. So, by the Squeeze Theorem, it follows that 

1 
lim (— De, = 0. a 

n! no 

Example 5 suggests something about the rate at which n! increases as n— oo. As 

Figure 9.2 suggests, both 1/2” and 1/n! approach 0 as n> oo. Yet 1/n! approaches 0 so 

much faster than 1/2” does that 

u 1/n! 5 ke 
lim 
n—>co WO noc n! 

= 0. 

In fact, it can be shown that for any fixed number k, lim (k"/n!) = 0. This means that 

the factorial function grows faster than any exponential function. 
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In Example 5, the sequence {c,,} has both positive and negative terms. For this 

sequence, it happens that the sequence of absolute values, {|c,,|}, also converges to 0. 

You can show this by the Squeeze Theorem using the inequality 

ee 
| 
5 igh 2 

n! pie 

In such cases, it is often convenient to consider the sequence of absolute values—and 

then apply Theorem 9.4, which states that if the absolute value sequence converges to 

0, then the original signed sequence also converges to 0. 

Absolute Value Theorem 

For the sequence {a,,}, if 

lim |a,|=0 then lim a, =0. 
n—-oco n—-co 

Proof Consider the two sequences {|a,|} and ean Because both of these 
sequences converge to 0 and 

lanl S 4, S |a,| 
you can use the Squeeze Theorem to conclude that {a,} converges to 0. 

See LarsonCalculus.com for Bruce Edwards’s video of this proof. Fe | 

Pattern Recognition for Sequences 

Sometimes the terms of a sequence are generated by some rule that does not 

explicitly identify the nth term of the sequence. In such cases, you may be required to 

discover a pattern in the sequence and to describe the nth term. Once the nth term has 

been specified, you can investigate the convergence or divergence of the sequence. 

Finding the nth Term of a Sequence 

Find a sequence {a,,} whose first five terms are 

2A 9 G2 

eC ern Le | 

and then determine whether the sequence you have chosen converges or diverges. 

Solution First, note that the numerators are successive powers of 2, and the 

denominators form the sequence of positive odd integers. By comparing a, with n, you 

have the following pattern. 

a 92 pie 94 95 Qn 

Le ora ee) ee oe ons ee 

Consider the function of a real variable f(x) = 2*/(2x — 1). Applying L’ H6pital’s Rule 
produces 

2" 2*(In 2) 
os Die oa | - oN W 7 

Next, apply Theorem 9.1 to conclude that 

Qn 

lim = 00. 
n->co 2n = l 

So, the sequence diverges. | 



9.1 Sequences 589 

Without a specific rule for generating the terms of a sequence or some knowledge 

of the context in which the terms of the sequence are obtained, it is not possible to 

determine the convergence or divergeiice of the sequence merely from its first several 

terms. For instance, although the first three terms of the following four sequences are 

identical, the first two sequences converge to 0, the third sequence converges to 7 and 

the fourth sequence diverges. 

AP atl let ba 1 

lank? 3> q> g> 67 77 De 
arliaeelees | 6 

po =, =, =, = : Hamers 
{Pn} DA Soe (n + 1)(n? —n + 6) 

Pay n2 —3n+ 3 

KONE OGD (phe p= prom Le ae ya 
pale seas —n(n + 1)(n — 4) 

{dy}: Dea Voom a 6(n2 + 3n — 2) 

The process of determining an nth term from the pattern observed in the first several 

terms of a sequence is an example of inductive reasoning. 

EXAMPLE 7 Finding the nth Term of a Sequence 

Determine the nth term for a sequence whose first five terms are 

_2 8 26 80 242 
Ve G, 224 1200 ye 

and then decide whether the sequence converges or diverges. 

Solution Note that the numerators are | less than 3”. 

Sie ll ee sae hla Sree fe ein 96> 34 — 1 = 80° —3> 1 = 242 

So, you can reason that the numerators are given by the rule 

Seal 3 

Factoring the denominators produces 

1=1 

Dis Noro 

) 

Mss jlo Dye By Gl 

and 

1D ORO eS RAS: 

This suggests that the denominators are represented by n!. Finally, because the signs 

alternate, you can write the nth term as 

a, = (-1"(7—) 
From the discussion about the growth of n!, it follows that 

St@tl pt 

nist 
lim |a,| = lim 0. 

n—-°co 

Applying Theorem 9.4, you can conclude that 

lim, a= 0: 
noo 

So, the sequence {a,} converges to 0. ia 
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n 

a, a4 

4 a 
tie / 
Latex / 

3 / \ / 
Fs Na 

2 7 ye 
| a, Af a, 

1+ [{a,) = {3+(-1)"} 

| }—}-——+—+—+ 1 
| I 2 3 4 

(a) Not monotonic 

4-4 

ye SITET 
pov | call 

{Py} l+n 

pie \ 
—e 

ei 
=a b 

es e~ b, b, 4 

b, 

= Me f +» n 

1 2 4 

(b) Monotonic 

Ch 

t 

4-7 
| 

a 
| pes ot no 
| {¢ | = The | 

> + 2" = 1 2, — TF 

| N 
| = eo — cee 

Lae Sy C3 iS 

Po “4 
a — {+ ~n 

1 2 3 4 

(c) Not monotonic 

Figure 9.3 

Monotonic Sequences and Bounded Sequences 

So far, you have determined the convergence of a sequence by finding its limit. Even 

when you cannot determine the limit of a particular sequence, it still may be useful to 

know whether the sequence converges. Theorem 9.5 (on the next page) provides a test 

for convergence of sequences without determining the limit. First, some preliminary 

definitions are given. 

Definition of Monotonic Sequence | 

A sequence {a,,} is monotonic when its terms are nondecreasing 

Chip Shy SOY BS, PAC ES ile, SS 2 Os 

or when its terms are nonincreasing 

Geena ae fee Oe ae 

EXAMPLE 8 Determining Whether a Sequence Is Monotonic 

Determine whether each sequence having the given nth term is monotonic. 

a. a,=3+ (-1)" 

bee 2n 

il Se 

nz 

C. Cc, = ea 

Solution 

a. This sequence alternates between 2 and 4. So, it is not monotonic. 

b. This sequence is monotonic because each successive term is greater than its 

predecessor. To see this, compare the terms b,, and b,, ,. [Note that, because n is 

positive, you can multiply each side of the inequality by (1 + n) and (2 + n) 
without reversing the inequality sign.] 

One eo) 

ee ie mae ae a 
Qn(2 + n) & (1 + n)(2n + 2) 
an tn ee ee 

O=2 

Starting with the final inequality, which is valid, you can reverse the steps to 

conclude that the original inequality is also valid. 

c. This sequence is not monotonic, because the second term is greater than the first term, 

and greater than the third. (Note that when you drop the first term, the remaining 

sequence C5, C3, C4,. . . is Monotonic.) 

Figure 9.3 graphically illustrates these three sequences. al 

In Example 8(b), another way to see that the sequence is monotonic is to argue that 

the derivative of the corresponding differentiable function 

lla 
f(x) = ae 

is positive for all x. This implies that f is increasing, which in turn implies that {b,,} 1s 

increasing. 



Every bounded, nondecreasing 

sequence converges. 

Figure 9.4 
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Definition of Bounded Sequence 

1. A sequence {a,,} is bounded above when there is a real number M such that 
a, <= M for all n. The number M is called an upper bound of the sequence. 

2. A sequence {a,,} is bounded below when there is a real number N such that 
N s a, for all n. The number N is called a lower bound of the sequence. 

3. A sequence {a,,} is bounded when it is bounded above and bounded below. 

Note that all three sequences in Example 3 (and shown in Figure 9.3) are bounded. 

To see this, note that 

Dem Ge Ane lest De een 056,55 

One important property of the real numbers is that they are complete. 

Informally, this means that there are no holes or gaps on the real number line. (The set 

of rational numbers does not have the completeness property.) The completeness axiom 

for real numbers can be used to conclude that if a sequence has an upper bound, then 

it must have a least upper bound (an upper bound that is less than all other 

upper bounds for the sequence). For example, the least upper bound of the sequence 

{a,} = {n/(n + VD}, 

cies a 
OF Bey ake Sringe? 4 aa es 

is 1. The completeness axiom is used in the proof of Theorem 9.5. 

ean a a UH 

ae 3.5 Bounded Monotonic Sequences 

If a sequence {a,,} is bounded and monotonic, then it converges. 
ee sooner atm Seerergnreres nnaannnana ae amare 

Proof Assume that the sequence is nondecreasing, as shown in Figure 9.4. For the 

sake of simplicity, also assume that each term in the sequence is positive. Because the 

sequence is bounded, there must exist an upper bound M such that 

elie) ie By io) Oo SS G, SiG = S00 = < M. 

From the completeness axiom, it follows that there is a least upper bound L such that 

Mp Sa fee Sa Se Ne, 

For s > 0, it follows that L — « < L, and therefore L — e cannot be an upper bound 

for the sequence. Consequently, at least one term of {a,,} is greater than L — e. That is, 

L — & < ay for some positive integer N. Because the terms of {a,,} are nondecreasing, 
it follows that a, < a,forn > N. Younow know thatL -e <aysa,sLl<Lre, 

for every n > N. It follows that |a, — L| < eforn > N, which by definition means that 
{a,,} converges to L. The proof for a nonincreasing sequence is similar (see Exercise 91). 

See LarsonCalculus.com for Bruce Edwards’s video of this proof. | 

EXAMPLE 9 Bounded and Monotonic Sequences 

a. The sequence {a,} = {1/n} is both bounded and monotonic, and so, by Theorem 9.5, 

it must converge. 

b. The divergent sequence {b,,} = {n?/(n + 1)} is monotonic, but not bounded. (It is 

bounded below.) 

c. The divergent sequence {c,} = {(—1)"} is bounded, but not monotonic. A 
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9.1 Exercises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Listin lerms of a Sequence In Exercises 1-6, write 

the first five terms of the sequence. 

5 2 n 

-a,= 3" >t === Ie (ai a, 5 

ni 3n 
3 eh 4 = a, = sin~ dy, So 

2 2 | 
Sa (=e = 6.42 = 2 FSS > 

n ip ide 

Listing the Terms of a Sequence In Exercises 7 and 8, 

write the first five terms of the recursively defined sequence. 

7! Gy = 38a. (ap 1) $2066, a). 5a 

Matching In Exercises 9-12, match the sequence with its 

graph. [The graphs are labeled (a), (b), (c), and (d).] 

(a) & (b) Gy 
A 

io4 . Cone oe 
gt A Ned 0.4+ 

ai OE ae Ole ens 
6+ HE HHH HHH > 
give Sy 1 AS GORMIG 
a -04+ ° 

2+ -0.6 + 

HEE HY > ae 
2 he 6 Se 10 alae 

(c) 4% (d) 
A es 

24+ 

s+ 
Pa 1+ eeeee £ 

a ee ein 
te 2 A 6.8/1.0 

2+ ee —-|-e e @ee 

+ Peoce | t t i 

oui! ops 
gs Si oni le 

11. a, = (—1)" 12. a, = a) 
Ai 

Writing Terms In Exercises 13-16, write the next two 

apparent terms of the sequence. Describe the pattern you used 

to find these terms. 

NES Fa Perot lly ccs: 14 S337 S32 See 

15. 5, 10, 20, 40 16.56, —2 Aart Ss 3D, LU, 20545... ans 37g? 

Simplifying Factorials In Exercises 17-20, simplify the 

ratio of factorials. 

(ri) n! 

n! Ws (n + 2)! 

a5. ! 9 2) 19, n= int 20 (2n + 2)! 

(2n + 1)! " — (2n)! 

1 yf 

Finding the Limit of a Sequence In Exercises 21-24, 

find the limit (if possible) of the sequence. 

5n? D 
Neigh = == 22 dO 

a te D a nr 

2n 2 
23. 4. = 24. a, = cos— 

ie oe Il n 

ad Finding the Limit of aSequence In Exercises 25-28, use 
a graphing utility to graph the first 10 terms of the sequence. 

Use the graph to make an inference about the convergence or 

divergence of the sequence. Verify your inference analytically 

and, if the sequence converges, find its limit. 

4n +1 1 25. 4. = 26. a, = a5 
nN ifhee— 

I 27. a, = sin a 2B cig Siena 

Determining Convergence or Divergence In Exercises 
29-44, determine the convergence or divergence of the 

sequence with the given mth term. If the sequence converges, 

find its limit. 

5 5 
. a, = .a,=8+= YS mas) 30. a, = 8 : 

31. a = Cy * payee ee 
in n+1 Sat n 

2) 3 Pi ay aaa elie rp ai 
n on2 a 6 n Sn of 1 

— In(n’) uel 
SEE = oe 36.4, = 3n 

! ==9\I! 
Sh Gh, = (n+ 1)! 38a 05— (2)! 

e n! « n! 

n? Sell 
Sai SP 1 40. a, = nsin— 

e n 

41. a, = 2" 42. 4,=—3 

hy Mae sin n daa cos on 

n n- 

Finding the nthTerm of a Sequence In Exercises 45-52, 
write an expression for the nth term of the sequence. (There is 

more than one correct answer.) 

ia a i AS. DAB S140 me 46. 1,445, --- 6 

479216137 ee 48. 1,-4.9 ie: 
Pye é 495232). 6s 

50. 2, 24, 720, 40,320, 3,628,800, . . . 
l l l 1 

rl ele pyle mek ee Ne ey oe 

52. 



Finding Monotonic and Bounded Sequences In 

Exercises 53-60, determine whether the sequence with the 

given nth term is monotonic and whether it is bounded. Use a 

graphing utility to confirm your results. 

1 3n 
5354, — 4 —— 54. a, = 

n unten 2 

ee 2 n 

Soo. = ne "/? 56. a, = (-2) 

2 rt 3 n 

BY =| eae 5 =|-— a= (2| s8. a, = (3) 
59. a, = sin — 60. a, =" 

6 n 

Fle Using aTheorem In Exercises 61-64, (a) use Theorem 9.5 

to show that the sequence with the given nth term converges, 

and (b) use a graphing utility to graph the first 10 terms of the 

sequence and find its limit. 

a, ety Se 
n n 

1 1 1 
|| = a. = 2 + 63. a, i( =| 64. a, = 2 5 

65. Increasing Sequence Let {a,} be an increasing 
sequence such that 2 < a, < 4. Explain why {a,} has a limit. 
What can you conclude about the limit? 

66. Mionotonic Sequence Let {a,} be a monotonic 
sequence such that a, < 1. Discuss the convergence of {a, }. 
When {a,,} converges, what can you conclude about its limit? 

e ©67. Compound Interest e«eecceececeeececcecce 

Consider the sequence 

{A,,} whose nth term is 
given by 

= ee Ay = P(t 4 

where P is the principal, 

A,, is the account balance 
after n months, and r is 

the interest rate compounded 

annually. 

(a) Is {A,,} a convergent sequence? Explain. 

(b) Find the first 10 terms of the sequence when 

P = $10,000 and r = 0.055. 

68. Compound Interest A deposit of $100 is made in an 
account at the beginning of each month at an annual interest 

rate of 3% compounded monthly. The balance in the account 

after n months is A, = 100(401)(1.0025" — 1). 

(a) Compute the first six terms of the sequence {A,,}. 

(b) Find the balance in the account after 5 years by computing 

the 60th term of the sequence. 

(c) Find the balance in the account after 20 years by 

computing the 240th term of the sequence. 

_ 

e 

e 

e 

e 

e 

e 

e 

e 

e 

e 
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SEEING ABOUT CONCEPTS 

69. 1 Is it possible for a sequence to converge to 

two form numbers? If so, give an example. If not, 

explain why not. 

. Defining Terms In your own words, define each of the 

following. 

(a) Sequence (b) Convergence of a sequence 

(c) Monotonic sequence (d) Bounded sequence 

1A 
Wi - ¥ Give an example of a sequence 

satisfying the condition or explain why no such sequence 

exists. (Examples are not unique.) 

tind 2a Canianra 
iting a oequence 

(a) A monotonically increasing sequence that converges 

to 10 

(b) A monotonically increasing bounded sequence that does 

not converge 

(c) A sequence that converges to 3 

(d) An unbounded sequence that converges to 100 

Hide HOW DOYOU SEE IT? The graphs of two 
sequences are shown in the figures. Which graph 

represents the sequence with alternating signs? 

Explain. 

73. Government Expenditures A government program 
that currently costs taxpayers $4.5 billion per year is cut back 

by 20 percent per year. 

(a) Write an expression for the amount budgeted for this 

program after n years. 

(b) Compute the budgets for the first 4 years. 

(c) Determine the convergence or divergence of the sequence 

of reduced budgets. If the sequence converges, find its limit. 

74, Inflation When the rate of inflation is 45% per year and the 
average price of a car is currently $25,000, the average price 

after n years is P, = $25,000(1.045)”. Compute the average 

prices for the next 5 years. 

75. Using a Sequence Compute the first six terms of the 
sequence {a,,} = {vn}. If the sequence converges, find its limit. 

76. Using a Sequence Compute the first six terms of the 

sequence 

fae {(: + a 

If the sequence converges, find its limit. 

Lisa S./Shutterstock.com 
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Prove that if {s,} converges to L and L > 0, then 

there exists a number N such that s, > O forn > N. 

The amounts of the federal debt a, (in 

trillions of dollars) of the United States from 2000 through 

2011 are given below as ordered pairs of the form (n, a,), 

where n represents the year, with n = 0 corresponding to 

2000. (Source: U.S. Office of Management and Budget) 

OSG), Gh S8), (OG2) (ee) (Ele). (G7 (GBS) 
(7, 9.0), (3 10.0)..(9.,.11.9),(10,.13.5),.(11,.14.8) 

(a) Use the regression capabilities of a graphing utility to find 

a model of the form 

a. = br en +d, nn ='0, T,. . el! 

for the data. Use the graphing utility to plot the points and 

graph the model. 

(b ma Use the model to predict the amount of the federal debt in 

the year 2020. 

True or False? In Exercises 79-82, determine whether the 

statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

TRE 

80. 

81. 

82. 

83. 

84. 

If {a,,} converges to 3 and {b,,} converges to 2, then {a, + b,} 

converges to 5. 

If {a,,} converges, then lim (a, — a,,,) = 0. 

If {a,,} converges, then {a, /n} converges to 0. 

If {a,,} diverges and {b,,} diverges, then {a, + b,} diverges. 

Fibonacci Sequence Ina study of the progeny of rabbits, 
Fibonacci (ca. 1170—ca. 1240) encountered the sequence now 

bearing his name. The sequence is defined recursively as 

Bh ogy = Gi 1 Gna ye Whe, = MN ean ehy = IL, 

(a) Write the first 12 terms of the sequence. 

(b) Write the first 10 terms of the sequence defined by 

b= Gn+1 

ies ? 
n 

igh = Il, 

(c) Using the definition in part (b), show that 

1 =1+— b | b n 
iil 

(d) The golden ratio p can be defined by lim b, = p. Show 

that wate 

mechs oe 
p 

and solve this equation for p. 

Using alTheorem Show that the converse of Theorem 9.1 

is not true. [Hint: Find a function f(x) such that f(n) = a, 
converges, but lim f(x) does not exist. ] 

. Using a Sequence Consider the sequence 

(a) Compute the first five terms of this sequence. 

(b) Write a recursion formula for a,, forn = 2. 

(c) Find lim a,,. 

86. 

87. 

88. 

89. 

90. 

91. 

Using a Sequence Consider the sequence {a,} where 
Jk ae ei ierva,,’and ia 0: 

(a) Show that {a,,} is increasing and bounded. 

i= 

(b) Prove that lim a, exists. 
noo 

(c) Find lim a,. 
n7Wo 

Squeeze Theorem 

(a) Show that f/' In x dx < In(n!) forn = 2. 

S saeee eiieting 

(b) Draw a graph similar to the one above that shows 

In(n!) < fi"! Inx dx. 

(c) Use the results of parts (a) and (b) to show that 

n” Byiho, (eae Ie 
er 1 e” 

sion? Sth. 

(d) Use the Squeeze Theorem for Sequences and the result of 

part (c) to show that lim (~/n!/n) = I/e. 
n—-co 

(e) Test the result of part (d) for n = 20, 50, and 100. 

Proof Prove, using the definition of the limit of a sequence, 

that 

Tal a hees 
Jim aa 0. 

Proof Prove, using the definition of the limit of a sequence, 
that lim) 7” = 0 for—1 <7 < 1. 

noo 

Using a Sequence Find a divergent sequence {a,} such 

that {a,,,} converges. 

Proof Prove Theorem 9.5 for a nonincreasing sequence. 

PUTNAM EXAM CHALLENGE 

92. Let {x,}, 2 = 0, be a sequence of nonzero real numbers | 
such that x2 —x,)x,,, = 1 form ='1,2, 3)? SSProvems 
there exists a real number a such that x, ,; = ax, — X,—1 | 

for alln = 1. 

. Let To = 2, 1) = 3, 7, = 6, and torn = 3; 

T= (0 ar, 
n 

Ne 2 - (4n vi 8)T,,_3. 

The first few terms are 

2, 3, 6, 14, 40, 152, 784, 5168, 40,576 

Find, with proof, a formula for 7, of the form 7, = A, + B,,, 
where {A,,} and {B,,} are well-known sequences. 

These problems were composed by the Committee on the Putnam Prize Competition. 

© The Mathematical Association of America. All rights reserved.. 
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9.2 Series and Convergence 

REV As you study 

this chapter, it is important to 

distinguish between an infinite 

series and a sequence. A 

sequence is an ordered 

collection of numbers 

i 0 Cd rs 

whereas a series is an infinite 

sum of terms from a sequence 

he. SLAY OE Ro Ce OC 

INFINITE SERIES 

The study of infinite series was 

considered a novelty in the 
fourteenth century. Logician 
Richard Suiseth, whose nickname 
was Calculator, solved this 
problem. 

If throughout the first half of 
a given time interval a variation 
continues at a certain intensity, 
throughout the next quarter of 
the interval at double the intensity, 

throughout the following eighth 
at triple the intensity and so ad 
infinitum; then the average intensity for 

the whole interval will be the intensity 

of the variation during the second 
subinterval (or double the intensity). 
This is the same as saying that the 
sum of the infinite series 

lf Understand the definition of a convergent infinite series. 

@ Use properties of infinite geometric series. 

lf Use the nth-Term Test for Divergence of an infinite series. 

Infinite Series 

One important application of infinite sequences is in representing “infinite 

summations.” Informally, if {a,,} is an infinite sequence, then 

Infinite Series 

is an infinite series (or simply a series). The numbers a,, a5, a3, and so on are the terms 

of the series. For some series, it is convenient to begin the index at n = 0 (or some other 

integer). As a typesetting convention, it is common to represent an infinite series as 

> a,. In such cases, the starting value for the index must be taken from the context of 

the statement. 

To find the sum of an infinite series, consider the sequence of partial sums listed 

below. 

S, = 4, 

S, =a, + a 

Sal = Gt Goa 

Sb, — @, + a, + a, + a, 

Shae petals acta g at a aha 

Se a ay ak) ae 
n 4 as a), 

If this sequence of partial sums converges, then the series is said to converge and has 

the sum indicated in the next definition. 

| Definitions Of Convergent ng Diverdent iSeries 

| For the infinite series S) a,, the nth partial sum is 
n=1 

n? 

Se =e Gc 
n 

Pau 

If the sequence of partial sums {S,,} converges to S, then the series > a, 

converges. The limit S is called the sum of the series. a 
co 

S= Sy a, 
n=1 

S=a,ta,t+-+-:+a,+--> 

If ‘S, y FierECs | then the series ayerers) 

As you study this chapter, you will see that there are two basic questions involving 

infinite series. 

* Does a series converge or does it diverge? 

¢ When a series converges, what is its sum? 

These questions are not always easy to answer, especially the second one. 
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Figure 9.5 

shows the first 15 partial sums 

of the infinite series in 

Example I(a). Notice how the 

values appear to approach the 

line y = 1. 

——= = ang © 0:00 0-6 0-0-0. 0- 

eee e Figure 9.5 

I~ | ~—— 

You can determine the partial sums of 

the series in Example l(a) geometrically 

using this figure. 

Figure 9.6 

i FOR FURTHER INFORMATION 

To learn more about the partial 

sums of infinite series, see the 

article “Six Ways to Sum a Series” 

by Dan Kalman in The College 

Mathematics Journal. To view this 

article, go to MathArticles.com. 

EXAMPLE 1 Convergent and Divergent Series 

a. The series 

eee eee 
Annangg atid go Bet G 

has the partial sums listed below. (You can also determine the partial sums of the 

series geometrically, as shown in Figure 9.6.) 

1 
S= 5 

| 3 
i +-—-=-— 

» 2 al al 

1 1 he O77 
=-—4+—-+4+—-=-— 

Bs nS 

Ceara eared nape Sealed it Dy a 

Because 

‘ Qn et ] a 

Jim, Qn =a 

it follows that the series converges and its sum is 1. 

b. The nth partial sum of the series 

of i 1 1 i 1 eer 
= — =({1-=)+(=-=]+[{---]+-- 

Ds (. ney 7} (1 | (5 | (3 | 

1 =1- 
Sn iar tl 

1S 

Because the limit of S,, is 1, the series converges and its sum is 1. 

c. The series 

ol acd age Le 
n=1 

diverges because S,, = n and the sequence of partial sums diverges. | 

The series in Example 1(b) is a telescoping series of the form 

Telescoping series 

Note that b, is canceled by the second term, b, is canceled by the third term, and so on. 
Because the nth partial sum of this series is 

Sr 7 b, Tr Dn +4 

it follows that a telescoping series will converge if and only if b, approaches a finite 

number as n> 0c. Moreover, if the series converges, then its sum is 

S = b, nes tim. Dee: 



Exploration 

In “Proof Without Words,” by 

Benjamin G. Klein and Irl C. 

Bivens, the authors present 

the diagram below. Explain 

why the second statement 

after the diagram is valid. 

How is this result related to 

_ Theorem 9.6? 

1 

APQR ~ ATSP 

ltrt+rPt+rPt+---= 
il =F 

Exercise taken from “Proof 

Without Words” by Benjamin 

G. Klein and Irl C. Bivens, 

Mathematics Magazine, 61, _ 

No. 4, October 1988, p. 219, 

by permission of the authors. 
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EXAMPLE 2 Writing a Series in Telescoping Form 

2) 9) 

Find the sum of the series sy el 
n- n=] . | 

Solution 

Using partial fractions, you can write 

2 sme 2 | 1 
n  4n2?-—1 ° Qn-—1)2Qn+1) 2n-1 2n+1° 

a 

From this telescoping form, you can see that the nth partial sum is 

s-(! see Nee 
se ] 3 a 

So, the series converges and its sum is |. That is, 

SZ ey eG. Pits I = 
ie lim S, = lim (: sa) =1. ai 
n=l n—-co noo 

( 1 \=1 
fn) a Ones 

Geometric Series 

The series in Example 1|(a) is a geometric series. In general, the series 

Geometric series 

THEOREM 9.6 Convergence of a Geometric Series 

A geometric series with ratio r diverges when |r| = 1. If 0 < |r| < 1, then the 
series converges to the sum 

< a 
ar’ = Olsens 2 i |r| r 

Proof It is easy to see that the series diverges when r = +1. If r # +1, then 

SS= GHaar tian ames hiartat. 

Multiplication by r yields 

1Se = GF Gr an tie ar", 

Subtracting the second equation from the first produces S, — rS, = a— ar". 
Therefore, S,(1 — r) = a(1 — r”), and the nth partial sum is 

a 
S ae ek 

When 0 < |r| < 1, it follows that r" 0 as n— 00, and you obtain 

: ssi el end lal Bed Wie i s eeted 
lim S$, = lim ; ( r) | him (1 | ee 
n->oco n—-oo mee n—coo 

which means that the series converges and its sum is a/(1 — r). It is left to you to 

show that the series diverges when |r| > 1. 
See LarsonCalculus.com for Bruce Edwards's video of this proof. id 
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Try using a 

graphing utility to compute the 

sum of the first 20 terms of the 

sequence in Example 3(a). You 

should obtain a sum of about 

5.999994. 

| EXAMPLE 3 Convergent and Divergent Geometric Series 

a. The geometric series 

a 3 = Ls | ie 
Der ze se) = (00) eas (5) =f (5) Se 

, é (a : : 
has a ratio of r = 5 with a = 3. Because 0 < |r| < 1, the series converges and its 
sum is 

a 3 

Pa Oe 
b. The geometric series 

eee 
Z4\9) De iiens 

has a ratio of r = >. Because |r| = 1, the series diverges. a 

The formula for the sum of a geometric series can be used to write a repeating 

decimal as the ratio of two integers, as demonstrated in the next example. 

EXAMPLE 4 A Geometric Series for a Repeating Decimal 

tee. > See LarsonCalculus.com for an interactive version of this type of example. 

Use a geometric series to write 0.08 as the ratio of two integers. 

Solution For the repeating decimal 0.08, you can write 

8 8 8 8 
|S ee ee 

ese 1025 LOS 10 cee? 

- 3 ollie) 
For this series, you have a = 8/10? and r = 1/107. So, 

ay 2. 8/10? 8 
fp 7p nly 102) Oce 

0.080808... .= 

Try dividing 8 by 99 on a calculator to see that it produces 0.08. | 

The convergence of a series is not affected by the removal of a finite number of 

terms from the beginning of the series. For instance, the geometric series 

eo) ] J oo ( 1 y 

= and = 
2, G », 2 

both converge. Furthermore, because the sum of the second series is 

a 1 

ae hae 
=2 

you can conclude that the sum of the first series is 

s-2-[O) 6) Gh Gh 
Sat) eee 

8 

l 
3" 



eeoee2eseseeev#eee#ertfe# © @ @ @ 

**REMARK Be sure you see 
that the converse of Theorem 9.8 

is generally not true. That is, if 

the sequence {a,,} converges to 
0, then the series = a,, may 

either converge or diverge. 
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The properties in the next theorem are direct consequences of the corresponding 

properties of limits of sequences. 

Properties of Infinite Series 

Let > a, and = b,, be convergent series, and let A, B, and c be real numbers. If 

xa, = Aand Xb, = B, then the following series converge to the indicated sums. 

Ms 1. Com GA 

Je ») (a,+b,)=A+B 

nth-Term Test for Divergence 

The next theorem states that when a series converges, the limit of its nth term must be 0. 

| THEOREI!V) 9.8 Limit of the nth Term of a Convergent Series | 

| If Ss a, converges, then lim a, = 0. 
HEA n>co 

po evn AN ALON ROE A AN SONIA SACS RSEER ont RNAS RE IC EE A COROT Ee R  OEDSE Fe RSORORCP ho OR SOE TET cranes aancciecee Reamer ne te 

Proof Assume that 

co 

Si a, = lim S, = L. 
ome noo 

Then, because S, = S, 
n 
iiuttayand 

lim S= lim Ss =, = £ 
>. CO. (OS XeS) 

it follows that 

L= lm S, 
n—->oco 

lim (S,_, + a,) 
n—->co 

Lime 5, equck (ut. G 
TL PX) n—->co 

=i dey ee LU 
noo 

which implies that {a,,} converges to 0. 
See LarsonCalculus.com for Bruce Edwards's video of this proof. | 

The contrapositive of Theorem 9.8 provides a useful test for divergence. This 

nth-Term Test for Divergence states that if the limit of the nth term of a series does 

not converge to 0, then the series must diverge. 

THEOREM 9.9 nth-Term Test for Divergence 

If lim a, # 0, then » a, diverges. 
n—-oo 

Peete ee ee 

n=1 
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: The series in 

Example 5(c) will play an 

important role in this chapter. 

2, 

1 
+—-+>4+—4--- 

Lie ee 

— sl[- 

You will see that this series 

diverges even though the nth 

term approaches 0 as n 

approaches oo. 

i) 
Les 1 

it - 

—e De ie fe 

® 
Wi vt 

4—_4¢—_4 > i 
5) (607 

~ 

The height of each bounce is three- 

fourths the height of the preceding 

bounce. 

Figure 9.7 

EXAMPLE 5 Using the nth-Term Test for Divergence 

co 

a. For the series » 2”, you have 
n=0 

lim 2” = oo. 
n—-oo 

So, the limit of the nth term is not 0, and the series diverges. 

oo ! 

b. For the series >» ra 
n! 

n=1 

, you have 

' a dg 

nae Dahl sel D 

So, the limit of the nth term is not 0, and the series diverges. 

eal 
c. For the series > —, you have 

n n=1 

Because the limit of the nth term is 0, the nth-Term Test for Divergence does not 

apply and you can draw no conclusions about convergence or divergence. (In the 

next section, you will see that this particular series diverges.) 

EXAMPLE 6 Bouncing Ball Problem 

A ball is dropped from a height of 6 feet and begins bouncing, as shown in Figure 9.7. 

The height of each bounce is three-fourths the height of the previous bounce. Find the 

total vertical distance traveled by the ball. 

Solution When the ball hits the ground for the first time, it has traveled a distance 

of D, = 6 feet. For subsequent bounces, let D; be the distance traveled up and down. 

For example, D, and D, are 

3 3 3 p, = 63) + 6() = 12(3) 

Up Down 

and 

By continuing this process, it can be determined that the total vertical distance is 

3 Bh2 3\% =6+ 12(—) + 12(/=} + 12{-] +--- D=6 12(5) 12() 12(5) 

co 3\n+1 

=6+125 (7) 
n=0 

3 co 3 n 

— + — ae 

=6+9 — aa 
= 6+ 9(4) 

= 42 feet. 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Finding Partial Sums_ In Exercises 1-6, find the sequence 
of partial sums S,, S,, S;,.S,, and S;. 

L1+¢+p+pt+tkt+:: 

1 ? 3 4 5 
4p = + t f cinatient 

Oem 34 AS 5 6 Gila 

a 2 24 a a + 3 

1 | 1 1 1 
Pe tot atig hg to, +: 

ee) 3 co —])r+l 

5 eee 6 es ) 
n! 

Verifying Divergence In Exercises 7-14, verify that the 
infinite series diverges. 

a (7\" ~ n 7. Bale) 8. ¥ 4(=1.05) 
n=0 

4 » n i 1 eo » 2n = 3 

u. ys == 12. Lz 

13. > ar 14, Dr 

Verifying Convergence In Exercises 15-20, verify that the 
infinite series converges. 

oo /5\n co 1\? 

15. >» (?) 16. oe (-5) 

ee (0.9) = 1 + 0.9 + 0.81 + 0.729 +- - - 
n=0 

18. “3 (—0.6)” = 1 — 0.6 + 0.36 — 0.216 +-- - 
n=0 

Ss l Ai : 
19. Soin, kd) (Hint: Use partial fractions.) 

(Hint: Use partial fractions.) Ms i 20. 
n(n + 2) 

n 

numerical, Graphical, and Analytic Analysis In 
Exercises 21-24, (a) find the sum of the series, (b) use a 

graphing utility to find the indicated partial sum S, and 

complete the table, (c) use a graphing utility to graph the first 

10 terms of the sequence of partial sums and a horizontal line 

representing the sum, and (d) explain the relationship between 

the magnitudes of the terms of the series and the rate at which 

the sequence of partial sums approaches the sum of the series. 

Zs x n(n + 4) 

ringing the oum ig the Sum of a Converge In Exercises 
25-34, find the sum of the convergent series. 

Li Sy 5(2) oes (-2) 
n=0 n=0 

Die Seat 8. 
>» n(n + 2) : x (2n + 1)(2n + 3) 

29.8+64+54+2+-+- 309-341-14--. 

31. a (3 = x) 32) Sy [(0.3)” + (0.8)"] 
n=0 n=0 

co 
ie 1 

33. in 1)” 34. SLIME ES 
» onl) Sal pelihee Il 

Using a Geometric Series In Exercises 35-40, (a) write 

the repeating decimal as a geometric series, and (b) write its 

sum as the ratio of two integers. 

35.04 36. 0.36 

37. 0.81 38. 0.01 

39. 0.075 40. 0.215 

Determining Convergence or Divergence In Exercises 
41-54, determine the convergence or divergence of the series. 

ee) oo an 

41. (Ie fe 42. 
>| or) Pa; 1000 

28 sell eS ADAP Al 
43. 44, 
: Fea 0 se » Syl 

S (1 ! a I 
oc Seis) oy SiGe =i) 

47. >» 2) 48. > 5n 

ag Si. 50. in— 

GROS ( + Hf 52S et See a 

53. Ss arctan n 54. S n= +) 

WRITING ABOUT CONCEPTS 

55. Series State the definitions of convergent and divergent 

series. 

56. Sequence and Series Describe the difference 
io, 

between lim a, = 5 and S; a, = 5. 
noo 

n=1 
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WRITING ABOUT CONCEPTS 

is Define a geometric series, state 

(continued) 

when it converges, and give the formula for the sum of a 

convergent geometric series. 

State the nth-Term 

Test for Divergence. 

i¢ Explain any differences among 

the following series. 

(c) S a, 

n=1 

(b) SS a, 
k=1 

(a) You delete a finite number of terms from a divergent 

series. Will the new series still diverge? Explain 

your reasoning. 

(b) You add a finite number of terms to a convergent 

series. Will the new series still converge? Explain 

your reasoning. 

Viaking a Series Converge In Exercises 61-66, find all 

values of x for which the series converges. For these values of x, 

write the sum of the series as a function of x. 

61. S$ 3x" 02. (2) 
n=l n=0 \* 

63. S$ (x - 1)" ay 5(2 : 2) 
n=1 n=0 

65. S$ (-1)"x" 66. S) (1h 
n=0 n=0 

Fe Using a Geometric Series In Exercises 67 and 68, (a) find 

the common ratio of the geometric series, (b) write the function 

that gives the sum of the series, and (c) use a graphing utility to 

graph the function and the partial sums S, and S;. What do you 

notice? 

3 

67. 1+xtx2+x34--- ee Me a= 28 x 68. | See 8 

Fe Writing In Exercises 69 and 70, use a graphing utility to 

determine the first term that is less than 0.0001 in each of the 

convergent series. Note that the answers are very different. 

Explain how this will affect the rate at which the series 

converges. 

co ] oo il n 

02. » n(n + 1)’ > (*) n=1 n=\1 

cO 

70. Si 5. S(0.01)" 
n=1 n=1 

71. Viarketing An electronic games manufacturer producing 

a new product estimates the annual sales to be 8000 units. 

Each year, 5% of the units that have been sold will become 

inoperative. So, 8000 units will be in use after 1 year, 

[8000 + 0.95(8000)] units will be in use after 2 years, and so 

on. How many units will be in use after n years? 

72. De lation A company buys a machine for $475,000 

that depreciates at a rate of 30% per year. Find a formula for 

the value of the machine after n years. What is its value after 

5 years? 

AISPIX by Image Source/Shutterstock.com 

e ¢ 73. Multiplier Effect ececececereccececeececececee 

The total annual spending 

by tourists in a resort 

city is $200 million. 
Approximately 75% of 

that revenue is again 

spent in the resort city, 

and of that amount 

approximately 75% is 

again spent in the same 

city, and so on. Write the 

geometric series that gives the total amount of spending 

generated by the $200 million and find the sum of the series. 

74. Multiplier Effect Repeat Exercise 73 when the percent of 
the revenue that is spent again in the city decreases to 60%. 

75. Distance A ball is dropped from a height of 16 feet. Each 

time it drops A feet, it rebounds 0.81h feet. Find the total 

distance traveled by the ball. 

76. Time The ball in Exercise 75 takes the following times for 

each fall. 

5; = — 16t? 416, 

s, = —162 + 1600.80), 
ce leee cen, 
pee eae 

5, = 0 whent = 1 

Sy = O when t = 0.9 

53 = 0 when t = (0.9)? 

54 = 0 when t = (0.9)? 

s, = 0 when t = (0.9)"~! 

Beginning with s,, the ball takes the same amount of time to 

bounce up as it does to fall, and so the total time elapsed before 

it comes to rest is given by 

Sor 16(0:81)tee 
n 

t=14+ 23 09. 
n=1 

Find this total time. 

Probability In Exercises 77 and 78, the random variable n 

represents the number of units of a product sold per day in a 

store. The probability distribution of n is given by P(n). Find 
the probability that two units are sold in a given day [P(2)] and 
show that P(0) + P(1) + P(2) + P(3)++-+-=1. 

77. P(n) = (3) 78. P(n) = +(2) 

79, Probability A fair coin is tossed repeatedly. The probability 
that the first head occurs on the nth toss is given by 

P(n) = (5)", where n > 1. 

(a) Show that oy (4) = |. 
n=\1 

(b) The expected number of tosses required until the first head 

occurs in the experiment is given by 

S(3) nls 
n=1 2 

Is this series geometric? 

Ae (c) Use a computer algebra system to find the sum in part (b). 



80. Probability In an experiment, three people toss a fair coin 
one at a time until one of them tosses a head. Determine, for 

each person, the probability that he or she tosses the first head. 

Verify that the sum of the three probabilities is 1. 

81. Area The sides of a square are 16 inches in length. A new 
square is formed by connecting the midpoints of the sides of 

the original square, and two of the triangles outside the second 

square are shaded (see figure). Determine the area of the 

shaded regions (a) when this process is continued five more 

times, and (b) when this pattern of shading is continued 

infinitely. 

>| 

Figure for 81 Figure for 82 

82. Length A right triangle XYZ is shown above where 

|XY| = z and ZX = 6. Line segments are continually drawn 
to be perpendicular to the triangle, as shown in the figure. 

(a) Find the total length of the perpendicular line segments 

[Yy,| + |x| + |x,y2| +.- - - in terms of z and 6. 

(b) Find the total length of the perpendicular line segments 

when z = | and 6 = 7/6. 

Using a Geometric Series In Exercises 83-86, use the 
formula for the nth partial sum of a geometric series 

teed | es ar Li a(l — r”) 

i=0 i Foaae 

83. Present Value The winner of a $2,000,000 sweepstakes 
will be paid $100,000 per year for 20 years. The money earns 

6% interest per year. The present value of the winnings is 

20 n 

S 100,000( 4 . Compute the present value and interpret 
n=1 

its meaning. 

84. Annuities When an employee receives a paycheck at the 
end of each month, P dollars is invested in a retirement account. 

These deposits are made each month for ¢ years and the account 

ears interest at the annual percentage rate r. When the interest 

is compounded monthly, the amount A in the account at the end 

of ¢ years is 

r en 
+ ed 

12 12 

42-3 
When the interest is compounded continuously, the amount A 

in the account after f years is 

A=p+r(itt)+---+p(i 

A=Pt Pe'/\2 ae Pe2r/12 aE Peli2t— Yr/12 

_ Ple" — 1) 
= prj ea 

Verify the formulas for the sums given above. 

Courtesy of Eric Haines 
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85. Salary You go to work at a company that pays $0.01 for the 

first day, $0.02 for the second day, $0.04 for the third day, and 

so on. If the daily wage keeps doubling, what would your total 

income be for working (a) 29 days, (b) 30 days, and (c) 31 days? 

86. Spheret aKe @eeeesee0nereeeeeeeeeeee & @ 

The sphereflake shown below is a computer-generated fractal 

that was created by Eric Haines. The radius of the large 

sphere is |. To the large sphere, nine spheres of radius z 

are attached. To each of these, nine spheres of radius 4 are 

attached. This process is continued infinitely. Prove that 

the sphereflake has an infinite surface area. 

Annuities In Exercises 87-90, consider making monthly 

deposits of P dollars in a savings account at an annual interest 

rate r. Use the results of Exercise 84 to find the balance A 

after ¢ years when the interest is compounded (a) monthly and 

(b) continuously. 

87. P = $45, r=3%, t= 20 years 

88. P = $75, r=5.5%, t = 25 years 

89. P = $100, r= 4%, t = 35 years 

90. P = $30, r= 6%, t = 50 years 

True or False? In Exercises 91-96, determine whether the 

statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

91. If lim a, = 0, then SS a, converges. 
noo na 

92. If Sa, =, then Sa, = + a. 
n=0 n=1 

93. If |r| < 1, then Sar" = 
= aT s 

94. The series 9’ ave diverges. I, 
(+ 1) 

95. 0.75 = 0.749999. ... 

96. Every decimal with a repeating pattern of digits is a rational 

number. 

n=1 
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Os Series Find two divergent series > a, 

and > b, such that (a, + b,) converges. 

98. Given two infinite series Xa, and = b, such that 

La, converges and 2b, diverges, prove that =(a, + b,) 

diverges. 

99. Fibonacci Sequence The Fibonacci sequence is defined 

recursively by ad,.5, =a, + a,.,, where a, = | anda, = 1. 

1 | 

Qn +2 In + 3 

l 
(a) Show that = 

Gn+1 4n+3 

= 
(b) Show that § ———— = 1 

n=0 4n+1 In+3 

G41 Un +2 

100. Remainder Let > a, be a convergent series, and let 

Ry Garey tt Gyr 2 

be the remainder of the series after the first N terms. Prove 

that lim Ry = 0. 
N-oo 

1 1 | 1 
101; Proof jProve tat for |r| I. 

iP aig? Pigs el 

HOW DOYOU SEE IT? The figure below 
represents an informal way of showing that - 

Boel 
OG 

conclusion. — , ee 

— 

i FOR FURTHER INFORMATION For more on this exercise, 

see the article “Convergence with Pictures” by P. J. Rippon in 

American Mathematical Monthly. 

PUTNAM EXAM CHALLENGE 

6k 

3kt+ 1 ex DEM (Bk ee: 2k) 

104. Let f(n) be the sum of the first n terms of the sequence 0, 

1, 1, 2, 2, 3, 3, 4,. . ., where the nth term is given by 

103. Express Ss ( as a rational number. 
k=1 

_ | n/2, ifniseven 

Ks (n — 1)/2, ifnis odd 

Show that if x and y are positive integers and x > y then 

xy = f(x+ y) — f(x — y). 

These problems were composed by the Committee on the Putnam Prize Competition. 

© The Mathematical Association of America. All rights reserved. 

Saaieicitsan © 

Cantor's Disappearing Table 
The following procedure shows how to make a table disappear by 

removing only half of the table! 

(a) Original table has a length of L. 

(b) Remove “ of the table centered at the midpoint. Each 

remaining piece has a length that is less than i. 

(c) Remove : of the table by taking sections of length as from the 

centers of each of the two remaining pieces. Now, you have 

removed + : of the table. Each remaining piece has a length 

that is less than aL. 

(d) Remove + of the table by taking sections of length aL from 

the centers of each of the four remaining pieces. Now, you 

have removed i +; 7 + 7 of the table. Each remaining piece 

has a length that is less than ah 

Will continuing this process cause the table to disappear, even 

though you have only removed half of the table? Why? 

i FOR FURTHER INFORMATION Read the article “Cantor’s 
Disappearing Table” by Larry E. Knop in The College 

Mathematics Journal. To view this article, go to MathArticles.com. 
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9.3 The Integral Test and p-Series 

Inscribed rectangles: 
n 

>Y f@ = area 
=o. 

a, = f(2) 
a, =f(3) 

a4 =f(4) 

y 

4 Circumscribed rectangles: 
n—1 

>Y f@) = area 
i=l 

a, =f(1) 
a, =f(2) 

a, =f() 

Oe 1 il = 1) 

xX 

n-1l n 

Figure 9.8 

l@ Use the Integral Test to determine whether an infinite series converges or diverges. 

@ Use properties of p-series and harmonic series. 

The Integral Test 

In this and the next section, you will study several convergence tests that apply to series 

with positive terms. 

10 The Integral Test 

If f is positive, continuous, and decreasing for x = 1 and a, = f(n), then 

| co 

| Daa: 
n=1 

and [10 dx 
1 

either both converge or both diverge. 
i 

Proof Begin by partitioning the interval [1, n] into (n — 1) unit intervals, as shown 

in Figure 9.8. The total areas of the inscribed rectangles and the circumscribed 

rectangles are 

Inscribed area fG) = FQ) + fC) = = + fn) Ms 
i=) 

and 

Circumscribed area 0) Saf Dei 2) ere afr 1): 
i=1 

The exact area under the graph of f from x = 1 to x = n lies between the inscribed and 

circumscribed areas. 

S/O = | MG ar = 

Using the nth partial sum, S, = f(1) + f(2)+---+f(n), you can write this 

inequality as ; 

tesa | 

Seo) 
i | 

Seas es | jiu athg oN eeeer 
1 

Now, assuming that J;°f(x) dx converges to L, it follows that forn 2 | 

Slee ee See fl), 

Consequently, {S,} is bounded and monotonic, and by Theorem 9.5 it converges. So, 

> a, converges. For the other direction of the proof, assume that the improper integral 

diverges. Then f/f(x) dx approaches infinity as n—>0o, and the inequality 

S,, 1 2 Ji f(x) dx implies that {S,,} diverges. So, 2 a, diverges. 

See LarsonCalculus.com for Bruce Edwards'’s video of this proof. ad 

Remember that the convergence or divergence of 2 a,, is not affected by deleting 

the first N terms. Similarly, when the conditions for the Integral Test are satisfied for all 

x = N > 1, you can simply use the integral Jy f(x) dx to test for convergence or 

divergence. (This is illustrated in Example 4.) 
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—- i i 1 j 
T T t 

l 

Because the improper integral 

converges, the infinite series also 

converges. 

Figure 9.9 

tw uw & n 

EXAMPLE 1 Using the Integral Test 

n 
Apply the Integral Test to the series 3 are 

is n=1 

Solution The function f(x) = x/(x? + 1) is positive and continuous for x = 1. To 

determine whether f is decreasing, find the derivative. 

(Cece UO) OW ae Pes eel a il 

(x2 + 1)2 ~ 62 + 1) 
f(x) = 

So, f(x) < Oforx > | and it follows that f satisfies the conditions for the Integral Test. 

You can integrate to obtain 

| 2M s 

=F yim | Poa 

_!, 2 2 = 5 im. inh) en 

So, the series diverges. 

ON | de Using the Integral Test 

‘© * «D> See LarsonCalculus.com for an interactive version of this type of example. 

Apply the Integral Test to the series 9’ 
n=1 

n2+1° 

Solution Because f(x) = 1/(x? + 1) satisfies the conditions for the Integral Test 
(check this), you can integrate to obtain 

co 1 : b 1 

5 dx = lim eae dk 
A eect | boo J, x° + I 

b 

=) lim arctan x| 
boo 1 

= lim (arctan> — arctan 1) 
boo 

eee 
2 4 

xi A 

So, the series converges (see Figure 9.9). | 

In Example 2, the fact that the improper integral converges to 7/4 does not imply 

that the infinite series converges to 77/4. To approximate the sum of the series, you can 

use the inequality 

N | ok | noRS 1 : oi | d 

rap as hy ee 52 et ae n=1 n=1 n=1 N 

(See Exercise 54.) The larger the value of N, the better the approximation. For instance, 

using N = 200 produces 1.072 = = 1/(n? + 1) = 1.077. 



HARMONIC SERIES 

Pythagoras and his students 
paid close attention to the 
development of music as an 

abstract science. This led to the 
discovery of the relationship 

between the tone and the length 
of a vibrating string. It was 
observed that the most beautiful 
musical harmonies corresponded 

to the simplest ratios of whole 
numbers. Later mathematicians 
developed this idea into the 
harmonic series, where the terms 
in the harmonic series correspond 
to the nodes on a vibrating string 
that produce multiples of the 
fundamental frequency. For example, 
> is twice the fundamental 

frequency, } is three times the 
fundamental frequency, and so on. 
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p-Series and Harmonic Series 

In the remainder of this section, you will investigate a second type of series that has a 

sunple arithmetic test for convergence or divergence. A series of the form 

mee a ; 
a nP |P Py 3p p-series 

is a p-series, where p is a positive constant. For p = 1, the series 

ge a Gee ME a RES 
aes et (Es Es ee 
ay x os nae Raa Harmonic series 
Saeed SNA ce i sah tia® soy 

ne Mca aR ts eh 

is the harmonic series. A general harmonic series is of the form >1/(an + b). In 

music, strings of the same material, diameter, and tension, and whose lengths form a 

harmonic series, produce harmonic tones. 

The Integral Test is convenient for establishing the convergence or divergence of 

p-series. This is shown in the proof of Theorem 9.11. 

Convergence of p-Series oad 
| The p-series | 

| ie ae | 
al nee 1 rear lae 

| comeree for p > 1, and diverges for 0 < p < 1. | 
RS 

Proof The proof follows from the Integral Test and from Theorem 8.5, which states 

that 

ae | 
| een 

1 

converges for p > | and diverges for 0 < p < 1. 

See LarsonCalculus.com for Bruce Edwards's video of this proof. ud 

EXAMPLE 3 Convergent and Divergent p-Series 

Discuss the convergence or divergence of (a) the harmonic series and (b) the p-series 

with p = 2. 

Solution 

a. From Theorem 9.11, it follows that the harmonic series 

> 
n=1 

diverges. 

I =—+ 
I zie 

1 
+—+.-.-. =" if! 

3 P 
wile 

b. From Theorem 9.11, it follows that the p-series 

oe atl 
== +5 +24... =2 

Doe 12° 2? ° 32 2 

converges. a 
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The sum of the series in Example 3(b) can be shown to be 77/6. (This was proved 

by Leonhard Euler, but the proof is too difficult to present here.) Be sure you see that 

the Integral Test does not tell you that the sum of the series is equal to the value of the 

integral. For instance, the sum of the series in Example 3(b) is 
5 

CO | 2 

iis = 1,645 
n= 

whereas the value of the corresponding improper integral is 

i ss dx = 1. 
ip Ate 

EXAMPLE 4 Testing a Series for Convergence 

Determine whether the series 

Ss 1 

rel 

converges or diverges. 

Solution This series is similar to the divergent harmonic series. If its terms were 

greater than those of the harmonic series, you would expect it to diverge. However, 

because its terms are less than those of the harmonic series, you are not sure what to 

expect. The function 

= 
dF lial xe 

is positive and continuous for x = 2. To determine whether fis decreasing, first rewrite 

fas 

f(x) = In x)! 

and then find its derivative. 

il se Tin se 
f@) = (-)@Inx) (1 + Inx) = — aa 

So, f(x) < 0 for x > 2 and it follows that f satisfies the conditions for the Integral Test. 

Cc 1 co 

[ dx = [ doled dx 
youll: pei Ss 

b 
lim n(n | 
b-co D) 

Jim, [In(in 6) — In(In 2)] 

CXS) 

The series diverges. wi 

Note that the infinite series in Example 4 diverges very slowly. For instance, as 

shown in the table, the sum of the first 10 terms is approximately 1.6878196, whereas 

the sum of the first 100 terms is just slightly greater: 2.3250871. In fact, the sum of the 

first 10,000 terms is approximately 3.0150217. You can see that although the infinite 

series “adds up to infinity,” it does so very slowly. 

- 1 | 101 | 1001 | 10,001 | 100,001 

S| 1.6878 | 2,325] | 2.7275 | 3.0150 | 3.2382 
n 



9.3 Exercises 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Using the Integral Test In Exercises 1-22, confirm that the 

Integral Test can be applied to the series. Then use the Integral 

Test to determine the convergence or divergence of the series. 

co 1 co 9} 

il : = 
Pie 3 2 » pe S 

XS l I =i 3: Der 4. De 

5. Dyce? 6. »; ne—"/2 
n=1 n=\1 

1 i 1 i 1 
de ee ee 

i 2 eS iter! 19 sis 

Pee ameilerd ie Lyghodt gayi), 

oes 7. («Old 

fins) — nA ins 2 In'6 
: ++ oe 

° 2 3 4 5 5 : 6 4 

10 In2.In3,in4 Ind, In6 | 

ge /3. /J/4, J/5. S6 

u : + : + : 
Mey e/1 +1). /2(x/2:+ 1), x/3(-/3' + 1) 

+: 
Vn(J/n + 1 

1 2) 5 n 
~~ ti+—4+---+ 

ee wae) 2 n2+ 3 

& arctann oom lier 
13. are: 14. » D 

a in = il 
15. == 16. 
a ne 2 n/\Inn 

ea) 1 22) ip ae? 

V7. > On +3) Le el 
= 4n el 1 

19, 20. a 
Doe +t x wpa 2 

oo n oe n 

gt 2 pe az: x ean er 

Using the Integral Test In Exercises 23 and 24, use the 
Integral Test to determine the convergence or divergence of the 

series, where k is a positive integer. 

24. aS hens 
n=1 

k-1 
— n 

ic 

Requirements of the Integral Test In Exercises 25-28, 
explain why the Integral Test does not apply to the series. 

eel 26. S$ e-"cosn 
n n=1 

3 2+ sinn aS. sy (= ny 

sing the i In Exercises 29-32, use the 

sia Test to abcemine the convergence or divergence of the 

p-series. 

l 

ni/2 
es 
7s Ww —) Ms ~ 

n=1 

nN se 
Ms 

a 
5 

ive) ae 

IMs iv) i) 

Ms | 
1/4 Fel if) n 

n 

Using a p-Series In Exercises 33-38, use Theorem 9.11 to 

determine the convergence or divergence of the p-series. 

— 34. = 
3.35 Yn n=1 ns 

1 1 1 1 
35. 1 + a + i 

0 WBS BON AL AS OE, 

] 
36. 1 + ar =F 

HOY 

38. ¥ 

Pe 39. Numerical and Graphical Analysis Use a graphing 
utility to find the indicated partial sum S, and complete the 

table. Then use a graphing utility to graph the first 10 terms of 

the sequence of partial sums. For each series, compare the rate 

at which the sequence of partial sums approaches the sum of 

the series. 

15 co i i= I 

@ Sas) -% n=1 Oimees n=1 

BS 40. Numerical Reasoning Because the harmonic series 

diverges, it follows that for any positive real number M, there 

exists a positive integer NV such that the partial sum 

(a) Use a graphing utility to complete the table. 

AGE 

(b) As the real number M increases in equal increments, does 

the number N increase in equal increments? Explain. 
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WRITING ABOUT CONCEPTS 

41. State the Integral Test and give an example 

of its use. 

Define a p-series and state the requirements 

for its convergence. 

A friend in your calculus class tells 

you that the following series converges because the terms 

are very small and approach O rapidly. Is your friend 

correct? Explain. 

l l 
a + 

10,000 10,001 10,002 

. Using a Function Let/be a positive, continuous, and 

decreasing function for x = 1, such that a, = f(n). Use a 
graph to rank the following quantities in decreasing order. 

Explain your reasoning. 

Hs 7 

) Sa, ©) \ fx) dx 
n=2 | 

. Using a Series Use a graph to show that the inequality 
is true. What can you conclude about the convergence or 

divergence of the series? Explain. 

(a) oe => | Se (b) 
n=1 1 r 

46. HOW DOYOU SEE IT? The graphs show the 

sequences of partial sums of the p-series 

y Gas. 

Using Theorem 9.11, the first series diverges and 

the second series converges. Explain how the 

graphs show this. 

Ss _ 

n=17t 

Sn 

A 

6 e 

5 on 
e 

4 e 
e 

3=- e 
e co 

2 
t i 2 aa le = 

1 2°34) SO. S910 ie 2y 3rd" 6F7 38 (910 

Finding Values In Exercises 47-52, find the positive values 

of p for which the series converges. 

Inn 

Sn Ms 
i 

49, 

ah » igs n)P ate 

De, 50. Ss n(1 + n?)P 
n=1 

$ l 
* nin n[In(In n) |? —. SD | 

——= 

wn nN wn - 
iMs ii 

53. Proof Let f be a positive, continuous, and decreasing 

ae forx = 1, such that a, = f(n). Prove that if the series 

converges to S, then the remainder R,, = S — S,, is bounded by 

OS ys le F(x) dx. 

Show that the result of Exercise 53 

lee) 

>. a= Ss) GL = i a, + | f(x) dx 
n=1 N 

Approximating a Sum _ In Exercises 55-60, use the result 
of Exercise 53 to approximate the sum of the convergent series 

using the indicated number of terms. Include an estimate of the 

maximum error for your approximation. 

co 

55. Ss 7 five terms 56. = 7 six terms 
n= 7 n= ile 

les) 1 
Sie sy acne Th ten terms 

= ] 

x (n + 1)[In(e + 1)” 

co 

59. » ne", four terms 
n=1 

58. ten terms 

co 

60. » e ", four terms 
n=1 

Finding a Value In Exercises 61-64, use the result of 
Exercise 53 to find N such that Ry < 0.001 for the convergent 
series. 

= || 

a n=1 nt n=1 n3/? 

28 1 
nye 63. Sie 64) ey 

n=1 n=1 

65. Comparing Series 

(a) Show that $3 ; converges and . diverges. 
n= 2 n=2 n I 

(b) Compare the first five terms of each series in part (a). 

: 1 
(c) Find n > 3 such that —> < : 

n ninn 

Fe 66. Using a p-Series Ten terms are used to approximate a 
convergent p-series. Therefore, the remainder is a function of 

p and is 

eal 
O'S Rid) = | SOXy p> a. 

10 

(a) Perform the integration in the inequality. 

(b) Use a graphing utility to represent the inequality graphically. 

(c) Identify any asymptotes of the error function and interpret 

their meaning. 



67. Euler’s Constant Let 70. 

ap) Le 
a k 

(a) Show that Inn + 1) < S, < 1 + Inn. 

-+-, 

n vi 

(b) Show that the sequence {a,} = {S, — Inn} is bounded. 
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Riemann Zeta Function The Riemann zeta function 

for real numbers is defined for all x for which the series 

converges. Find the domain of the function. 

(c) Show that the sequence {a,,} is decreasing. Review In Exercises 71-82, determine the convergence or 

(d) Show that a, converges to a limit y (called Euler’s divergence of the series. 

constant). 

(e) Approximate y using dj. 

68. Finding a Sum _ Find the sum of the series 

ee 1 
Sol _ +). 

Se 

69. Using a Series Consider the series > fe 
n= 

ile 

(a) Determine the convergence or divergence of the series for 

x= 1. 79. 

(b) Determine the convergence or divergence of the series for 

x = I/e. 81. 

(c) Find the positive values of x for which the series converges. 

SECTION PROJECT |iaaneanenennnnnnnn 

The Harmonic Series 
The harmonic series (b wm 

D> gs LS hae ay ae 
a 3 84 

wa is one of the most important series in this chapter. Even though its (c 

terms tend to zero as n increases, 

lim ar 0 
noo nN 

wa the harmonic series diverges. In other words, even though the terms (d 

are getting smaller and smaller, the sum “adds up to infinity.” 

wa (a) One way to show that the harmonic series diverges is attributed (e 

to James Bernoulli. He grouped the terms of the harmonic 

series as follows: 

Fee tice! peta teGain sy tLe eg cae 
eS ee Ae aS 8 9 16 

al Al al 
225} =) 225) (f 

wa 

Write a short paragraph explaining how you can use this 

grouping to show that the harmonic series diverges. 

— 

=) tee sea 

anni Sl 
74. 3 

iM nv/n 2, ee 
co yD n co 

(2) 76. 5) (1.042)" 
n=(0 n=0 

2s n Comal 1 
sd 78. >= -— — 

x Jn? + 1 Ms (4 5 

1\" co 

| ae = : ( 1) 80 » Inn 

— ye ee 

Use the proof of the Integral Test, Theorem 9.10, to show that 

1 1 1 1 
+1)S14+2-4+54+-4+---+=<14Inn. In(n ) pan Fs 1+1nn 

Use part (b) to determine how many terms M you would need 

so that 

ae jl 
Sy) = Ss). 
n=\1 

Show that the sum of the first million terms of the harmonic 

series is less than 15. 

Show that the following inequalities are valid. 

pC ee OE eee ee 
eNOlt TON 1 20 9 

201. 1 1 1 200 
< oy oy: eee 

Int00 = 100° 101 300 = I" 99 

Use the inequalities in part (e) to find the limit 

2m 1 

lim = 
eo) 

ind n=m Tt 
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“9.4 Comparisons of Series 

i Use the Direct Comparison Test to determine whether a series converges or 

diverges. 

li Use the Limit Comparison Test to determine whether a series converges or 

diverges. 

Direct Comparison Test 

For the convergence tests developed so far, the terms of the series have to be fairly 

simple and the series must have special characteristics in order for the convergence tests 

to be applied. A slight deviation from these special characteristics can make a test 

nonapplicable. For example, in the pairs listed below, the second series cannot be tested 

by the same convergence test as the first series, even though it is similar to the first. 

co Sib. : ii) 
Ife an is geometric, but »; An 1S not. 

n=0 n=0 

ee) 2 | 1 
Ds — 18 ap-series, but ESTO 
Digs a sare 

3. a, = 5 is easily integrated, but b,, = is not. 
n n> 

Cn = 3) (n2,.+ 3)? 

In this section, you will study two additional tests for positive-term series. These two 

tests greatly expand the variety of series you are able to test for convergence or 

divergence. They allow you to compare a series having complicated terms with a 

simpler series whose convergence or divergence is known. 

THEOREM 9.12 Direct Comparison Test 

Let 0 < a, = b, for all n: 

eoeeoeee 8? 8 oe OG e@ 8 & @& @ | 

9 As stated, the 

Direct Comparison Test requires 

that 0 < a, < b, forall n. 

Because the convergence of a 

series is not dependent on its 

first several terms, you could 

modify the test to require only eng ennncrm eer ener armen eee 

that 0 < a, = b, for alln 

greater than some integer N. Proof To prove the first property, let L = » b,, and let 
n=1 

co co 

Ve br > b,, converges, then i a, converges. 
n=1 n=1 

pAb: » a, diverges, then pe b,, diverges. 
n=1 n=1 

Saar fugit te a n° 
Because 0 < a, < b,, the sequence S,, S,, S3,. . . is nondecreasing and bounded 

above by L; so, it must converge. Because 

co 

lim S$, = > 
noo n=1 

co 

it follows that >: a,, converges. The second property is logically equivalent to the first. 
n=1 

See LarsonCalculus.com for Bruce Edwards’s video of this proof. ad 

if FOR FURTHER INFORMATION Is the Direct Comparison Test just for nonnegative 

series? To read about the generalization of this test to real series, see the article “The 

Comparison Test—Not Just for Nonnegative Series” by Michele Longo and Vincenzo 

Valori in Mathematics Magazine. To view this article, go to MathArticles.com. 
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EXAMPLE 1 Using the Direct Comparison Test 

Determine the convergence or divergence of 

2 I 

2+ 3" 
n=\ 

Solution This series resembles 

Saal 
»; 3n" Convergent geometric series 
n=1-~ 

Term-by-term comparison yields 

1 1 
On = Fa ge San Om n= 

So, by the Direct Comparison Test, the series converges. 

EXAMPLE 2 Using the Direct Comparison Test 

eee See LarsonCalculus.com for an interactive version of this type of example. 

Determine the convergence or divergence of 

s 1 

n=1 Dist Jn 

Solution This series resembles 

Ss 1 
>; 7/2" Divergent p-series 

n=1" 

Term-by-term comparison yields 

1 1 
SSeS = 

2+ S/n Jn 

which does not meet the requirements for divergence. (Remember that when term-by- 

term comparison reveals a series that is /ess than a divergent series, the Direct 

Comparison Test tells you nothing.) Still expecting the series to diverge, you can 

compare the series with 

ih & Il 

co 

> =A Divergent harmonic series 

In this case, term-by-term comparison yields 

1 1 eee ee Daee 4 
ee Te 

and, by the Direct Comparison Test, the given series diverges. To verify the last 

inequality, try showing that 

oe nen 

whenever n = 4. | 

Remember that both parts of the Direct Comparison Test require that 0 < a, < b,. 

Informally, the test says the following about the two series with nonnegative terms. 

1. If the “larger” series converges, then the “smaller” series must also converge. 

2. If the “smaller” series diverges, then the “larger” series must also diverge. 
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As with the 

Direct Comparison Test, the 

Limit Comparison Test could be 

modified to require only that a,, 

and b,, be positive for all n 

greater than some integer N. 

Limit Comparison Test 

Sometimes a series closely resembles a p-series or a geometric series, yet you cannot 

establish the term-by-term comparison necessary to apply the Direct Comparison Test. 

Under these circumstances, you may be able to apply a second comparison test, called 

the Limit Comparison Test. 

———— 

Limit Comparison Test 

liar Onbee OFand 

An _ 

uy b,, ae 

where L 1s finite and positive, then 

[o2) 

Sia 
n=1 

n 

n=1 

either both converge or both diverge. 
cre LTR OR SRO RA EE CAC HEAD tA OC ORAM NATED ASITS EISEN A ES METRO RESO ARLE OI CASON ARAN IAS TOTO 

Proof Because a, > 0, b, > 0, and 

there exists V > O such that 

igs ee 
n 

</hs Il, tor 2 IN 

This implies that 

Of a =" eral) be 

So, by the Direct Comparison Test, the convergence of = b,, implies the convergence of 

> a, Similarly, the fact that 

lim eee 
n->oco a, ik 

can be used to show that the convergence of > a, implies the convergence of & b,,. 

See LarsonCalculus.com for Bruce Edwards's video of this proof. 

EXAMPLE 3 Using the Limit Comparison Test 

Show that the general harmonic series below diverges. 

co 

? 

Soret LA Os 

Solution By comparison with 

a | 
2, 5 Divergent harmonic series 
=nle 

you have 

. 1/(an'+ B) ‘ n 1 
kit ———————— hint = ae 
noo 1/n n>co an + b a 

Because this limit is greater than 0, you can conclude from the Limit Comparison Test 

that the series diverges. wi 
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The Limit Comparison Test works well for comparing a “messy” algebraic series 

with a p-series. In choosing an appropriate p-series, you must choose one with an nth 

term of the same magnitude as the nth term of the given series. 

Given Series Comparison Series Conclusion 

Sa EP nEG == Both series converge. 
oi Bn = 4M + 5 Seed if = 

gs | S | 
st == Both series diverge ‘ ge. 

n=1 NE) mn n=1 nN 

co n? — 10 co 7? ce al 
Sa == = Both series converge. 
An? ane n » n> 2 n=1 peal i I 

In other words, when choosing a series for comparison, you can disregard all but the 

highest powers of n in both the numerator and the denominator. 

EXAMPLE 4 Using the Limit Comparison Test 

Determine the convergence or divergence of 

a vk 
2) aye 
n=1 

Solution Disregarding all but the highest powers of n in the numerator and the 

denominator, you can compare the series with 

co n co ] 
Ss sat = >; 3/0" Convergent p-series 
n=1 n n=1 n 

Because 

fe ee re eee im — = worse 
noo (bbe n— co n2 se St 1 

2 

= lim 
n—->co n2 ote 1 

= 1 

you can conclude by the Limit Comparison Test that the series converges. 

EXAMPLE 5 Using the Limit Comparison Test 

Determine the convergence or divergence of 

co n2” 

2 4n3 +1 n=1 

Solution A reasonable comparison would be with the series 

cO 

SF se Divergent series 

Note that this series diverges by the nth-Term Test. From the limit 

set n>200 b hee 4n3 se i De 

‘ ] 

o mee | + (1/n3) 

5 | I 

you can conclude that the series diverges. P| 
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9 & 4 Exe rcises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

ile Analysis The figures show the graphs of the Using the Direct Comparison Test In Exercises 3-12, 
first 10 terms, and the graphs of the first 10 terms of the use the Direct Comparison Test to determine the convergence 

sequence of partial sums, of each series. or divergence of the series. 

CO 6 oo 6 oO 6 co 1 co iT 

as ee and ————— 3: 4. SS 
a n-l= eal nv-+ +3 a n~ /n2 + 0.5 » ie II 2 ace D2 

co co n 

(a) Identify the series in each figure. 5. » <= 4 6. sd 
; é : fs 7 : n=2 Jn — | n=0 3 

(b) Which series is a p-series? Does it converge or diverge? ay 
—= Inn A 

(c) For the series that are not p-series, how do the magnitudes 7. i 8. pe 
> = = n=2 n=1 

of the terms compare with the magnitudes of the terms of P \ Zn 1 

the p-series? What conclusion can you draw about the 9, af 10. ; 

convergence or divergence of the series? n=o lt: pad av 
co co n 

(d) Explain the relationship between the magnitudes of the 11. SS enn 12. : 
Tes 

terms of the series and the magnitudes of the terms of the n=0 i 2 

tial : : es : 
Seneca Using the Limit Comparison Test In Exercises 13-22, 

n Sn use the Limit Comparison Test to determine the convergence or is} 

6 t P é divergence of the series. 
He o 

ah 1 10 + ° wee 2 if 5 ales a 135 14. 5) 
| a 87 § -eeeere tn? tf a, 47+ 1 

ein ee ‘ ‘ han 
a4 10 aEY woo ~ S20 + 2 Ade a 15. = S=== 16. 
rt 2+ ge 2 Fea eye 

| @ 

=< wie “Et eaee_ ay is ns pas 7. ¥ 2n* — 1 is. ¥ u 
2 hee 20 ae 23 + 2n 1 © &, n(n + 3) 

Graphs of terms Graphs of partial sums 19. y a 20. S ae ae 

2. Graphical Analysis The figures show the graphs of the ae ne eats 
first 10 terms, and the graphs of the first 10 terms of the Hky o> ae, yee 22. Ss cas 
sequence of partial sums, of each series. myn tl =i 

eS 2 2 2 d ee 4 Determining Convergence or Divergence In Exercises 

» Jn ae a & Jn 2 OD 23-30, test for convergence or divergence, using each test at 
least once. Identify which test was used. 

(a) Identify the series in each figure. 

(b) Which series is a p-series? Does it converge or diverge? ithe (b)pCeomenie Sea 

(c) For the series that are not p-series, how do the magnitudes UE aie mae (d) Telescoping Sete 

of the terms compare with the magnitudes of the terms of (e) Integral Test (f) Direct Comparison Test 
the p-series? What conclusion can you draw about the : : (g) Limit Comparison Test 
convergence or divergence of the series? 

co Yn oo 4\n 

(d) Explain the relationship between the magnitudes of the 23. an 24. 2D 5 3 
3 fe m n= =0 

terms of the series and the magnitudes of the terms of the Bt \ He \ 

partial sums. 25s 26. 
2 Sol aw = 8 

ri Sn oo On of | 1 
t 27. = 28. ( = 

are 204 of Xan —2 Aa n+2 

4 16 Z~ ee) co 3 
3 | 2 » n 8 

= a | 2 29: EEC 30. aN 
| N 12 Pee 23; (m2 1) es n(n + 3) 

oT Ss ead een » ~~ | a : = nS - ee: ‘eS ate ya ee 31. Using the Limit Comparison Test Use the Limit 
~ Hd Comparison Test with the harmonic series to show that the 

Nl : ES ES EE LS ee : : . p 
Ardy Cae ei re ae ES e series 2 a, (where 0 < a, < a,_,) diverges when lim na, is 

. n—co 

finite and nonzero. 

Graphs of terms Graphs of partial sums 
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32. Proof Prove that, if P(m) and Q(n) are polynomials of BS 47 , BI cs oo | 

degree j and k, respectively, then the series 

ee (7) 

n=1 Q(n) 

converges if j < k — | and diverges if j = k — 1. 

Determining Convergence or Divergence In Exercises 

33-36, use the polynomial test given in Exercise 32 to 

determine whether the series converges or diverges. 

2 3 4 5) 
39 aac EMO: if as 26 te 

ae 
4 34. 

Wil NI 

1 i i 
cae Ts a4 1 qamte ces a 

oo ] 2 cs n 

cera =e De n=1 

Shy 

Verifying Divergence In Exercises 37 and 38, use the 
divergence test given in Exercise 31 to show that the series 

diverges. 

ee nm 2 Be ae 
37. iS ; vec 
» ant + 3 3 a 4n3 + 2 

Determining Convergence or Divergence In Exercises 
39-42, determine the convergence or divergence of the series. 

39.5 t+awptawtwt: 

40. so t+sotmtat 

MA.stastaptagt:o: 
ei wu ils as 

42. x1 + 308 + 27 t+ 304 

WRITING ABOUT CONCEPTS 

43. Using Series Review the results of Exercises 39—42. 

Explain why careful analysis is required to determine the 

convergence or divergence of a series and why only 

considering the magnitudes of the terms of a series could 

be misleading. 

. Direct ComparisonTest State the Direct Comparison 
Test and give an example of its use. 

. Limit Comparison Test State the Limit Comparison 
Test and give an example of its use. 

. Comparing Series It appears that the terms of the 
series 

i000 + oor + toon + i003 + 

are less than the corresponding terms of the convergent 

series 

1+it+gt+petec. 

If the statement above is correct, then the first series 

converges. Is this correct? Why or why not? Make a 

statement about how the divergence or convergence of a 

series is affected by the inclusion or exclusion of the first 

finite number of terms. 

eries Consider the series S Ga 
(2 — 1) 

n=1 <n 

(a) Verify that the series converges. 

(b) Use a graphing utility to complete the table. 

n Sa) 10) 207) 50), 100 

(c) The sum of the series is 77/8. Find the sum of the series 

g = 
One I 

(d) Use a graphing utility to find the sum of the series 

oo | 

De (Qritese We n=1 

48. HOW DOYOU SEE IT? The figure shows the 

first 20 terms of the convergent series >; a,, and 
n=1 

co 

the first 20 terms of the series » a>. Identify the 
n=1 

two series and explain your reasoning in making 

the selection. 

1.0 

12 16 20 

True or False? In Exercises 49-54, determine whether the 

statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

49. If0 <a, < b, and >) a, converges, then » b,, diverges. 
n=1 n=1 

co ice) 

50. If0 < a,.4) = b, and Ss b,, converges, then yy a, converges. 
n=] n=1 

ies) lez) 

mille Ek, se Yale Se, akan >, c, converges, then the series SS a 
n=1 n=1 

n 

co 

and y b,, both converge. (Assume that the terms of all three 
n=1 

series are positive.) 

co ; co 

2 lide = "bee and »s a, diverges, then the series > b, and 
n=1 n=1 

SO 

» c, both diverge. (Assume that the terms of all three series 
n=1 

are positive.) 

co oO 

53. If 0 < a, < b, and =; a, diverges, then > b,, diverges. 
n=) n=1 

ie.2) co 

54. If0 < a, < b, and >»; b,, diverges, then ys a, diverges. 
n=1 n=1 
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on on Prove that if the nonnegative series 

os oO 

DS) yaeeand BS b 
Lad n nm 

n=1 n=1 

oO 

converge, then so does the series > aby. 
n=1 

Nn a Proof Use the result of Exercise 55 to prove that if the 
co 

> a, converges, then so does the series 
n=] 

nonnegative series 

iv.) 

2 (Gh 
n=l 

57. Finding Series Find two series that demonstrate the result 

of Exercise 55. 

58. Finding Series Find two series that demonstrate the result 

of Exercise 56. 

59. Proof Suppose that > a, and > b, are series with positive 
ee 

terms. Prove that if lim —* = 0 and & b, converges, = a, also 
n— oo b,, 

converges. 

60. Proof Suppose that > a, and > b, are series with positive 
Wea, Bae 

terms. Prove that if lim —* = oo and & b, diverges, > a,, also 
n— co 

n 

diverges. 

61. Verifying Convergence Use the result of Exercise 59 to 

show that each series converges. 

ae 
@ > Gey n=1 

ed ! 

8 2, Jn 

62. Verifying Divergence Use the result of Exercise 60 to 

show that each series diverges. 

Ss inn Ss i 
(a) a (b) Paes 
x n Xs, Inn 

63. Proof Suppose that 2a, is a series with positive terms. 

Prove that if = a,, converges, then = sin a, also converges. 

64. Proof Prove that the series 

eS | 

25 EEE aT 

converges. 

ee hii 

2 n/n 
65. Comparing Series Show that converges by 

co 1 

comparison with > aCy7% 
Tie n=1 

PUTNAM EXAM CHALLENGE 

66. Is the infinite series > 
n=1 

—— 9 AG+ Dn convergent? Prove your 

statement. 

co 

67. Prove that if Ss d, iS a convergent series of positive real 
n=1 

cO 

numbers, then so is $' (a,)"/("*). 
n=1 

These problems were composed by the Committee on the Putnam Prize Competition. 

© The Mathematical Association of America. All rights reserved. 

SECTION PROJECT @eee0e3<ees708e0eeeeceeeeseeese@e#eseenene@enee
eemew#eeeeeeeeee#eee?de & @ 

Solera Method 
Most wines are produced entirely from grapes grown in a single 

year. Sherry, however, is a complex mixture of older wines with 

new wines. This is done with a sequence of barrels (called a solera) 

stacked on top of each other, as shown in the photo. 

The oldest wine is in the bottom tier of barrels, and the newest is 

in the top tier. Each year, half of each barrel in the bottom tier is 

bottled as sherry. The bottom barrels are then refilled with the wine 

from the barrels above. This process is repeated throughout the 

solera, with new wine being added to the top barrels. 

A mathematical model for the amount of n-year-old wine that is 

removed from a solera (with k tiers) each year is 

f(n, k) = (? _ Ng) k <n. 

(a) Consider a solera that has five tiers, numbered k = 1, 2, 3, 4, 

and 5. In 1995 (n = 0), half of each barrel in the top tier (tier 1) 

was refilled with new wine. How much of this wine was 

removed from the solera in 1996? In 1997? In 1998?. . . In 

2010? During which year(s) was the greatest amount of the 

1995 wine removed from the solera? 

(b) In part (a), let a, be the amount of 1995 wine that is removed 

from the solera in year n. Evaluate 

co 

> An 
n=0 

if FOR FURTHER INFORMATION See the article “Finding 

Vintage Concentrations in a Sherry Solera” by Rhodes Peele and 

John T. MacQueen in the UMAP Modules. 

Squareplum/Shutterstock.com 
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9.5 Alternating Series 

@eeeeeseevnveeee#sF#8#ft ee @ & @ 

--REMA The second 
condition in the Alternating 

Series Test can be modified to 

require only that0 <a,,, <a, 
for all n greater than some 

integer N. 

@ Use the Alternating Series Test to determine whether an infinite series converges. 

l@ Use the Alternating Series Remainder to approximate the sum of an alternating 

series. 

@ Classify a convergent series as absolutely or conditionally convergent. 

@ Rearrange an infinite series to obtain a different sum. 

Alternating Series 

So far, most series you have dealt with have had positive terms. In this section and the 

next section, you will study series that contain both positive and negative terms. The 

simplest such series is an alternating series, whose terms alternate in sign. For example, 

the geometric series 

co i n co 1 

S| pres D 

nes pepe Ta i 

Pie UE teh MKS) 

is an alternating geometric series with r = —}. Alternating series occur in two ways: 

either the odd terms are negative or the even terms are negative. 

THEOREM 9.14 Alternating Series Test 

Let a, > 0. The alternating series 

S (-1"a, and ¥ (-1)"*!a, 
n=1 n=1 

converge when the two conditions listed below are met. 

1. lim a,=0 
noo ' 

poorer tn 

2.045, = a,,40r all 

Proof Consider the alternating series > (—1)"*!a,,. For this series, the partial sum 
(where 2n is even) 

S, 

has all nonnegative terms, and therefore {S,,,} is a nondecreasing sequence. But you can 

also write 

S 

= (a, - a») a (a, 7 ay) 5 (as a dg) ee eae ed CER Ap) n 

sels (a, —z as) ” (a, = ds) ip ce 2A (ay, —2 a Ay, 1) — Ax, 2n 

which implies that S,,, < a, for every integer n. So, {S,,,} is a bounded, nondecreasing 
sequence that converges to some value L. Because S,,_; — a5, = Sz, and a,, — 0, 

you have 

lim S,,_, = lim S,, + lim a,, 
n>co, -” noo ~" n>0o * 

=L+ lim a,, 
n—-co 

=, 

Because both S,, and S,,,_, converge to the same limit L, it follows that {S,,} also 

converges to L. Consequently, the given alternating series converges. 

See LarsonCalculus.com for Bruce Edwards's video of this proof. Lal 
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The series in 

Example | is called the 

alternating harmonic series. 

More is said about this series 

in Example 8. 

In Example 3(a), 

remember that whenever a 

series does not pass the first 

condition of the Alternating 

Series Test, you can use the 

nth-Term Test for Divergence 

to conclude that the series 

diverges. 

EXAMPLE 1 Using the Alternating Series Test 

Determine the convergence or divergence of 

(— pyri 

n 

8 

n 

f oie ae 
Solution Note that lim a, = lim — = 0. So, the first condition of Theorem 9.14 is 

n>oo nro n 

satisfied. Also note that the second condition of Theorem 9.14 is satisfied because 

| z 1 
a eC 
n+1 n ae i n n 

for all n. So, applying the Alternating Series Test, you can conclude that the series 

converges. 

EXAMPLE 2 Using the Alternating Series Test 

Determine the convergence or divergence of 

i) ase al 
= (ee oa 

Solution To apply the Alternating Series Test, note that, forn = 1, 

1 n 
aes 
ON ae 

Dis 1 n 

2° ee a 

(a -L)2" = 72 

ie a n 
= : 

Qn Qn- 1 

So, 4,4; = (n + 1)/2” < n/2"~! = a, for all n. Furthermore, by L’H6pital’s Rule, 

: io reir | ae fated ’ (ad 

ft at ol pei) ee ee, 2 
Therefore, by the Alternating Series Test, the series converges. 

When the Alternating Series Test Does Not Apply 

a. The alternating series 

$ yen + 1) 2 
n=1 n 

passes the second condition of the Alternating Series Test because a,,,, < a, for all 

n, You cannot apply the Alternating Series Test, however, because the series does not 

pass the first condition. In fact,.the series diverges. 

ob cy 
2) | & n| OV BI 

b. The alternating series 

an ee 
3 

+ 

[5 wage” 

passes the first condition because a, approaches 0 as n oo. You cannot apply the 

Alternating Series Test, however, because the series does not pass the second 

condition. To conclude that the series diverges, you can argue that S,,, equals the Nth 

partial sum of the divergent harmonic series. This implies that the sequence of 

partial sums diverges. So, the series diverges. P| 



> TECHNOLOGY Later, using 

eeeeoeee#we5sxse#eeeseeeeteeee#e¢et @ 

the techniques in Section 9.10, 

you will be able to show that the 

series in Example 4 converges to 

ee) 0.63212. 

(See Section 9.10, Exercise 58.) 

For now, try using a graphing 

utility to obtain an approximation 

of the sum of the series. How 

many terms do you need to 

obtain an approximation that 

is within 0.00001 unit of the 

actual sum? 
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Alternating Series Remainder 

For a convergent alternating series, the partial sum S,, can be a useful approximation for 

the sum S of the series. The error involved in using S ~ S,, is the remainder 

Ry = Sas 

Alternating Series Remainder 

If a convergent alternating series satisfies the condition a, ,, < a,, then the 

absolute value of the remainder R, involved in approximating the sum S by S,, 

is less than (or equal to) the first neglected term. That is, 

|S — Syl = [Rul S Qyet- 

A proof of this theorem is given in Appendix A. 

See LarsonCalculus.com for Bruce Edwards’s video of this proof. 

EXAMPLE 4 Approximating the Sum of an Alternating Series 

¢ ¢f> See LarsonCalculus.com for an interactive version of this type of example. 

Approximate the sum of the series by its first six terms. 

1 1 1 1 1 1 
~ et ictal ee, es 2 + = +... 

pai I) iF) fige aole -4t i ee5i4 = 6) 

Solution The series converges by the Alternating Series Test because 

1 | te ay 
(n oF 1)! . nl and Ee n! = 

The sum of the first six terms is 

pect stage llemgst ne eal lt ict 
Cale ay 24° 120 720 144 ae: 

and, by the Alternating Series Remainder, you have 

1 
|S = 2 = IR. 0 = 5040 = ().0002. 

So, the sum S lies between 0.63194 — 0.0002 and 0.63194 + 0.0002, and you have 

0.631745 Ses.0:6321142 

Finding the Number of Terms 

Determine the number of terms required to approximate the sum of the series with an 

error of less than 0.001. 

co (—1)2*1 

oe 
n=1 

n 

Solution By Theorem 9.15, you know that 

1 
[Ry = an+ a (N + 1)* 

For an error of less than 0.001, N must satisfy the inequality 1/(N + 1)* < 0.001. 

ear ae (V+ 1)*> 1000 = N> 1000-146 

So, you will need at least 5 terms. Using 5 terms, the sum is S ~ S; ~ 0.94754, which 

has an error of less than 0.001. 
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Absolute and Conditional Convergence 

Occasionally, a series may have both positive and negative terms and not be an 

alternating series. For instance, the series 

S) snn_ sinl | sin2 | sin3 
2) 

iealla | 4 9 

has both positive and negative terms, yet it is not an alternating series. One way to 

obtain some information about the convergence of this series is to investigate the 

convergence of the series 

oo 

n=1 

By direct comparison, you have |sin n| < 1 for all n, so 

sin n 
9 

n- 

sinn 1 
ar SS sapneelh 

n> n- 

: : ‘ sin n 
Therefore, by the Direct Comparison Test, the series » >-| converges. The next rf 

theorem tells you that the original series also converges. 

THEOREM 3.16 Absolute Convergence 

| If the series > |a,,| converges, then the series a, also converges. 

Proof Because 0 < a, + |a,| < 2|a,| for all n, the series 

co 

Dd G+ lanl) 
n= 

converges by comparison with the convergent series 

oO 

» 2\a,|. 
n=1 

Furthermore, because a,, = (a, + |a,|) — |a, 

> a, — > CRE te Ve >) [a,,| 
1 1 n= n=1 n= 

, you can write 

where both series on the right converge. So, it follows that a, converges. 

See LarsonCalculus.com for Bruce Edwards‘s video of this proof. | 

The converse of Theorem 9.16 is not true. For instance, the alternating harmonic 

series 

ca aoa rg vie 
a on Lo, 3a 

converges by the Alternating Series Test. Yet the harmonic series diverges. This type of 

convergence is called conditional. 

Definitions of Absolute and Conditional Convergence 

1. The series = a, is absolutely convergent when > |a,| converges. 

2. The series = a, is conditionally convergent when > a, converges but > |a,| 
diverges. 
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EXAMPLE 6 Absolute and Conditional Convergence 

Determine whether each of the series is convergent or divergent. Classify any 

convergent series as absolutely or conditionally convergent. 

2 (=e oy |! 2! 3! 
a. = Qn 7 20 iD 2} a 92 93 

Sh TiN Core el 
ies amen AUN gh Ban fh 

Solution 

J 8 Bos 

Ui 

a. This is an alternating series, but the Alternating Series Test does not apply because 

the limit of the nth term is not zero. By the nth-Term Test for Divergence, however, 

you can conclude that this series diverges. 

b. This series can be shown to be convergent by the Alternating Series Test. Moreover, 

because the p-series 

(sal Blnw sthatuolleniptrditte ost. , 
Jn Wal. Nigew Gye ee” 

diverges, the given series is conditionally convergent. 

EXAMPLE 7 Absolute and Conditional Convergence 

Determine whether each of the series is convergent or divergent. Classify any convergent 

series as absolutely or conditionally convergent. 

n=1 

eo) (— jae + O72 1 1 1 1 

iB = = _ + — 

: » 3" Geb ig 

<4 ire rd Big es 00 re 
=, In + 1) ini ieee 4 Ala 5 

Solution 

a. This is not an alternating series (the signs change in pairs). However, note that 

x 
n=1 

= on 1)/2 2) | 
n 

n=1 5 

is a convergent geometric series, with 

1 
r=. 

3 

Consequently, by Theorem 9.16, you can conclude that the given series is absolutely 

convergent (and therefore convergent). 

b. In this case, the Alternating Series Test indicates that the series converges. However, 

the series 

oO (=1)F 1 ] 1 SSS 
= |Inn+1)} In2 In3 In4 

diverges by direct comparison with the terms of the harmonic series. Therefore, the 

given series is conditionally convergent. | 

if FOR FURTHER INFORMATION To read more about the convergence of alternating 

harmonic series, see the article “Almost Alternating Harmonic Series” by Curtis Feist 

and Ramin Naimi in The College Mathematics Journal. To view this article, go to 

MathArticles.com. 
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if FOR FURTHER INFORMATION 

Georg Friedrich Bernhard Riemann 

(1826-1866) proved that if = a,, 

is conditionally convergent and S$ 

is any real number, then the terms 

of the series can be rearranged to 

converge to S. For more on this 

topic, see the article “Riemann’s 

Rearrangement Theorem” by 

Stewart Galanor in Mathematics 

Teacher. To view this article, go to 

MathArticles.com. 

Rearrangement of Series 

A finite sum such as 

Loe? AoA: 

can be rearranged without changing the value of the sum. This is not necessarily true of 

an infinite series—it depends on whether the series is absolutely convergent or 

conditionally convergent. 

1. If a series is absolutely convergent, then its terms can be rearranged in any order 

without changing the sum of the series. 

2. If a series is conditionally convergent, then its terms can be rearranged to give a 

different sum. 

The second case is illustrated in Example 8. 

EXAMPLE 8 Rearrangement of a Series 

The alternating harmonic series converges to In 2. That is, 

l 1 1 
, iS rete 5 45 al 4 32 0 0 She (See Exercise 55, Section 9.10.) 

Rearrange the series to produce a different sum. 

Solution Consider the rearrangement below. 

ae l ~i+2- : ~ e+ o-oo to-gn 

Z SOS 128 i, le 

ae ne -( 1) aye ale 
2 6 8 ah KN) 12 7 #14 

ab ye he Aah pe ae 
Diy (ARN OMS Sorel OR eee 

=1(1 Be ioe Lng +) 

2 EE REE OR: oY 

= 5 (in 2) 

By rearranging the terms, you obtain a sum that is half the original sum. wl 

: 

Exploration 

In Example 8, you learned that the alternating harmonic series 

1 1 
=e Se 

py a 2 3 nl 

converges to In 2 ~ 0.693. Rearrangement of the terms of the series produces a 

different sum, In 2 0.3475 

In this exploration, you will rearrange the terms of the alternating harmonic 

| series in such a way that two positive terms follow each negative term. That is, 

bootie babsodye bea lalate 
| ne Oe ee Ge amet me Oe TS Ph 

Now calculate the partial sums S4, 55, So, $13, $,¢, and S;). Then estimate the 

sum of this series to three decimal places. 
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9 2 5 Exe rcises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

fad Numerical and Graphical Analysis In Exercises 1-4, 33 eS (Saye ral 

explore the Alternating Series Remainder. © 21°3+5:+-Qn=1) 

(a) Use a graphing utility to find the indicated partial sum S,, 24. y (—1)+! LZigisiowes Qne-nL) 

and complete the table. n=1 listers tants 2) 
A= we ] [ere] 

D5: —— a =e" eyeing M@il2[sl4|s\el7]s]9) «0 2 ama 
S | | | | 26. ee s (—1)"*! sech n 

: n=1 CE ee n=1 ' 

(b) Use a graphing utility to graph the first 10 terms of the Approximating the Sum of an Alternating Series In 
sequence of partial sums and a horizontal line representing Exercises 27-30, approximate the sum of the series by using the 
the sum. 

first six terms. (See Example 4.) 

(c) What pattern exists between the plot of the successive points 
co Ae co (_1)\n+1 

in part (b) relative to the horizontal line representing the DTK ete 28. et ee 

sum of the series? Do the distances between the successive n=o i= In(n + 1) 

oints and the horizontal line increase or decrease? Si kee ea eran, P 2S 0A) eens 
n=1 (d) Discuss the relationship between the answers in part (c) and n=l 

the Alternating Series Remainder as given in Theorem 9.15. Finding the Number of Terms In Exercises 31-36, use 

Theorem 9.15 to determine the number of terms required to co (1): 7 
1. aan “aaa approximate the sum of the series with an error of less than 

as 0.001. 5 s (- 1) n ai 

= — | ea f(a Wiar co (—]{)rt 1 

prt - pee 31) eu yy ee 
3 al) * y= ! eas n=1 n n=1 nv 

. > 12 Ae (- j)e*! 34 5 (—1)"*! 

co oan ‘ > one a 
4. 3, = Gin | 

A, (2n — 1)! oe (= 1 (=)? 
Ge nr M oe) i 

il M8 , (2n)! 
Determining Convergence or Divergence In Exercises 
5-26, determine the convergence or divergence of the series. Determining Absolute and Conditional Convergence 

eg (—1)r+1 ee (1+ Ip In Exercises 37-54, determine whether the series converges 

: ——— 3 —— absolutely or conditionally, or diverges. 
: »» ipa 1 S » Sy) ae 2 y y 8 

n=1 

co (—])n co (— 4)n So (—1)" co (—1)9*4 

Ps : 2 bes = r#. § 2" ite 2 n° 
co Sr iic feo) —j)jrtl 

eo (—1)"(5n — 1) eo (—1)"* 12 39. (=1) 40. ( 

. » 4n + | Me ys; n se 3) n=1 n! n=1 n+ 3 

oe Aff = Fall ee) (—1)"*! 

sein Ses 1 ee a. ¥ 
ee inn + 1 ES Pee mah ea Dee 

2a \n oo —{)*! n2 oo (—1)"*!(2n is 3) 

<a Seale ia ee 44. 
BS. »D Jn i. >» n a5 Ul be Dy (n ais 1)? 2, n+ 10 

= oo — ) co Es 

poe 1) (ne 1) eo (—1)"*!In(n + 1) 45. ( 46. (—1)"e-" 

ma 3 In(n + 1) we x etal 2 ninn 2, 
ie co Sy cast 

ie Sy sin =U 18. 2 noes nT 47. eh 5 48. eh 4/3 
n=1 n= 

eS (= 1)" ily sig a 49. S pte 50. S) aes 
a », n! ; », (2n + 1)! io (2n + 1)! n=o Vn + 4 

& (-1y*! Vn 51. eee Spy. . (—1)"*! arctan n 
Dale > ie oe aot ea » 

i= 

(-1)'t! Jn 2 cos ni < sin[(2n — 1)7/2] 

n=\1 

3 1 : oe 54. 
Japa 3 7 53 n n 
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| WRITING ABOUT CONCEPTS 

| 55. Alter 

Test. 

Define an alternating series. 

State the Alternating Series 

ainder Give the remainder gG  oeres nema 

after N terms of a convergent alternating series. 

. Absolute and Conditional Convergence In your 
own words, state the difference between absolute and 

conditional convergence of an alternating series. 

. Think About It Do you agree with the following 

statements? Why or why not? 

(a) If both Sa, and =(—a,) converge, then > |a,| 
converges. 

(b) If a, diverges, then > |a,,| diverges. 

60. HOW DOYOU SEE IT? The graphs of the 

sequences of partial sums of two series are shown 

in the figures. Which graph represents the partial 

sums of an alternating series? Explain. 

(b) 

True or False? In Exercises 61 and 62, determine whether 

the statement is true or false. If it is false, explain why or give 

an example that shows it is false. 

61. For the alternating series 

the partial sum S,,9 1s an overestimate of the sum of the series. 

62. If 2 a, and = b,, both converge, then = a,b, converges. 
nn 

Finding Values In Exercises 63 and 64, find the values of p 

for which the series converges. 

3. 5 (-1)(4) 
n=1 

65. Proof Prove that if = |a,| converges, then a? converges. 
Is the converse true? If not, give an example that shows it is 

false. 

64. S$ (- ir(- a 
n=1 

66. Finding a Series Use the result of Exercise 63 to give an 

example of an alternating p-series that converges, but whose 

corresponding p-series diverges. 

67. Finding a Series Give an example of a series that 

demonstrates the statement you proved in Exercise 65. 

68. Finding Values Find all values of x for which the series 

> (x"/n) (a) converges absolutely and (b) converges conditionally. 

Using a Series In Exercises 69 and 70, use the given series. 

(a) Does the series meet the conditions of Theorem 9.14? 

Explain why or why not. 

(b) Does the series converge? If so, what is the sum? 

ie paris ih tu Les Roe receslamesl ge 
DB By fl Pi De he 

1] 
tt 71S 00d 
Jn 
| 

n> 

70. S (Lah ci a) 

ee if n is even 

Review In Exercises 71-80, test for convergence or 

divergence and identify the test used. 

2 10 ae: 1. Ye 72. D245 

oo 3” co 1 

TS: » z 74, Lei 

co 7\r os) 3n2 

75. S 9(7) 76. >) ee 

77. S\ 100e-"/? 78: 5 car 
n=1 n=o 72 +4 

2) ee om! a eee Ss lhavig 
80. » cae 

81. Describing an Error The following argument, that 
0 = 1, is incorrect. Describe the error. 

O=0+070+> =; 

= Che lcthleealaal eal vewee 

SE eat ee 

= i+ 00a 

3n2 — 1 n=1 

PUTNAM EXAM CHALLENGE 

82. Assume as known the (true) fact that the alternating 

harmonic series 

1 | 1 1 1 1 1 
(Dita gery was eno ree Eh 

is convergent, and denote its sum by s. Rearrange the series | 

(1) as follows: 

i 1 1 i 1 1 1 1 

2) Lg. = 12 ahas, 7 aed of Ot cee e ea 

Assume as known the (true) fact that the series (2) is also | 

convergent, and denote its sum by S. Denote by s,, S, the | 

kth partial sum of the series (1) and (2), respectively. Prove 

the following statements. 

@ Sh =sl 45s, GDS Ass 

This problem was composed by the Committee on the Putnam Prize Competition. 

© The Mathematical Association of America. All rights reserved. 
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9.6 The Ratio and Root Tests 

@ Use the Ratio Test to determine whether a series converges or diverges. 

lf Use the Root Test to determine whether a series converges or diverges. 

@ Review the tests for convergence and divergence of an infinite series. 

The Ratio Test 

This section begins with a test for absolute convergence—the Ratio Test. 

7? Ratio Test 

Let = a, be a series with nonzero terms. | 
se Ne 

1. The series = a, converges absolutely when lim |—**+| < 1. 
noo a, 

. c : Gn+1 : Gn+1 
2. The series 2 a, diverges when lim |—*—| > 1 or lim |—-*—| = oo. 

nwo a, noo a, 

: ahs ; PP aes 
3. The Ratio Test is inconclusive when lim =i be 

noo a, 

Proof To prove Property 1, assume that 

ia 
lim || =r<1 
noo a, 

and choose R such that 0 < r < R < 1. By the definition of the limit of a sequence, 

there exists some N > 0 such that |a,,,/a,| < R for all n > N. Therefore, you can 

write the following inequalities. 

ene < |ay|R 

lan +9 = lana alk < |ay|R? 

Gyesl| <Gyole < |ay+4|R? < lay|R? 

The geometric series s |ay|R" = |ay|R + |ay|R? + - - - + |ay|R" + - - - converges, 
il 

and so, by the Direct Comparison Test, the series 

co 

x lan+nl 7 lay+4| Gol oe lay+nl phate car ae 

also converges. This in turn implies that the series > |a,,| converges, because discarding 

a finite number of terms (n = N — 1) does not affect convergence. Consequently, by 

Theorem 9.16, the series > a,, converges absolutely. The proof of Property 2 is similar 

and is left as an exercise (see Exercise 99). 

See LarsonCalculus.com for Bruce Edwards’s video of this proof. wi 

The fact that the Ratio Test is inconclusive when |a,,,/a,| > 1 can be seen by 

comparing the two series > (1/n) and = (1/n?). The first series diverges and the second 

one converges, but in both cases 

Qn+1 

a 
n 

lim 
n—-oco 
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eeeeoeseeeeeesee © 6 @ & 

ee / A step frequently 

used in applications of the Ratio 

Test involves simplifying 

quotients of factorials. In 

Example 1, for instance, notice 

that 

n! n! 1 

Gd). Gok leh eet 

Infinite Series 

Although the Ratio Test is not a cure for all ills related to testing for convergence, 

it is particularly useful for series that converge rapidly. Series involving factorials or 

exponentials are frequently of this type. 

EXAMPLE 1 Using the Ratio Test 

Determine the convergence or divergence of 

you can write the following. 

, gn+l Qn 

eee a ae = 
, gn+l n! 

Spe E ESN 7 

: 2 
= lim 

n>oo nN + 1 

=0<1 

a), asl 

a 
nN 

n—-co 

This series converges because the limit of |a, , ,/a,| is less than 1. 

EXAMPLE 2 Using the Ratio Test 

Determine whether each series converges or diverges. 

co n22rtl co yn 

a. >: 3n b. i 

n=0 n=1"- 

Solution 

a. This series converges because the limit of |a,,, ;/a,,| is less than 1. 
a ; , Qn+2 Bn 

Jim, 28 = Jin |r + 0°) s3 37) | 
matin 2 ee 
ir tase, 3n2 

= ; <a 

b. This series diverges because the limit of |a,, ,/a,,| is greater than 1. 

lim |“2+1} = lim evant sei Mian (“)| 
noo} G@, noo (n + 1)! n" 

Polen hol noo (n air 1) ihe 

f eft} 
eg LU ace 

noo nl 
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**REMARK The Ratio Test is 
also inconclusive for any 

p-series. 
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EXAMPLE 3 A Failure of the Ratio Test 

+ +++ See LarsonCalculus.com for an interactive version of this type of example. 

Determine the convergence or divergence of 

SS (due Vn ; 

—_ ish 

Solution The limit of |a,,, ,/a,,| is equal to 1. 

sia (2 ate a 3p ') 

noo ip, ae 2 Jn 

: as Al (2 ae ) 
TRI | ie ae Na 
noo n i ae 2 

V'1(1) 
=] 

an +1 

a 
n 

lim 
11—> OO! 

So, the Ratio Test is inconclusive. To determine whether the series converges, you need 

to try a different test. In this case, you can apply the Alternating Series Test. To show 

that a, ,, =-a,, let 
n? 

RE 
fix) = xt+1 

Then the derivative is 

? = tear 
7) a 

Fe) 2/x(x + 1)? 

Because the derivative is negative for x > 1, you know that fis a decreasing function. 

Also, by L’Hopital’s Rule, 

ral. 4 w/O7s) 
hin $= lim 

see) 59 Se 1 x00 é 1 

X00 2./x 

= 0. 

Therefore, by the Alternating Series Test, the series converges. wi 

‘The series in Example 3 is conditionally convergent. This follows from the fact that 

the series 

co 

>, [nl 
n=1 

diverges (by the Limit Comparison Test with > 1/ Jn), but the series 

oo 

An 
n=1 

converges. 

b> TECHNOLOGY A graphing utility can reinforce the conclusion that the series 

* in Example 3 converges conditionally. By adding the first 100 terms of the series, 

* you obtain a sum of about —0.2. (The sum of the first 100 terms of the series ¥ |a,,| 
~ is about Lis) 
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The Root Test is 

always inconclusive for any 

p-series. 

Infinite Series 

The Root Test 

The next test for convergence or divergence of series works especially well for series 

involving nth powers. The proof of this theorem is similar to the proof given for the 

Ratio Test, and is left as an exercise (see Exercise 100). 

Root Test 

1. The series ¥ a, converges absolutely when lim ~/|a,| < 1. 
n—-oco 

I n |a,,| = 90. 2. The series } a, diverges when lim %/|a,| > 1 or lim 
n—-oco n—-co 

3. The Root Test is inconclusive when lim Y/ |a,| = 1 
noo 

EXAMPLE 4 Using the Root Test 

Determine the convergence or divergence of 

love) een 

n* 
n=1 n 

Solution You can apply the Root Test as follows. 

e 2n 

vin 
noo hi 

lim 2/|a,| 
noo 

e2n/n 

= Iisa 
ae nnn 

=0(0 <1 

Because this limit is less than 1, you can conclude that the series converges absolutely 

(and therefore converges). | 

To see the usefulness of the Root Test for the series in Example 4, try applying the 

Ratio Test to that series. When you do this, you obtain the following. 

, e2in+ 1) en 

= hint | ——————$— = = 
ESS (n se Ly n” 

a, Biatlh 

ay, 

lim 
noo 

e2int+ I) 

Yin | 
noo ke a [Bye e2n 

n 

= 1; —_—— 
nso. (n + 1)" 

a eeardlleg ai = lim e? 
n—co na iy \n ae 1 

=0 

Note that this limit is not as easily evaluated as the limit obtained by the Root Test in 

Example 4. 

if FOR FURTHER INFORMATION For more information on the usefulness of the Root 

Test, see the article “N! and the Root Test” by Charles C. Mumma II in The American 

Mathematical Monthly. To view this article, go to MathArticles.com. 
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Strategies for Testing Series 

You have now studied 10 tests for determining the convergence or divergence of an 
infinite series. (See the summary in the table on the next page.) Skill in choosing and 
applying the various tests will come only with practice. Below is a set of guidelines for 
choosing an appropriate test. 

GUIDELINES FOR TESTING A SERIES FOR CONVERGENCE OR 
DIVERGENCE 

- Does the nth term approach 0? If not, the series diverges. 

. Is the series one of the special types—geometric, p-series, telescoping, or 
alternating? 

. Can the Integral Test, the Root Test, or the Ratio Test be applied? 

. Can the series be compared favorably to one of the special types? 

In some instances, more than one test is applicable. However, your objective should be 

to learn to choose the most efficient test. 

Applying the Strategies for Testing Series 

Determine the convergence or divergence of each series. 

SS nl = [ 7\" ~ 2 
‘ a a b. = : wa 

. 2 Seon we i a 

ee 1 a 3 
NP a nt 

Borate (2 aks Ge) 4 To n=1 

= (n+1\" 
8 § (244) n=1 

Solution 

a. For this series, the limit of the nth term is not 0 (a,>4 as n- 00). So, by the 
nth-Term Test, the series diverges. 

b. This series is geometric. Moreover, because the ratio of the terms 

r= > 
6 

is less than | in absolute value, you can conclude that the series converges. 

c. Because the function 

f(x) = xe" 
is easily integrated, you can use the Integral Test to conclude that the series converges. 

d. The nth term of this series can be compared to the nth term of the harmonic series. 

After using the Limit Comparison Test, you can conclude that the series diverges. 

e. This is an alternating series whose nth term approaches 0. Because a,,,, < d,,, you 

can use the Alternating Series Test to conclude that the series converges. 

f. The nth term of this series involves a factorial, which indicates that the Ratio Test 

may work well. After applying the Ratio Test, you can conclude that the series 

diverges. 

g. The nth term of this series involves a variable that is raised to the nth power, which 

indicates that the Root Test may work well. After applying the Root Test, you can 

conclude that the series converges. P| 
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SUMMARY OF TESTS FOR SERIES 

Test Series Condition(s) Condition(s) Comment 
of Convergence of Divergence 

: This test cannot be used 
nth-Term S lim a), cia 0 

no to show convergence. 

' , a 
Geometric Series > |r| = 1 SS i 

—r 

Telescoping Series 

p-Series 

, ; Remainder: 
Alternating Series £ 

[Rvl © dye 

Integral Remainder: 
(f is continuous, 
positive, and i f(x) dx converges { f(x) dx diverges C2 Re | Cede 

decreasing) N 

lim x/| a,| SET of Test is inconclusive when 
n—co 

lim #/Ja,| = 1. 
n—-co 

Root Jim AE ll 

Test is inconclusive when 
a 

ig) ee a ‘ 
n>oo a lim 

n — nrc | A, 

Old, =D 

an +1 =| 

n 

Direct Comparison ae oe 

(a,b, > 0) and b, converges | and ay b,, diverges 
n=1 n=1 

lim “~=L>0 
Limit Comparison n—00 

(ab > 0) 
n? n and 5’ b, converges | and 5’ b, diverges 

n=1 n=1 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Verifying a Formula 

t= 1)! 
1. 3h = (n ar L)(n)(n — 1) 

5 2h)! (2k) (2k — 1) 

2k)! 

ale 2k -1) = 

2HN2k = 3)(Qk= 1), 
Se iase 5 “(2k =5) 2h)! aoe 

Matching In Exercises 5-10, match the series with the 

graph of its sequence of partial sums. [The graphs are labeled 

(a), (b), (c), (d), (e), and (f).] 

(a) Sn (b) Sn 
1 ee 0 a+e 
6+ ey ; eoeeoeeoe 

a 
ad Lap 
aie wae 
l 2 

aera ee Steet teeta: testi 
24) 56) 8410 } 82) BAPE BSH 10) 

(c) i (d) Sn 

a Uae 
2 g+ BA 

eceeoeee he ‘ 
1 = 6+ “4 

e 
aT ‘ ° 

2 e 

itso ats 

V 

6 

5 
4 

3 

ps 

1 

co Fete oe 

n! 

(aie 

ij -«(2nn)! 

:: SI an = =s) 

2, 10. 4e7 

In Exercises 1—4, verify the formula. Py Num erical, Graphical, and né Analysis In 

Exercises 11 and 12, (a) verify that the series converges, (b) use 

a graphing utility to find the indicated partial sum S, and 

complete the table, (c) use a graphing utility to graph the first 

10 terms of the sequence of partial sums, (d) use the table to 

estimate the sum of the series, and (e) explain the relationship 

between the magnitudes of the terms of the series and the rate 

at which the sequence of partial sums approaches the sum of 

the series. 

SS pe ae ll 
11. >) n iG i 12. a mG 

Using the RatioTest In Exercises 13-34, use the Ratio Test 

to determine the convergence or divergence of the series. 

eh x 14, 
n=\1 

A 
! is 

~~) 

( y 8 

n 

—1)"*1(n + 2) 

n(n + 1) 

15, > 16. 

17. s n(S) 18. 

19. me 20. 

Ms =|" Il ° SS il 
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a 
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oo yy 

Hi DS = 22) » 

fore) Gaz gn co (—1)"- 18/2)" 

23: », ee 24. x a 

con! 23 (2n)! 
25. rc 26. Ys 

n=1 

27. = 

28. = 

oy » Gay 

29 (n!)? 

Sa os (3n)! 
co 5” 

31. » aan 

co (1)t2" 

Sty (2n + 1)! 

es (=) Fen! 

et ME 5 On + 1) 

(—1)"[2-4-6- - -(2n)] 

ot > Oe ein eo — 1) 

32. 
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In Exercises 35-50, use the Root Test 

to determine the convergence or divergence of the series. 

35. Dy es 36. a 

49 OC n n 38 0° ( Qn i 

SO sees =e ar Ml 

Bos Srpcke2:\" Sin aa? 
39 40. 

aheres om ae 

(=e z ( = Ni ia 
41. 42. 
41 p2, (In n)” sh \Ap ae 

Aa Soe 1), WS SS: 

co 1 co n n 

Eye 46. 5 (=) 

co f/f] ae ie nn\" 

hee 3, ¥ (57) 
ce n ee (n!)r 

49, » (in ny" 50. » (n")? 

Determining Convergence or Divergence In Exercises 

51-68, determine the convergence or divergence of the series 

using any appropriate test from this chapter. Identify the test 

used. 

ey eau 52 Se 
ra n Ee 

oe eto 
53. > — 54. 2S (22) 

55, y st : 56. > ay 

co SS ton co 

57. jee eS 58. > = 

59. > ae = 2 60. Y ae . 

61. > = 62. >, J 

63. > = 64. >) aS 

65. >; et) ae nee 66. 3 ee 

1. X55 oe a 

8. Se 
identifying Series In Exercises 69-72, identify the two 

series that are the same. 

9.) >% 70. (a) ¥ n(2) 
n=! 2 n=4 

CO n5" co 3 n 

(b) » + I) (b) p2, (n + (3) 

0 (ny + 1)5"+1 oo 3)" 

© 2. GD O24 

ee) (— 1 )2 (ee) (—1)" 

ee aot (2A)! 15 » Gu )2 3 

oO (—1)"7! eo) (—1)"*! 

oO Ha — AN) (b) > n2” r n=1 ll 

(—1)"7! co (nye 

(Qn + 1)! (c) » (n + 1)2" © 
iMs n 

Writing an Equivalent Series In Exercises 73 and 74, 
write an equivalent series with the index of summation 

beginning at n = 0. 

co. n co gn 

iE DS = 74. » Poy 
n=1 

Pe Finding the Number of Terms In Exercises 75 and 76, 
(a) determine the number of terms required to approximate 

the sum of the series with an error less than 0.0001, and (b) use 

a graphing utility to approximate the sum of the series with an 

error less than 0.0001. 

oo (—3)* 

75. > ae 

oo (—3)* 

ioe DG a ese me (2k 1) k=0 

Using a Recursively Defined Series In Exercises 77-82, 
ies) 

the terms of a series » a,, are defined recursively. Determine 
n=1 

the convergence or divergence of the series. Explain your 

reasoning. 

Wik @ =F Oy = 2 = 4, 

78. a, = 2,444) = z : ma 

(ERC = NEG | = ad 

80. a, = > an41, = conta, 

81. a, = > ana, = (1 +r ‘a, 

i 
82. ay = QV’ an+1 = va 

Using the Ratio Test or Root Test In Exercises 83-86, 
use the Ratio Test or the Root Test to determine the 

convergence or divergence of the series. 

SS elect 
NWO), 5 OO Bi wil GeO Seow! 
il BeBe Sk 
EE he NS 

4142+ 54+54+5+54+°--- 
paper Ee} an 

$5, ee 
(53)? (nate (in 5) (in Gls 

Ik B33 ih orsyo 

He ees 2 a ieee eas 

+ ONS PO 7) FP 
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Finding Values In Exercises 87-92, find the values of x for 99. Proof Prove Property 2 of Theorem 9.17. 
which the series converges. 100. Proof Prove Theorem 9.18. (Hint for Property 1: If the 

co /y\n [wee 3\n limit equals r < 1, choose a real number R such that 
87. ro Q 88. a, ( 5 r < R < 1. By the definitions of the limit, there exists some 
E. § ese N > Osuch that ¥/Ja,| < R forn > N.) 

n=l i Verifying an Inconclusive Test In Exercises 101-104, 
90. 3 Ble — 4)" verify that the Ratio Test is inconclusive for the p-series. 

n=0 oo 1 

2 [/x\n 101. Ys; 102. ¥ <a 
91. ¥ a5) i ; n=1 10 

Pet S EL! a 2, nt ote es nP 
n=0 n! 

105. Verifying an Inconclusive Test Show that the Root 

WRITING ABOUT CONCEPTS Test is inconclusive for the p-series 

| 93. Ratio Test State the Ratio Test. § an 
| 94. RootTest State the Root Test. | jai Te 

95. Think About It You are told that the terms of a 106. Verifying Inconclusive Tests Show that the Ratio 
positive series appear to approach zero rapidly as n } Test and the Root Test are both inconclusive for the 

approaches infinity. In fact, a, < 0.0001. Given no other logarithmic p-series 

information, does this imply that the series converges? mn 

Support your conclusion with examples. 4 Des a ae 

| 96. Think About It What can you conclude about the ‘ 
convergence or divergence of = a,, for each of the following | 107. Using Values Determine the convergence or divergence 

conditions? Explain your reasoning. : of the series : 

Ant Ant. p {aif 
‘ aS mae OF Gs i S (xn) 

(d) lim Y|a,| = 2 4 when (a) x = 1, (b) x = 2, (c) x = 3, and (d) x is a positive 
noo 

; integer. 

Dh Hiey Salaa lite 108. Using a Series Show that if 

is absolutely convergent, then 

[3 ae] <3 lel 

PUTNAM EXAM CHALLENGE 

109. Show that if the series 

(Oe rae OE na ere OPS a2 eT 

converges, then the series 

a 
Ca Cp REG Micaela 

pe Te 

converges also. 

. Is the following series convergent or divergent? 

seb) al 22) cal 
sae oF 5 + + ela Ga Ary) 1 58 

These problems were composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 



636 Chapter 9 Infinite Series 

9.7 Taylor Polynomials and Approximations 

P(e) =f(e) 

Pc) =f'(c) 

Near (c, f(c)), the graph of P can be 

used to approximate the graph of f. 

Figure 9.10 

Example | is not 

the first time you have used a 

linear function to approximate 

another function. The same 

procedure was used as the basis 

for Newton’s Method. 

@ Find polynomial approximations of elementary functions and compare them with 

the elementary functions. 

@ Find Taylor and Maclaurin polynomial approximations of elementary functions. 

@ Use the remainder of a Taylor polynomial. 

Polynomial Approximations of Elementary Functions 

The goal of this section is to show how polynomial functions can be used as 

approximations for other elementary functions. To find a polynomial function P that 

approximates another function f, begin by choosing a number c in the domain of f at 

which f and P have the same value. That is, 

Pic) = fic). Graphs of f and P pass through (c, f (c)). 

The approximating polynomial is said to be expanded about c or centered at c. 

Geometrically, the requirement that P(c) = f(c) means that the graph of P passes 
through the point (c, f (c)). Of course, there are many polynomials whose graphs pass 

through the point (c, f (c)). Your task is to find a polynomial whose graph resembles the 

graph of f near this point. One way to do this is to impose the additional requirement 

that the slope of the polynomial function be the same as the slope of the graph of f at 

the point (c, f (c)). 

Pc) = fc) Graphs of f and P have the same slope at (c, f (c)). 

With these two requirements, you can obtain a simple linear approximation of f, as 

shown in Figure 9.10. 

First-Degree Polynomial Approximation of f(x) = e* 

For the function f(x) = e*, find a first-degree polynomial function P,(x) = dg + a,x 
whose value and slope agree with the value and slope of fat x = 0. 

Solution Because f(x) = e* and f(x) = e*, the value and the slope of f at x = 0 are 

fO) =e&=1 Value of f at x = 0 

and 

70) = = 1. Slope of fat x = 0 

Because P,(x) = ay + a,x, you can use the condition that P,(0) = f(0) to conclude that 
dy = 1. Moreover, because P,‘(x) = a,, you can use the condition that P, (0) =f’(0) to 

conclude that a, = 1. Therefore, P,(x) = 1 + x. Figure 9.11 shows the graphs of 
P,(x) = 1 + x and f(x) = e*. 

P, is the first-degree polynomial 

approximation of f(x) = e*. 

Figure 9.11 | 
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In Figure 9.12, you can see that, at points near (0, 1), the graph of the first-degree 

polynomial function 

PCs) ==" =x Ist-degree approximation 

is reasonably close to the graph of f(x) = e*% As you move away from (0, 1), however, 
the graphs move farther and farther from each other and the accuracy of the 

approximation decreases. To improve the approximation, you can impose yet another 

requirement—that the values of the second derivatives of P and f agree when x = 0. 

The polynomial, P,, of least degree that satisfies all three requirements P,(0) = (0), 

P,"(0) = f(0), and P,”(0) = f’(0) can be shown to be 

l 
P,(x) =I14+x+ 3 2nd-degree approximation 

Moreover, in Figure 9.12, you can see that P, is a better approximation of f than P,. By 

requiring that the values of P(x) and its first n derivatives match those of f(x) = e* at 

x = Q, you obtain the nth-degree approximation shown below. 

: | I | 
P, is the second-degree polynomial liets (x) = 14% + =x? + Ae SP 9 9 Ole arte nth-degree approximation 
approximation of f(x) = e*. 2 3! AS 

Figure 9.12 = er 

Third-Degree Polynomial Approximation of f(x) = e* 

Construct a table comparing the values of the polynomial 

1 
Pi (x. Litho ae Fr 31% 3rd-degree approximation 

with f(x) = e* for several values of x near 0. 

Solution Using a calculator or a computer, you can obtain the results shown in the 

table. Note that for x = 0, the two functions have the same value, but that as x moves 

farther away from 0, the accuracy of the approximating polynomial P;(x) decreases. 

Yen =1.0/| =02 -01 {o] o1 | 02 1.0 

0.3679 | 0.81873 | 0.904837 | 1 | 1.105171 | 1.22140 | 2.7183 | 

1..0:3333 | 0.81867 | 0.904833 | 1 | 1.105167 | 1.22133 | 2.6667 | 

moses 

> TECHNOLO 

the approximating polynomial with the graph of the function f. For instance, in 

Figure 9.13, the graph of 

A graphing utility can be used to compare the graph of 

Pas) =x 5x2 ie ix3 3rd-degree approximation 

: is compared with the graph of f(x) = e*. If you have access to a graphing utility, try 

* comparing the graphs of 

Poe nee ak iden ae att 5x2 + ix3 = xt 4th-degree approximation 

Pag) = 4b se se se 5x2 Ae by3 ar axt Sie ae 5th-degree approximation 

and 

Re ird-degree polynomial PAs) = |! ar 3e4r 42 = iS I aes T aoe ae aagX® 6th-degree approximation 
approximation of f(x) = e*. 

Figure 9.13 with the graph of f. What do you notice? 
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Taylor and Maclaurin Polynomials 

The polynomial approximation of 

pl) es 

in Example 2 is expanded about c = 0. For expansions about an arbitrary value of c, it 

is convenient to write the polynomial in the form 

TPE) Aare as CIC) wkd ete) ates (a —"C)? (x 1c) 

In this form, repeated differentiation produces 

PA a= Gyct elon pe) WS Ga ea) haa ina (area) "oe 

PAG "2a, ee Ga) Gc) eee n(n — 1) aa Cc) 

n 
Pet) = 280s ee eee) ae) C(x oC) es 

BROOK TAYLOR (1685-1731) 

Although Taylor was not the first P®(x) = n(n — 1)(n—- 2)-- - (2)(1)a,. 

to seek polynomial approximations ; . 
of transcendental functions, his Letting x = c, you then obtain 
account published in 1715 was 
one of the first comprehensive 

works on the subject. and because the values of f and its first n derivatives must agree with the values of P, 
See LarsonCalculus.com to read ; Lh eS Wal 

a ae and its first n derivatives at x = c, it follows that 
more of this biography. 

fo) FC) 
fle) =a, fld=4, a) A a eee 

L (c) a Ao, PAG) 7 a), P(e) = 2a, ia esd Pc) = nia, 

n° 

With these coefficients, you can obtain the following definition of Taylor polynomials, 

named after the English mathematician Brook Taylor, and Maclaurin polynomials, 

named after the English mathematician Colin Maclaurin (1698-1746). 

Definitions of nth Taylor Polynomial and nth Maclaurin 

Polynomial 

If fhas n derivatives at c, then the polynomial 

P(x) = fle) + foie - 0) + HO — ge +--+ HO — op 
af REMARK Maclaurin is called the nth Taylor polynomial for f at c. If c = 0, then 

. polynomials are special types k 7 (n) 

* of Taylor polynomials for P(x) = f(0) + f(O)x + £0) 2 a 0K 5 ne Po. 
* which c = 0. 2 iG 
ee is also called the nth Maclaurin polynomial for f. 

EXAMPLE 3 A Maclaurin Polynomial for f(x) = e* 

Find the nth Maclaurin polynomial for 

i@ FOR FURTHER INFORMATION f(x) = e*. 
To see how to use series to obtain 

other approximations to e, see 

the article “Novel Series-based 

Approximations to e” by f(x) = e 
John Knox and Harlan J. Brothers 

in The College Mathematics 

Journal. To view this article, go to Ly Adel kecs l 
— — yer —_ Meee —— +l 

MathArticles.com. ls Mar ymar Te yin cpt 

Solution From the discussion on the preceding page, the nth Maclaurin polynomial 

The Granger Collection 
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EXAMPLE 4 Finding Taylor Polynomials for In x 

Find the Taylor polynomials P), P,, P,, P,;, and P, for 

F(x) =n x 

centered atc = I. 

Solution Expanding about c = | yields the following. 

F(x) = Inx AL) = in l= 0 

fe) =~ f)=7=1 

ere cues | ] fate Lon * 
i (x) x2 fh (1) my 12 te I 

: 2! DD 
HAC? Foca FM) = 73 = 2 

3! ! FOC) = 5 fO(1) =~ = ~6 
Therefore, the Taylor polynomials are as follows. 

Po (x) =f(1) mo 

PEERS fC) A) (at 1) Ge 01 

Py(a) = fll) + P(e = 1) + FBG - 
= (r= 1) = 5-1) 

Pee eE pO) = 1) een)? + LW, — 4 2! 3! 

= (= 1) = 5(r = 1) + 3-1) 

Pas) = f00) +e — 1) + LMG ~ 2 + FOG — 1 + OG — 1p 
= (x— 1) 5e- IP +3 O0- 1) = Fe ef: 

Figure 9.14 compares the graphs of P,, P,, P;, and P, with the graph of f(x) = In x. 
Note that near x = 1, the graphs are nearly indistinguishable. For instance, 

Datel) = 0.0953083 

and 

In(1.1) ~ 0.0953102. 

As n increases, the graph of P,, becomes a better and better approximation of the graph of f(x) = In x near x = 1. 

Figure 9.14 ual 



640 Chapter 9 

Near (0, 1), the graph of P, can be 

used to approximate the graph of 

f(x) = cos x. 

Figure 9.15 

> (Bese) 
a ve 

Near (77/6, 1/2), the graph of P, can 
be used to approximate the graph of 

f(x) = sin x. 

Figure 9.16 

Infinite Series 

EXAMPLE 5 Finding Maclaurin Polynomials for cos x 

Find the Maclaurin polynomials P,, P,, P,, and P, for f(x) = cos x. Use P.(x) to 

approximate the value of cos (0.1). 

Solution Expanding about c = 0 yields the following. 

f(x) = cos x f(0) = cos0 = 1 

f(x) = —sin x f(0) = —sin0 = 0 

if RiSeSCosee f'O) = —cos0 = —1 

fx) = sinx f’” (0) = sind =0 

Through repeated differentiation, you can see that the pattern 1, 0, — 1, 0 continues, and 

you obtain the Maclaurin polynomials 

Pix) = 1, P(x) =1- aI C2 Paes) = — a - 4 

and 

i 1 l 
P.(x) = | eee lia A OT ee 

Using P,(x), you obtain the approximation cos (0.1) ~ 0.995004165, which coincides 

with the calculator value to nine decimal places. Figure 9.15 compares the graphs of 

f(x) = cos x and P,. wi 

Note in Example 5 that the Maclaurin polynomials for cos x have only even 

powers of x. Similarly, the Maclaurin polynomials for sin x have only odd powers of x 

(see Exercise 17). This is not generally true of the Taylor polynomials for sin x and cos 

x expanded about c # O, as you can see in the next example. 

EXAMPLE 6 Finding a Taylor Polynomial for sin x 

‘© © D> See LarsonCalculus.com for an interactive version of this type of example. 

Find the third Taylor polynomial for f(x) = sin x, expanded about c = 7/6. 

Solution Expanding about c = 7/6 yields the following. 

(s)-s2-4 
H3)-05-% 

ff (x)= sinix 

f(x) = cos x 
6 2, 

Wa ae eens M a —- —q ae — afl! Tix) sin x ai () sin G 5 

mM Lop Se mM av —_- — i) = 5: sage) cos x i (Z) COS part 

So, the third Taylor polynomial for f(x) = sin x, expanded about c = 77/6, is 

ned BNe-2) ap a) 6 
=5 46-2) - ane zi aa 2) 

Figure 9.16 compares the graphs of f(x) = sin x and P3. | 



Exploration 

Check to see that the fourth 

Taylor polynomial (from 

Example 4), evaluated at 

x = 1.1, yields the same 

result as the fourth 

Maclaurin polynomial in 

Example 7. 

9.7. Taylor Polynomials and Approximations 641 

Taylor polynomials and Maclaurin polynomials can be used to approximate the 
value of a function at a specific point. For instance, to approximate the value of In(1.1), 
you can use Taylor polynomials for f(x) = In x expanded about c = 1, as shown in 
Example 4, or you can use Maclaurin polynomials, as shown in Example 7. 

EXAMPLE 7 Approximation Using Maclaurin Polynomials 

Use a fourth Maclaurin polynomial to approximate the value of In(1.1). 

Solution Because 1.1 is closer to 1 than to 0, you should consider Maclaurin 
polynomials for the function g(x) = In(1 + x). 

g(x) = In - zh % g(0) = In(l + 0) = 0 

gx) =(1 g(0) =(1 +0) 1 =1 

g(x) = a + at 2 Ae —(1+0)-2 = -1 

BOX) aeP\ Lette), y 2(1 = 0)n = 
gO(x) = 26 (Ix) <4 a ) = -6(1 + 0)-4 = -6 

Note that you obtain the same coefficients as in Example 4. Therefore, the fourth 

Maclaurin polynomial for g(x) = In(1 + x) is 

MA Wd (4) 

P,(x) = g(0) + g(O)x + 80) 2 + 80) 3 cat Se (0) x4 
2! 3! 4) 

ae Mb awl Mee Lidge = HF Fas =e ne 4% : 

Consequently, 

In(1.1) = In(1 + 0.1) ~ P,(0.1) ~ 0.0953083. a 

The table below illustrates the accuracy of the Maclaurin polynomial approximation 

of the calculator value of In(1.1). You can see that as n increases, P, (0.1) approaches the 

calculator value of 0.0953102. 

Maclaurin Polynomials and Approximations of In(1 + x) at x = 0.1 

0.0953083 

On the other hand, the table below illustrates that as you move away from the 

expansion point c = OQ, the accuracy of the approximation decreases. 

Fourth Maclaurin ee Approximation of In(1 + x) 

ve 0.75 | 1.0 

0.5596158 | 0.6931472 

0.5302734 | 0.5833333 

These two tables illustrate two very important points about the accuracy of Taylor 

(or Maclaurin) polynomials for use in approximations. 

1. The approximation is usually better for higher-degree Taylor (or Maclaurin) 

polynomials than for those of lower degree. 

2. The approximation is usually better at x-values close to c than at x-values far from c. 
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Remainder of a Taylor Polynomial 

An approximation technique is of little value without some idea of its accuracy. To 

measure the accuracy of approximating a function value f(x) by the Taylor polynomial 

P(x), you can use the concept of a remainder R,,(x), defined as follows. 

Exact —\— = 

value value 

So, R,(x) = f(x) — P,(x). The absolute value of R,(x) is called the error associated 

with the spa damien, That is, 

hdl V7 x 

The next theorem gives a general procedure for estimating the remainder 

associated with a Taylor polynomial. This important theorem is called Taylor’s 

Theorem, and the remainder given in the theorem is called the Lagrange form of the 

remainder. 

THEOREM 9.19 Taylor’s Theorem 

If a function fis differentiable through order n + 1| in an interval / containing c, 

then, for each x in /, there exists z between x and c such that 

fl) = fle) +e - ) +O — or +--+ 9G - 9" + 2,00) 
where 

FEE) 

(n + 1)! 
Ro) $e Cae 

A proof of this theorem is given in Appendix A. 

See LarsonCalculus.com for Bruce Edwards’s video of this proof. 

One useful consequence of Taylor’s Theorem is that 

= n+] 

aso = mee re 
where max|f”* )(z)| is the maximum value of f*!(z) between x and c. 

For n = 0, Taylor’s Theorem states that if f is differentiable in an interval J 

containing c, then, for each x in /, there exists z between x and c such that 

fo) = flo. 
Baan 

fx) =fl) +f(a-c) o f= 

Do you recognize this special case of Taylor’s Theorem? (It is the Mean Value 

Theorem.) 

When applying Taylor’s Theorem, you should not expect to be able to find the 

exact value of z. (If you could do this, an approximation would not be necessary.) 

Rather, you are trying to find bounds for f* !(z) from which you are able to tell how 

large the remainder R, (x) is. 



- «REMARK 
® 

s 

s 

e 

e 

e@eeeeoe2eeee#e? 8 

you use a calculator, 

sin(0.1) ~ 0.0998334. 

eeoeoevpeveeeseveee8e8 ee of} > 

Note that when 

“REMARK Note that when 
you use a calculator, 

P,(1.2) ~ 0.1827 

and 

In(1.2) ~ 0.1823. 
eeenresezseeeee#es 

~ 

eee#ee >. 

9.7. Taylor Polynomials and Approximations 643 

EXAMPLE 8 Determining the Accuracy of an Approximation 

The third Maclaurin polynomial for sin x is 

Use Taylor’s Theorem to approximate sin(0.1) by P;(0.1) and determine the accuracy 

of the approximation. 

Solution Using Taylor’s Theorem, you have 

Cee oy : i Oar 
nx =x-5 + RQ) =x-5 + Ai ie 

where 0 < z < 0.1. Therefore, 

(0.1)3 
ae 0.1 — 0.000167 = 0.099833. sin(0.1) ~ 0.1 — 

Because f(z) = sin z, it follows that the error |R,(0. 1)| can be bounded as follows. 

sin Z = Ie oe 0 < R,(0.1) = ~ (0.000004 

This implies that 

0.099833 < sin(0.1) ~ 0.099833 + R,(0.1) < 0.099833 + 0.000004 

or 

0.099833 < sin(0.1) < 0.099837. 

EXAMPLE 9 Approximating a Value to a Desired Accuracy 

Determine the degree of the Taylor polynomial P, (x) expanded about c = | that should 

be used to approximate In(1.2) so that the error is less than 0.001. 

Solution Following the pattern of Example 4, you can see that the (n + 1)st 

derivative of f(x) = In x is 

n! 
fe) Sra)". 

Xx 

Using Taylor’s Theorem, you know that the error |R,,(1.2)| is 

(n+ 1) 

[R,(1.2)| = f-2 . ae — yn 

= Flee Or” 
(0.2)"*! 

g?* lin + 1) 

where 1 < z < 1.2. In this interval, (0.2)"*!/[z"*+ !(n + 1)] is less than (0.2)"*'/(n + 1). 
So, you are seeking a value of n such that 

n+] 

ue) < 0.001 => 1000 < (+ 1)5"*1. 
(tet) 

By trial and error, you can determine that the least value of n that satisfies this inequality 

is n = 3. So, you would need the third Taylor polynomial to achieve the desired 

accuracy in approximating In(1.2). ag 
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9.7 Exercises 

Infinite Series 

See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

In Exercises 1-4, match the Taylor polynomial 

approximation of the function f(x) = e-*/? with the 

corresponding graph. [The graphs are labeled (a), (b), (c), and (d).] 

(a) y (b) y 

10. F(x) = secx, c= a 

pia) = J2+ Vax - 2) +3 ee 

oe | = 2rl5 | 0.585 | 0.685 z 0.885 | 0.985 | 1.785 

fe | 

P,(x) | 
| | | 

11. Conjecture Consider the function f(x) = cosx and its 

Maclaurin polynomials P,, P,, and P, (see Example 5). 

(a) Use a graphing utility to graph f and the indicated 

polynomial approximations. 

(b) Evaluate and compare the values of f”(0) and P”(0) for 

n = 2, 4, and 6. 

(c) Use the results in part (b) to make a conjecture about 

f(0) and P™(0). 

12. Conjecture Consider the function f(x) = xe*. 

(a) Find the Maclaurin polynomials P,, P;, and P, for f. 

(b) Use a graphing utility to graph f| P,, P,, and P,. 

7 Doe as : 

—2 -1 ! 2 —2 | | 2 
—1+4 =] 

(c) ) (d) Y 
2 2 

| > x x 

-2 -1 i p 
zi 
—2 —2- 

1. 2(x) = —4x? +] 

2. g(x) = Ay4 - $x? + ] 

3. e(x) = e/[ (x + 1) + 1] 

4. e(x) = e /24I2(% — 12 —-@-1)+ 1| 

Ae Finding a First-Degree Polynomial Approximation In 

Exercises 5—8, find a first-degree polynomial function P, whose 

value and slope agree with the value and slope of f atx = c. Use 

a graphing utility to graph f and P,. What is P, called? 

5. f(x) = ars 

6. f(x) = a 

7. f(x) = secx 

8. f(x) = tan x, 
| 

S/9 alg 

Ay Graphical and Numerical Analysis In Exercises 9 and 
10, use a graphing utility to graph f and its second-degree 

polynomial approximation P, at x = c. Complete the table 

comparing the values of f and P,. 

4 
9. f(x) = —s 

we 
c= 1 

Poa) aD (a tee 3(x — 1) 

| 0 | 0.8 | 0.9 i i) 

(c) Evaluate and compare the values of f”(0) and P’”(0) for 
n = 2, 3, and 4. 

(d) Use the results in part (c) to make a conjecture about 

f(0) and P™(0). 

Finding a Maclaurin Polynomial In Exercises 13-24, 
find the nth Maclaurin polynomial for the function. 

13. fo) =e n=4 14. f%) =e*, n= 

15. f(x) = e-*/2, n=4 16. Jee =e, ne 
17. f(x) =sinx, n=5 f(x) = cos mm, n=4 
19. f(x) =xe*, n=4 ae ves, n= 

2. fe) =a, n=5 ae 
23. f(x) =secx, n=2 24, f(x) = tanx, n=3 

Finding a Taylor Polynomial In Exercises 25-30, find the 

nth Taylor polynomial centered at c. 

25. f(x) = = n= 3, 

26. f(x) = = n=4, c=2 

27. f(x) =) Jx, n= 3. C= 4 

28. f(x) = x, n=3, c=8 

29. f(x) = Ing fede
 

30. f(x) = x? cos x, 



ad Finding Taylor Polynomials Using Technology In 

Exercises 31 and 32, use a computer higchrs Seon to find the 

indicated Taylor polynomials for the funetion f. Graph the 

function and the Taylor polynomials. 

aike gGae= x 2. f(x) = f(x) = tan mx SP, 4/(G9) Shar 

ean 3, c=0 (a)n=4, c=0 

(b) n= 3 1/4 (bi n=4" c=1 

33. Numerical and Graphical Approxi: 

(a) Use the Maclaurin polynomials P, (x), P(x), and P; (x) for 
f(x) = sin x to complete the table. 

Wee 0 0.25 0.50 0.75 1.00 

sinx | 0 | 0.2474 | 0.4794 | 0.6816 | 0.8415 

P(x) 

: 1263 aI 

[A | 
BP () Use a graphing utility to graph f(x) = sinx and the 

Maclaurin polynomials in part (a). 

-4 

(c) Describe the change in accuracy of a polynomial 

approximation as the distance from the point where the 

polynomial is centered increases. 

34. Numerical and Graphical Approximations 

(a) Use the Taylor polynomials P, (x), P,(x), and P,(x) for 
f (x) = e* centered atc = | to complete the table. 

1.75 2.00 

5.7546 | 7.3891 

ad (b) Use a graphing utility to graph f(x) = e* and the Taylor 

polynomials in part (a). 

(c) Describe the change in accuracy of polynomial 

approximations as the degree increases. 

Numerical and Graphical Approximations In Exercises 
35 and 36, (a) find the Maclaurin polynomial P;(x) for f(x), 
(b) complete the table for f(x) and P;(x), and (c) sketch the 
graphs of f(x) and P;(x) on the same set of coordinate axes. 

35. f(x) = arcsin x f(x) = arctan x 

Pe | -075 —0 S00 O25: am 0.50 | 0.75 

9.7. Taylor Polynomials and Approximations 645 

ide In Exercises 37-40, 

the Staph of y =f(x) is Kuowa with four of its Maclaurin 

polynomials. Identify the Maclaurin polynomials and use a 

graphing utility to confirm your results. 

37 Pee. 38 a eee $ y=COS xX D ¥ y = arctan x } 

y= In(x? +1) 

Approximating a Function Value In Exercises 41-44, 
approximate the function at the given value of x, using the 

polynomial found in the indicated exercise. 

Al. f(x) = e*, (4), Exercise 13 

42. f(x) = xe, f(t), Exercise 20 
A3. f(x) = Inx, $f(2:1), “Exercise 29 

44. f(x) = x’cosx, f (2), Exercise 30 

Using Taylor's Theorem In Exercises 45-48, use Taylor’s 
Theorem to obtain an upper bound for the error of the 

approximation. Then calculate the exact value of the error. 

(oy , (03)! 
2! 4) 

2 oe Ae ALE al® 
46. e = BE cool Wan ere ery mtr 

45. cos(0.3) = 1 — 

47. arcsin(0.4) ~ 0.4 + ME 
3) 

. 3 
48. arctan(0.4) ~ 0.4 — Oe 

Finding a Degree In Exercises 49-52, determine the 
degree of the Maclaurin polynomial required for the error in 

the approximation of the function at the indicated value of x to 

be less than 0.001. 

49. sin(0.3) 

50. cos(0.1) 

Sines 

52. In(1.25) 
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In Exercises 53 and 

54, determine the degree of the Maclaurin polynomial required 

for the error in the approximation of the function at the 

indicated value of x to be less than 0.0001. Use a computer 

algebra system to obtain and evaluate the required derivative. 

53. f(x) = In(v + 1), approximate f(0.5). 

54. f(x) = e~™, approximate f(1.3). 

ing Values In Exercises 55-58, determine the values of 

x for which the function can be replaced by the Taylor polynomial 

if the error cannot exceed 0.001. 

ne ps 

55. fly) =et~1t+xtE 4%, x <0 
: : Pe 

56. f(x) = sinx ~ x — ai 

x? x4 

57. flx) = cose 1-544 

58. f(x) = e-* = 1 — 2x + 2x? — aH 

WRITING ABOUT CONCEPTS 

59. Polynomial Approximation An elementary function 
is approximated by a polynomial. In your own words, 

describe what is meant by saying that the polynomial is 

expanded about c or centered at c. 

. Polynomial Approximation When an elementary 

function f is approximated by a second-degree polynomial 

P, centered at c, what is known about f and P, at c? 

Explain your reasoning. 

. Taylor Polynomial State the definition of an 

nth-degree Taylor polynomial of f centered at c. 

. Accuracy of a Taylor Polynomial Describe the 

accuracy of the nth-degree Taylor polynomial of f centered 

at c as the distance between c and x increases. 

. Accuracy of a Taylor Polynomial In general, how 
does the accuracy of a Taylor polynomial change as the 

degree of the polynomial increases? Explain your reasoning. 

64. HOW DOYOU SEE IT? The graphs show 

first-, second-, and third-degree polynomial 

approximations P,, P,, and P, of a function f. Label 
the graphs of P,, P,, and P;. To print an enlarged 

copy of the graph, go to MathGraphs.com. 

65. 

66. 

67. 

68. 

69. 

70. 

Wale 

Comparing Maclaurin Polynomials 

(a) Compare the Maclaurin polynomials of degree 4 and 

degree 5, respectively, for the functions f(x) = e* and 

g(x) = xe*. What is the relationship between them? 

(b) Use the result in part (a) and the Maclaurin polynomial of 

degree 5 for f(x) = sin x to find a Maclaurin polynomial 

of degree 6 for the function g(x) = x sin x. 

(c) Use the result in part (a) and the Maclaurin polynomial of 

degree 5 for f(x) = sin x to find a Maclaurin polynomial 

of degree 4 for the function g(x) = (sin x)/x. 

Differentiating Maclaurin Polynomials 

(a) Differentiate the Maclaurin polynomial of degree 5 for 

f(x) = sinx and compare the result with the Maclaurin 

polynomial of degree 4 for g(x) = cos x. 

(b) Differentiate the Maclaurin polynomial of degree 6 for 

f(x) = cos x and compare the result with the Maclaurin 

polynomial of degree 5 for g(x) = sin x. 

(c) Differentiate the Maclaurin polynomial of degree 4 for 

f(x) = e*. Describe the relationship between the two 

series. 

Graphical Reasoning The figure shows the graphs of 
the function f(x) = sin (ax/4) and the second-degree Taylor 
polynomial P,(x) = 1 — (a?/32)(x — 2)? centered at x = 2. 

(a) Use the symmetry of the graph of f to write the second- 

degree Taylor polynomial Q,(x) for f centered at x = —2. 

(b) Use a horizontal translation of the result in part (a) to find 

the second-degree Taylor polynomial R,(x) for f centered 

atx = 6. 

(c) Is it possible to use a horizontal translation of the result in 

part (a) to write a second-degree Taylor polynomial for f 

centered at x = 4? Explain. 

Proof Prove that if f is an odd function, then its nth 

Maclaurin polynomial contains only terms with odd powers of x. 

Proof Prove that if f is an even function, then its nth 

Maclaurin polynomial contains only terms with even powers 

of x. 

Proof Let P,(x) be the nth Taylor polynomial for f at c. 

Prove that P,(c) = f(c) and P“(c) = f™(c) for 1 sk sn. 

(See Exercises 9 and 10.) 

Writing The proof in Exercise 70 guarantees that the Taylor 

polynomial and its derivatives agree with the function and its 

derivatives at x = c. Use the graphs and tables in Exercises 

33-36 to discuss what happens to the accuracy of the Taylor 

polynomial as you move away from x = c. 
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9.8 Power Series 

Exploration 

Graphical Reasoning 

Use a graphing utility to 

approximate the graph of 

each power series near x = 0. 

(Use the first several terms 

of each series.) Each series 

represents a well-known 

function. What is the 

function? 

co (= Deo ig 

2D n! 

oo (ead hee 

A (2n+ 1)! 

co (— Lee 

Dip ie Al 

Se xe 

i 1! 

n=0 

eseeoeevee7 eceeeeeeeeeeei Y 

**REMARK To simplify the 
notation for power series, 

assume that (x — c)° = 1, even 

when x = c. 

@ Understand the definition of a power series. 

@ Find the radius and interval of convergence of a power series. 

l@ Determine the endpoint convergence of a power series. 

lf Differentiate and integrate a power series. 

Power Series 

In Section 9.7, you were introduced to the concept of approximating functions by 

Taylor polynomials. For instance, the function f(x) = e* can be approximated by its 

third-degree Maclaurin polynomial 

soni waite 
; he ENE 

In that section, you saw that the higher the degree of the approximating polynomial, the 

better the approximation becomes. 

In this and the next two sections, you will see that several important types of 

functions, including f(x) = e*, can be represented exactly by an infinite series called a 

power series. For example, the power series representation for e* is 

eS 
Gta a = ae a — 6 6a e ee a at bah ‘ 

For each real number x, it can be shown that the infinite series on the right converges to 

the number e*. Before doing this, however, some preliminary results dealing with power 

series will be discussed—beginning with the next definition. 

Definition of Power Series 

If x is a variable, then an infinite series of the form 

co 

SS enya Rs ene eit lpn Re 
n=0 

is called a power series. More generally, an infinite series of the form 

co 

3 dence sands (esa) nid,(x — Cc) +- ++ a,x — Cc) == - 

n=0 

is called a power series centered at c, where c is a constant. 

EXAMPLE 1 Power Series 

a. The following power series is centered at 0. 

co yl x2 x3 

2 lanaulas Fh DTK aiGona a 

b. The following power series is centered at — I. 

S (Meco ear ar abel)? = (4 1)? bans 
n=0 

c. The following power series is centered at 1. 

23 | 
y =(x—1)/=(—1)+ 

in 
Gels)* + 

N | 
i 
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Radius and Interval of Convergence 

A power series in x can be viewed as a function of x 

fa)=) awe") 
n=0 

where the domain of f is the set of all x for which the power series converges. 

Determination of the domain of a power series is the primary concern in this section. 

Of course, every power series converges at its center c because 

co 

floc) = ae c)* 

(1) 0' FO ES See Oe 

So, c always lies in the domain of f. Theorem 9.20 (see below) states that the domain 

of a power series can take three basic forms: a single point, an interval centered at c, or 

the entire real number line, as shown in Figure 9.17. 

A single point 

aes e >X 

Cc 

An interval 

Se eee) 

R R 

The real number line 

A 

-" c 

The domain of a power series has only three 

basic forms: a single point, an interval centered 

at c, or the entire real number line. 

Figure 9.17 

For a power series centered at c, precisely one of the following is true. 

1. The series converges only at c. 

2. There exists a real number R > O such that the series converges absolutely 

for | 

no WE ieee 

and diverges for 

Loe = R. 

3. The series converges absolutely for all x. 

The number R is the radius of convergence of the power series. If the series 

converges only at c, then the radius of convergence is R = 0. If the series 

converges for all x, then the radius of convergence is R = co. The set of all 

values of x for which the power series converges is the interval of convergence 

of the power series. 

A proof of this theorem is given in Appendix A. 

See LarsonCalculus.com for Bruce Edwards’s video of this proof. 
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To determine the radius of convergence of a power series, use the Ratio Test, as 

demonstrated in Examples 2, 3, and 4. 

EXAMPLE 2 Finding the Radius of Convergence 

co 

Find the radius of convergence of » fines: 
n=0 

Solution For x = 0, you obtain 

f0) = S nO" =14+04+04+---=1, 
n=0 

For any fixed value of x such that |x| > 0, let uw, = n!x". Then 

: Un+) . (n a i pagans 
lim oe lim a. ae 
n—oco Uu, n—->co n liye 

= |x| lim (n + 1) 
n—-co 

CXS) 

Therefore, by the Ratio Test, the series diverges for |x| > 0 and converges only at its 

center, 0. So, the radius of convergence is R = 0. 

Finding the Radius of Convergence 

Find the radius of convergence of 

» Sine) 
n=0 

Solution For x # 2, let u,, = 3(x — 2)". Then 

: Uisi| 2 4: Bix = 2! 

Uu, oe 3(x = ON 

= lim |x — 2| 
n—co 

tlhe oa 

By the Ratio Test, the series converges for |x — 2| < 1 and diverges for |x — 2| > 1. 
Therefore, the radius of convergence of the series is R = 1. 

Finding the Radius of Convergence 

Find the radius of convergence of 

oO (=1)F x"! 

fai) (Qn + I)! 

Solution Let u, = (—1)"x°"*!/(2n + 1)!. Then 

ea Wen res (eae 
lim Un+1 = lim (2n ae 3)! 

nico | uy | mrco] _(—1yratett 
(2n + 1)! 

x2 

me se (Qn + 3)(2n + 2) 

For any fixed value of x, this limit is 0. So, by the Ratio Test, the series converges for 

all x. Therefore, the radius of convergence is R = oo. | 
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Endpoint Convergence 

Note that for a power series whose radius of convergence is a finite number R, Theorem 9.20 

says nothing about the convergence at the endpoints of the interval of convergence. 

Each endpoint must be tested separately for convergence or divergence. As a result, the 

interval of convergence of a power series can take any one of the six forms shown in 

Figure 9.18. 

Radius: 0 Radius: 00 

— ~~ —@ > X a ee 

iG 
Cc 

Radius: R 

R R R R 
—— oy — ——* 

{— x {——_| _ x = }—-—--} ae >xX _— = g us x 5! Xx ‘ % 

(G— Ren rey) (c—R,c+R] [c—R,c+R) [c—R,c+R] 

Intervals of convergence 

Figure 9.18 

EXAMPLE 5 Finding the Interval of Convergence 

: *» © © See LarsonCalculus.com for an interactive version of this type of example. 

Find the interval of convergence of 

Solution Letting u, = x”/n produces 

xr+l 

ae he (n + 1) 
lim se == lim aa eo 
noo | U, noo axe 

n 

? Nx 
= lm 

n>co In + | 

= |. 
So, by the Ratio Test, the radius of convergence is R = |. Moreover, because the series 

is centered at 0, it converges in the interval (—1,1). This interval, 

however, is not necessarily the interval of convergence. To determine this, you must test 

for convergence at each endpoint. When x = 1, you obtain the divergent harmonic 

series 

Slee Ue Vi ee 
n=1" 2 3 : iverges when x = 1. 

When ae il, you obtain the convergent alternating harmonic 
series 

S (ee —]| + 1 a L + at ee 
Cc aor = 

n 2 3 A . onverges when x = F 

So, the interval of convergence for the series is [—1, 1), as shown in Figure 9.19. 

Interval: [—1, 1) 

Radius: R = | 

Figure 9.19 wi 



Interval: (—3, 1) 

Radius: R = 2 

Figure 9.20 
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EXAMPLE 6 Finding the Interval of Convergence 

: ‘ 7 _ en) ‘x + 1) 

Find the interval of convergence of 25 hae a 
n=0 za 

Solution Letting uv, = (—1)"(x + 1)"/2” produces 

(— Lats ae j)n*! 

7 Uu $ Qn+l 

lim || =" tim 
noo | U, noo (eael (eal) 

Qn 

e615 n(x + 1) 
Paes (or 
PP otal 
one , 

By the Ratio Test, the series converges for 

gear dl 

2 
| <a 

or |x + 1| < 2. So, the radius of convergence is R = 2. Because the series is centered 

atx = —1, it will converge in the interval (—3, 1). Furthermore, at the endpoints, you have 

a om al se tilleae 7 co Qn co 
, 

a * 3" pe 2 y I Diverges when x = —3. 

n n=0 n=0 

and 

co = 1 n 2} n co 

2, (2 o"er Tae Diverges when x = 1. 
n= =0 

both of which diverge. So, the interval of convergence is (— 3, 1), as shown in Figure 9.20. 

EXAMPLE 7 Finding the Interval of Convergence 

Find the interval of convergence of 

he 2 
n=\1 n 

Solution Letting u,, = x"/n* produces 

lim Unt Jee pA ni L)2 
im See teens 

noo Uu, n—-co Xx: Ve 

nx 

meee (n sr 1) 

= |x|. 
So, the radius of convergence is R = 1. Because the series is centered at x = 0, it 

converges in the interval (— 1, 1). When x = 1, you obtain the convergent p-series 

> ! ! aD ! a : iz : haus C I 1 rhe ao ray, Gy 75 eo onverges when x = 1. minh) 2 BP 320) 42 ? 

When x = —1, you obtain the convergent alternating series 

Ae I 1 1 1 
Nig a SV OmeK Converges when x = —I. 

ee {2 9? B94 4? 

Therefore, the interval of convergence is [— 1, 1]. P| 
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JAMES GREGORY (1638-1675) 

One of the earliest mathematicians 

to work with power series was a 
Scotsman, James Gregory. He 
developed a power series method 
for interpolating table values—a 
method that was later used by 
Brook Taylor in the development 
of Taylor polynomials and Taylor 
series. 

Infinite Series 

Differentiation and Integration of Power Series 

Power series representation of functions has played an important role in the 

development of calculus. In fact, much of Newton’s work with differentiation and 

integration was done in the context of power series—especially his work with 

complicated algebraic functions and transcendental functions. Euler, Lagrange, 

Leibniz, and the Bernoullis all used power series extensively in calculus. 

Once you have defined a function with a power series, it is natural to wonder how 

you can determine the characteristics of the function. Is it continuous? Differentiable? 

Theorem 9.21, which is stated without proof, answers these questions. 

9.2 Properties of Functions Defined by Power Series 

If the function 

ee) 

SS Goa) | fo 
| n=0 

| agit 1G, eee Clits Gin enc) teat Gs(Xo oC)? ee 

| has a radius of convergence of R > 0, then, on the interval 

(kG) 

f is differentiable (and therefore continuous). Moreover, the derivative and 

antiderivative of f are as follows. 

1. f(x) = S dG} ame 
n=1 

NR as Ut C8 Me Baler = Relea 

oD, [reo ac =Ct Serge 

(aos Ce = Cringe tc) teas 5 a3 SNe oy ee 

The radius of convergence of the series obtained by differentiating or integrating 

a power series is the same as that of the original power series. The interval of 

convergence, however, may differ as a result of the behavior at the endpoints. 

Theorem 9.21 states that, in many ways, a function defined by a power series 

behaves like a polynomial. It is continuous in its interval of convergence, and both its 

derivative and its antiderivative can be determined by differentiating and integrating 

each term of the power series. For instance, the derivative of the power series 

ay Se 
f(x) Dal 

x2 x4 
Se ee ean 

is 

Tee x x? a oe Fa) Peel NB) Al ee 

SD ea ae EA 

= f(x). 

Notice that f(x) = f(x). Do you recognize this function? 
The Granger Collection 
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Intervals of Convergence for f(x), f(x), and f(x) dx 

Consider the function 

i) 

fa)= St =x+% Eres 
n=\1 A oe 

we zs 

3 

Find the interval of convergence for each of the following. 

ase) (0) 2x Df e) ae CarHtc) 

Solution By Theorem 9.21, you have 

Fra) = Sx! 
n=1 

=ltxtxrt+xt--- 

and 

[ove] xrtl 

ax= SF se 
i vee SES eaesy 

x? lt x i. x 

i a Oe} 3-4 
=C+H+ 

By the Ratio Test, you can show that each series has a radius of convergence of R = 1. 

Considering the interval (— 1, 1), you have the following. 

a. For f f(x) dx, the series 

co x” +1 

a n(n + 1) 
Interval of convergence: [— 1, 1] 

converges for x = +1, and its interval of convergence is | — 1, 1]. See Figure 9.21 (a). 

b. For f(x), the series 

co aye 

yy er Interval of convergence: [—1, 1) 

n=1 n 

converges for x = —1 and diverges for x = 1. So, its interval of convergence is 

[—1, 1). See Figure 9.21(b). 
c. For f(x), the series 

ae Interval of convergence: (— 1, 1) 
n=1 

diverges for x = +1, and its interval of convergence is (— 1, 1). See Figure 9.21(c). 

Interval: [—1, 1] Interval: [—1, 1) Interval: (—1, 1) 

Radius: R = 1 Radius: R= | Radius: R = | 

 ;_e—_ - x - ,;_e—— _-- x —{-——_} -« 
-1 c=0 1 -1 c=0 1 -1 e=0) I 

(a) (b) (c) 

Figure 9.21 taf 

From Example 8, it appears that of the three series, the one for the derivative, f’(x), 

is the least likely to converge at the endpoints. In fact, it can be shown that if the series 

for f(x) converges at the endpoints 

x=ctR 

then the series for f(x) will also converge there. 
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9.8 Exercises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

state where the power series is centered. 

nN 

IMs 2 

oO eo BY! 3, Fe 2) 

n=1 n 

4 oe) (= 1) = qm)?” 

a (2n)! 

Finding the Radius of Convergence In Exercises 5-10, 
find the radius of convergence of the power series. 

oo x” ee) 

~ Yi 6. Si Bx)" 
: 2as nt] 2, | ” 

oo (4x)” os) (ee 1)# x” 

Te 8. ae 
2, n aon mee 

9 co xen 10 s (2n) 12" 

; n=0 (2n)! ; n=O n! 

Finding the Interval of Convergence In Exercises 

11-34, find the interval of convergence of the power series. (Be 

sure to include a check for convergence at the endpoints of the 

interval.) 

co x n co rh ah (*) 2. Fx 
n=0 

13. DS; = 14. 3: eer 

17. S) (2n)! (2) 18. eas 

19. Se ah s (—1)" ale _ 5) 

a1, x Cuan 
Pe $ Ga ayes 

23. > (= ee 7 [yntt ae 3 Cues — 2" 

- > ene 
26. ae 

27. 2 r i (—2x)"7! 
28. so 

#6 Desai 
30. > = 

31. > Aas as (n + Ax" 

2 3 7 2 sores 1) i n 

In Exercises 1-4, ee (—1)"*!3- Te Pilla 2 

co n\(x + 1)" 

(27) — 1) 

I ng the Radius of Convergence In Exercises 35 and 

36, find the radius of convergence of the power series, where 

c > 0 and k is a positive integer. 

(Ge= ey 
SRY: ee 36. »S 

Coe = (kn)! 

8 

n 

Finding the Interval of Convergence In Exercises 
37-40, find the interval of convergence of the power series. (Be 

sure to include a check for convergence at the endpoints of the 

interval.) 

37. DG ey, 

oo (—1)"* =e ae 

38. = 
n=1 nc 

co a + + oo + os 1 39. k(k + 1)(k + 2) 3 (k +n Lx" ee 

n=1 Nn. 

ge >" (x — c)" 
40. Pie Ones 

Writing an Equivalent Series In Exercises 41-44, write 
an equivalent series with the index of summation beginning at 

n=1., 

co x 

41. = 
; Poa 

42. S$ (1) n+ 1x" 
n=0 

9 
co x2ntl 

» (2n + 1)! 

es) (—1)" x2ntl 

ch 2 ar I 

43. 

44. 

Finding Intervals of Convergence In Exercises 45-48, 
find the intervals of convergence of (a) f(x), (b) f(x), (©) f(x), 
and (d) f f(x) dx. Include a check for convergence at the 
endpoints of the interval. 

45. f(x) = > jl 
2 SCG = 5) 

46. f(x) = > Me 

eel, (oan set fea n+] 
47. f(x) = S ( 1) : s ; 1) 

n=0 

48. Fla) _ > (- ])r+ V(x = De 

n 1 



WRITING ABOUT CONCEPTS 

49. Power Series Define a power series centered at c. 

50. of Convergence Describe the radius 

51. Interval of Convergence Describe the interval of 

convergence of a power series. 

52. Domain of a Power Series Describe the three basic 

forms of the domain of a power series. 

. Using a Power Series Describe how to differentiate 

and integrate a power series with a radius of convergence 

R. Will the series resulting from the operations of 

differentiation and integration have a different radius of 

convergence? Explain. 

. Conditional or Absolute Convergence Give 

examples that show that the convergence of a power series 

at an endpoint of its interval of convergence may be either 

conditional or absolute. Explain your reasoning. 

Writing a Power Series Write a power series that 
has the indicated interval of convergence. Explain your 

reasoning. 

fy 2,2) (b) (-L1) 

©) (—-1,0) @) [=2,6) 

\/'56.(_)) HOW DOYOU SEE IT? Match the graph of 
the first 10 terms of the sequence of partial sums 

of the series 

pa 25) (2) 

with the indicated value of the function. [The 

graphs are labeled (i), (ii), (iii), and (iv).] Explain 

how you made your choice. 

(i) *n (ii) *n 

We 

oi eee 10+ .° 
Dit @ 8 ae 

e 6-- Pd 

l asi eh) Da ae 

Se tt t ul nul oad ee 

2 Ae 6 38 QU4 G6. eS 

(iii) *n (iv) *n 

a 1 

fb eeeeeee 2 2 
ant oe , tees 

2 
° 

i wi \ L» 7 ++++++ + +++» n 

QTY 6h ac8: 2A a6 3S 

(a) g(1) (b) g(2) 

(c) g(3) (d) g(—2) 

9.8 Power Series 655 

57 . -_ : ips: f(x) > (— 1)? xn +1] 

J/. JDSisit © i a ee 

4, (n+i)! ° 
oo (— |)" x2n 

(2n)! 

(a) Find the intervals of convergence of f and g. 

(b) Show that f(x) = g(x). 

(c) Show that g(x) = —f(x). 

g(x) = 
n=0 

(d) Identify the functions f and g. 

co yn 
X Let fx) = Y= 58. Using a Power Series ; 

n=0 n! 

(a) Find the interval of convergence of f. 

(b) Show that f(x) = f(x). 

(c) Show that f(O) = 1. 

(d) Identify the function f. 

Differential Equation In Exercises 59-64, show that the 

function represented by the power series is a solution of the 

differential equation. 

co (= Dye x2ntl 

y= : Weds wy == (U) Plea DL arreNr 2 
co (=1)" x2" 

bs — — —- ete —— O 

oy » (2n)! 2 

oO x2ntl 

61. y= 5 # =0 
2 a (2n + 1)! oe 

Sr Senter 9 * My ma (2n)V Ly Ay 

co xn es ; 

(Si > creas ey i) 0 
n=0 

7 a (—1)" x" 

64. y=1+ ee ie - -(4n — 1) 
n=1 

Ye PRE yO 

65. Bessel Function The Bessel function of order 0 is 

oo (- 1)" x2k 

Jy(x) = aa 
of ) yy 22k(k!)2 

(a) Show that the series converges for all x. 

(b) Show that the series is a solution of the differential 

equation x7Jy” + xJo’ + x? Jy = 0. 

F 7 (c) Use a graphing utility to graph the polynomial composed 

of the first four terms of Jo. 

(d) Approximate f, J, dx accurate to two decimal places. 

66. Bessel Function The Bessel function of order | is 

co (= 1)F x2* 
J,(x) = De DE+V EN + ISN 

(a) Show that the series converges for all x. 

(b) Show that the series is a solution of the differential equation 

Rae ee 1) 0, 

cb (c) Use a graphing utility to graph the polynomial composed 

of the first four terms of J;. 

(d) Show that Jy (x) = —J,(x). 
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Fy 67. The interval of convergence of the geometric 

series (=) is (—4, 4). 
n=(Q 

(a) Find the sum of the series when x = = Use a graphing 

utility to graph the first six terms of the sequence of partial 

sums and the horizontal line representing the sum of the 

series. 

(b) Repeat part (a) for x = —5. 

(c) Write a short paragraph comparing the rates of convergence 

of the partial sums with the sums of the series in parts (a) 

and (b). How do the plots of the partial sums differ as they 

converge toward the sum of the series? 

(d) Given any positive real number M, there exists a positive 

integer N such that the partial sum 

s (3) > M. 
n=0 

Use a graphing utility to complete the table. 

| m 10 | 100 | 1000 | 10,000 

Et ae 
fy 68. Investigation The interval of convergence of the series 

3 (3x)” is (— - i). 
n=0 

(a) Find the sum of the series when x = a Use a graphing 

utility to graph the first six terms of the sequence of partial 

sums and the horizontal line representing the sum of the 

series. 

(b) Repeat part (a) for x = —2. 

(c Se Se, Write a short paragraph comparing the rates of convergence 

of the partial sums with the sums of the series in parts (a) 

and (b). How do the plots of the partial sums differ as they 

converge toward the sum of the series? 

(d wma Given any positive real number M, there exists a positive 

integer N such that the partial sum 

N 2 n 

De, (3 : 2) > M. 

Use a graphing utility to complete the table. 

M | 10 | 100 | 1000 | 10,000 

Pe identifying a Function In Exercises 69-72, the series 

represents a well-known function. Use a computer algebra 

system to graph the partial sum S,, and identify the function 

from the graph. 

2n oO ie 

2, a (2n)! n=0 

69. f(x) = 

+ dy - 20 -2n + | 
Xx 70. f(x) = >: ( Onde 

71. f(x) = YS (-1)"x", -l<x<1 
n=0 

(ore) xen) 

72. f(x) = ' <x< 2. f(x) ~ (=) ee: | = sal 
n=0 

ut False? In Exercises 73-76, determine whether the 

Rtoment is true or false. If it is false, explain why or give an 

example that shows it is false. 

[e.2) 

73. If the power series a,x" converges for x = 2, then it also 
n=1 

converges for x = —2. 

74. It is possible to find a power series whose interval of 

convergence is [0, 00). 

75. If the interval of convergence for SS a,x" is (—1, 1); thea ghe 
n=0 

interval of convergence for > acer yeas1(0,92) 3 
n=0 

76. If f(x) = >) a,x" converges for |x| < 2, then 
n=0 

[1 Dee 

77. Proof Prove that the power series 

& _(n + p)! 
n= n(n ae gy 

has a radius of convergence of R = co when p and gq are 

positive integers. 

78. Using a Power Series Let 

gx) ed ea ae ey er 

where-the coefficients are c,, = 1 andc,,,, = 2 forn = 0. 

(a) Find the interval of convergence of the series. 

(b) Find an explicit formula for g(x). 

79. Using a Power Series Let f(x) 
Crus = C, for 20: 

3, c, x", where 

(a) Find the interval of convergence of the series. 

(b) Find an explicit formula for f(x). 

co 

80. Proof Prove that if the power series Sy c,, x" has a radius of 
n=0 

co 

convergence of R, then SS, c,x-" has a radius of convergence 
n=0 

of JR. 

81. Proof For n > 0, let R > 0 and c, > 0. Prove that if the 
interval of convergence of the series 

co 

ae nl — Xo)" 

is [xy — R, x) + R], then the series converges conditionally at 
Bay es ke 



JOSEPH FOURIER (1768-1830) 

Some of the early work in 
representing functions by power 
series was done by the French 
mathematician Joseph Fourier. 
Fourier’s work is important in the 
history of calculus, partly because 
it forced eighteenth-century 
mathematicians to question the 
then-prevailing narrow concept 
of a function. Both Cauchy and 

Dirichlet were motivated by 
Fourier’s work with series, and 

in 1837 Dirichlet published the 

general definition of a function 

that is used today. 

9.9 Representation of Functions by Power Series 

9.9 Representation of Functions by Power Series 657 

li Find a geometric power series that represents a function. 

@ Construct a power series using series operations. 

Geometric Power Series 

In this section and the next, you will study several techniques for finding a power series 

that represents a function. Consider the function 

fe 

The form of f closely resembles the sum of a geometric series 

oS a 
Ss ON go i ormemmecay NAR |r| <a 
n=0 ae) 

In other words, when a = | and r = x, a power series representation for 1/(1 — x), 

centered at 0, is 

es n=0 

x" 

n=0 

Sgr eer tae ek ae te hulled tage 

Of course, this series represents f(x) = 1/(1 — x) only on the interval (—1, 1), 
whereas f is defined for all x # 1, as shown in Figure 9.22. To represent f in another 

interval, you must develop a different series. For instance, to obtain the power series 

centered at — 1, you could write 

ae 1 Vf2 Pea 

l1-x 2-(@+1) 1-[@+1)/2] 1-r 

which implies that a = 3 and r = (x + 1)/2. So, for |x + 1| < 2, you have 

=3)14+ 850, G+ (x + 1) 
aisle ce x+ 5 A 3 + | eee 

t 

i 

: 
1 

1 

1 

! 

i] 

1 

1 

! 

jp ¥ } - i p—e» x 
iT 
! 

, 
1 

1 

i] 

1 

1 

1 

1 

i 

i 

I 

i] 

i 

i 

I 

! 

: 

{ : 
1 2 

' 

t 

! 

! 

! 

1 

! 

1 

Foi= ite , Domain: all x 4 1 = n=0 

[79 = > x", Domain: -1 <x < ] 

Figure 9.22 

The Granger Collection 
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Long Division 

2- x + 4x2 - fetes 

2x) 4 

44- 2x 

= Dis, 

—2x — x? 
oy 

24+ 5x3 

—3x3 

—3x3 — 4x4 

EXAMPLE 1 Finding a Geometric Power Series Centered at 0 

Find a power series for f(x) = centered at 0. 
Raa oe 

Solution Writing f(x) in the form a/(1 — r) produces 

4 2 mad 

Dee oe NEM SSA aa Ge 

which implies that a = 2 and 

ea % 

So, the power series for f(x) is 

4 

ge ae 2 

8 

ll o 

g aS 

Ns = = i>) 

I 
Ms bo 

oa 

| 

eee Xe eye = = = oe Se See so 2 hh 

{1 2 4 8 

This power series converges when 

x 
ars | a 

which implies that the interval of convergence is (—2, 2). | 

Another way to determine a power series for a rational function such as the one in 

Example | is to use long division. For instance, by dividing 2 + x into 4, you obtain the 

result shown at the left. 

EXAMPLE 2 Finding a Geometric Power Series Centered at 1 

: ‘ 1 
Find a power series for f(x) = es centered at 1. 

Solution Writing f(x) in the form a/(1 — r) produces 

1 a 1 
x 1—-(-x+1) ter 

which implies that a = 1 and r = 1 — x = —(x — 1). So, the power series for f(x) is 

| 

i 
Ms Ss mS 

>= ll =) 

Creal) |: ] 
Ms 

Py) Il ro) 

—1)"@ -— 1)" Tl 
Ms 

SN = De ee 
= | So 

This power series converges when 

Ls Una 

which implies that the interval of convergence is (0, 2). | 
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Operations with Power Series 

The versatility of geometric power series will be shown later in this section, following 

a discussion of power series operations. These operations, used with differentiation and 

integration, provide a means of developing power series for a variety of elementary 

functions. (For simplicity, the operations are stated for a series centered at 0.) 

Operations with Power Series 

Let f(x) = S a,x" and g(x =-¥ Dog 
n=0 n=0 

1. flkx) = S$ a,krx" 
| n=0 

a 
Dd, nies N) = aN: xn 

soa nee GaeenD, x" 

The operations described above can change the interval of convergence for the 

resulting series. For example, in the addition shown below, the interval of convergence 

for the sum is the intersection of the intervals of convergence of the two original series. 

ee) co x \" co 1 

n _— = 

ore ONG 2, (i+) 
Se (weak as) ee 

(=i) mi e222) = (11, i) 

Adding Two Power Series 

Find a power series for 

/ | a 

see 

= jl 
F(x) = 

centered at 0. 

Solution Using partial fractions, you can write f(x) as 

3b3 == 2 1 = + : 
2-1 x+1 <x-t 

By adding the two ule power series 

2 
ee 2 ts 1 
xt+1 > este =p) (= 1x" [a] < 

and 

ne = = 5 oc iN baliee-aait 
5 a | n=0 

you obtain the power series shown below. 

a = F 2-1) - 0" Pee, 
x 1 n=0 

= | — 3x + x — 3x3 + x* — 

The interval of convergence for this power series is (— 1, 1). ud 
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EXAMPLE 4 Finding a Power Series by Integration 

Find a power series for 

f(x) = Inx 

centered at 1. 

Solution From Example 2, you know that 

(Se Ny Interval of convergence: (0, 2) 
I 

aie this series produces 

Inx = [ia pe 

(x “ ; Le + I 

— oie ye A ew. eee 

ce ye fae Al 

By letting x = 1, you can conclude that C = 0. Therefore, 

aie co eal jee 

Inx = » | 1) soem 

by Oar mil ign ten WE guile nel iene 1)" Interval of 
1 2 3 4 : convergence: (0, 2] 

Note that the series converges at x = 2. This is consistent with the observation in the 

preceding section that integration of a power series may alter the convergence at the 

endpoints of the interval of convergence. wi 

@ FOR FURTHER INFORMATION To read about finding a power series using 

integration by parts, see the article “Integration by Parts and Infinite Series” by Shelby 

J. Kilmer in Mathematics Magazine. To view this article, go to MathArticles.com. 

In Section 9.7, Example 4, the fourth-degree Taylor polynomial for the natural 

logarithmic function 

(= 1)? | @=1P_ @- 1) Inx ~ (x -— 1) - 5 5 i 

was used to approximate In(1.1). 

In(1.1) ~ (0.1) — 50 Wee (0. ie 700 1)4 

=~ 0.0953083 

You now know from Example 4 in this section that this polynomial represents the first 

four terms of the power series for Inx. Moreover, using the Alternating Series 

Remainder, you can determine that the error in this approximation is less than 

[R,| = |as| 

I 5 = 5 00.1): 

= 0.000002. 

During the seventeenth and eighteenth centuries, mathematical tables for logarithms 

and values of other transcendental functions were computed in this manner. Such 

numerical techniques are far from outdated, because it is precisely by such means that 

many modern calculating devices are programmed to evaluate transcendental functions. 



SRINIVASA RAMANUJAN (1887-1920) 

Series that can be used to 
approximate 7 have interested 
mathematicians for the past 

300 years. An amazing series for 
approximating | /7 was discovered 
by the Indian mathematician 

Srinivasa Ramanujan in 1914 (see 

Exercise 61). Each successive term 

of Ramanujan’s series adds roughly 
eight more correct digits to the 
value of |/7. For more 
information about Ramanujan’s 
work, see the article “Ramanujan 
and Pi” by Jonathan M. Borwein 
and Peter B. Borwein in Scientific 
American. 
See LarsonCalculus.com to read 

more of this biography. 

@ FOR FURTHER INFORMATION 

To read about other methods for 

approximating 77, see the article 

“Two Methods for Approximating 

a” by Chien-Lih Hwang in 

Mathematics Magazine. To view 

this article, go to MathArticles.com. 

9.9 Representation of Functions by Power Series 661 

EXAMPLE 5 Finding a Power Series by Integration 

cone > See LarsonCalculus.com for an interactive version of this type of example. 

Find a power series for 

g(x) = arctan x 

centered at 0. 

Solution Because D,[arctan x] = 1/(1 + x), you can use the series 

1 ee) 

f(x) = ioe = > (ee Interval of convergence: (—1, 1) 
: n=0 

Substituting x? for x produces 

1 co 
x2 = — = || ny2n fa?) araeege= Site) 

Finally, by integrating, you obtain 

l 
= | —— de + arctan x | ir 2 he ae (E 

co ( xn =F 1 
= G _ —]| n 

» ) an rol 

co ) xent 

= Al Let x = 0, then C = 0. 
m, 2a 1 u 

Ce cee a 
2 = es + 5 7 ay bee Interval of convergence: (— 1, 1) | 

It can be shown that the power series developed for arctan x in Example 5 also 

converges (to arctan x) for x = +1. For instance, when x = 1, you can write 

arctan | [| == 55 +... 
Wile nl ae 

a) rm 

However, this series (developed by James Gregory in 1671) does not give us a 

practical way of approximating 7 because it converges so slowly that hundreds of terms 

would have to be used to obtain reasonable accuracy. Example 6 shows how to use two 

different arctangent series to obtain a very good approximation of 7 using only a few 

terms. This approximation was developed by John Machin in 1706. 

EXAMPLE 6 Approximating 7 with a Series 

Use the trigonometric identity 

arc ae arctan 739 4 

to approximate the number 7 [see Exercise 46(b)]. 

Solution By using only five terms from each of the series for arctan(1/5) and 

arctan(1/239), you obtain 

| | 
nt = ae 2 TALS a(4 arctan 5 arctan st) 3.1415926 

which agrees with the exact value of 7 with an error of less than 0.0000001. | 

The Granger Collection 
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9 9 Exe rcises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

In Exercises 1-4, ; 1 

find a geometric power series for the function, centered at 0, 21. fix) = Inlx + 1) = iF 11% 
(a) by the technique shown in Examples 1 and 2 and (b) by long | 

division. 22) — in a) — i Tas { - dx 
I) ae a Lx 

l | 
SPA age mA Scere: 24. f(x) = In(x? + 1) 

4 2 
f(x) = ee 4. flx) = ae 26. f(x) = arctan 2x 

In Exercises 5-16, find a power 

series for the niieion. centered at c, and determine the interval 

of convergence. 

1erical Analysis In Exercises 27 

saree \ 2 ste 
35 ft) = cs 6. fx) =F @= =? 

hele 2 Use a graphing utility to confirm the inequality graphically. 
1 . . . 

7. f@)= I =0 Ae = ey Sey Then complete the table to confirm the inequality numerically. 

l= she il = Se 

5 
9. g(x) = eee e =3 

SoS ma te ¥. 
10. f(x) = ee Co) 

3 
1. f@) = AKG = {0 

12. (y= 4 ieee PHF es NAGE AN SY 28. S, dae aise 
3x 12 

Pe. Approximating a Sum_ In Exercises 29 and 30, (a) graph 

13. g(x) = Daan oe 0 several partial sums of the series, (b) find the sum of the series 
; and its radius of convergence, (c) use 50 terms of the series to 

14. g(x) = eae eg approximate the sum when x = 0.5, and (d) determine what 

3x° + Sx — 2 the approximation represents and how good the approximation is. 

2 
15 f(x) = — C= 0 co (- eee: — 1)r eo) (- 1)tx2n+1 

5 ba ae f ; 7 are Vik 

: 4 2, n 2 a, Qn 1)! 

16. f(x) 2 5 c=0 : . : } 
Sar oe Approximating a Value In Exercises 31—34, use the series 

pp vi for f(x) = arctan x to approximate the value, using Ry < 0.001. 
Using a Power Series In Exercises 17-26, use the power 

3/4 
: i] 

Pie HASH! 31. arctan 4 32. | arctan x? dx 
0 

(- 1) ayn 1/2 1/2 
e +x => ~ arctan x” a 

nme 33. [ re 34. x? arctan x dx 
0 0 to determine a power series, centered at 0, for the function. 

Identify the interval of convergence. Using a Power Series In Exercises 35-38, use the power 
e series 

Gk, (G3) === 2 = ~ 
el ee Icinuga 75 Laat. Se ies 

x | | aes ee Sang ‘ 
18. h(x) == = A ; 

x1 20 + 2 2(1 — x) Find the series representation of the function and determine its 
19. f= | = d l | interval of convergence. 

Gear De bagel | 
x 

9 42 ; kh jG) = > 36.7%) = ~ 
20. f(x) = ———~ = | | I (ln)? y (= KF 

Goae ie — abeellonae Ie nt ies 
a x x 

37. f(x) = af) = eae f (x) ( xa x) 38 f(x) (1 — x)? 



39. Probability A fair coin is tossed repeatedly. The probability 

that the first head occurs on the nth toss is P(n) = (4)". When 

this game is repeated many times, the average number of 

tosses required until the first head occurs is 

nP(n). 
1 

Ms E(n) = 
n 

(This value is called the expected value of n.) Use the results 

of Exercises 35-38 to find E(n). Is the answer what you 

expected? Why or why not? 

40. Finding the Sum of a Series Use the results of 
Exercises 35—38 to find the sum of each series. 

i ee) 9 n 

(a) =S n(2 y (b) 10 2 a 
a= =1 

Writing In Exercises 41—44, explain how to use the geometric 
series 

g(x) = = = >", car 

to find the series for the function. Do not find the series. 

1 
41. f(x) = oe 42. f(x) = eee 

Aa. f(x) = = - AAs ces I ee) 

45. Proof Prove that 

+ y 
= xy 

x 
arctan x + arctan y = arctan 1 

for xy # 1 provided the value of the left side of the equation is 

between — 7/2 and 77/2. 

46. Verifying an Identity Use the result of Exercise 45 to 
verify each identity. 

a a) arctan 779 — arctan 535 = 4 

il 7 
(b) 4 arctan = = arctan 739 ay 

[Hint: Use Exercise 45 twice to find 4 arctan Z Then use part 

(a).] 

Approximating Pi In Exercises 47 and 48, (a) verify the 

given equation, and (b) use the equation and the series for the 

arctangent to approximate 7 to two-decimal-place accuracy. 

1 1 T 
47. 2 arctan 5 — arctan 774 

1 1 T 
48. arctan 5 + arctan ce 

Finding the Sum of a Series In Exercises 49-54, find the 

sum of the convergent series by using a well-known function. 

Identify the function and explain how you obtained the sum. 

a9) S.(-1) 50S (= Daido 
n=1 n=1 

9.9 Representation of Functions by Power Series 663 

co gn co 

51. = || jy Rais tee 

2, eD) S'n i ae oer a 

23 
a3¢ eee. pat " SO + 1) 

23 
4, n+1 

> pa I) 32n—1(2n — 1) 

WAITING ABOUT CONCEPTS 

55: Series One of the series in Exercises 49-54 

Big co converges to its sum at a much lower rate than the other 

five series. Which is it? Explain why this series converges 

so slowly. Use a graphing utility to illustrate the rate of 

convergence. 

. Radius of C -onver ge ence The radius of convergence 

of the power series = a,x" is 3. What is the radius of 
n=0 

ice) 

convergence of the series yy na,,x"—'? Explain. 
n=1 

. Convergence of a Power Series The power series 
co 

5) a,x" converges for |x + 1| <4. What can you 
n=0 

xt 

conclude about the series S Ay, ? Explain. 
= sia 

O50 HOW DOYOU SEE IT? The graphs show 

first-, second-, and third-degree polynomial 

approximations P,, P,, and P; of a function f. 

Label the graphs of P,, P,, and P;. To print an 
enlarged copy of the graph, go to MathGraphs.com. 

x 

A 3 

Finding the Sum of a Series In Exercises 59 and 60, find 

the sum of the series. 

(—1)" + 2n+1 3 (iy 
we ay St On aL) at » 3"(2n + 1) n=0 

Pe 61. Ramanujan and Pi Use a graphing utility to show that 

J8 & (4n)'(1103 + 26,390n) 1 
9801 = (n!)396™" 7 

62. Find the Error Describe why the statement is incorrect. 
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9.10 Taylor and Maclaurin Series 

l@ Find a Taylor or Maclaurin series for a function. 

@ Find a binomial series. 

l@ Use a basic list of Taylor series to find other Taylor series. 

Taylor Series and Maclaurin Series 

In Section 9.9, you derived power series for several functions using geometric series 

with term-by-term differentiation or integration. In this section, you will study a 

general procedure for deriving the power series for a function that has derivatives of all 

orders. The next theorem gives the form that every convergent power series must take. 

THEOREM 9.22 The Form of a Convergent Power Series eeeenoseeeeeesee oe ee @ 

oer Be sure you If fis represented by a power series f(x) = > a,(x — c)” for all x in an open 

understand Theorem 9.22. The interval / containing c, then 

theorem says that if a power ((c) 

series converges to f(x), then the Cy =e 

series must be a Taylor series. The / 

theorem does not say that every | and 

series formed with the Taylor 

coefficients a, = f(c)/n! will | 
converge to f(x). 

fre), We vo op te +E OGQ— mg... 

Proof Consider a power series > a,,(x — c)” that has a radius of convergence R. Then, 

by Theorem 9.21, you know that the nth derivative of f exists for |x — c| < R, and by 
successive differentiation you obtain the following. 

OG aa rac) eC) ots ne) re 

FG) 9G, 205% aC) eke SG, ame GC) Ace ic) ct ae 

PO) = an Ola. — 6) 43a) eee 

f= 3 las Ala, se) ee 

(or a A a a ele Ge 

Evaluating each of these derivatives at x = c yields 
COLIN MACLAURIN (1698-1746) 

O(c) = Ola 
The development of power series f (c) : 
to represent functions is credited fC) = 1a, 

to the combined work of many Qe) = 2Ia 

seventeenth- and eighteenth- fist \a) ee 
century mathematicians. Gregory, FOC) = Bla, 
Newton, John and James Bernoulli, 

Leibniz, Euler, Lagrange, Wallis, and and, in general, f\(c) = n!a,. By solving for a,, you find that the coefficients of the 
n? 

Fourier all contributed to this power series representation of f(x) are 

work. However, the two names Gn 

that are most commonly associated = LMC) 
with power series are Brook ‘ n! 
Taylor (1685-1731) and Colin 
Maclaurin. See LarsonCalculus.com for Bruce Edwards's video of this proof. | 

Notice that the coefficients of the power series in Theorem 9.22 are precisely the 

coefficients of the Taylor polynomials for f(x) at c as defined in Section 9.7. For this 

reason, the series is called the Taylor series for f(x) at c. 

Bettmann/Corbis 



9.10 Taylor and Maclaurin Series 665 

Definition of Taylor and Maclaurin Series 

Tf a function f has derivatives of ali orders at x = c, then the series 

5 PO. or =f +POG-j+-. + HO (x = cj? - = =| 
n=0 J: n! 

is called the Taylor series for f(x) at c. Moreover, if c = 0, then the series is 

the Maclaurin series for f. 

When you know the pattern for the coefficients of the Taylor polynomials for a 

function, you can extend the pattern easily to form the corresponding Taylor series. For 

instance, in Example 4 in Section 9.7, you found the fourth Taylor polynomial for In x, 

centered at 1, to be 

SEHR 2 Ge 14 l 2 (x = 1) 1 i Eats D) ati 

From this pattern, you can obtain the Taylor series for In x centered at c = 1, 

(— Wye 

n 
(1) = 50-18 + G Aaya 

EXAMPLE 1 Forming a Power Series 

Use the function 

f(x) = sin x 

to form the Maclaurin series 

co «f(n) 
i a on 

§ 20) 9 = 70) +0 +2 + PO 9 OO ay. 
and determine the interval of convergence. 

Solution Successive differentiation of f(x) yields 

f(x) = sinx f(0) = sin0 = 0 

f(x) = cosx f'(0) = cos0 = 1 

f' (x) = —sinx f’() = —sin0 =0 

fC) = cas,x f@() = =cos0 = —1 

FOC) Sst f(0) = sin0 = 0 

f°X(x) = cos x f©(0) = cos 0 = 1 

and so on. The pattern repeats after the third derivative. So, the power series is as 

follows. 

etna eo) (0 

See ORT Ora ts 
(—1)"x 2n+1 0 , (=1) - 0. | Ub 

= + x4 tox + 
Seon Ce inate at * 5 oF 

(=) 
Rta at 

Co ee 

Rael 4)" Siar 

By the Ratio Test, you can conclude that this series converges for all x. | 
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-£] 
| 

Figure 9.23 

Notice that in Example 1, you cannot conclude that the power series converges to 

sinx for all x. You can simply conclude that the power series converges to some 

function, but you are not sure what function it is. This is a subtle, but important, point 

in dealing with Taylor or Maclaurin series. To persuade yourself that the series 

1 (n) 
ca LAO = ee De 6 (Gk aA@le aoe CAs eg 

might converge to a function other than f, remember that the derivatives are being 

evaluated at a single point. It can easily happen that another function will agree with the 

values of f(x) when x = c and disagree at other x-values. For instance, the power 
series (centered at 0) for the function f shown in Figure 9.23 is the same series as in 

Example 1. You know that the series converges for all x, and yet it obviously cannot 

converge to both f(x) and sin x for all x. 

Let f have derivatives of all orders in an open interval / centered at c. The Taylor 

series for f may fail to converge for some x in J. Or, even when it is convergent, it may 

fail to have f(x) as its sum. Nevertheless, Theorem 9.19 tells us that for each n, 

HOV UO Ole ae ee i Te eae tt LO. — ch + Rx) 

where 

(n+ 1) fro 
Note that in this remainder formula, the particular value of z that makes the 

remainder formula true depends on the values of x and n. If R, 0, then the next 

theorem tells us that the Taylor series for f actually converges to f(x) for all x in J. 

R(x) = 

THEOREM 9.23 Convergence of Taylor Series 

If lim R, = 0 for all x in the interval /, then the Taylor series for f converges 

and equals f(x), 

fa) = FPO 
n=0 

Proof For a Taylor series, the nth partial sum coincides with the nth Taylor 

polynomial. That is, S,,(x) = P,,(x). Moreover, because 

PG) fa) — Ka) 
it follows that 

ee gee 
jim. [ f(x) — R,(x)] 

= f(x) — lim R,,(x). 

So, for a given x, the Taylor series (the sequence of partial sums) converges to f(x) if 

and only if R,(x) 30 as no. 
See LarsonCalculus.com for Bruce Edwards’s video of this proof. af 

Stated another way, Theorem 9.23 says that a power series formed with Taylor 

coefficients a, = f(c)/n! converges to the function from which it was derived at 
precisely those values for which the remainder approaches 0 as n> 00. 
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In Example 1, you derived the power series from the sine function and you also 
concluded that the series converges to some function on the entire real number line. In 
Exainple 2, you will see that the series actually converges to sin x. The key observation 
is that although the value of z is not known, it is possible to obtain an upper bound for 

fe + )(z) | : 

EXAMPLE 2 A Convergent Maclaurin Series 

Show that the Maclaurin series for 

Tce sin 

converges to sin x for all x. 

Solution Using the result in Example 1, you need to show that 

Fone hm ou [ye yer} 
SUL eee trag eltna nee Tat oar 

is true for all x. Because 

f° * YG) = Esin x 

or 

f@* Ya) = £cos x 

you know that |f"*(z)| < 1 for every real number z. Therefore, for any fixed x, you 
can apply Taylor’s Theorem (Theorem 9.19) to conclude that 

fo Ug) ee 

(eae . 

[ac|ere 

0 < |R,@)| = | = (ictal t 

From the discussion in Section 9.1 regarding the relative rates of convergence of 

exponential and factorial sequences, it follows that for a fixed x 

n+] 

Finally, by the Squeeze Theorem, it follows that for all x, R(x) 30 as n> 00. So, by 
Theorem 9.23, the Maclaurin series for sin x converges to sin x for all x. | 

Figure 9.24 visually illustrates the convergence of the Maclaurin series for sin x by 

comparing the graphs of the Maclaurin polynomials P,(x), P3(x), P;(x), and P,(x) with 
the graph of the sine function. Notice that as the degree of the polynomial increases, its 

graph more closely resembles that of the sine function. 

As n increases, the graph of P,, more closely resembles the sine function. 

Figure 9.24 
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When you have 

difficulty recognizing a pattern, 

remember that you can use 

Theorem 9.22 to find the Taylor 

series. Also, you can try using 

the coefficients of a known 

Taylor or Maclaurin series, 

as shown in Example 3. 

The guidelines for finding a Taylor series for f(x) at c are summarized below. 

GUIDELINES FOR FINDING A TAYLOR SERIES 

1. Differentiate f(x) several times and evaluate each derivative at c. 

fe), fC), FO), 4a) eameamca)laa ° 

Try to recognize a pattern in these numbers. 

. Use the sequence developed in the first step to form the Taylor coefficients 

a, = f\(c)/n!, and determine the interval of convergence for the resulting 
power series 

racy, fle iO Ge) + 1 x—-—ct+-::- (xy —"c)" oe 

. Within this interval of convergence, determine whether the series converges 

to f(x). 

The direct determination of Taylor or Maclaurin coefficients using successive 

differentiation can be difficult, and the next example illustrates a shortcut for finding 

the coefficients indirectly—using the coefficients of a known Taylor or Maclaurin 

series. 

EXAMPLE 3 Maclaurin Series for a Composite Function 

Find the Maclaurin series for 

Fle) =' sin 

Solution To find the coefficients for this Maclaurin series directly, you must 
calculate successive derivatives of f(x) = sin x?. By calculating just the first two, 

T (ce=B2cOs 7 

and 

F(x) == 4x" sin x7 2 Cos 

you can see that this task would be quite cumbersome. Fortunately, there is an 

alternative. First, consider the Maclaurin series for sin x found in Example 1. 

e(x) = sinx 

pee ewe! 

Pome 
Now, because sin x? = g(x”), you can substitute x? for x in the series for sin x to obtain 

sin. x? = p(x?) 

SE ae ot Sa wl 
3! Si 7! 

Be sure to understand the point illustrated in Example 3. Because direct 

computation of Taylor or Maclaurin coefficients can be tedious, the most practical way 

to find a Taylor or Maclaurin series is to develop power series for a basic list of elementary 

functions. From this list, you can determine power series for other functions by the 

operations of addition, subtraction, multiplication, division, differentiation, integration, 

and composition with known power series. 



Se 

Figure 9.25 
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Binomial Series 

Before presenting the basic list for elementary functions, you will develop one more 

series—for a function of the form f(x) = (1 + x)*. This produces the binomial series. 

EXAMPLE 4 Binomial Series 

Find the Maclaurin series for f(x) = (1 + x)‘ and determine its radius of convergence. 

Assume that k is not a positive integer and k # 0). 

Solution By successive differentiation, you have 

f(x) = (1 + x) Oa 

{O)= Kis x AO ak 

ff (&) =k) i x ea f’(0) = K(k — 1) 

ts = Kkpe al )(kK =2) (1 aan) oe PN) = Ska l)(k 22) 

fy) = Sho (Ko nek) (lichen) ee (0) = = KCK 1) ete ch) 

which produces the series 

dear gs NE: ka n+ De, 
Nn. 

late kXaet 

Because a,,,/a,—1, you can apply the Ratio Test to conclude that the radius of 

convergence is R = 1. So, the series converges to some function in the interval 

(S15). | 

Note that Example 4 shows that the Taylor series for (1 + x)‘ converges to some 

function in the interval (— 1, 1). However, the example does not show that the series 

actually converges to (1 + x)*. To do this, you could show that the remainder R,,(x) 

converges to 0, as illustrated in Example 2. You now have enough information to find a 

binomial series for a function, as shown in the next example. 

EXAMPLE 5 Finding a Binomial Series 

Find the power series for f(x) = 2/1 + x. 

Solution Using the binomial series 

K(k = 1x?) Mk = 1k = 2) 
(ek) Tae 

2! 3! 

lev k= : and write 

xe ie BEE oO Ve ape a 
eT came eZ| 344! 

which converges for —1 < x < 1. a 

CLOANUL! Use a graphing utility to confirm the result in Example 5. 

When you aon the functions 

cde ret) 

and 

Peel ap te 

in the same viewing window, you should obtain the result shown in Figure 9.25. 
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Deriving Taylor Series from a Basic List 

The list below provides the power series for several elementary functions with the 

corresponding intervals of convergence. 

POWER SERIES FOR ELEMENTARY FUNCTIONS 

Interval of 

Function Convergence 

OR 

|i ar < | 

Wears 2 

aes Eee 
4! 5! n! 

(—1)" xen tl 

(2n + 1)! 

(S Nex 

(2n)! 

x ; mney (Sp 

5 Onan 1 

se 1: (ps ees Cape ae al at Jo 4 34 
i a OT (2°n!)2(2n + 1) 

Kk — Wx? , kk — Wk — 2x3, K(k — Ik — 2k — 3)x4 
Dye if 31 ss ai 

-+ 

alCuane i eX 

arcsin x = x + 

(La) =) kone es 

* The convergence at x = +1 depends on the value of k. 

Note that the binomial series is valid for noninteger values of k. Also, when k is a 

positive integer, the binomial series reduces to a simple binomial expansion. 

EXAMPLE 6 Deriving a Power Series from a Basic List 

Find the power series for 

f(x) = cos/x. 

Solution Using the power series 6 

see Niwa Beye Cun 
COS = hc 

you can replace x by 

wes 

to obtain the series 

eh ye ee at 
COs Side eon 

This series converges for all x in the domain of cos\/x—that is, for x = 0. | 
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Power series can be multiplied and divided like polynomials. After finding the first 

few terms of the product (or quotient), you may be able to recognize a pattern. 

> Ne Multiplication of Power Series 

Find the first three nonzero terms in the Maclaurin series e* arctan x. 

Solution Using the Maclaurin series for e* and arctan x in the table, you have 

* arct ee ee ae he )( ee e* arctan x = ae || Soe ee eee 
; (eee) hyn 4 YA) = 

Multiply these expressions and collect like terms as you would in multiplying 

polynomials. 

1 | 1 
ae + S72 b H=43 1 — yt... Il sir 3¢ 7% 6* 54% 

x eaih a =>) = 

3 5 

xt+ aster fe See sap oy Ses 
2 6 24 

| 1 1 ae eit pee 

1 
55 ax t+ 

1 1 3 Nt end.) Uae EERIE ie ERICH! oils [ane Get Pan ee 

I 
So,6" atclan aaah Xeitag kon & 

EXAMPLE 8 Division of Power Series 

Find the first three nonzero terms in the Maclaurin series tan x. 

Solution Using the Maclaurin series for sin x and cos x in the table, you have 

os) Wee 

sin x 3! 5! 
fan = m ri 

cos x \ yee ae 

a AI 

i ne a x +f 

| - 58 + sox - Jr-bt+ Ge - 

ioe xe am re = 

3H = a = 

=x pa" 

l 2 
So; tan =e ee ek 

a 
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EXAMPLE 9 A Power Series for sin? x 

Find the power series for 

f(x) = sin? x. 

Solution Consider rewriting sin? x as 

yh ey telistcgsl st wi lLanw | ays 
sin? x = 5 = 5 7 5 008 2x. 

Now, use the series for cos x. 

aly Spiess ae git 
OS Oh Al aS 

Oe Di 28 2 
cos 2x = 1 oie eae ett Th 

I a. Pa Pe pee eae 
5 oes 2x = =. Me — a Ary a + 

Lag EL iy ie 2 ee ae ee ee 2" os 
rg COS Ak is kn ott XG ie Ae ne 

So, the series for f(x) = sin? x is 

2 22 2 py 
sin? x = me 7 ria os 6I* = gi" RN 

This series converges for —co < x < ©o. a 

As mentioned in the preceding section, power series can be used to obtain tables of 

values of transcendental functions. They are also useful for estimating the values of 

definite integrals for which antiderivatives cannot be found. The next example 

demonstrates this use. 

> ON eset §=Power Series Approximation of a Definite Integral 

cae > See LarsonCalculus.com for an interactive version of this type of example. 

Use a power series to approximate 

1 
Fe? 

Crrax 
0 

with an error of less than 0.01. 

Solution Replacing x with —x? in the series for e* produces the following. 

3 Caen ae) ea 
Ct LT Ee See ay ae 

[ ar=[2-¥+ x = x! + x” eager | 

0 ; 3 Soe sao eh lo. ai 0 

Pile te ee 
3 MO) IOS 

Summing the first four terms, you have 

J 

| e-* dx =~ 0.74 
10) 

which, by the Alternating Series Test, has an error of less than ae =~ ().005. al 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Finding a Taylor Series In Exercises 1-12, use the 

definition of Taylor series to find the Taylor series, centered at c, 

for the function. 

1. f(x) =e, c=0 2. f(x) =e, c=0 

a 9,5 = ead “ — = a 3: f(x) =cosx, c 4 4. f(x) =sinx, c Z 

1 ] 
5. fx) =<. c=1 6. $1) =F __ C=)? 

7. f(x) =Inx, c=1 8. f(x) =e, c=1 

9. f(x) = sin3x, c=0 

10. f(x) = In@?+ 1), c=0 

11. f(x) = sec x, c = 0 (first three nonzero terms) 

12. f(x) = tanx, c = 0 (first three nonzero terms) 

Proof In Exercises 13-16, prove that the Maclaurin series 
for the function converges to the function for all x. 

13. f(x) = cosx 

15. f(x) = sinh x 

14, f(x) =e * 

16. f(x) = cosh x 

Using a Binomial Series In Exercises 17-26, use the 
binomial series to find the Maclaurin series for the function. 

Pe) = Ce ae ore 
19. f(x) = a 20. f) = ae 

fe 22. fla) = maz 
2aei(x) = /1 +x = i Gr x 

ere ix) = ./1 + x” 26. ae J/1+x 

Finding a Maclaurin Series In Exercises 27-40, find the 
Maclaurin series for the function. Use the table of power series 

for elementary functions on page 670. 

2a) = e 28. 2(x) = e* 

eaerix) = In(1-+ x) 30. f(x) = In(1 + x2) 

31. g(x) = sin 3x 32. f(x) = sin mz 

33. f(x) = cos 4x 34. f(x) = cos mz 

Sag) = "cos x/7 

36. g(x) = 2 sinx* 

37. f(x) = Sex — e *) = sinhx 

38. f(x) = e* + e* = 2coshx 

39. f(x) = cos? x 

40. f(x) = sinh-! x = In(x + Je + 1) 

4 I 
(ant Integrate the series for ) 

Finding a Maclaurin Serie In Exercises 41-44, find the 

niannil series ton the function. (See Examples 7 and 8.) 

41. f(x) = xsinx 42. h(x) = xcosx 

Ss «#0 ee a 
43. g(x) =} ° 44, f(x) = x 

i x=0 ihe x=0 

Verifying a Formula In Exercises 45 and 46, use a power 

series and the fact that i? = —1 to verify the formula. 

Lee att 
45. 9(x) = Bie = ¢ “) = sits 

2i 

| 
46. g(x) = men em) = COSY 

Ay Finding Terms of a Maclaurin Series In Exercises 47-52, 
find the first four nonzero terms of the Maclaurin series for the 

function by multiplying or dividing the appropriate power 

series. Use the table of power series for elementary functions on 

page 670. Use a graphing utility to graph the function and its 

corresponding polynomial approximation. 

47, f(x) = e* sinx 

49. h(x) = cos x In(1 + x) 

48. g(x) = e* cosx 

50. f(x) = e* In(1 + x) 

sin x e* 

1l+x 22a 1+x 
51. g(x) = 

Finding a Maclaurin Series In Exercises 53 and 54, find a 

Maclaurin series for f(x). 

53, fq) = () (ef) dt 

=| V1 +f dt 
0 

Pe Verifying a Sum_ In Exercises 55-58, verify the sum. Then 
use a graphing utility to approximate the sum with an error of 

less than 0.0001. 

co 

5s, S$ (-ayttt=in2 

ES 1 
56. yey lea] = sim 

Nie ae 

= Beef ilo\ee eae 
58. » (aad) (=) = ; 

Finding a Limit In Exercises 59-62, use the series 

representation of the function f to find lim f(x) (if it exists). 

ee = COSa% 0. fa) = oun 

x 

e— 1 62. Fx) ms Inter 1) 
61. f(x) = 

x 
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Approximating an Integral In Exercises 63-70, use a @ Finding a Taylor Polynomial Using Technology In 
power series to approximate the value of the integral with an Exercises 75-78, use a computer algebra system to find the 

error of less than 0.0001. (In Exercises 65 and 67, assume that fifth-degree Taylor polynomial, centered at c, for the function. 

the integrand is defined as 1 when x = 0.) Graph the function and the polynomial. Use the graph to 

‘ determine the largest interval on which the polynomial is a 

63. [ e-* dx reasonable approximation of the function. 
0 

1/4 75. f(x) =xcos2x, c=0 

v4. | xIn(x + 1) dx : 
0 76. f(x) = sin 5 In(1 qa, C= 
ie 

os. | de 77. 9(x) = J/xInx, c=1 
x 

i 78. h(x) = 3/xarctanx, c= 1 

66. | cos x? dx 

: WRITING ABOUT CONCEPTS 

67. [Osea a 79. Taylor Series State the guidelines for finding a 
0 x Taylor series. 

80. Binomial Series Define the binomial series. What is 1/2 

ae i arctan x° dx its radius of convergence? 

03 | 81. Finding a Series Explain how to use the series 
69. | wy Lote GX 

O.1 
et) =e ie 0.2 

70. | J1 + x2 dx 
0 

i 

to find the series for each function. Do not find the series. 

Area In Exercises 71 and 72, use a power series to | OSG ON MS Seb iltirsce 
approximate the area of the region. Use a graphing utility to St a ET 

verify the result. 

n/2 1 5 oh, 

TANe [ /x cos x dx He [ cos./x dx - 
0 0.5 - 

y 

Ale W)— A]w 

Probability In Exercises 73 and 74, approximate the normal 
probability with an error of less than 0.0001, where the 

probability is given by 

P 
Pear bh) = = e-* 12 dr, 

7 

7 Dap es (0 aie oa at Th. P< 2) 



83. 

85. 

ad 86. 

Projectile Motion A projectile fired from the ground 
follows the trajectory given by 

g g kx 
j ] 

kv cos ;) e Aye n(1 Vo COS | 

where vp is the initial speed, 6 is the angle of projection, g is 

the acceleration due to gravity, and k is the drag factor caused 

by air resistance. Using the power series representation 

y= (tan 6 

Bee ae 
] i] + = —-—4— — — aries pee n( ie) = ge 5 A 7 i , il gece Il 

verify that the trajectory can be rewritten as 

gx? kgx? ke oxen 
y = (tan 6)x + + + oes 

2v¢ cos? @ 3v¢ cos? @ 4v¢ cos* 6 

84. Projectile Motion e«sececercccccccece 

Use the result of Exercise 8 

to determine the a 

series for the path of a 

projectile launched from 

ground level at an angle 

of 6 = 60°, with an 
initial speed of vy = 64 
feet per second and a 

drag factor of k = a 

Investigation Consider the function f defined by 

CPs te i0 

fG) = ic x=0. 

(a) Sketch a graph of the function. 

(b) Use the alternative form of the definition of the derivative 

(Section 2.1) and L’H6pital’s Rule to show that f(0) = 0. 
[By continuing this process, it can be shown that f”(0) = 0 
10) 

(c) Using the result in part (b), find the Maclaurin series for f. 

Does the series converge to f? 

Investigation 

(a) Find the power series centered at 0 for the function 

patn(y2.t 1) =. F(x) 
x 

(b) Use a graphing utility to graph f and the eighth-degree 

Taylor polynomial P,(x) for f. 

(c) Complete the table, where 

F(x) = [ : ere, and G(x) = | f P(t) dt. 
0 t 0 

(d) Describe the relationship between the graphs of f and P, 

and the results given in the table in part (c). 
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87. Proof Prove that lim ~ = (0) for any real x. 
n—>oo nN! 

88. Finding a Maclaurin Series Find the Maclaurin series for 

ic.) e—aln " e 

and determine its radius of convergence. Use the first four 

terms of the series to approximate In 3. 

Evaluating a Binomial Coefficient In Exercises 89-92, 

evaluate the binomial coefficient using the formula 

(*) _ k(k — 1k — 2)(k — 3)- + -(kK-—n +1) 

n n! 

where k is a real number, 7 is a positive integer, and 

i) 
89. 

=) 
90. (2) 

0.5 = iB ) (2) 
Writing a Power Series Write the power series for 
(1 + x)* in terms of binomial coefficients. 

91. 

O35 

94. Proof Prove that e is irrational. [Hint: Assume that 
e = p/g is rational (p and q are integers) and consider 

fie Lit ne lned pteliat am 

ie 21 n! : 

95. Using Fibonacci Numbers Show that the Maclaurin 
series for the function 

x 

dO it 

where F’, is the nth Fibonacci number with F, = F, = 1 and 

Felt oe, ail es Lorine 23) 

(Hint: Write 

x = 2 
sent ae COT ad Maa a7 Oo Go 

and multiply each side of this equation by 1 — x — x?.) 

PUTNAM EXAM CHALLENGE 

96. Assume that |f(x)| < 1 and |f’(x)| < 1 for all x on an 
interval of length at least 2. Show that |f’(x)| = 2 on the 
interval. 

This problem was composed by the Committee on the Putnam Prize Competition. 

© The Mathematical Association of America. All rights reserved. 

iStockphoto.com/bonnie jacobs 



676 Chapter 9 Infinite Series 

Review Exercises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

1 Sequence In Exercises 1-4, write 

the first five terms of the sequence. 

Tarmac of 
tCrims OF 

la, =5' 2 

iver 2n 
AP = (= 4. = a ( i) i. 

Viatching In Exercises 5-8, match the sequence with its 

graph. [The graphs are labeled (a), (b), (c), and (d).] 

(a) 4% (eee 
A A 

6 e 6--¢e 

5 4 

4 Secee e@e°0e : + a 
a+ 

3 fib e 

2- app hp Rp ge a 
i 2 A>? * SB aai0 

| 2+ e 

bpp pattem a si 
pA i oN Mal) Sop G 

Nae ae (d) “% 

4 shee 
e 

gotee ase 

il dma ot 
e 

1+ ° ore . + © 

| SLEp SL LL a en 
eee aa td ieee —-+1+-9-4-6-6-¢-¢-¢> 7 

De eA CaS 10 

2 1 
5. a4,=4+- Os Gh, = 4) ap 

n B 

hh a, = 10(0:3)"=3 8. a, — 6(—3)"' 

Pe Finding the Limit of a Sequence In Exercises 9 and 10, 

use a graphing utility to graph the first 10 terms of the 

sequence. Use the graph to make an inference about the 

convergence or divergence of the sequence. Verify your inference 

analytically and, if the sequence converges, find its limit. 

2 Sse nT 
10.. 4, = sin 9, 

se n 2 
n 

Determining Convergence or Divergence In Exercises 

11-18, determine the convergence or divergence of the 

sequence with the given nth term. If the sequence converges, 

find its limit. 

2\" 2 
iN a, = (2) a) 12. of eget > Se arene 

3 
neo+ 1 1 

13. a4, = —— 14. a, = —= 
n ne n Jn 

n n 
Ls = L620. 

fl ede 7 

- sin /n 
17.a,.=JS/n+1—-— Sn ig, = 

Finding the nthTerm of a Sequence In Exercises 19-22, 

write an expression for the nth term of the sequence. (There is 

more than one correct answer.) 

(ee hy UB) WE Bes 6 

PM = Sp oy MOE Ie ee 

A ree eae 

22: 

23. Compound Interest A deposit of $8000 is made in an 
account that earns 5% interest compounded quarterly. The 

balance in the account after n quarters is 

A, = 8000( + Oey" = oe ene 

(a) Compute the first eight terms of the sequence {A,,}. 

(b) Find the balance in the account after 10 years by 

computing the 40th term of the sequence. 

24. Depreciation A company buys a machine for $175,000. 
During the next 5 years, the machine will depreciate at a rate 

of 30% per year. (That is, at the end of each year, the depreciated 

value will be 70% of what it was at the beginning of the year.) 

(a) Find a formula for the nth term of the sequence that gives 

the value V of the machine ¢ full years after it was 

purchased. 

(b) Find the depreciated value of the machine at the end of 

5 full years. 

Finding Partial Sums In Exercises 25 and 26, find the 
sequence of partial sums S,, S,, S,, 54, and S;. 

3 See) »3t+i4+14+54+54+--- 2503 5 1 Figaer 

1 i | 1 1 

uo “9% ih 4 a 8 > 6 iT) 32 uy ’ 

HB Numerical, Graphical, and Analytic Analysis In 

Exercises 27-30, (a) use a graphing utility to find the indicated 

partial sum S,, and complete the table, and (b) use a graphing 

utility to graph the first 10 terms of the sequence of partial 

sums. 

mm 5 | 10 | 15 | 20.].25 

Sn 

co 3 n—1 co (—1)"*! 

27. Dy (3) 28. ») 3. 
n=1 

jee co i 

et » n(n + 1) n=1 



Finding the Sum of a Convergent Series 

31-34, find the sum of the convergent series. 

31. ¥ (2) 32. E 
n=0 n=0 

In Exercises 

33. ss [(0.6)” + (0.8)"] 
n=1 

co 3) n | 

ty >, (5) (n + 1)(n + 2) 

Using a Geometric Series In Exercises 35 and 36, 
(a) write the repeating decimal as a geometric series, and 

(b) write its sum as the ratio of two integers. 

35. 0.09 36. 0.64 

Using Geometric Series or the nth-Term Test In 
Exercises 37—40, use geometric series or the nth-Term Test to 

determine the convergence or divergence of the series. 

37. ¥ (1.67) 38. ¥ (0.36)" 
n=0 n=0 

eo (—1)"n co On + I 

sti a Inn ae » Site? 

41. Distance A ball is dropped from a height of 8 meters. Each 
time it drops / meters, it rebounds 0.7/ meters. Find the total 

distance traveled by the ball. 

42 Compound Interest A deposit of $125 is made at the 
end of each month for 10 years in an account that pays 3.5% 

interest, compounded monthly. Determine the balance in the 

account at the end of 10 years. (Hint: Use the result of Section 

9.2, Exercise 84.) 

Using the Integral Test or a p-Series In Exercises 
43-48, use the Integral Test or a p-series to determine the 

convergence or divergence of the series. 

2 | é 44, 
s n= On + 1 2, ns 

eg | 
45. x m7 46. ae a 

Tee | 22 Inn 
Bein) er 
Using the Direct Comparison Test or the Limit 
Comparison Test In Exercises 49-54, use the Direct 
Comparison Test or the Limit Comparison Test to determine 

the convergence or divergence of the series. 

co a n 
F 50. = 
OI aa Zinger 

oo 1 cafe 
51. ———— 52 ss 

yy igen Pag >» n(n + 2) 

feo (2n = 1) 

fee, 2-4-6: - - Qn) 

Ms iMs 54. 
= = ll 

Review Exercises 677 

Using the Alterna erie In Exercises 55-60, 

use the TARE Series Test, if applicable, to determine the 

convergence or divergence of the series. 

Sale 1)8 a he TPG ed) 
Sky tT 56.0) 
2 n al eee 

CO (= 1)"'n x ( 1)" n 

Sh ae 58. ¥ —— 
2y, te ass a eee 

3S (—1)'n 23 (aeiingg 
59. = 60. a 

py n—3 ; 2 n 

Using the Ratio Test or the Root Test In Exercises 

61-66, use the Ratio Test or the Root Test to determine the 

convergence or divergence of the series. 

Se) Syl WE ge ahem 

ns: (= + ;| Ga a (= = ) r= 

2) if <2) 77)! 
63. ae 4, == 

n=1 e : 2 e” 

(es) Qn 

65. a a 

SON Ne 3 Situs (Qa) 

es 2205 5°8:+-(8n-—1) 

HB numerical, Graphical, and Analytic Analysis In 

Exercises 67 and 68, (a) verify that the series converges, (b) use 

a graphing utility to find the indicated partial sum S, and 

complete the table, (c) use a graphing utility to graph the first 

10 terms of the sequence of partial sums, and (d) use the table 

to estimate the sum of the series. 

a. Sul) n=1 

Finding a Maclaurin Polynomial In Exercises 69 and 70, 

find the nth Maclaurin polynomial for the function. 

69. f(x) =e *, n=3 

70. f(x) = cos m, n=4 

Finding a Taylor Polynomial In Exercises 71 and 72, find 

the third-degree Taylor polynomial centered at c. 

71. f(x) =e", c=0 

72. f(x) = tanx, c= a7 

Finding a Degree In Exercises 73 and 74, determine the 
degree of the Maclaurin polynomial required for the error in 

the approximation of the function at the indicated value of x to 

be less than 0.001. 

73. cos(0.75) 

74, e025 
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In Exercises 

75—80, find the interval of convergence of the power series. (Be 

sure to include a check for convergence at the endpoints of the 

interval.) 

= x i ~ -\n > lia 76. S\ (5x) 
n=0 

~—I nn 

} SoS (Okey S (= Dee es 
pe » ag 78. a 

> 
CO (x = Die 

79.aS ni(x — 2)" 80. > 
Qn 

n=0 n=(0 aa 

Finding Intervals of Convergence In Exercises 81 and 

82, find the intervals of convergence of (a) f(x), (b) f’(x), 
(c) f’(x), and (d) ff (x) dx. Include a check for convergence at 

the endpoints of the interval. 

$1, fa) = S (2) 

82. f(x) -$ iat 

Differential Equation In Exercises 83 and 84, show that 

the function represented by the power series is a solution of the 

differential equation. 

2n co x2 

83. y= Sallie 
: 2, 4"(n 1)? 

Gye aye cy — 0) 

(ee) (= 3)" xn 

84. y = SS eal 
n= 

y + sey ap Syl — 0 

Finding a Geometric Power Series In Exercises 85 and 
86, find a geometric power series, centered at 0, for the function. 

2 
85. g(x) = oe 

3 
86. h(x) = coe 

Finding a Power Series In Exercises 87 and 88, find a 
power series for the function, centered at c, and determine the 

interval of convergence. 

87. f(x) = rr c=1 

88. f(x) = 3 

Finding the Sum ofa Series In Exercises 89—94, find the 
sum of the convergent series by using a well-known function. 

Identify the function and explain how you obtained the sum. 

1 
cae \r antl {pene ri 90. I os 1) hte ee 

fo an 

qn = 

n=0 ~ n=0 

oS: (CoN ee 

94, ( 1) 32n+1(2n == 1)! 

Finding a Taylor Series In Exercises 95-102, use the 

definition of Taylor series to find the Taylor series, centered 

at c, for the function. 

3 
95. f(x) = sinx, c= oe 96. f(x) =cosx, c= =o 

97. f(x) = 3%, c=0 

98. f(x) = cscx, c= a (first three terms) 

99, f(x) = 

100. f(x) = Vx, c=4 

101. g@) = Y1+x, c=0 

102. h(x) = 

103. Forming Maclaurin Series Determine the first four 
terms of the Maclaurin series for e7* 

(a) by using the definition of the Maclaurin series and the 

formula for the coefficient of the mth term, 

a, = f\™(0)/n!. 

(b) by replacing x by 2x in the series for e*. 

(c) by multiplying the series for e* by itself, because 

e>* = e*+ eX, 

104. Forming Maclaurin Series Determine the first four 
terms of the Maclaurin series for sin 2x 

(a) by using the definition of the Maclaurin series and 

the formula for the coefficient of the nth term, 

a, = f(0)/n!. 

(b) by replacing x by 2x in the series for sin 2x. 

(c) by multiplying 2 by the series for sin x by the series for 

cos x, because sin 2x = 2 sin x cos x. 

Finding a Maclaurin Series In Exercises 105-108, find 
the Maclaurin series for the function. Use the table of power 

series for elementary functions on page 670. 

105. f(x) = & 

107. f(x) = sin 2x 

106. f(x) = In — 1) 

108. f(x) = cos 3x 

Finding a Limit In Exercises 109 and 110, use the series 

representation of the function f to find lim S (x) (if it exists). 

arctan x 109,. f) = f(x) ae 

110. f(x) = = 



1. 

tow ed colel(-1an more) hi lale 

Cantor Set The Cantor set (Georg Cantor, 1845-1918) is a 

subset of the unit interval [0, 1]. To construct the Cantor set, 

first remove the middle third ( 

line segments. For the second step, remove the middle third of 

2 ~ . . 

2) of the interval, leaving two 

each of the two remaining segments, leaving four line segments. 

Continue this procedure indefinitely, as shown in the figure. The 

Cantor set consists of all numbers in the unit interval [0, 1] that 

still remain. 

Ff — 

0 l 

= SSS 
0 1 2 l 

3 3 

a —— I 1 
0 1 2 I 2 7 8 | 

9 9 3 3 9 9 

(a) Find the total length of all the line segments that are 

removed. 

(b) Write down three numbers that are in the Cantor set. 

(c) Let C, denote the total length of the remaining line 

segments after n steps. Find lim C,. 
nao 

2. Using Sequences 

(a) Given that lim a,, = L and lim a,,,, = L, show that 
x00 x70 

{a,} is convergent and lim a, = L. 

i 
(b)eet-a, —=l-and a..,= 1+ peter Write out the first 

eight terms of {a,}. Use part (a) to show that lim a, = /2. 
x98 

This gives the continued fraction expansion 

1 
y= 1 + 

+ ———————— 

3. Using a Series It can be shown that 

3 a =-2 [see Section 9.3, page 608]. 
n=1 n 6 

De istact to stow iS se this fact to show = Oncai 3 

Finding a Limit Let T be an equilateral triangle with sides 
of length 1. Let a, be the number of circles that can be packed 

a in n rows inside the triangle. For example, a, = 1, 

= 3, and a, = 6, as shown in the figure. Let A, be the 

abined area of the a, circles. Find jim, A, 

&. be he 

mn 

PS. Problem Solving 679 

See CalcChat.com for tutorial help and 
worked-out solutions to odd-numbered exercises. 

Identical blocks of unit length 

are cer on Jigs of each other at the edge of a table. The 

center of gravity of the top block must lie over the block below 

it, the center of gravity of the top two blocks must lie over the 

block below them, and so on (see figure). 

(a) When there are three blocks, show that it is possible to stack 

them so that the left edge of the top block extends 3 unit 

beyond the edge of the table. 

(b) Is it possible to stack the blocks so that the right edge of the 

top block extends beyond the edge of the table? 

(c) How far beyond the table can the blocks be stacked? 

. Using Power Series 

(a) Consider the power series 

co 

ght 1 Qa eis i tee 
n=0 

in which the coefficients a, = 1, 2,3, 1, 2,3,1,. . ~ are 

periodic of period p = 3. Find the radius of convergence 

and the sum of this power series. 

(b wm Consider a power series 

in which the coefficients are periodic, (a,,, = a,), and 
a, > 0. Find the radius of convergence and the sum of this 

power series. 

. Finding Sums of Series 

(a) Find a power series for the function 

f(x) = xe* 

centered at 0. Use this representation to find the sum of the 

infinite series 

3 1 

» ni(n + 2) n=1 

(b) Differentiate the power series for f(x) = xe*. Use the result 

to find the sum of the infinite series 

She jiear il 

! 
n=0 WT: 
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5: 

10. 

11. 

12. 

Chapter 9 Infinite Series 

The graph of the 

function 

Ih x =0 

fie) => sip x an 

is shown below. Use the Alternating Series Test to show that 
oO 

the improper integral is f(x) dx converges. me 

Conditional and Absolute Convergence For what 

values of the positive constants a and b does the following 

series converge absolutely? For what values does it converge 

conditionally? 

b b ls ak 

aide Cu ka 

Proof 

(a) Consider the following sequence of numbers defined 

recursively. 

a, =3 

ae 
GF plots 

= 3 as, 

Write the decimal approximations for the first six terms of 

this sequence. Prove that the sequence converges, and find 

an+) 

its limit. 

(b) Consider the following sequence defined recursively by 

a, = Vaanda,,, = Ja + a,, where a > 2. 

Ja, Net Gs \/ @ + Xf a Sey ae 

Prove that this sequence converges, and find its limit. 

Proof Let {a,} be a sequence of positive numbers satisfying 

; 1 
lim (a¢)/" =< sn BS es 0. Prove that the series Sa,r" 
a n=1 

converges. 

; : : aed ._ I 
Using a Series Consider the infinite series 2, en 

a= 

(a) Find the first five terms of the sequence of partial sums. 

(b) Show that the Ratio Test is inconclusive for this series. 

(c) Use the Root Test to test for the convergence or divergence 

of this series. 

ila} 

14. 

15. 

Deriving Identities Derive each identity using the 

appropriate geometric series. 

| 
oa ee OLONOUO Ieee ) 0.99 

| 
~ = 1.0204081632.. . (b) 0.98 020408 

Population Consider an idealized population with the 

characteristic that each member of the population produces 

one offspring at the end of every time period. Each member 

has a life span of three time periods and the population begins 

with 10 newborn members. The following table shows the 

population during the first five time periods. 

Time Period 

Age Bracket 
lm 

0-1 

i? [ 

Total 

The sequence for the total population has the property that 

S, = S49 tS, ont Ong, > s. bind the-total bags? 

during a of the next five time periods. 

Spheres Imagine you are stacking an infinite number of 

spheres of decreasing radii on top of each other, as shown in 

the figure. The radii of the spheres are 1 meter, 1/./2 meter, 

ily rs meter, and so on. The spheres are made of a material 

that weighs | newton per cubic meter. 

(a) How high is this infinite stack of spheres? 

(b) What is the total surface area of all the spheres in the 

stack? 

(c) Show that the weight of the stack is finite. 

16. Determining Convergence or Divergence 

(a) Determine the convergence or divergence of the series 

5 | 

n=\1 2n 

(b) Determine the convergence or divergence of the series 

x (sin ay Sy 

Je 
” On + 7} 



Conics, Parametric Equations, 
and Polar Coordinates 
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Conics and Calculus 

Plane Curves and Parametric Equations 

Parametric Equations and Calculus 

Polar Coordinates and Polar Graphs 

Area and Arc Length in Polar Coordinates 

Polar Equations of Conics and Kepler’s Laws 

hae 
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Sogo 
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ae 
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as Planetary Motion 
~~ . (Exercise 67 p. 741) 

Halley’s Comet 
(Exercise 77 p. 694) 

Fag | Architecture (Exercise 77, | 
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From the Millington & Barnard Collection of Scientific Apparatus, ca, 1855 The University of Mississippi Museum, Oxford, Mississippi 
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10.1 Conics and Calculus 

HYPATIA (370-415 A.D.) 

The Greeks discovered conic 
sections sometime between 600 
and 300 B.c. By the beginning of 
the Alexandrian period, enough 
was known about conics for 

Apollonius (262-190 B.c.) to 
produce an eight-volume work on 
the subject. Later, toward the end 

of the Alexandrian period, Hypatia 
wrote a textbook entitled On the 
Conics of Apollonius. Her death 
marked the end of major 
mathematical discoveries in 
Europe for several hundred years. 

The early Greeks were largely 
concerned with the geometric 
properties of conics. It was not 
until 1900 years later, in the early 
seventeenth century, that the 
broader applicability of conics 

became apparent. Conics then 
played a prominent role in the 
development of calculus. 
See LarsonCalculus.com to read 
more of this biography. 

@ FOR FURTHER INFORMATION 

To learn more about the 

mathematical activities of Hypatia, 

see the article “Hypatia and Her 

Mathematics” by Michael A. B. 

Deakin in The American 

Mathematical Monthly. To view 

this article, go to MathArticles.com. 

l@ Understand the definition of a conic section. 

@ Analyze and write equations of parabolas using properties of parabolas. 

i Analyze and write equations of ellipses using properties of ellipses. 

@ Analyze and write equations of hyperbolas using properties of hyperbolas. 

Conic Sections 

Each conic section (or simply conic) can be described as the intersection of a plane and 

a double-napped cone. Notice in Figure 10.1 that for the four basic conics, the intersecting 

plane does not pass through the vertex of the cone. When the plane passes through the 

vertex, the resulting figure is a degenerate conic, as shown in Figure 10.2. 

‘. 

Hyperbola Circle Parabola 

Conic sections 

Figure 10.1 

Point 

Degenerate conics 

Figure 10.2 

Two intersecting lines 

There are several ways to study conics. You could begin as the Greeks did, by 

defining the conics in terms of the intersections of planes and cones, or you could define 

them algebraically in terms of the general second-degree equation 

General second-degree equation 

However, a third approach, in which each of the conics is defined as a locus (collection) 

of points satisfying a certain geometric property, works best. For example, a circle can 

be defined as the collection of all points (x, y) that are equidistant from a fixed point 

(h, k). This locus definition easily produces the standard equation of a circle 

Standard equation of a circle 

For information about rotating second-degree equations in two variables, see Appendix D. 

Bettmann/Corbis 
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Parabolas 

Axis A parabola is the set of all points (x, y) that are equidistant from a fixed line, the 

directrix, and a fixed point, the focus, not on the line. The midpoint between the focus 

and the directrix is the vertex, and the line passing through the focus and the vertex is 

Focus). “d. the axis of the parabola. Note in Figure 10.3 that a parabola is symmetric with respect 
San 7 sD) to its axis. 

Parabola 

ts ee eee Standard Equation of a Parabola 

Boe aes The standard form of the equation of a parabola with vertex (h, k) and directrix 

Figure 10.3 y=k-—pis 

| (= hh) =Aply — k): Vertical axis 

For directrix x = h — p, the equation is 

(y — k)? = 4p@ — h). Horizontal axis 

The focus lies on the axis p units (directed distance) from the vertex. The 

' coordinates of the focus are as follows. 

ie ee 

(h, k + p) Vertical axis 

| (h + p, k) Horizontal axis 
nee Pe 3 JS ee Ce i 2 a 

Finding the Focus of a Parabola 

Find the focus of the parabola 

y Melee Lr 
2 2 

Solution To find the focus, convert to standard form by completing the square. 

ie ; A by a ~e Write original equation. 

y= ie Multiply each side by 2. 

Dye leo (eo 2X) Group terms. 

Die eek tee toes |) Add and subtract 1 on right side. 

Re lee =~ Dy cia 

(erty ——2(y = 1) Write in standard form. 

Comparing this equation with 

Gt Ary ok) 

you can conclude that 

==! ] 

h= la k=l, and p= = 
2 

Parabola with a vertical axis, p < 0 Because p is negative, the parabola opens downward, as shown in Figure 10.4. So, the 

Figure 10.4 focus of the parabola is p units from the vertex, or 

1 
(h,k + p) = (-1, i) Focus | 

A line segment that passes through the focus of a parabola and has endpoints on 

the parabola is called a focal chord. The specific focal chord perpendicular to the axis 

of the parabola is the latus rectum. The next example shows how to determine the 

length of the latus rectum and the length of the corresponding intercepted arc. 
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(0, p) 

Length of latus rectum: 4p 

Figure 10.5 

Parabolic reflector: light is reflected in 

parallel rays. 

Figure 10.6 

Focal Chord Length and Arc Length 

cee. > See LarsonCalculus.com for an interactive version of this type of example. 

Find the length of the latus rectum of the parabola 

x* = Apy. 

Then find the length of the parabolic arc intercepted by the latus rectum. 

Solution Because the latus rectum passes through the focus (0, p) and is perpendicular 

to the y-axis, the coordinates of its endpoints are 

(=rp)a. andii(x.p): 

Substituting p for y in the equation of the parabola produces 

x2 =4p(p) => x= +2p. 

So, the endpoints of the latus rectum are (—2p, p) and (2p, p), and you can conclude 
that its length is 4p, as shown in Figure 10.5. In contrast, the length of the intercepted 

arc 1S 

2p 

5= I a La (ax Use arc length formula. 
2p 

=) Tf (2) ae wee eee 

sy ines 
= _ [ x Ap x ds Simplify. 

0 

2p 
1 

= aye Ape + x2 F 42 In|x yo cl Theorem 8.2 
0 

, splpver" + 4p? n(2p + /8p*) — 4p? In(2p)| 
= 2p[/2 + In({1 + V2)] 
~ 4.59p. | -l 

One widely used property of a parabola is its reflective property. In physics, a 

surface is called reflective when the tangent line at any point on the surface makes equal 

angles with an incoming ray and the resulting outgoing ray. The angle corresponding 

to the incoming ray is the angle of incidence, and the angle corresponding to the 

outgoing ray is the angle of reflection. One example of a reflective surface is a flat 

mirror. 

Another type of reflective surface is that formed by revolving a parabola about its 

axis. The resulting surface has the property that all incoming rays parallel to the axis 

are directed through the focus of the parabola. This is the principle behind the design 

of the parabolic mirrors used in reflecting telescopes. Conversely, all light rays emanating 

from the focus of a parabolic reflector used in a flashlight are parallel, as shown in 

Figure 10.6. 

THEOREM 10.2 Reflective Property of a Parabola 

| Let P be a point on a parabola. The tangent line to the parabola at point P makes 

| equal angles with the following two lines. 

| 1. The line passing through P and the focus 

| 2. The line passing through P parallel to the axis of the parabola 



NICOLAUS COPERNICUS (1473-1543) 

Copernicus began to study 
planetary motion when he was 
asked to revise the calendar. At 
that time, the exact length of the 
year could not be accurately pre- 
dicted using the theory that Earth 

was the center of the universe. 
See LarsonCalculus.com to read 

more of this biography. 

If the ends of a fixed length of string 

are fastened to the thumbtacks and the 

string is drawn taut with a pencil, then 

the path traced by the pencil will be an 

ellipse. 

Figure 10.9 
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Ellipses 

More than a thousand years after the close of the Alexandrian period of Greek 

mathematics, Western civilization finally began a Renaissance of mathematical and 

scientific discovery. One of the principal figures in this rebirth was the Polish 

astronomer Nicolaus Copernicus. In his work On the Revolutions of the Heavenly 

Spheres, Copernicus claimed that all of the planets, including Earth, revolved about the 

sun in circular orbits. Although some of Copernicus’s claims were invalid, the 

controversy set off by his heliocentric theory motivated astronomers to search for a 

mathematical model to explain the observed movements of the sun and planets. The 

first to find an accurate model was the German astronomer Johannes Kepler 

(1571-1630). Kepler discovered that the planets move about the sun in elliptical orbits, 

with the sun not as the center but as a focal point of the orbit. 

The use of ellipses to explain the movements of the planets is only one of many 

practical and aesthetic uses. As with parabolas, you will begin your study of this 

second type of conic by defining it as a locus of points. Now, however, two focal points 

are used rather than one. 

An ellipse is the set of all points (x, y) the sum of whose distances from two 

distinct fixed points called foci is constant. (See Figure 10.7.) The line through the foci 

intersects the ellipse at two points, called the vertices. The chord joining the vertices is 

the major axis, and its midpoint is the center of the ellipse. The chord perpendicular 

to the major axis at the center is the minor axis of the ellipse. (See Figure 10.8.) 

Vertex 
e e 
1 Center Focus 
' 

! 

i Minor axis 

Figure 10.7 Figure 10.8 

THEOREM 10.3. Standard Equation of an Ellipse | 

The standard form of the equation of an ellipse with center (/, k) and major and 

minor axes of lengths 2a and 2b, where a > Db, is 

ae 2 = Jk 2 
; 

Usiea Os i ae = 1 Major axis is horizontal. 
(Ce is: 

| 

or 

(x — h)? 
b 

Die 
+ WES. = 1. Major axis is vertical. 

az nN 

The foci lie on the major axis, c units from the center, with 

Ce =a — b*. 
—- so | 

You can visualize the definition of an ellipse by imagining two thumbtacks placed 

at the foci, as shown in Figure 10.9. 

i FOR FURTHER INFORMATION To learn about how an ellipse may be “exploded” 

into a parabola, see the article “Exploding the Ellipse” by Arnold Good in Mathematics 

Teacher. To view this article, go to MathArticles.com. 

Bettmann/Corbis 
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ae en 2 

4 L602 

Vertex 

Ellipse with a vertical major axis. 

Figure 10.10 

Noi drawn to scale 

Figure 10.11 

EXAMPLE 3 Analyzing an Ellipse 

Find the center, vertices, and foci of the ellipse 

At ty foe ey een), General second-degree equation 

Solution By completing the square, you can write the original equation in standard 

form. 

Axe ty 218i Ha Aye ei) Write original equation. 

Ax = 8x + y- Ay = 8 

4x? — 2x + 1) + (Cy? + 4y +4) =84+44+4 

Aegeeol tee yec 2) =) 1G 

(aD eg OA A Taran 1 Write in standard form. 

So, the major axis is parallel to the y-axis, where h = 1, k = —2, a = 4, b = 2, and 

c = /16 — 4 = 2,/3. So, you obtain the following. 

Center: (1, —2) (h, k) 

Vertices: (1, —6) and (1, 2) (h, k + a) 

Foci: (1, -2 — 23) and (1, -2 + 23) (hk £0) 

The graph of the ellipse is shown in Figure 10.10. wi 

In Example 3, the constant term in the general second-degree equation is F = —8. 

For a constant term greater than or equal to 8, you would have obtained one of the 

degenerate cases shown below. 

Gatley oa Dee 1. F = 8, single point, (1, —2): fae) y 16 

3 2; de 2 

2. F > 8, no solution points: ao te oa 

The Orbit of the Moon 

The moon orbits Earth in an elliptical path with the center of Earth at one focus, as 

shown in Figure 10.11. The major and minor axes of the orbit have lengths of 

768,800 kilometers and 767,640 kilometers, respectively. Find the greatest and least 

distances (the apogee and perigee) from Earth’s center to the moon’s center. 

=<4n() 

Solution Begin by solving for a and b. 

2a = 768,800 Length of major axis 

a = 384,400 Solve for a. 

2b = 767,640 Length of minor axis 

b = 383,820 Solve for b. 

Now, using these values, you can solve for ¢ as follows. 

c = Ja? — b? ~ 21,108 

The greatest distance between the center of Earth and the center of the moon is 

a + c ~ 405,508 kilometers 

and the least distance is 

a — c © 363,292 kilometers. a 
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i FOR FURTHER INFORMATION Theorem 10.2 presented a reflective property of parabolas. Ellipses have a similar 

For more information on some uses _ reflective property. You are asked to prove the next theorem in Exercise 84. 

of the reflective properties of 

conics, see the article “Parabolic 

Mirrors, Elliptic and Hyperbolic Reflective Property of an Ellipse 

Lenses” by Mohsen Maesumi in Let P be a point on an ellipse. The tangent line to the ellipse at point P makes 

The American Mathematical equal angles with the lines through P and the foci. 

Monthly. Also see the article “The 

Geometry of Microwave Antennas” 

by William R. Parzynski in One of the reasons that astronomers had difficulty detecting that the orbits of the 

Mathematics Teacher. planets are ellipses is that the foci of the planetary orbits are relatively close to the 

center of the sun, making the orbits nearly circular. To measure the ovalness of an 

ellipse, you can use the concept of eccentricity. 

Definition of Eccentricity of an Ellipse 

The eccentricity e of an ellipse is given by the ratio 

c 
Ca aa 

f 

a 

foc To see how this ratio is used to describe the shape of an ellipse, note that because 

the foci of an ellipse are located along the major axis between the vertices and the 

center, it follows that 

OR—<peN <a. 

For an ellipse that is nearly circular, the foci are close to the center and the ratio c/a is 

close to 0, and for an elongated ellipse, the foci are close to the vertices and the ratio 

c/a is close to 1, as shown in Figure 10.12. Note that 

NW e< Al 

for every ellipse. 

The orbit of the moon has an eccentricity of e ~ 0.0549, and the eccentricities of 

the eight planetary orbits are listed below. 

(a) < is small. 
a 

a Mercury: e ~ 0.2056 Jupiter: e ~ 0.0484 

aes Venus: e ~ 0.0068 Saturn: e ~ 0.0542 

Earth: e ~ 0.0167 Uranus: =e ~ 0.0472 

Mars: e ~ 0.0934 Neptune: e ~ 0.0086 

You can use integration to show that the area of an ellipse is A = mab. For 

instance, the area of the ellipse 

Cc 
(b) . is close to 1. ; a 

Eccentricity is the ratio e 

A =4{ 2 at =H 
0 

Ab 1/2 

=— a’ cos” 6 dé. Trigonometric substitution x = a sin 0 
a 0 

Figure 10.12 

However, it is not so simple to find the circumference of an ellipse. The next example 

shows how to use eccentricity to set up an “elliptic integral” for the circumference of 

an ellipse. 
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—6 

Fi 

AREA AND CIRCUMFERENCE 
OF AN ELLIPSE 

In his work with elliptic orbits in 
the early 1600's, Johannes Kepler 
successfully developed a formula 
for the area of an ellipse, 

A = tab. He was less successful, 
however, in developing a formula 
for the circumference of an 
ellipse; the best he could do 
was to give the approximate 
formula C = a(a + b). 

C = 28.36 units 

gure 10.13 

EXAMPLE 5 Finding the Circumference of an Ellipse 

¢ « «+> See LarsonCalculus.com for an interactive version of this type of example. 

Show that the circumference of the ellipse (x7/a*) + (y?/b?) = 1 is 

ar/2 

4a J1 — e? sin? 6d6. Regs 
0 

Solution Because the ellipse is symmetric with respect to both the x-axis 

and the y-axis, you know that its circumference C is four times the arc length of 

b Di os 

a Ne 
a 

in the first quadrant. The function y is differentiable for all x in the interval [0, a] except 
at x = a. So, the circumference is given by the improper integral 

ial a a 2.2 b+ Ze 

C= lim 4 lie) 4a = 4 </ dleee Cy)* dx = 4 i ee Pony 
d->a~ 0 0 0 a 

Using the trigonometric substitution x = a sin 6, you obtain 

a/2 i) eS 

c= 4| ee ee ee 
0 a? cos? 0 
1/2 

=4{ /a2 cos? 6 + b? sin? 6dé 
0 
a/2 

4 /a*(1 — sin? 6) + b? sin? 6d0 
0 
a/2 

= [ Ja® = (a? =b?) sin? 6 dé. 
0 

Because e? = c?/a? = (a* — b?)/a?, you can rewrite this integral as 

a/2 

c= 4a] ~ 1-="e* sin? 6 dé, | 
0 

A great deal of time has been devoted to the study of elliptic integrals. Such 

integrals generally do not have elementary antiderivatives. To find the circumference of 

an ellipse, you must usually resort to an approximation technique. 

Approximating the Value of an Elliptic Integral 

Use the elliptic integral in Example 5 to approximate the circumference of the ellipse 

Solution Because e? = c?/a* = (a? — b?)/a? = 9/25, you have 

= ys) [ a oF 

Applying Simpson’s Rule with n = 4 produces 

ar \| 1 
C~ 20(7)(4)L + 4(0.9733) + 2(0.9055) + 4(0.8323) + 0.8] 

= 28.36. 

So, the ellipse has a circumference of about 28.36 units, as shown in Figure 10.13. 



2 ol a 

|d, =a, | is constant. 

|d,-d,| =2a 

Vertex | 

~ Center 

Transverse axis 

Figure 10.14 

~_ Conjugate axis Asymptote 

PS (h,k + b) 
+) Jee 2 

Asymptote- 

Figure 10.15 
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Hyperbolas 

The definition of a hyperbola is similar to that of an ellipse. For an ellipse, the sum 

of the distances between the foci and a point on the ellipse is fixed, whereas for a 

hyperbola, the absolute value of the difference between these distances is fixed. 

A hyperbola is the set of all points (x, y) for which the absolute value of the 

difference between the distances from two distinct fixed points called foci is constant. 

(See Figure 10.14.) The line through the two foci intersects a hyperbola at two points 

called the vertices. The line segment connecting the vertices is the transverse axis, and 

the midpoint of the transverse axis is the center of the hyperbola. One distinguishing 

feature of a hyperbola is that its graph has two separate branches. 

rc 

10.5 Standard Equation of a Hyperbola 

| The standard form of the equation of a hyperbola with center at (h, k) is 

(She Ny She 
= ie il Transverse axis is horizontal. ne 2 

or 

Oietoe o tree 
a? be 

=]. Transverse axis is vertical. 

The vertices are a units from the center, and the foci are c units from the center, 

where c? = a2 + b?. 

Note that the constants a, b, and c do not have the same relationship for 

hyperbolas as they do for ellipses. For hyperbolas, c? = a? + b?, but for ellipses, 
Go Oa 

An important aid in sketching the graph of a hyperbola is the determination of its 

asymptotes, as shown in Figure 10.15. Each hyperbola has two asymptotes that 

intersect at the center of the hyperbola. The asymptotes pass through the vertices of a 

rectangle of dimensions 2a by 2b, with its center at (h, k). The line segment of length 

2b joining 

(h, k + b) 

and 

(h, k — b) 

is referred to as the conjugate axis of the hyperbola. 

THEOREM 10.6 Asymptotes of a Hyperbola 

For a horizontal transverse axis, the equations of the asymptotes are 

b b 
y= ke ae nh) and ay=ik —— Ce = hi). 

a a 

For a vertical transverse axis, the equations of the asymptotes are 

ya kt F(x — fh) and yo k— Fe bi. 

In Figure 10.15, you can see that the asymptotes coincide with the diagonals of the 

rectangle with dimensions 2a and 2b, centered at (h, k). This provides you with a quick 

means of sketching the asymptotes, which in turn aids in sketching the hyperbola. 
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You can use 

a graphing utility to verify the 

graph obtained in Example 7 by 

solving the original equation for 

y and graphing the following 

equations. 

y, = V4x? — 16 

lee oe eenfe 8 6 @ @ &© © @ @ \ 

i FOR FURTHER INFORMATION 

To read about using a string that 

traces both elliptic and hyperbolic 

arcs having the same foci, see the 

article “Ellipse to Hyperbola: 

‘With This String I Thee Wed’” by 

Tom M. Apostol and Mamikon A. 

Mnatsakanian in Mathematics 

Magazine. To view this article, 

go to MathArticles.com. 

Conics, Parametric Equations, and Polar Coordinates 

EXAMPLE 7 Using Asymptotes to Sketch a Hyperbola 

‘+. See LarsonCalculus.com for an interactive version of this type of example. 

Sketch the graph of the hyperbola 

4x? — y? = 16. 

Solution Begin by rewriting the equation in standard form. 

a) 9) 
x~ ye — ==] 
hen Wi Came 

The transverse axis is horizontal and the vertices occur at (— 2, 0) and (2, 0). The ends 

of the conjugate axis occur at (0, —4) and (0, 4). Using these four points, you can 

sketch the rectangle shown in Figure 10.16(a). By drawing the asymptotes through the 

corners of this rectangle, you can complete the sketch as shown in Figure 10.16(b). 

y y 

4 
6+ 

(0, 4) 
eo 

(-2, 0)! ' (2,0) 
+-—+ Hp 

oy ee eae a a 

be (0, —4) 
=6a15 

(a) (b) 

Figure 10.16 w 

Definition of Eccentricity of a Hyperbola 

The eccentricity e of a hyperbola is given by the ratio 

G 
Crier 

a 

As with an ellipse, the eccentricity of a hyperbola is e = c/a. Because c > a for 

hyperbolas, it follows that e > | for hyperbolas. If the eccentricity is large, then the 

branches of the hyperbola are nearly flat. If the eccentricity is close to 1, then the 

branches of the hyperbola are more pointed, as shown in Figure 10.17. 

y y 

Eccentricity 4 Eccentricity 

is large. is close to 1. 

" 1 

I 

Vertex | \|' | Vertex Focus Focus 
F we ' =~ | _ Vertex \WiSrte sae 
ocus ocus ee Bae 

“= oo o- -© I ees XxX 
1 ee ne 7s 

e= e t ; . ' 

a / | Beis a 

s og 
iM G 

ia 

Figure 10.17 
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CAROLINE HERSCHEL (1750-1848) 

The first woman to be credited 
with detecting a new comet was 
the English astronomer Caroline 
Herschel. During her life, Caroline 
Herschel discovered a total of 

eight new comets. 
See LarsonCalculus.com to read 
more of this biography. 

10.1 Conics and Calculus 691 

The application in Example 8 was developed during World War II. It shows how 
the properties of hyperbolas can be used in radar and other detection systems. 

| EXAMPLE 8 A Hyperbolic Detection System 

Two microphones, | mile apart, record an explosion. Microphone A receives the sound 
2 seconds before microphone B. Where was the explosion? 

Solution Assuming that sound travels at 1100 feet per second, you know that the 
explosion took place 2200 feet farther from B than from A, as shown in Figure 10.18. 
The locus of all points that are 2200 feet closer to A than to B is one branch of the 
hyperbola 

Xie 

a bb 

where 

ieee 
ae3 mile by 5280 ft Seoeig et 

2) 2 

and 

D 
a= aoe - i = 1100 feet. 

Because c? = a? + b?, it follows that 

idee eee 

(2640)? — (1100)? 

= 5,759,600 

and you can conclude that the explosion occurred somewhere on the right branch of the 

hyperbola 

2 2 3.6 y _ 

1,210,000 5,759,600 — i: | 

In Example 8, you were able to determine only the hyperbola on which the 

explosion occurred, but not the exact location of the explosion. If, however, you had 

received the sound at a third position C, then two other hyperbolas would be 

determined. The exact location of the explosion would be the point at which these three 

hyperbolas intersect. 

Another interesting application of conics involves the orbits of comets in our solar 

system. Of the 610 comets identified prior to 1970, 245 have elliptical orbits, 295 have 

parabolic orbits, and 70 have hyperbolic orbits. The center of the sun is a focus of each 

orbit, and each orbit has a vertex at the point at which the comet is closest to the sun. 

Undoubtedly, many comets with parabolic or hyperbolic orbits have not been 

identified—such comets pass through our solar system only once. Only comets with 

elliptical orbits, such as Halley’s comet, remain in our solar system. 

The type of orbit for a comet can be determined as follows. 

1. Ellipse: v < /2GM/p 

2. Parabola: v = /2GM/p 

3. Hyperbola: v > /2GM/p 

In each of the above, p is the distance between one vertex and one focus of the comet’s 

orbit (in meters), v is the velocity of the comet at the vertex (in meters per second), 

M ~ 1.989 x 10°° kilograms is the mass of the sun, and G ~ 6.67 x 10~* cubic meters 
per kilogram-second squared is the gravitational constant. 

Caroline Herschel (1750-1848), 1829, Tielemans, Martin Francois (1784-1864)/Private Collection/The Bridgeman Art Library 
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10.1. Exercises 

Conics, Parametric Equations, and Polar Coordinates 

See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

In Exercises 1-6, match the equation with its 

graph. [The graphs are labeled (a), (b), (c), (d), (e), and (f).] 

(b) ? 

—4-+- 

(d) ( 
4 ote 

DARN G 

¥ yy (e) ‘ (f) ; 

| {> X 

-3 3) 

1. y2 = 4x 2. + 4? = —2(y — 2) 

peur s (2 12) Oe) 
ee 16 ae os 16 4 ne: 

Day Oe (eazy Mrs eaeye ae 

Sketching a Parabola In Exercises 7-14, find the vertex, 

focus, and directrix of the parabola, and sketch its graph. 

7. ye = —8x 

gOS) EGese Sa 
Wye 4 x — 0 

13.. x7 + 4x+4y —4= 

8. x2 + 6y = 0 

10. @ = 6)? +:8( 7) =0 

IPG see ak beak Ds SO 

14. y? + 4y + & — 12 =0 

Finding an Equation of a Parabola In Exercises 15-22, 

find an equation of the parabola. 

ESVertex (aa) 

Focus: (3, 4) 

17. Vertex: (0, 5) 

16. Vertex: (—2, 1) 

Focus: (—2, —1) 

18. Focus: (2, 2) 

Directrix: x = —2 

20. Vertex: (2, 4) 

Directrix: y = —3 

19. Vertex: (0, 4) 

Points on the parabola: 

tea 0) (2 0) 

Points on the parabola: 

(0, 0), (4, 0) 

21. Axis is parallel to y-axis; graph passes through (0, 3), (3, 4), 
and (4, 11). 

22. Directrix: y = —2; endpoints of latus rectum are (0, 2) and 

(8, 2). 

Sketching an Ellipse In Exercises 23-28, find the center, 

foci, vertices, and eccentricity of the ellipse, and sketch its 

graph. 

7s Wee sz 2 = ANG 

(eS Fe duly set 1) a ht OF s ++ = Xe RS ate = 25 16 75 1 26. (x + 4) 1/4 1 

27. 9x? + 4y2 + 36x — 24y + 36 = 0 

28. 16x? + 25y? — 64x + 150y + 279 = 0 

Finding an Equation of an Ellipse In Exercises 29-34, 

find an equation of the ellipse. 

29. Center: (0, 0) 30. Vertices: (0, 3), (8, 3) 

Focus: (5, 0) Eccentricity: 3 

Vertex: (6, 0) 

31. Vertices: (3, 1), (3, 9) 32. Foci: (0, +9) 

Minor axis length: 6 Major axis length: 22 

33. Center: (0, 0) 34. Center: (1, 2) 

Major axis: horizontal Major axis: vertical 

Points on the ellipse: 

(3, i). (4, 0) 

Points on the ellipse: 

(1516),(3,22) 

Sketching a Hyperbola In Exercises 35-40, find the 
center, foci, and vertices of the hyperbola, and sketch its graph 

using asymptotes as an aid. 

ae a oS) temas Serr 3! 36, WIE _ 9 

37. 9x? = v7 36x — Oye Tere 

BRS 7 = We? ae OA = DIS = © 

3907 |= Oy? 412% = 54y' — 80 = 0 

40. 9x? — 4y? + 54x + 8y + 78 = 0 

1 

Finding an Equation of a Hyperbola In Exercises 
41-48, find an equation of the hyperbola. 

41. Vertices: (+1, 0) 

Asymptotes: y = +5x 

42. Vertices: (0, +4) 

Asymptotes: y = +2x 

43. Vertices: (2, +3) 44. Vertices: (2, +3) 

Point on graph: (0, 5) Foci: (2, +5) 

45. Center: (0, 0) 46. Center: (0, 0) 

Vertex: (0, 2) Vertex: (6, 0) 

Focus: (0, 4) Focus: (10, 0) 

47. Vertices: (0, 2), (6, 2) 48. Focus: (20, 0) 

3 
i 

Asymptotes: y = 3x Asymptotes: y = +3x 

wad = wilt 
bay 



Finding Equations of Tangent Lines and Normal Lines 
In Exercises 49 and 50, find equations for (a) the tangent lines 

and (b) the normal lines to the hyperbola for the given value 

of x. 

2 N 2 

soe 2 y 

9 
49. = ile eS ae x 50 ri 5 ay 

Classifying the Graph of an Equation In Exercises 
51-58, classify the graph of the equation as a circle, a parabola, 

an ellipse, or a hyperbola. 

Si x? + 4y? — 6x + 1l6y + 21 =0 

wemaxe — y*? — 4x -3=0 

Sess — 10x — 200y = 119 = 0 

ee ay Sx + 5 
55. 9x? + 9y? — 36x + 6y + 34=0 

56. 2x(x — y) = y(3 — y — 2x) 

y= 1)? = 6 + 2 + 1? 
58. 9(x + 3)? = 36 — 4(y — 2)? 

WRITING ABOUT CONCEPTS 

59. Parabola 

(a) Give the definition of a parabola. 

(b) Give the standard forms of a parabola with vertex at 

(h, k). 

(c) In your own words, state the reflective property of a 

parabola. 

. Ellipse 

(a) Give the definition of an ellipse. 

(b) Give the standard form of an ellipse with center at | 

(h, k). 

. Hyperbola 

(a) Give the definition of a hyperbola. 

(b) Give the standard forms of a hyperbola with center 

at (h, k). 

(c) Write equations for the asymptotes of a hyperbola. 

. Eccentricity Define the eccentricity of an ellipse. In 
your own words, describe how changes in the eccentricity 

affect the ellipse. 

Using an Equation Consider the equation 

wee ay — 36% -— 24y — 36 = 0. 

(a) Classify the graph of the equation as a circle, a parabola, 

an ellipse, or a hyperbola. 

(b) Change the 4y?-term in the equation to —4y?. Classify 

the graph of the new equation. 

(c) Change the 9x?-term in the original equation to 4x°. 
Classify the graph of the new equation. 

(d) Describe one way you could change the original 

equation so that its graph is a parabola. 

10.1 Conics and Calculus 693 

O20 HOW DOYOU SEE IT? In parts (a) (a, 
describe in words how a plane could intersect with 

the double-napped cone to form the conic section 

(see figure). 

(b) Ellipse 

(d) Hyperbola 

(a) Circle 

(c) Parabola 

65. Solar Collector A solar collector for heating water is 
constructed with a sheet of stainless steel that is formed into 

the shape of a parabola (see figure). The water will flow 

through a pipe that is located at the focus of the parabola. At 

what distance from the vertex is the pipe? 

a=) 

Not drawn to scale 

Figure for 65 Figure for 66 

66. Beam Deflection A simply supported beam that is 
16 meters long has a load concentrated at the center (see 

figure). The deflection of the beam at its center is 3 centimeters. 

Assume that the shape of the deflected beam is parabolic. 

(a) Find an equation of the parabola. (Assume that the origin 

is at the center of the beam.) 

(b) How far from the center of the beam is the deflection 

1 centimeter? 

67. Proof 

(a) Prove that any two distinct tangent lines to a parabola 

intersect. 

(b) Demonstrate the result of part (a) by finding the point 

of intersection of the tangent lines to the parabola 

x? — 4x — 4y = O at the points (0, 0) and (6, 3). 

68. Proof 

(a) Prove that if any two tangent lines to a parabola intersect 

at right angles, their point of intersection must lie on the 

directrix. 

(b) Demonstrate the result of part (a) by showing that the 

tangent lines to the parabola x? — 4x — 4y + 8 = Oat the 

points (—2, 5) and (3, 3) intersect at right angles, and that 

the point of intersection lies on the directrix. 
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ie 
69. Sketch the graphs of x? = 4py for p = 4, 5, 

1, 5, and 2 on the same coordinate axes. Discuss the change in 

the graphs as p increases. 

70. A cable of a suspension bridge is suspended 

(in the shape of a parabola) between two towers that are 

120 meters apart and 20 meters above the roadway (see 

figure). The cable touches the roadway midway between the 

towers. 

Parabolic y 

supporting cable + 

(a) Find an equation for the parabolic shape of the cable. 

(b) Find the length of the parabolic cable. 

e e71. Architecture ee cececececececeeeeeceoeeee 

A church window is bounded above by a parabola and 

below by the arc of a circle (see figure). Find the 

surface area of the window. 

~I i) . Surface Area A satellite signal receiving dish is formed by 

revolving the parabola given by x” = 20y about the y-axis. The 

radius of the dish is r feet. Verify that the surface area of the 

dish is given by 

2a rf it| =| “dr = 2Il (100 aera) — 1000], 

Orbit of Earth Earth moves in an elliptical orbit with the 
sun at one of the foci. The length of half of the major axis is 

149,598,000 kilometers, and the eccentricity is 0.0167. Find 

the minimum distance (perihelion) and the maximum distance 

eee of Earth from the sun. 

73. 

74. Satellite Orbit The apogee (the point in orbit farthest 

tee Earth) and the perigee (the point in orbit closest to Earth) 

of an elliptical orbit of an Earth satellite are given by A and P. 

Show that the eccentricity of the orbit is 

_A-P 
A+ P 

On November 27, 1963, the United States 

launched the research satellite Explorer 18. Its low and high 

points above the surface of Earth were 119 miles and 

123,000 miles. Find the eccentricity of its elliptical orbit. 

‘om; NASA Palette7/Shutterstock 
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76. Explorer 55 On November 20, 1975, the United States 

launched the research satellite Explorer 55. Its low and high 

points above the surface of Earth were 96 miles and 

1865 miles. Find the eccentricity of its elliptical orbit. 

ee ag H a lle ys Lomet 

Probably the most famous of all comets, Halley’s comet, 

has an elliptical orbit with the sun at one focus. 

Its maximum distance from the sun is 

approximately 35.29 AU 

(1 astronomical unit 

is approximately 

92.956 x 10° miles), 

and its minimum 

distance is approximately 

0.59 AU. Find the 

eccentricity of the orbit. 

78. Particle Motion Consider a particle traveling clockwise 
on the elliptical path 

ae 
+ ~ — 

25 

The particle leaves the orbit at the point (— 8, 3) and travels in 

a straight line tangent to the ellipse. At what point will the 

particle cross the y-axis? 

Area, Volume, and Surface Area _ In Exercises 79 and 80, 

find (a) the area of the region bounded by the ellipse, (b) the 
volume and surface area of the solid generated by revolving the 

region about its major axis (prolate spheroid), and (c) the 

volume and surface area of the solid generated by revolving the 

region about its minor axis (oblate spheroid). 

nN 

Jee 
1 

wy 
= ,o+ = 1 80. 16 9 1 

Fy 81. Arc Length Use the integration capabilities of a graphing 
utility to approximate to two-decimal-place accuracy the 

elliptical integral representing the circumference of the ellipse 

oie 

25 

y 
Diggin 

BP 82. Conjecture 

(a) Show that the equation of an ellipse can be written as 

= he (ye Os 
= : 

a a1 —e2) ot 

(b) Use a graphing utility to graph the ellipse 

ey ee a 2 i =s2) vi (y Ds sai 
4 A(1 = e?) 

fore = 0.95, e = 0.75, e = 0.5, e = 0.25, ande = 0) 

(c) Use the results of part (b) to make a conjecture about the 

change in the shape of the ellipse as e approaches 0. 
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83. Geometry The area of the ellipse in the figure is twice the 88. et Mirror A hyperbolic mirror (used in some 
area of the circle. What is the length of the major axis? mae has the property that a light ray directed at the 

F r focus will be reflected to the other focus. The mirror in the 
ce | Sen, figure has the equation (x7/36) — (y2/64) = 1. At which 

festtes = | ihe point on the mirror will light from the point (0, 10) be reflected 

(0, 10) so. 0s | / to the other focus? 
(—a, 0) 23 
\ (a, 0) 89. Ta Show that the equation of the tangent line 

> xX J y X y 
to => — <> = 1 at the point (x,, y,) is | 2 |x — [2 ]y = 1. Rane p (Xo; Yo) ee b2/- 

1(0, —10) 90. Proof Prove that the graph of the equation 

: Axor Cy7- Dr By F 0 

Figure for 83 Figure for 84 is one of the following (except in degenerate cases). 

84. Proof Prove Theorem 10.4 by showing that the tangent line Conic Condition 
to an ellipse at a point P makes equal angles with lines through (a) Circle Vite 

P and the foci (see figure). [Hint: (1) Find the slope of the 

tangent line at P, (2) find the slopes of the lines through P and (b) Parabola A = 0 or C = 0 (but not both) 

each focus, and (3) use the formula for the tangent of the angle (c) Ellipse AC > 0 

between two lines. ] (d) Hyperbola AGS 0 

85. Finding an Equation of a Hyperbola Find an 
equation of the hyperbola such that for any point on the True or False? In Exercises 91-96, determine whether the 

hyperbola, the difference between its distances from the points statement is true or false. If it is false, explain why or give an 
(2, 2) and (10, 2) is 6. example that shows it is false. 

86. Hyperbola Consider a hyperbola centered at the origin 91. It is possible for a parabola to intersect its directrix. 
with a horizontal transverse axis. Use the definition of a 
hyperbola to derive its standard form: 92. The point on a parabola closest to its focus is its vertex. 

93. If C is the circumference of the ellipse 

Ae = va = 
2 D 

ae ae aim b<a 

87. Navigation LORAN (long distance radio navigation) for 
aircraft and ships uses synchronized pulses transmitted by then 27b <= C < 27a. 
widely separated transmitting stations. These pulses travel at 94, If D # OorE # 0, then the graph of y2 — x2 + Dx + Ey = 0 

the speed of light (186,000 miles per second). The difference is a hyperbola. 

in the times of arrival of these pulses at an aircraft or ship is ee hte eat 

constant on a hyperbola having the transmitting stations as 95. If the asymptotes of the hyperbola e/a?) ale ibaa 
foci. Assume that two stations, 300 miles apart, are positioned intersect at right angles, then a = b. 
on a rectangular coordinate system at (— 150, 0) and (150, 0) 96. Every tangent line to a hyperbola intersects the hyperbola only 
and that a ship is traveling on a path with coordinates (x, 75) at the point of tangency. 
(see figure). Find the x-coordinate of the position of the ship if 

the time difference between the pulses from the transmitting PUTNAM EXAM CHALLENGE 

stations is 1000 microseconds (0.001 second). 
97. For a point P on an ellipse, let d be the distance from the 

y fi center of the ellipse to the line tangent to the ellipse at P. 
= 10 + Prove that (PF,)(PF,)d? is constant as P varies on the 
MN 8 ellipse, where PF, and PF, are the distances from P to the 

ie Pel foci F, and F, of the ellipse. 

. Find the minimum value of 

(yer (v= - 2) 

for0 <u < /2andv > 0. 

These problems were composed by the Committee on the Putnam Prize Competition. 

Figure for 87 Figure for 88 © The Mathematical Association of America. All rights reserved. 
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10.2 _ Plane Curves and Parametric Equations 

At times, it is 

important to distinguish 

between a graph (the set of 

points) and a curve (the points 

together with their defining 

parametric equations). When 

it is important, the distinction 

will be explicit. When it is not 

important, C will be used to 

represent either the graph 

or the curve. 

l@ Sketch the graph of a curve given by a set of parametric equations. 

@ Eliminate the parameter in a set of parametric equations. 

@ Find a set of parametric equations to represent a curve. 

i@ Understand two classic calculus problems, the tautochrone and 

brachistochrone problems. 

Plane Curves and Parametric Equations 

Until now, you have been representing a graph by a single equation involving two 

variables. In this section, you will study situations in which three variables are used to 

represent a curve in the plane. 

Consider the path followed by an object 

that is propelled into the air at an angle of 45°. 2 oa adler 

For an initial velocity of 48 feet per second, ih 2 

the object travels the parabolic path given by (24/3, 24/2 - 16) 
F 

Xe 
Vi SiS Sa x Rectangular equation » 72 g q 

0.0 (Sa Soe > Xx 

as shown in Figure 10.19. This equation, wae OEMS) 827 13645954 osm 

however, does not tell the whole story. 

Although it does tell you where the object 

has been, it doesn’t tell you when the object 

was at a given point (x, y). To determine 
this time, you can introduce a third variable f, 

called a parameter. By writing both x and y 

as functions of ft, you obtain the parametric 

equations 

DAS Ot 

Parametric equations: 

x=24/2t 
y=-1617+24,/2t 

Curvilinear motion: two variables for 

position, one variable for time 

Figure 10.19 

x Parametric equation for x 

and 

y = —1612 + 24/21. Parametric equation for y 

From this set of equations, you can determine that at time ¢ = 0, the object is at the 

point (0, 0). Similarly, at time t = 1, the object is at the point 

(24/2, 24./2 — 16) 

and so on. (You will learn a method for determining this particular set of parametric 

equations—the equations of motion—later, in Section 12.3.) 

For this particular motion problem, x and y are continuous functions of f, and the 

resulting path is called a plane curve. 

Definition of a Plane Curve 

If fand g are continuous functions of ¢ on an interval /, then the equations 

x=f(t) and y= g(t) 

are parametric equations and t¢ is the parameter. The set of points (x, y) 

obtained as f varies over the interval / is the graph of the parametric equations. 

Taken together, the parametric equations and the graph are a plane curve, 

denoted by C. 



y 

r 

nee 

=o 
ae Re oF 
2 

t=0 a + =X 

Pelt eh Se 6 

* Soaps 

=4-+ 

Parametric equations: 

x=4t?-—4 and y=1,-1St<: 

Figure 10.21 
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When sketching a curve represented by a set of parametric equations, you can plot 
points in the xy-plane. Each set of coordinates (x, y) is determined from a value chosen 
for the parameter ¢. By plotting the resulting points in order of increasing values of f, 
the curve is traced out in a specific direction. This is called the orientation of the curve. 

EXAMPLE 1 Sketching a Curve 

Sketch the curve described by the parametric equations 

f=2—-4 Xx 

and 

where —2 = f = 3. 

Solution For values of f on the given interval, y 

the parametric equations yield the points (x, y) 

shown in the table. ee 

De SP i= 
t=1 

t=0 <—+ ++» x 
t=—1 ta=27 75 4° 

epee 

—-4-+ 

Parametric equations: 

By plotting these points in order of increasing x=t?—4and y= t -2<r< i 

t and using the continuity of fand g, you = 

obtain the curve C shown in Figure 10.20. Figure 10.20 

Note that the arrows on the curve indicate 

its orientation as ¢ increases from —2 to 3. a 

According to the Vertical Line Test, the graph shown in Figure 10.20 does not 

define y as a function of x. This points out one benefit of parametric equations—they 

can be used to represent graphs that are more general than graphs of functions. 

It often happens that two different sets of parametric equations have the same 

graph. For instance, the set of parametric equations 

is 3 
=4t--—4 and y=t, —-1 Sts5 

has the same graph as the set given in Example 1. (See Figure 10.21.) However, 

comparing the values of t in Figures 10.20 and 10.21, you can see that the second graph 

is traced out more rapidly (considering ¢ as time) than the first graph. So, in 

applications, different parametric representations can be used to represent various 

speeds at which objects travel along a given path. 

[> TECHNOLOGY Most graphing utilities have a parametric graphing mode. If 
* you have access to such a utility, use it to confirm the graphs shown in Figures 10.20 

and 10.21. Does the curve given by the parametric equations 

pardt = of wand ry = "1 at —— S PS 2 

represent the same graph as that shown in Figures 10.20 and 10.21? What do you 

notice about the orientation of this curve? eeee0esvee2ses es 
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Se C= SUS 

Parametric equations: 

bye nl Seat be 

| Rectangular equation: 
| y 

|y=1—x*,x>0 

Figure 10.22 
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Eliminating the Parameter 

Finding a rectangular equation that represents the graph of a set of parametric equations 

is called eliminating the parameter. For instance, you can eliminate the parameter 

from the set of parametric equations in Example | as follows. 

Parameticy Solve for ¢ in ue Substitute into a Rectangular 

equations a one equation. i second equation. ‘ equation 4 

ahaa fy y= 2y) 4 x= 4y?—4 
y=/2 

Once you have eliminated the parameter, you can recognize that the equation 

x = 4y? — 4 represents a parabola with a horizontal axis and vertex at (—4, 0), as 

shown in Figure 10.20. 

The range of x and y implied by the parametric equations may be altered by the 

change to rectangular form. In such instances, the domain of the rectangular equation 

must be adjusted so that its graph matches the graph of the parametric equations. Such 

a situation is demonstrated in the next example. 

EXAMPLE 2 Adjusting the Domain 

Sketch the curve represented by the equations 

andy tea | 
1 t 

SU RTS tt 

by eliminating the parameter and adjusting the domain of the resulting rectangular 

equation. 

Solution Begin by solving one of the parametric equations for ¢. For instance, you 

can solve the first equation for ¢ as follows. 

1 
Ca ———— Parametric equation for x 

ipsr | 

7 1 . 5 gia tee ae Square each side. 
fap Al 

1 
rae Wats 

x2 

1 
bee Al 

x2 

Lite 
= 5 Solve for t. x2 

Now, substituting into the parametric equation for y produces 

y= ; - 1 Parametric equation for y 

Gite aye 
y= iTS Substitute (1 — x?)/x? for t. 

Vy = lee ke Simplify. 

The rectangular equation, y = 1 — x?, is defined for all values of x, but from the 

parametric equation for x, you can see that the curve is defined only when t > —1. This 

implies that you should restrict the domain of x to positive values, as shown in 

Figure 10.22. wi 



Parametric equations: 

x=3cos 0, y=4sin0 

Rectangular equation: 

x? y2 

biG ] 

Figure 10.23 

[> TECHNOLOGY Usea 
graphing utility in parametric 

« mode to graph several ellipses. 

10.2 Plane Curves and Parametric Equations 699 

It is not necessary for the parameter in a set of parametric equations to represent 

time. The next example uses an angle as the parameter. 

EXAMPLE 3 Using Trigonometry to Eliminate a Parameter 

tee > See LarsonCalculus.com for an interactive version of this type of example. 

Sketch the curve represented by 

x=3cos@ and y=4sin0é, 0< 60<27 

by eliminating the parameter and finding the corresponding rectangular equation. 

Solution Begin by solving for cos @ and sin 6 in the given equations. 

XxX 

cos 0 = 3 Solve for cos 0. 

and 

y = y ; 

sin 9 = 4 Solve for sin 6. 

Next, make use of the identity 

sin? 9 + cos?@ = 1 

to form an equation involving only x and y. 

cos’ 6 + sin? ¢'— 1 Trigonometric identity 

wat oe (ter h al Substitute. 
(5) (3) 

= =p y’ 1 Rectangul ti Sas Wee ae ectangular equation 9" 16 ey eile 

From this rectangular equation, you can see that the graph is an ellipse centered at 

(0, 0), with vertices at (0, 4) and (0, —4) and minor axis of length 2b = 6, as shown in 
Figure 10.23. Note that the ellipse is traced out counterclockwise as 0 varies from 

0 to 27. a 

Using the technique shown in Example 3, you can conclude that the graph of the 

parametric equations 

x=h+acos@ and y=k+bsin0, 0s 06s 27 

is the ellipse (traced counterclockwise) given by 

Kee Ht) as A ET 
a’ ba 

il 

The graph of the parametric equations 

lA DS IA =h+asin@ and y=k+bcos@ 0 27 

is also the ellipse (traced clockwise) given by 

(= WP (y- 8? 2 be iF 

In Examples 2 and 3, it is important to realize that eliminating the parameter is 

primarily an aid to curve sketching. When the parametric equations represent the path 

of a moving object, the graph alone is not sufficient to describe the object’s motion. You 

still need the parametric equations to tell you the position, direction, and speed at a 

given time. = we 

ge 
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. a) 

Rectangular equation: y = 1 — x* 

Parametric equé agons: 

m re yal- m 
“4 

| 
| 
L 

Figure 10.24 

i@ FOR FURTHER INFORMATION 

To read about other methods for 

finding parametric equations, 

see the article “Finding Rational 

Parametric Curves of Relative 

Degree One or Two” by Dave 

Boyles in The College Mathematics 

Journal. To view this article, 

go to MathArticles.com. 

Finding Parametric Equations 

The first three examples in this section illustrate techniques for sketching the graph 

represented by a set of parametric equations. You will now investigate the reverse 

problem. How can you determine a set of parametric equations for a given graph or a 

given physical description? From the discussion following Example 1, you know that 

such a representation is not unique. This is demonstrated further in the next example, 

which finds two different parametric representations for a given graph. 

EXAMPLE 4 Finding Parametric Equations for a Given Graph 

Find a set of parametric equations that represents the graph of y = 1 — x7, using each 

of the following parameters. 

d 
af = b. The slope m = a at the point (x, y) 

Solution 

a. Letting x = ¢ produces the parametric equations 

x= andy yedas? = lee 

b. To write x and y in terms of the parameter m, you can proceed as follows. 

_ dy 
dx 

m= —2x Differentiate y = 1 — x?. 

Mm 

16 = 3 Solve for x. 

This produces a parametric equation for x. To obtain a parametric equation for y, 

substitute —m/2 for x in the original equation. 

yi = Ihe oe Write original rectangular equation. 

MW 2 

y=1- rol Substitute —m/2 for x. 

m2 

Vielen a Simplify. 

So, the parametric equations are 

m Mm 
Ne an Sap p Z 4 

In Figure 10.24, note that the resulting curve has a right-to-left orientation as 

determined by the direction of increasing values of slope m. For part (a), the curve 

would have the opposite orientation. P| 

NOLOGY To be efficient at using a graphing utility, it is important that 

you ieelep skill in representing a graph by a set of parametric equations. The 

* reason for this is that many graphing utilities have only three graphing modes— 

(1) functions, (2) parametric equations, and (3) polar equations. Most graphing 

utilities are not programmed to graph a general equation. For instance, suppose you 

want to graph the hyperbola x? — y? = 1. To graph the hyperbola in function mode, 
you need two equations 

y= x Ff ond y= eae 

In parametric mode, you can represent the graph by x = sec ft and y = tant. 

eeeeees 



CYCLOIDS 

Galileo first called attention to 
the cycloid, once recommending 
that it be used for the arches of 
bridges. Pascal once spent 8 days 
attempting to solve many of the 
problems of cycloids, such as find- 
ing the area under one arch and 
finding the volume of the solid 

of revolution formed by revolving 
the curve about a line. The cycloid 
has so many interesting properties 
and has caused so many quarrels 
among mathematicians that it has 
been called “the Helen of geometry” 
and “the apple of discord.” 

lf FOR FURTHER INFORMATION 

For more information on cycloids, 

see the article “The Geometry of 

Rolling Curves” by John Bloom 

and Lee Whitt in The American 

Mathematical Monthly. To view 

this article, go to MathArticles.com. 
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EXAMPLE 5 Parametric Equations for a Cycloid 

Determine the curve traced by a point P on the circumference of a circle of radius a 
rolling along a straight line in a plane. Such a curve is called a cycloid. 

Solution Let the parameter @ be the measure of the circle’s rotation, and let the point 
P = (x, y) begin at the origin. When 6 = 0, P is at the origin. When 6 = 7, P is at a 
maximum point (7a, 2a). When @ = 27, P is back on the x-axis at (27a, 0). From 
Figure 10.25, you can see that ZAPC = 180° — @. So, 

AC _ BD 

a a 

AP. 

sin @ = sin(180° — @) = sin(ZAPC) = 

cos 6 = —cos(180° — 6) = —cos(ZAPC) = 

which implies that AP = —acos @ and BD = asin @. on 

Because the circle rolls along the x-axis, you know that OD = PD = a@. 

Furthermore, because BA = DC = a, you have 

x = OD — BD = a8 - asin @ 

y = BA AP —-a— @eos 6. 

So, the parametric equations are 

x=a(@—sin@) and y= a(l —cos 6). 

Cycloid: 

x = a(0—sin @) 

» y=a(1 —cos 6) 

a cg ») (na, 2a) (3a, 2a) 
2a 

ae (2na, 0) 3na (4na, 0) 

Figure 10.25 | 

> TECHNOLOGY | Some graphing utilities allow you to simulate the motion of an 

object that is moving in the plane or in space. If you have access to such a utility, use 

» it to trace out the path of the cycloid shown in Figure 10.25. 

The cycloid in Figure 10.25 has sharp corners at the values x = 2n7ra. Notice that 

the derivatives x’(@) and y(@) are both zero at the points for which @ = 2n7. 

x(0) = a(@ — sin 6) yO) = all —tcos 6) 

x(@) = a —acos 0 y (0) = asin 6 

x’(2nm) = 0 y(2n7) = 0 

Between these points, the cycloid is called smooth. 

a 1 

Definition of a Smooth Curve 

A curve C represented by x = f(t) and y = g(t) on an interval / is called smooth 

when f’ and g’ are continuous on / and not simultaneously 0, except possibly at 

the endpoints of /. The curve C is called piecewise smooth when it is smooth on | 

each subinterval of some partition of /. 
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The Tautochrone and Brachistochrone Problems 

The curve described in Example 5 is related to one of the most famous pairs of problems 

in the history of calculus. The first problem (called the tautochrone problem) began 

with Galileo’s discovery that the time required to complete a full swing of a pendulum 

is approximately the same whether it makes a large movement at high speed or a small 

movement at lower speed (see Figure 10.26). Late in his life, Galileo realized that he 

could use this principle to construct a clock. However, he was not able to conquer the 

mechanics of actual construction. Christian Huygens (1629-1695) was the first to 

design and construct a working model. In his work with pendulums, Huygens realized 

that a pendulum does not take exactly the same time to complete swings of varying 

The time required to complete a full lengths. (This doesn’t affect a pendulum clock, because the length of the circular arc is 
swing of the pendulum when starting kept constant by giving the pendulum a slight boost each time it passes its lowest point.) 

pepo Ce only approximatehy But, in studying the problem, Huygens discovered that a ball rolling back and forth on 
the same as the time required when : : ; . : 
Seine fom painted. an inverted cycloid does complete each cycle in exactly the same time. 

fa em The second problem, which was posed by John Bernoulli in 1696, is called the 
Figure 10.26 : ; : 

brachistochrone problem—in Greek, brachys means short and chronos means time. 

The problem was to determine the path down which a particle (such as a ball) will slide 

from point A to point B in the shortest time. Several mathematicians took up the 

challenge, and the following year the problem was solved by Newton, Leibniz, 

L’H6pital, John Bernoulli, and James Bernoulli. As it turns out, the solution is not a 

straight line from A to B, but an inverted cycloid passing through the points A and B, as 

shown in Figure 10.27. 

An inverted cycloid is the path down which 

a ball will roll in the shortest time. 

JAMES BERNOULLI (1654-1705) Figure 10.27 

James Bernoulli, also called : : 5 : : 
Jacques, was the older brother The amazing part of the solution to the brachistochrone problem is that a particle 

of John. He was one of several starting at rest at any point C of the cycloid between A and B will take exactly the same 

accomplished mathematicians of time to reach B, as shown in Figure 10.28. 
the Swiss Bernoulli family. James’s 
mathematical accomplishments 
have given him a prominent place 
in the early development of 
calculus. 
See LarsonCalculus.com to read 
more of this biography. 

B 

A ball starting at point C takes the same time 

to reach point B as one that starts at point A. 

Figure 10.28 

i FOR FURTHER INFORMATION To see a proof of the famous brachistochrone 

problem, see the article “A New Minimization Proof for the Brachistochrone” by Gary 

Lawlor in The American Mathematical Monthly. To view this article, go to 

MathArticles.com. 

INTERFOTO/Alamy 
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1 0 2 2 Exe rcises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Using Parametric Equati In Exercises 1-18, sketch 32. (a) x = 2cos 6 (b) x = /412 = 1/|t| 

the curve represented by the parametric equations (indicate ; 
: : ; : y = 2sin 6 y=I1/t 

the orientation of the curve), and write the corresponding 7 

rectangular equation by eliminating the parameter. (c) x= Vt (Oyen eS 

lx=2t-3, y=3rt+1 %x=5-4, y=2454 Te NEMS ant 2 
See 1, y = 7 4e= 207, yer 33. (a) x = cos 0 (b) x = cos{— 6) 

P y = 2 sin? 0 y = 2 sin*(— @) 
443 ae Sey = ae See Py 5 6x=+t, y=t t We ee ieee = 

Tie s/t. y= t— 5 Sicadt/t. y=B=t 34 @xe=ts lye (b) x = -t + 1,y = (-2)3 

at — 3, y= : “ 3 ad 35. Conjecture 

1 (a) Use a graphing utility to graph the curves represented by 

10.x=1+ ga 1 the two sets of parametric equations. 

x=4 t x= 4 = eon y= r= 21 x cos x cos(—t) 

yo—= 3isinit y = 3 sin(—2) 
i |t — 1\|, y=t+2 

(b) Describe the change in the graph when the sign of the 
ek en pal 

toe ° tl parameter is changed. 
=p-t = pat — 

Bomeo > 8 ; (c) Make a conjecture about the change in the graph of 

ieee 0, y=cos0, 05 9< a/2, w/2< 02 7 parametric equations when the sign of the parameter is 

16. x = tan?0, y = sec?0 changed. 

17.x=8cos@, y= 8sin0 (d) Test your conjecture with another set of parametric 

. equations. 
ise cos 7, y = 7 sin 6 ay 

36. Writing Review Exercises 31-34 and write a short 

Pe Using Parametric Equations In Exercises 19-30, use a paragraph describing how the graphs of curves represented by 
graphing utility to graph the curve represented by the different sets of parametric equations can differ even though 

parametric equations (indicate the orientation of the curve). eliminating the parameter from each yields the same rectangular 

Eliminate the parameter and write the corresponding equation. 

rectangular equation. Le . mF 
Eliminating a Parameter In Exercises 37-40, eliminate 

19. x = 6 sin 26 20. x = cos 6 the parameter and obtain the standard form of the rectangular 

y = 4cos 20 y = 2sin 20 equation. 

ioe —-4 2 cos 0 De aS COSAG 37. Line through (x,, y,) and (x5, y,): 

y=-—1+sin6é y=-—5+ 3sin0 Ihe edor petted (Ney heart, sepa) ect nee) 

23a —3 + 4.cos 0 24. x = sec 0 38. Circle: x =h+prcos0#, y=k+rsin@ 

y=2+5sin0 y = tan 0 39. Ellipse: x =h+acos0#, y=k+bsiné0 

25. x = 4sec 0 26. x = cos*@ 40. Hyperbola: x =h+asec0, y=k+btané 

me? og Writing a Set of Parametric Equations In Exercises 

coef, y= int PR eka Anis i" 41-48, use the results of Exercises 37-40 to find a set of 

pena 67, = eit 30.x=e%, y=et parametric equations for the line or conic. 

mlemies ; diay 7 
Comparing Plane Curves In Exercises 31-34, determine Al. Lime: ‘passes through (0, 0) and ( ) 
any differences between the curves of the parametric 42. Line: passes through (1, 4) and (5, —2) 
equations. Are the graphs the same? Are the orientations the 43. Circle: center: (3, 1); radius: 2 

? ? Explain. : ec eces cn tes recone EAD au 44. Circle: center: (—6, 2); radius: 4 

31. (a) x= 1 (b) x = cos 6 45. Ellipse: vertices: (+10, 0); foci: (+8, 0) 

pees y— 200s Or) 46. Ellipse: vertices: (4, 7), (4, —3); foci: (4, 5), (4, - 1) 
(c)x=e7% (d) x=e' 47. Hyperbola: vertices: (+4, 0); foci: (+5, 0) 

yeite eh y= 2e + 1 48. Hyperbola: vertices: (0, +1); foci: (0, +2) 
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i In Exercises 49-52, find 

two different sets of parametric equations for the rectangular 

equation. 

49. y=6x—5 50. y = 4/(« — 1) 

51. y= x 52. y = x° 

In Exercises 53-56, find a 

set of parametric equations for the rectangular equation that 

satisfies the given condition. 

3. y = 2x — 5, t = Oat the point (3, 1) 

nm mM — . y= 4x + 1,¢ = —1 at the point (—2, —7) 

55. y = x, t = 4 at the point (4, 16) 

56. y I| 4 — x?, t = 1 at the point (1, 3) 

Graphing a Plane Curve In Exercises 57-64, use a graphing 

utility to graph the curve represented by the parametric 

equations. Indicate the direction of the curve. Identify any 

points at which the curve is not smooth. 

57. Cycloid: x = 2(@ — sin 6), 

58. Cycloid: x = 6+ sin 6, 

y = 2(1 — cos 6) 

y= 1-cos0 

59. Prolate cycloid: x = 6 — > sin 0, y=1= 3 cos 0 

60. Prolate cycloid: x = 20—4sin@, y=2—4cos@ 

61. Hypocycloid: x = 3 cos*@, y = 3 sin? @ 

62. Curtate cycloid: x = 20—sin@, y=2-—cos@ 

63. Witch of Agnesi: x = 2 cot #, y = 2 sin? 6 

64. Folium of Descartes: x = 3t/(1 + 8), y = 32/(1 + #) 

WRITING ABOUT CONCEPTS 

65. Plane Curve _ State the definition of a plane curve given 
by parametric equations. 

66. Plane Curve Explain the process of sketching a plane 

curve given by parametric equations. What is meant by the 

orientation of the curve? 

67. Smooth Curve _ State the definition of a smooth curve. 

68. HOW DO YOU SEE IT? Which set of 
parametric equations is shown in the graph below? 

Explain your reasoning. 

(Qa ()) a= 2 

yee 

Conics, Parametric Equations, and Polar Coordinates 

Viatching In Exercises 69-72, match each set of parametric 

equations with the correct graph. [The graphs are labeled (a), 

(b), (c), and (d).] Explain your reasoning. 

(a) y (b) y 

ED at 

get 

Ala 

69. Lissajous curve: x = 4cos 6, y = 2 sin 26 

70. Evolute of ellipse: x = cos? 6, y = 2sin°@ 

71. Involute of circle: x = cos 0 + @ sin 6, y = sin @ — @cos 6 

72. Serpentine curve: x = cot 6, y = 4 sin @cos 0 

73. Curtate Cycloid A wheel of radius a rolls along a line 
without slipping. The curve traced by a point P that is b units 

from the center (b < a) is called a curtate cycloid (see 

figure). Use the angle 6 to find a set of parametric equations 

for this curve. 

(0, ak b) 

i 
Figure for 73 Figure for 74 

74, Epicycloid A circle of radius 1 rolls around the outside of 
a circle of radius 2 without slipping. The curve traced by a 

point on the circumference of the smaller circle is called an 

epicycloid (see figure). Use the angle 6 to find a set of 

parametric equations for this curve. 

True or False? In Exercises 75-77, determine whether the 

statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

75. The graph of the parametric equations x = f* and y = f? is the 
line y = x. 

76. If y is a function of t and x is a function of f, then y is a 

function of x. 

77. The curve represented by the parametric equations x = r and 

y = cos ¢ can be written as an equation of the form y = f(x). 



78. Translation of a Plane Curve Consider the parametric 
equations x = 8 cos fand y = 8 sint. 

(a) Describe the curve represented by the parametric 

equations. 

(b) How does the curve represented by the parametric 

equations x = 8 cost + 3 andy = 8 sint + 6 compare to 

the curve described in part (a)? 

(c) How does the original curve change when cosine and sine 

are interchanged? 

Projectile Motion In Exercises 79 and 80, consider a 
projectile launched at a height h feet above the ground 

and at an angle @ with the horizontal. When the initial 

velocity is vo feet per second, the path of the projectile is 

modeled by the parametric equations x = (vy, cos 0)t and 

y =h + (vy sin 0)t — 167. 

ad 79. The center field fence in a ballpark is 10 feet high and 400 feet 

from home plate. The ball is hit 3 feet above the ground. It 

leaves the bat at an angle of 6 degrees with the horizontal at a 

speed of 100 miles per hour (see figure). 

(a) Write a set of parametric equations for the path of the ball. 

(b) Use a graphing utility to graph the path of the ball when 

@ = 15°. Is the hit a home run? 

(c) Use a graphing utility to graph the path of the ball when 

@ = 23°. Is the hit a home run? 

(d) Find the minimum angle at which the ball must leave the 

bat in order for the hit to be a home run. 

BB 80. A rectangular equation for the path of a projectile is 

ya + x — 0.005x2 

(a) Eliminate the parameter t from the position function for 

the motion of a projectile to show that the rectangular 

equation is 

x? + (tan @)x + h. 
er 16sec" 0 

ve 

(b) Use the result of part (a) to find h, vo, and @. Find the 

parametric equations of the path. 

(c) Use a graphing utility to graph the rectangular equation for 

the path of the projectile. Confirm your answer in part (b) 

by sketching the curve represented by the parametric 

equations. 

(d) Use a graphing utility to approximate the maximum height 

of the projectile and its range. 

10.2 Plane Curves and Parametric Equations 705 

Sasie\hsiehasa 

Cycloids 
In Greek, the word cycloid means wheel, the word hypocycloid 

means under the wheel, and the word epicycloid means upon the 

wheel. Match the hypocycloid or epicycloid with its graph. [The 

graphs are labeled (a), (b), (c), (d), (e), and (f).] 

Hypocycloid, H(A, B) 

The path traced by a fixed point on a circle of radius B as it rolls 

around the inside of a circle of radius A 

rea ~ B)cost + Beos(* =), 

: Arb. 
y= (A= B)sint ~ B sin( 3 ) 

Epicycloid, E(A, B) 

The path traced by a fixed point on a circle of radius B as it rolls 

around the outside of a circle of radius A 

*) 

At B 
y= (A+ B)sins ~ Bsin| = ) 

+ 

a (A + B)cosr — Bcos( 

I. H(8, 3) Il. E(8, 3) Ill. A(8, 7) 

LV OAs3)) V. H(24, 7) VI. E(24, 7) 

(a) 2, (b) ? 

4 p> x 

(c) : (d) ; 

x 4 f+» x 

i= 

(e) y 

- 

Ee | a 

Exercises based on “Mathematical Discovery via Computer 

Graphics: Hypocycloids and Epicycloids” by Florence S. Gordon 

and Sheldon P. Gordon, College Mathematics Journal, November 

1984, p. 441. Used by permission of the authors. 
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10.3 Parametric Equations and Calculus 

30 

| = = 24/21 

| E =—16t? + 24,/2t 
4 

At time f¢, the angle of elevation of the 

projectile is 6. 

Figure 10.29 

(f(t + At), g(t + At)) 
1 

i 

MSY, 

(f(), gd) 

The slope of the secant line through the 

points (f(t), g(t)) and (f(t + Ad), 
g(t + At)) is Ay/Ax. 

Figure 10.30 

@ Find the slope of a tangent line to a curve given by a set of parametric equations. 

l@ Find the arc length of a curve given by a set of parametric equations. 

@ Find the area of a surface of revolution (parametric form). 

Slope and Tangent Lines 

Now that you can represent a graph in the plane by a set of parametric equations, it is 

natural to ask how to use calculus to study plane curves. Consider the projectile 

represented by the parametric equations 

x= 24/21 —1672 + 24/2 

as shown in Figure 10.29. From the discussion at the beginning of Section 10.2, you 

know that these equations enable you to locate the position of the projectile at a given 

time. You also know that the object is initially projected at an angle of 45°, or a slope 

of m = tan 45° = 1. But how can you find the slope at some other time t? The next 

theorem answers this question by giving a formula for the slope of the tangent line as a 

function of ¢. 

and y= 

Parametric Form of the Derivative 

If a smooth curve C is given by the equations 

x= (0) y ee 
then the slope of C at (x, y) is 

| dy _dy/dt dx 

and 

FO; 
dx  dx/dt’ dt 

Proof In Figure 10.30, consider At > 0 and let 

Ay = g(t + At) — e(t) and Ax =fit+ At) — f@: 

Because Ax —> 0 as At — 0, you can write 

yan Ay 
dx en Ax 

Ob At) ane) 

foe 

Dividing both the numerator and enone by Az, you can use the differentiability 

of f and g to conclude that 

dy, [e(t+ a1) ~ g(d)/ar 
dx Ar-o[ f(t + At) — f@)]/At 

lim g(t + At) = g) 
At>0 At 

Pep it te At) 

eo At 

fo) 
dy/dt_ 

dx/dt 

II 
fim, f+ Ad) = 

=) fit) 

See LarsonCalculus.com for Bruce Edwards's video of this proof. | 
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Exploration 

The curve traced out in 

Example | is a circle. Use 

the formula 

em tall 2 

to find the slopes at the 

points (1, 0) and (0, 1). 

The graph is concave upward at (2, 3) 
when t = 4. 

Figure 10.31 

EXAMPLE 1 Differentiation and Parametric Form 

Find dy/dx for the curve given by x = sin t and y = cost. 

Solution 

| dy a dy/dt 

di nd %) ai 

SS 7 

COs ft 

NO) i ii 

Because dy/dx is a function of t, you can use Theorem 10.7 repeatedly to find 

higher-order derivatives. For instance, 

Second derivative 

Third derivative 

Finding Slope and Concavity 

For the curve given by 

4/1 and y=4(? - 4), t=0 

find the slope and concavity at the point (2, 3). 

Solution Because 

7M epithe Ap Nels 
ax A dx/dt ¥ (1/2)t517 

Parametric form of first derivative 

you can find the second derivative to be 

Parametric form of second 
d a> a) 

oe qty/ax) 7 Salty ] _ (3/2)82 
MA — = =a derivative 

the dx/dt dx/digae(l/2)f, 9? 

At (x, y) = (2, 3), it follows that t = 4, and the slope is 

dy _ (4)32 = 7x (4) 8. 

Moreover, when t = 4, the second derivative is 

d*y _ - Fa 3(4) = 12 > 0 

and you can conclude that the graph is concave upward at (2,3), as shown in 
Figure 10.31. ial 

Because the parametric equations x = f(t) and y = g(t) need not define y as a 
function of x, it is possible for a plane curve to loop around and cross itself. At such 

points, the curve may have more than one tangent line, as shown in the next example. 
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Tangent line (t = 7/2) 

Tangent line (¢t = —7/2) 

This prolate cycloid has two tangent 

lines at the point (0, 2). 

Figure 10.32 

EXAMPLE 3 A Curve with Two Tangent Lines at a Point 

: © © [> See LarsonCalculus.com for an interactive version of this type of example. 

The prolate cycloid given by 

x=2t—amsint and y=2-— 7cost 

crosses itself at the point (0, 2), as shown in Figure 10.32. Find the equations of both 

tangent lines at this point. 

Solution Because x = 0 and y = 2 when t = +77/2, and 

dy — dy/dt 7 sin t 

dads) dtm ei s7 COST 

you have dy/dx = — 7/2 when t = — 7/2 and dy/dx = 7/2 when t = 77/2. So, the 

two tangent lines at (0, 2) are 

T y-2=- (Z): Tangent line when tf = _2 : Oo} Z 

and 

7 
y= 2= (Z)» Tangent line when t=F al 

If dy/dt = 0 and dx/dt # 0 when t = fo, then the curve represented by x = f(t) 
and y = g(t) has a horizontal tangent at (f(¢,), g(to)). For instance, in Example 3, the 
given curve has a horizontal tangent at the point (0, 2 — a) (when t = 0). Similarly, if 
dx/dt = 0 and dy/dt # 0 when t¢ = fo, then the curve represented by x = f(t) and 
y = g(t) has a vertical tangent at (f(t), g(to)). 

Arc Length 

You have seen how parametric equations can be used to describe the path of a particle 

moving in the plane. You will now develop a formula for determining the distance 

traveled by the particle along its path. 

Recall from Section 7.4 that the formula for the arc length of a curve C given by 

= h(x) over the interval [Xp, x,] is 

= | VISOR as 

f Joa 
lf Gus fepresented by the parametric equations x = f(t) and y = g(t),a < t < b, and 
if dx/dt = f(t) > 0, then 

Ss =| hol +( (22) 

g / a 2 

=| = Bal ae 

(dx/dt)? + (dy/dt)? d 

a ie AC at 

2 f FOE + le WP at 



ARCH OF A CYCLOID 

The arc length of an arch of a 

cycloid was first calculated in 
1658 by British architect and 
mathematician Christopher Wren, 

famous for rebuilding many 
buildings and churches in London, 

including St. Paul’s Cathedral. 

x =5 cos t—cos 5t 

i= iSite — SIN Ok 

An epicycloid is traced by a point on 

the smaller circle as it rolls around the 

larger circle. 

Figure 10.33 

10.3. Parametric Equations and Calculus 709 

Arc Length in Parametric Form 

If a smooth curve C is given by x = f(t) and y = g(t) such that C does not 

intersect itself on the interval a < t < b (except possibly at the endpoints), 

then the arc length of C over the interval is given by 

s= , Fy Wan eA en I AG ernlen@) ae 

When applying the arc length formula to a curve, be sure that the curve 

is traced out only once on the interval of integration. For instance, the circle given by 

x = cos t and y = sin fis traced out once on the interval 0 < t S 27, but is traced out 

twice on the interval 0 < t S 47. 

In the preceding section, you saw that if a circle rolls along a line, then a point on 

its circumference will trace a path called a cycloid. If the circle rolls around the 

circumference of another circle, then the path of the point is an epicycloid. The next 

example shows how to find the arc length of an epicycloid. 

EXAMPLE 4 Finding Arc Length 

A circle of radius 1 rolls around the circumference of a larger circle of radius 4, as 

shown in Figure 10.33. The epicycloid traced by a point on the circumference of the 

smaller circle is given by 

%=— 3 COSf— cossf and y=5 sin ¢ — sin 51. 

Find the distance traveled by the point in one complete trip about the larger circle. 

Solution Before applying Theorem 10.8, note in Figure 10.33 that the curve has 

sharp points when t = 0 and t = 77/2. Between these two points, dx/dt and dy/dt are 

not simultaneously 0. So, the portion of the curve generated from t = 0 to t = 7/2 is 

smooth. To find the total distance traveled by the point, you can find the arc length of 

that portion lying in the first quadrant and multiply by 4. 

a/2 2 mf Ve 
a/2 

=4| /(—5 sint + 5 sin 5t)? + (5 cost — 5 cos 5t)? dt 
0 

Parametric form for arc length 

a/2 

= 20 | /2 — 2 sint sin 5t — 2 cost cos 5t dt 
0 

Difference formula for cosine 

7/2 

= 20 | Na COSA aE 
0 

Double-angle formula 

a/2 

= 20 | /4 sin? 2t dt 
0 

a/2 

0 | sin 2t dt 
0 

a/2 

= 20) co 2 
0 

= 40 

For the epicycloid shown in Figure 10.33, an arc length of 40 seems about right because 

the circumference of a circle of radius 6 is 

ena =o a 
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Area of a Surface of Revolution 

You can use the formula for the area of a surface of revolution in rectangular form to 

develop a formula for surface area in parametric form. 

Area of a Surface of Revolution 

If a smooth curve C given by x = f(t) and y = g(t) does not cross itself on an 

interval a < ¢ < b, then the area S of the surface of revolution formed by 

revolving C about the coordinate axes is given by the following. 

i; SS 2B Te (t) +2 (2) dt Revolution about the x-axis: g(t) = 0 

(2) - 
er wn (2) dt Revolution about the y-axis: f(t) = 0 

These formulas may be easier to remember if you think of the differential of arc 

length as 

dx\? dy tom f(@} + (Bf a 
dt dt 

Then the formulas are written as follows. 

b b 

1 S= 2m | g(t) ds 2. S=27| f(t) ds 
a a 

EXAMPLE 5 Finding the Area of a Surface of Revolution 

y Let C be the arc of the circle x? + y? = 9 from (3, 0) to 

3 (3 ‘3 
PED) 

2 

as shown in Figure 10.34. Find the area of the surface formed by revolving C about the 

l X-axis. 

—t -— Solution You can represent C parametrically by the equations 
= 

vs x=3cost and y=3sint, 0st w/3. 

a (Note that you can determine the interval for t by observing that t = 0 when x = 3 and 

t = 7/3 when x = 3/2.) On this interval, C is smooth and y is nonnegative, and you 

-34 can apply Theorem 10.9 to obtain a surface area of 

a/3 

The surface of revolution has a surface S=2n (3 sin t)/(—3 sin t)? + (3 cos #)? dt Formula for area of a 
eta ee ‘i surface of revolution 

Figure 10.34 a/3 

= on | sin t\/9(sin? t + cos? t) dt 
0 
1/3 

= on | 3 sin t dt Trigonometric identity 
0 

a/3 

=— 187 |c0s 1 
0 

1 
—] —— | 8a(4 

= 97. | 
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10.3. Parametric Equations and Calculus 711 

Finding a Derivative In Exercises 1-4, find dy/dx. 

1.x=?, y=7- 6t 2x=VSt,y=4-1 

Saosin 6) y = cos? 6 Ai Jee. i= eal? 

Finding Slope and Con In Exercises 5-14, find 
dy/dx and d?y/dx*, and find the slope and concavity (if 

possible) at the given value of the parameter. 

Parametric Equations Parameter 

5.x = 4t, y= 3r-2 t=3 

60 = Jf, y = 3¢-1 p= 1 

hs 30S ih eG Sea is t=—l 

Ss oe = ie ae Sy ae GE Sp = a0) 

9. x = 4cos 0, y=4sin 0 Qe 

10. x = cos 0, y = 3 sin 8 6=0 

11. x =2+ sec 6, y=1+2tané O=% 

beer /t, y = /t — | t=2 

13; x = cos? 0, y = sin? 6 o=7 

14. x= 6-— sind, y=1-—cosé 0=7 

Finding Equations of Tangent Lines In Exercises 15-18, 
find an equation of the tangent line at each given point on the 

curve. 

i5e7—2cot 6, y= 2 sin’ 0, 

Fir): 0.2 (2V53) =——. =|, (0, 2), |2V3, 
( ye ( 

Tomi — 3.cos 0. y = 3-5 2 sin 0, 

(—1,3), (2,5), ——- 2) 

fee —4, y= — 22, 

ieee 2, y= P+ (2,0), 

(ORO (Esk ie eee)) 

a2) Sa) 

WB Finding an Equation of a Tangent Line In Exercises 

19-22, (a) use a graphing utility to graph the curve represented 

by the parametric equations, (b) use a graphing utility to find 

dx/dt, dy/dt, and dy/dx at the given value of the parameter, 

(c) find an equation of the tangent line to the curve at the given 

value of the parameter, and (d) use a graphing utility to graph 

the curve and the tangent line from part (c). 

Parametric Equations Parameter 

19. x= 64, y= 77 +4 aa | 

20,x=1-2,y==+3 t=1 

Blew =i? —i+2, y= — 32 P=—1 

PM 3: — 2, y = 26? ra 

See CalcChat.com for tutorial help and worked-out solutions to odd-numbered: exercises. 

ual In Exercises 23-26, 

find. the sivaitinns of he tangent lines at the point where the 

curve crosses itself. 

23. x =2sin2t, y= 3sint 

24. x%=2— 7 cost, y= 2i— msmt 

f /ert aungency In Exercises 27 and 28, 

find all points (if ani) of Rociontal and vertical tangency to the 

portion of the curve shown. 

28. x = 20 

a (ie rcosty) 

27. Involute of a circle: 

x =cosé+ 6sin@ 

y = sin@ — @cos@ 

Horizontal and Vertical Tangency In Exercises 29-38, 
find all points (if any) of horizontal and vertical tangency to the 

curve. Use a graphing utility to confirm your results. 

292 Af ene 

30. = td, Dye 3t 

314 = 7 4 yy =P = 3 

32. 4 = tae, 

BEY eS SCO Gh 3) = SSN) 

34. x =cos 0, y=2sin20 

205 SSCs = —2 a sin 

36. x = 4cos*6, y=2sin0 

lo 5 

38. x 

We ast 

sec 0, y = tané 

cos* 6, y= cos 0 

Determining Concavity In Exercises 39-44, determine 

the open f-intervals on which the curve is concave downward or 

concave upward. 

39. = 3 = St 

Qoixe2+7, yarrRe 

Alen 2b ney en 

42 ees ela e 

43a" si0i ey COS Te OR ear; 

eee ees ate 
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In Exercises 45-50, find the arc length of the Py 58. Witch 

curve on the given interval. 

45. 

46. 

47. 

48. 

49. 

50. 

Arc Length 

Parametric Equations Interval 

ee She Se eer SSS 

i 16t ya je, an 

: 7 
x=e ‘cost, y=e ‘sint OS 

: 5 | 
x=aresint, y= InJ/l — ft ORS a a in 

t= Vin y= Sta I =a 

Le I 
x=t, y= + LSpysae 

6 Pe 

In Exercises 51-54, find the arc length of the 

curve on the interval [0, 277]. 

51. 

52. 

53. 

54. 

PB ss. 

Pe 56. 

PB 57. 

Hypocycloid perimeter: x = a cos* 6, y = asin? 6 

Circle circumference: x = acos 0, y = asin 0 

Cycloid arch: x = a(@ — sin 6), y = a(1 — cos 6) 

Involute of a circle: x = cos 6 + @sin 0, y = sin 6 — Ocos 0 

Path of a Projectile The path of a projectile is modeled 
by the parametric equations 

x = (90 cos 30°)t and y = (90 sin 30°)t — 1677 

where x and y are measured in feet. 

(a) Use a graphing utility to graph the path of the projectile. 

(b) Use a graphing utility to approximate the range of the 

projectile. 

(c) Use the integration capabilities of a graphing utility to 

approximate the arc length of the path. Compare this result 

with the range of the projectile. 

Path of a Projectile When the projectile in Exercise 55 is 
launched at an angle @ with the horizontal, its parametric 

equations are 

x= (90cos @)t and y = (90sin 6)t — 16??. 

Use a graphing utility to find the angle that maximizes the 

range of the projectile. What angle maximizes the arc length of 

the trajectory? 

Folium of Descartes Consider the parametric equations 

weet ee 4t? 

‘ ae 1+7 

(a) Use a graphing utility to graph the curve represented by 

the parametric equations. 

(b) Use a graphing utility to find the points of horizontal 

tangency to the curve. 

(c) Use the integration capabilities of a graphing utility to 

approximate the arc length of the closed loop. (Hint: Use 

symmetry and integrate over the interval 0 < t < 1.) 

Conics, Parametric Equations, and Polar Coordinates 

Consider the parametric equations oT Agnesi 

x=4cotO and y=4sin?@, -~<s 65 
w}y w/a 

(a) Use a graphing utility to graph the curve represented by 

the parametric equations. 

(b) Use a graphing utility to find the points of horizontal 

tangency to the curve. 

(c) Use the integration capabilities of a graphing utility 

to approximate the arc length over the interval 

m7/4< 0S 7/2. 

59. Writing 

Pe (a) Use a graphing utility to graph each set of parametric 

equations. 

K=ap—Ginin, w= Cos, URS tS Yan 

oi sin (22) ae ye—s COS (27) ee) = bean, 

(b) Compare the graphs of the two sets of parametric 

equations in part (a). When the curve represents the 

motion of a particle and ¢ is time, what can you infer about 

the average speeds of the particle on the paths represented 

by the two sets of parametric equations? 

(c) Without graphing the curve, determine the time required 

for a particle to traverse the same path as in parts (a) and 

(b) when the path is modeled by 

x= st = sin(41) and y=!1-— cos(5t). 

60. Writing 

Fy (a) Each set of parametric equations represents the motion of 

a particle. Use a graphing utility to graph each set. 

First Particle: x = 3cost, y=4sint, 0<t<s 27 

Second Particle: x = 4sint, y=3cost, 0 st S$ 27 

(b) Determine the number of points of intersection. 

(c) Will the particles ever be at the same place at the same 

time? If so, identify the point(s). 

(d) Explain what happens when the motion of the second 

particle is represented by 

x= 23 sini, y= 2—= 4icost, OS h 2a 

oe Surface Area In Exercises 61-64, write an integral that 

represents the area of the surface generated by revolving the 

curve about the x-axis. Use a graphing utility to approximate 

the integral. 

Parametric Equations Interval 

61. x =3t, y=tt+2 Opes. 

1 
62.1 = 70, y=t+3 Ov=1 Sa 

D 7 
63. x = cos* 6, y= cos 0 One Ma 

: 7 
64. x = 6+ sind, y= 6+ cos 6 Pisrs 



Surface Area In Exercises 65-70, find the area of the 

_ surface generated by revolving the curve about each given axis. 

65. x= 21, y=3t, O<t<3 

(a) x-axis (b) y-axis 

66.x=1t, y=4-24, 0<t<2 

(a) x-axis  (b) y-axis 

67. x =5cos 6, y=5sin0, 0< oe y-axis 

68. x= 303, y=tt 1, 

69. x =acos? 6, y=asin? 6, 0< 67, 

70. x =acos@, y=bsiné, 0< 6< 27 

(i925 y-axis 

X-axis 

(a) x-axis (b) y-axis 

WRITING ABOUT CONCEPTS 

71. Parametric Form of the Derivative Give the | 

parametric form of the derivative. 

Mental Vath In Exercises 72 and 73, mentally determine 
dy/dx. 

y=6t-5 Tao = 6 ieee, 

| 74. Arc Length Give the integral formula for arc length in ; 
| aoe form. i 

“of the surfaces of revolution formed when a smooth curve | 

C is revolved about (a) the x-axis and (b) the y-axis. 

co . Integration by Substitution Use integration by 
_ substitution to show that if y is a continuous function of x on 

_ the interval a < x < b, where x = f(t) and y = g(t), then 

10.3. Parametric Equations and Calculus 713 

78. Surface Area A portion of a sphere of radius r is removed 

by cutting out a circular cone with its vertex at the center of the 

sphere. The vertex of the cone forms an angle of 26. Find the 

surface area removed from the sphere. 

Area In Exercises 79 and 80, find the area of the region. (Use 

the result of Exercise 77.) 

79; x = 2'sin2 0 80. x = 2 cot 6 

y = 2 sin? 6 tan @ y= 2 sine 

Vena ee Deere 

y y 

| AR Areas of Simple Closed Curves In Exercises 81-86, use 
a computer algebra system and the result of Exercise 77 to 

match the closed curve with its area. (These exercises were 

based on “The Surveyor’s Area Formula” by Bart Braden, 

College Mathematics Journal, September 1986, pp. 335-337, by 

permission of the author.) © 

(c) 2za? 

(f) 67a? 

82. Astroid: (0 < 

8 = CO 

(b) 32a? 

(e) 2aab 

(a) Sab 

(d) zab 

81. Ellipse: (0 < t < 27) t < 27) 

% = bcost 

y =asin3t y =asint 

84. Deltoid: (0 < t < 27) 

28 = VomMGog ae Gos He 

83. Cardioid: (0 < t < 27) 

x = 2acos t — acos 2t 

y = 2asint — asin 2t y = 2a sint — asin 2t 



714 Chapter 10 

85. Hourglass: (0 < tf < 27) 86. Teardrop: (0 < t < 27) 

x = asin 2t x = 2a cost — asin 2t 

y = bsint y = bsint 

y y 

Centroid In Exercises 87 and 88, find the centroid of the 

region bounded by the graph of the parametric equations and 

the coordinate axes. (Use the result of Exercise 77.) 

SlixSVt y=a4—2 88.0= 4 a y= ni 

Volume In Exercises 89 and 90, find the volume of the solid 

formed by revolving the region bounded by the graphs of the 

given equations about the x-axis. (Use the result of Exercise 77.) 

89. x = 6cos 6, y = 6sin 6 

90. x =cos#, y=3sin0@, a>O 

91. Cycloid Use the parametric equations 

x=al@—sin 6) and y= a(l —cos 6),4,> 0 

to answer the following. 

(a) Find dy/dx and d’y/dx?. 

(b) Find the equation of the tangent line at the point where 

0= 7/6. 

(c) Find all points (if any) of horizontal tangency. 

(d) Determine where the curve is concave upward or concave 

downward. 

(e) Find the length of one arc of the curve. 

92. Using Parametric Equations Use the parametric equations 

1 
x= 5/3 and Wir shit 

to answer the following. 

(a) Use a graphing utility to graph the curve on the interval 

=a) SS eh 

Find dy/dx and d?y/dx?. 

Find the equation of the tangent line at the point (ae gy. 

(b 

(c eo RES 

(d) Find the length of the curve. 

(e ma Find the surface area generated by revolving the curve 

about the x-axis. 

93. Involute of a Circle The involute of a circle is described 
by the endpoint P of a string that is held taut as it is unwound 

from a spool that does not turn (see figure). Show that a 

parametric representation of the involute is 

x = r(cos@+ @sin@) and y=r(sin @— @cos 6). 

Conics, Parametric Equations, and Polar Coordinates 

Figure for 93 Figure for 94 

94. Involute of a Circle The figure shows a piece of string 

tied to a circle with a radius of one unit. The string is just long 

enough to reach the opposite side of the circle. Find the area 

that is covered when the string is unwound counterclockwise. 

Pe 95. Using Parametric Equations 

(a) Use a graphing utility to graph the curve given by 

=) 
N ~ Lae 

aa 
x= and y= 

1+ 7 

where — 20! = ¢ = 20. 

(b) Describe the graph and confirm your result analytically. 

(c) Discuss the speed at which the curve is traced as ¢ 

increases from — 20 to 20. 

Pe 96. Tractrix A person moves from the origin along the positive 

y-axis pulling a weight at the end of a 12-meter rope. Initially, 

the weight is located at the point (12, 0). 

(a) In Exercise 90 of Section 8.7, it was shown that the path of 

the weight is modeled by the rectangular equation 

= =e 

y=-2n( 2 waits =) S144 — x? 
x 

where 0 < x < 12. Use a graphing utility to graph the 

rectangular equation. 

(b Se Use a graphing utility to graph the parametric equations 

pi t 
= 12 sech +5 and y=f-— 12 tanh 2 

where t = 0. How does this graph compare with the graph 

in part (a)? Which graph (if either) do you think is a 

better representation of the path? 

(c wa Use the parametric equations for the tractrix to verify that 

the distance from the y-intercept of the tangent line to the 

point of tangency is independent of the location of the 

point of tangency. 

True or False? In Exercises 97 and 98, determine whether 

the statement is true or false. If it is false, explain why or give 

an example that shows it is false. 

7 e dy _ go) 97. If x = f(t) and y = g(t), then de 0)" 

98. The curve given by x = f°, y = 7? has a horizontal tangent at 
the origin because dy/dt = 0 when t = 0. 



10.4 Polar Coordinates and Polar Graphs 715 

10.4 Polar Coordinates and Polar Graphs 

i Understand the polar coordinate system. 

@ Rewrite rectangular coordinates and equations in polar form and vice versa. 

@ Sketch the graph of an equation given in polar form. 

@ Find the slope of a tangent line to a polar graph. 

@ Identify several types of special polar graphs. 

Polar Coordinates 

So far, you have been representing graphs as collections of points (x, y) on the 

rectangular coordinate system. The corresponding equations for these graphs have been 

in either rectangular or parametric form. In this section, you will study a coordinate 

system called the polar coordinate system. 

To form the polar coordinate system in the plane, fix a point O, called the pole (or 

origin), and construct from O an initial ray called the polar axis, as shown in 

Figure 10.35. Then each point P in the plane can be assigned polar coordinates (r, 6), 

Polar ag follows. 
axis 

P=(%@) 

6 = directed angle 

pair coordinates r = directed distance from O to P 

Figure 10.35 6 = directed angle, counterclockwise from polar axis to segment OP 

Figure 10.36 shows three points on the polar coordinate system. Notice that in this 

system, it is convenient to locate points with respect to a grid of concentric circles 

intersected by radial lines through the pole. 

as 
2 

— NIA 

Liz 
6 

(hs 

1 11 

ar (3G 
2 

(a) (b) (c) 
Figure 10.36 

With rectangular coordinates, each point (x, y) has a unique representation. This is 

not true with polar coordinates. For instance, the coordinates 

(r, 0) and (r,27+ 8) 

represent the same point [see parts (b) and (c) in Figure 10.36]. Also, because r is a 

directed distance, the coordinates 

(r, 0) and -(—r,@+ 7m) 
POLAR COORDINATES 

The mathematician credited with 

first using polar coordinates was 
James Bernoulli, who introduced 

represent the same point. In general, the point (r, 6) can be written as 

(7, 6) = (7, 0 + 2n7) 

them in 1691. However, there is 

some evidence that it may have 
been Isaac Newton who first (r, 6) = (—r,@+ (Qn + 1)7) 

used them. 

or 

where n is any integer. Moreover, the pole is represented by (0, 6), where 6 is any angle. 
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(Origin) * 

Relating polar and rectangular 

cookdinates 

Figure 10.37 

(7, 8) 

(x, y) 

>» X 

“Polar axis 

(x-axis) 

e 

(r, 8) = (2, m) Ne ‘2 4) 
5D) oo pes 

a =| 1 2 

(x, y) = (—2, 0) 
-|-+ 

To convert from polar to rectangular 

coordinates, let x = rcos @ and 

y =rsin 6. 

Figure 10.38 

y 

f 1 " =(2.= 

2° ae) ( a) 

(Gay) =10} i) VS 

To convert from rectangular to polar 

coordinates, let tan 6 = y/x and 
p= s/t + y*. 

Figure 10.39 

Conics, Parametric Equations, and Polar Coordinates 

Coordinate Conversion 

To establish the relationship between polar and rectangular coordinates, let the polar 

axis coincide with the positive x-axis and the pole with the origin, as shown in 

Figure 10.37. Because (x, y) lies on a circle of radius r, it follows that 

a yes 

Moreover, for r > 0, the definitions of the trigonometric functions imply that 

y i : y 
tan 0 = *., cos 0 =~, and sin 6 ==. 

You can show that the same relationships hold for r < 0. 

The polar coordinates (r, 0) of a point are related to the rectangular coordinates 

(x, y) of the point as follows. 

Polar-to-Rectangular Rectangular-to-Polar 

y 
x =rcos @ tan @ == 

EX; 

=r sin 0 To eye 

EXAMPLE 1 Polar-to-Rectangular Conversion 

a. For the point (r, 6) = (2, 7), 

x=rcos8=2cos7=—2 and y=rsin@=2sin 7 = 0. 

So, the rectangular coordinates are (x, y) = (—2, 0). 

b. For the point (r, @) = ({/3: a/ 6), 

i = 3/3 05 — and y= 4/3) 
5. aE ay/5\ 
n= 

6 2 

=1(3/2-./3/2). 

2 

So, the rectangular coordinates are (x, y) 

See Figure 10.38. 

EXAMPLE 2 Rectangular-to-Polar Conversion 

a. For the second-quadrant point (x, y) = (—1, 1), 

390 

Ae =] = d= tang=~ 
xe 

Because 6 was chosen to be in the same quadrant as (x, y), you should use a positive 

value of-r. 

r= Jey? 
ener ay 

= /2 

This implies that one set of polar coordinates is (r, @) = (72, 37/4). 
b. Because the point (x, y) = (0, 2) lies on the positive y-axis, choose @ = 7/2 and 

r = 2, and one set of polar coordinates is (r, 0) = (2, 7/2). 

See Figure 10.39. wi 



(a) Circle: r = 2 

(b) Radial line: 6 = 5 

Nia 

31 

D 

roy 

(c) Vertical line: r = sec 0 

Figure 10.40 
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Polar Graphs 

One way to sketch the graph of a polar equation is to convert to rectangular coordinates 

and then sketch the graph of the rectangular equation. 

EXAMPLE 3 Graphing Polar Equations 

Describe the graph of each polar equation. Confirm each description by converting to a 

rectangular equation. 

a.r=2 i @ = c. r = sec 0 
wy 

Solution 

a. The graph of the polar equation r = 2 consists of all points that are two units from 

the pole. So, this graph is a circle centered at the origin with a radius of 2. [See 

Figure 10.40(a).] You can confirm this by using the relationship r? = x? + y? to 
obtain the rectangular equation 

2 hey ieee Rectangular equation 

b. The graph of the polar equation 6 = 7/3 consists of all points on the line that makes 

an angle of 2/3 with the positive x-axis. [See Figure 10.40(b).] You can confirm this 

by using the relationship tan 6 = y/x to obtain the rectangular equation 

Y= xf 3%: Rectangular equation 

c. The graph of the polar equation r = sec @ is not evident by simple inspection, so you 

can begin by converting to rectangular form using the relationship r cos 6 = x. 

r = sec 0 Polar equation 

rcos 6= 1 

x= 1 Rectangular equation 

From the rectangular equation, you can see that the graph is a vertical line. [See 

Figure 10.40(c).] P| 

\ f 
¥ ao ga i GY Sketching the graphs of complicated polar equations by hand 

can ss Pes, With technology, however, the task is not difficult. If your graphing 

utility has a polar mode, use it to graph the equations in the exercise set. If your 

graphing utility doesn’t have a polar mode, but does have a parametric mode, you 

can graph r = f(@) by writing the equation as 

x = f(@) cos 0 

y = f(@) sin 0. 

For instance, the graph of r = 50 shown in e 

Figure 10.41 was produced with a graphing 

calculator in parametric mode. This equation 

was graphed using the parametric equations 

x= 5 0cos 0 

= 50sin 6 z6 

t ! Spiral of Archimedes 
with the values of 6 varying from —477 to 477. Figure 10.41 

This curve is of the form r = a@ and is called 

a spiral of Archimedes. eeeees#efeo#8s#sex#s#eooeceee#ee##8ee8ee#ee@¢@e#0e#8#6e?80e8800 8 @ @ @ @ 
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One way to 

sketch the graph of r = 2 cos 36 

by hand is to make a table of 

values. 

TA) eet | Oar 
an Ohare eile |) 3” 

m21/0\|-210/)| 2 

By extending the table and 

plotting the points, you will 

obtain the curve shown in 

Example 4. 

Sketching a Polar Graph 

ey > See LarsonCalculus.com for an interactive version of this type of example. 

Sketch the graph of r = 2 cos 36. 

Solution Begin by writing the polar equation in parametric form. 

x= 2cos3@cos@ and y =2cos36sin@é 

After some experimentation, you will find that the entire curve, which is called a rose 

curve, can be sketched by letting 0 vary from 0 to 7, as shown in Figure 10.42. If you 

try duplicating this graph with a graphing utility, you will find that by letting @ vary 

from 0 to 27, you will actually trace the entire curve twice. 

+—++—- NIA 

= + | 
i) ; r 

y oO 

3n 
2 

7 7 T 
< = — — UES Ves Ves5 

x 
2 

Figure 10.42 wi 

Use a graphing utility to experiment with other rose curves. Note that rose curves 

are of the form 

i —TCOSG ms OLN TAT. SINILO: 

For instance, Figure 10.43 shows the graphs of two other rose curves. 

2 r=0.5icos 204 2 

2 

Generated by Mathematica 

Rose curves 

Figure 10.43 



Nola 

| Tangent line 

Tangent line to polar curve 

Figure 10.44 

Horizontal and vertical tangent lines of 

‘r= sin 0 

Figure 10.45 
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Slope and Tangent Lines 

To find the slope of a tangent line to a polar graph, consider a differentiable function 

given by r = f(6). To find the slope in polar form, use the parametric equations 

x =rcos @=f(@)cos@ and y=rsin 6 = f(6) sin 0. 

Using the parametric form of dy/dx given in Theorem 10.7, you have 

dy _ dy/d0 _ f(@) cos 6 + f@) sin 0 

ax dx / dO t= 710) sin 0-5 57(6):cos 6 

which establishes the next theorem. 

Slope in Polar Form 

If fis a differentiable function of 0, then the slope of the tangent line to the 

graph of r = f(6) at the point (r, 6) is 

dy _ dy/d0 _ f(0) cos 6 + f(6) sin 6 

dx dx/d0  —f(@)sin 6+ f(@) cos 6 

provided that dx/d@ # 0 at (r, 0). (See Figure 10.44.) 
| 

ee 

From Theorem 10.11, you can make the following observations. 

1. Solutions of = = 0 yield horizontal tangents, provided that # 0. 

dy 
2. Solutions of - = 0 yield vertical tangents, provided that a # 0. 

If dy/d0 and dx/d@ are simultaneously 0, then no conclusion can be drawn about 

tangent lines. 

EXAMPLE 5 Finding Horizontal and Vertical Tangent Lines 

Find the horizontal and vertical tangent lines of r = sin 6,0 < 6 7. 

Solution Begin by writing the equation in parametric form. 

x = rcos 6 = sin 6 cos 0 

and 

y = rsin6@ = sin@ sin 0 = sin? 6 

Next, differentiate x and y with respect to @ and set each derivative equal to 0. 

LES esmeerary yom Ye ——— filet 
ames sin?796=cos20=0 HD 0 4 CA 

o = 2sin@cosd@=sn20=O0 > @0= ine 

So, the graph has vertical tangent lines at 

J2 0 (2 =| 
ee ANC ee ee, as 
2°4 2° 4 

and it has horizontal tangent lines at 

(0,0) and (1 2) 
2 

as shown in Figure 10.45. P| 
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Nia 

t 

WIA —— 

+0 

3) 8 

Horizontal and vertical tangent lines of 

r = 2() "cos 9) 

Figure 10.46 

Nola f(@) =2 cos 30 

\ 

31 

oy 

This rose curve has three tangent lines 

(0 = 7/6, 6 = 2/2, and 9 = 57/6) at 

the pole. 

Figure 10.47 

Conics, Parametric Equations, and Polar Coordinates 

EXAMPLE 6 Finding Horizontal and Vertical Tangent Lines 

Find the horizontal and vertical tangents to the graph of r = 2(1 — cos @). 

Solution Let y = rsin @ and then differentiate with respect to 6. 

y=rsin@ 

=) (cos) G) ising 

a = 2[(1 — cos O)(cos 0) + sin (sin 8) | 
C 

= 2(cos 0 — cos? 6 + sin? 6) 
= /2(cosi0i==cos* Oe li =1c0s2.6) 

=t2(2'0s6 — cos 0-1) 
= —2(2 cos 6+ 1)(cos'@ — 1) 

Setting dy/d0 equal to 0, you can see that cos 6 = —} and cos @ = 1. So, dy/d6é = 0 

when 6 = 27/3, 47/3, and 0. Similarly, using x = r cos 6, you have 

x =rcos 0 

= 2(1=— cos @) cos 6 

= 2cos 6 — 2 cos? 0 

dx ; . 
—=- + 10 2 sin 0+ 4 cos @6sin 0 

= 2.sin 6(2.cos, 6:=: 1): 

Setting dx/d@ equal to 0, you can see that sin 6 = 0 and cos 0 = > So, you can 

conclude that dx/d@ = 0 when @ = 0, 7, 7/3, and 5727/3. From these results, and from 

the graph shown in Figure 10.46, you can conclude that the graph has horizontal 

tangents at (3, 27/3) and (3, 47r/3), and has vertical tangents at (1, 7/3), (1, 57/3), 
and (4, 7). This graph is called a cardioid. Note that both derivatives (dy/d@ and 
dx/d0@) are 0 when @ = 0. Using this information alone, you don’t know whether the 
graph has a horizontal or vertical tangent line at the pole. From Figure 10.46, however, 

you can see that the graph has a cusp at the pole. | 

Theorem 10.11 has an important consequence. If the graph of r = f(@) passes 

through the pole when @ = a and f(a) # 0, then the formula for dy/dx simplifies as 
follows. 

dy_f(a)sina+f(@)cosa_ fa)sina+0_ sina 

dx f(a)cosa—f(a)sina f(a)cosa—0 cosa 
= tana 

So, the line @ = a is tangent to the graph at the pole, (0, a). 

THEOREM 10.12 Tangent Lines at the Pole 

If f(a) = O and f’(a) # 0, then the line 6 = a is tangent at the pole to the graph 

Theorem 10.12 is useful because it states that the zeros of r = f(A) can be used to 

find the tangent lines at the pole. Note that because a polar curve can cross the pole 

more than once, it can have more than one tangent line at the pole. For example, the 

rose curve f(@) = 2 cos 3@ has three tangent lines at the pole, as shown in Figure 10.47. 

For this curve, f(@) = 2 cos 30 is 0 when @ is 7/6, 77/2, and 57/6. Moreover, the 

derivative f(0) = —6 sin 30 is not 0 for these values of 0. 
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Special Polar Graphs 

Several important types of graphs have equations that are simpler in polar form than in 

rectangular form. For example, the polar equation of a circle having a radius of a and 

centered at the origin is simply r = a. Later in the text, you will come to appreciate this 

benefit. For now, several other types of graphs that have simpler equations in polar form 

are shown below. (Conics are considered in Section 10.6.) 

Limacons 
wla wla wla wla 

r=a+bcos@ | 

r=axbsin@ 
1 - i— > (0) ~— 0 1 — >0 

(a > 0,b > 0) 

3 3m 30 
2 a, Dy, 

a a a a 
=< | —= 1 iW ee 5) == 
b b b b 2 

Limagon with Cardioid Dimpled limagon Convex limac¢on 

inner loop (heart-shaped) 

Rose Curves i @ ud 
2 2 2 

n petals when n is odd Ried 

2n petals when n is Qa (iy) 

even (n = 2) & mal! % GS 0 

n= 2 

3a 3x @ 3a 
2 2 D 

r= acosné r = acosnd r=asinné r= asinné 

Rose curve Rose curve Rose curve Rose curve 

; 1 Tw Tt 1 

Circles . - a a 

and Lemniscates 

Me Cy TT - 0 ™ 0 0 iN 0 

a 
a 

3x 3x 3x 3x 
2 Di 2 2 

r=acos 98 r=asin@ r = a’ sin 20 r = a’ cos 20 

Circle Circle Lemniscate Lemniscate 

[> TECHNOLOGY The rose curves described above are of the form r = a cos né 

or r = asin n6, where nis a positive integer that is greater than or equal to 2. Use a 

graphing utility to graph 

r=acosn@ or r=asinné 

for some noninteger values of n. Are these graphs also rose curves? For example, try 

sketching the graph of 

r= cos 50, 0S 0& 67. 
ee0oeessee?8e#8eee#¢e? 

i FOR FURTHER INFORMATION For more information on rose curves and related 

curves, see the article “A Rose is a Rose. . .” by Peter M. Maurer in The American 

Mathematical Monthly. The computer-generated graph at the left is the result of an 

algorithm that Maurer calls “The Rose.” To view this article, go to MathArticles.com. 
Generated by Maple 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

the 

In Exercises 1-10, plot 

point in polar coordinates and find the corresponding 

rectangular coordinates for the point. 

i) 

gaa 

| 
tO 

ws" 

3 

Sees 

307 10 
3. (-4, -— "= aor 4 (0-2) 

Sar ll aha 5m of ia 
a: (7 Z| 6 ( Oar 

7. (V2, 2.36 8. (—3, —1.57) 

9. (—4.5, 3.5) 10. (9.25, 1.2) 

Rectangular-to-Polar Conversion In Exercises 11-20, 

the rectangular coordinates of a point are given. Plot the point 

and 

0O< 

iB 

13: 

15. 

ih. 

19. 

21. 

ad 22. 

Rectangular-to-Polar Conversion 

find two sets of polar coordinates for the point for 

0 < 27. 

(2, 2) 125 (026) 

eon 4) 14, (4;—2) 

(-1, - V3) 16. (3, — V3) 
(3, —2) 18. (3-/23./2) 

Gs) 20. (0, -5) 

Plotting a Point Plot the point (4, 3.5) when the point is 
given in 

(a) rectangular coordinates. 

(b) polar coordinates. 

Graphical Reasoning 

(a) Set the window format of a graphing utility to rectangular 

coordinates and locate the cursor at any position off the 

axes. Move the cursor horizontally and vertically. Describe 

any changes in the displayed coordinates of the points. 

(b ma Set the window format of a graphing utility to polar 

coordinates and locate the cursor at any position off the 

axes. Move the cursor horizontally and vertically. Describe 

any changes in the displayed coordinates of the points. 

(c) Why are the results in parts (a) and (b) different? 

In Exercises 23-32, 

convert the rectangular equation to polar form and sketch its 

graph. 

23. x* + y7=9 24. x? -—y=9 

Drs BA an Ne = ral” 26. 4° y= Dax = 0 

27. y=8 28. x = 12 

29 SG varia =i) 30. xy = 4 

31. y~ = 9x 

S2 alesis y 2) 19 a) =O 

ro | rege 
rOtal-tc Rectangular Conversion In Exercises 33-42, 

convert the polar equation to rectangular form and sketch its 

graph. 

8Bb pS al BY ie Se 5 

35. 7 = 3) sini 0 36. r = 5cos 0 

Wh G= 38. O= ules 
6 

39. r = 3 sec 0 40. r = 2csc 0 

41. r = sec tan 0 42. r = cot Ocsc 0 

Graphing a Polar Equation In Exercises 43-52, use a 
graphing utility to graph the polar equation. Find an interval 

for @ over which the graph is traced only once. 

43. 

45. 

47. 

49. 

51. 

r=2-—5cos0 44. r = 3(1 — 4 cos 6) 

r=2+ sin 0 46. r= 4+ 3cos 0 

y) 2 

aire: 18--1 era aty 

30 SE 
r= 2005(%2) 50. r= 3sin( 5) 

r- = 4 sin 26 By), pwd 
0 

. Verifying a Polar Equation Convert the equation 

r = 2(hcos 6 + ksin 6) 

to rectangular form and verify that it is the equation of a circle. 

Find the radius and the rectangular coordinates of the center of 

the circle. 

. Distance Formula 

(a) Verify that the Distance Formula for the distance between 

the two points (r,, 6,) and (r5, 6,) in polar coordinates is 

d= /Te i — err, cos On 10, 

(b) Describe the positions of the points relative to each other 

for 6, = 6,. Simplify the Distance Formula for this case. 

Is the simplification what you expected? Explain. 

(c) Simplify the Distance Formula for 6, — 0, = 90°. Is the 
simplification what you expected? Explain. 

(d) Choose two points on the polar coordinate system and find 

the distance between them. Then choose different polar 

representations of the same two points and apply the 

Distance Formula again. Discuss the result. 

Distance Formula In Exercises 55-58, use the result of 

Exercise 54 to approximate the distance between the two points 

in polar coordinates. 

AY 

Sie 

(1, =}, (4,2) 56 (s im) (5, 7) mh Orie 

(2; OS Fd) 58. (4, 2.5), (12,1) 



Finding Slopes of Tangent Lines In Exercises 59 and 60, 

find dy/dx and the slopes of the tangent lines shown on the 

graph of the polar equation. 

5957 = 2 + 3'sin 0 

1 
= T 

2 (5.5 

60. r = 2(1 — sin 6) 

ls 
2 | 

— 

oy 
(2, 7) + 3 

Pe Finding Slopes of Tangent Lines In Exercises 61-64, use 
a graphing utility to (a) graph the polar equation, (b) draw the 

tangent line at the given value of 6, and (c) find dy/dx at the 

given value of 0. (Hint: Let the increment between the values of 

0 equal 7/24.) 

61. 7 =3(1)— cos 6), 0 = Ir 
62. r=3 —-2cos#,0=0 

63ur = 3sin 0,0 =~ 

64. r=4,0= aS 

Horizontal and VerticalTangency In Exercises 65 and 66, 
find the points of horizontal and vertical tangency (if any) to 

the polar curve. 

65. r= 1-—sin@ 66. r = asin 0 

Horizontal Tangency In Exercises 67 and 68, find the 
points of horizontal tangency (if any) to the polar curve. 

67a — 2 csc 6 + 3 68. r = asin 6 cos’ 0 

Tangent Lines at the Pole In Exercises 69-76, sketch a 
graph of the polar equation and find the tangents at the pole. 

69. r= 5 sin @ 70. r= 5 cos @ 

71. 7 = 2(1 — sin 0) 72h =3 (1 — Cosio) 

73. r= 4cos 36 74. r= —sin50 

75. r = 3 sin20 76. r = 3cos 26 

Sketching a Polar Graph In Exercises 77-88, sketch a 

graph of the polar equation. 

77. r= 8 78 r= 1 

79. r = 4(1 + cos @) 80. r= 1+ sin @ 

Siea— 3 — 2 Cos 0 VW, P= S Sgn) 

6 
83. r = 3 csc 0 Cotidaay oy os Gas G 

1 
85. r = 20 86. r= 5 

87. r2 = 4 cos 20 88. r2 = 4sin 6 

10.4 Polar Coordinates and Polar Graphs 723 

A Asymptote In Exercises 89-92, use a graphing utility to 

graph the equation and show that the given line is an 

asymptote of the graph. 

Name of Graph Polar Equation Asymptote 

89. Conchoid r=2-—sec 0 4S —1 

90. Conchoid r=2+csc0 y=] 

91. Hyperbolic spiral r= 2/0 y=2 

92. Strophoid r = 2 cos 20sec 0 Me =D 

WRITING ABOUT CONCEPTS 

93. Comparing Coordinate Systems Describe the 

differences between the rectangular coordinate system and 

the polar coordinate system. 

. Coordinate Conversion Give the equations for the 
coordinate conversion from rectangular to polar 

coordinates and vice versa. 

. Tangent Lines How are the slopes of tangent lines 
determined in polar coordinates? What are tangent lines at 

the pole and how are they determined? 

On0) HOW DOYOU SEE IT? Identify each special 

polar graph and write its equation. 

(a) z (b) é 

0 
D2 S' 

> 0 
Low 

(©) 2 (d) : 

0 = t 0 
‘4 

97. Sketching a Graph Sketch the graph of r = 4 sin 0 over 

each interval. 

a 
2 

Think About It Use a graphing utility to graph the polar 
equation r = 6[1 + cos(@ — ¢)] for (a) ¢ = 0, (b) bd = a/4, 
and (c) @ = 77/2. Use the graphs to describe the effect of the 

angle d. Write the equation as a function of sin 6 for part (c). 

(a) 0<60< b) > sOsm 

PP 98. 

99. Rotated Curve Verify that if the curve whose polar 
equation is r = f(6) is rotated about the pole through an angle ¢, 

then an equation for the rotated curve is r = f(6 — @). 
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100. The polar form of an equation of a curve 

- = f(sin 6). Show that the form becomes Dy 

(a) r = f(—cos @) if the curve is rotated counterclockwise 

7/2 radians about the pole. 

(b) r = f(—sin 6) if the curve is rotated counterclockwise 7 

radians about the pole. 

r = f(cos @) if the curve is rotated counterclockwise 

37/2 radians about the pole. 

(Cc 

‘otated Curve In Exercises 101-104, use the results of 

Exercises 99 and 100. 

Fy 101. Write an equation for the limagon r = 2 — sin @ after it has 

been rotated by the given amount. Use a graphing utility to 

graph the rotated limagon for (a) 6 = 7/4, (b) 0 = 7/2, 

(c) 6 = a, and (d) 6 = 3277/2. 

Fe 102. Write an equation for the rose curve r = 2 sin 26 after it 

has been rotated by the given amount. Verify the results by 

using a graphing utility to graph the rotated rose curve for 

(a) 0 = 2/6, (b) 6 = w/2, (c) 0 = 27/3, and (d) 6 = zr. 

103. Sketch the graph of each equation. 

(a) r=1-—sin@ (b)r=1 - sin(o - 2) 

104. Prove that the tangent of the angle (0 < & < w/2) 
between the radial line and the tangent line at the point (7, 6) 
on the graph of r = f(6) (see figure) is given by 

tan fy = 
7 | 

dr/d6| 

a 
2 

Polar curve: 

r=f(@) 
Tangent line 

Wes 
aS -~ Radial line 

>0 
Polar axis 

Fe Finding an Angle In Exercises 105-110, use the result of 

Exercise 104 to find the angle ys between the radial and tangent 

lines to the graph for the indicated value of 0. Use a graphing 

utility to graph the polar equation, the radial line, and the 

tangent line for the indicated value of 6. Identify the angle ws. 

Polar Equation Value of 0 

105. r = 2(1 — cos @) C= aH 

106. r = 3(1 — cos @) g= 32 

107. r = 2cos 30 g=2 
4 

108. r = 4 sin 20 g=2 
6 

6 2a 109, r = ———— = 2 
; le ECOSuG 5 

pe 
110. r=5 g=— 6 

Conics, Parametric Equations, and Polar Coordinates 

True or False? In Exercises 111-114, determine whether 

the statement is true or false. If it is false, explain why or give 

an example that shows it is false. 

111. If (r,, 6,) and (r,, 6,) represent the same point on the polar 

coordinate system, then |r,| = |r,|. 

112. If (rv, 6,) and (7, @,) represent the same point on the polar 

coordinate system, then 0, = 6, + 27n for some integer n. 

113. If x > 0, then the point (x, y) on the rectangular coordinate 

system can be represented by (7, 9) on the polar coordinate 

system, where r = \/x* + y* and 6 = arctan(y/x). 

114. The polar equations r= sin20, r= —sin26, and 

r = sin(— 286) all have the same graph. 

Saaieiciksan 

Anamorphic Art 
Anamorphic art appears distorted, but when the art is viewed from 

a particular point or is viewed with a device such as a mirror, it 

appears to be normal. Use the anamorphic transformations 

Rte Tn eon 
3 4 4 

payor le ad Oa = 

to sketch the transformed polar image of the rectangular graph. 

When the reflection (in a cylindrical mirror centered at the pole) of 

each polar image is viewed from the polar axis, the viewer will see 

the original rectangular image. 

@ y=3 ©) x=2°Oy=x4+5 @ P+ ys 

This example of anamorphic art is from the Millington- 

Barnard Collection at the University of Mississippi. 

When the reflection of the transformed “polar painting” 
is viewed in the mirror, the viewer sees the distorted 

art in its proper proportions. 

lf FOR FURTHER INFORMATION For more information on 

anamorphic art, see the article “Anamorphisms” by Philip Hickin 

in the Mathematical Gazette. 

From the Millington & Barnard Collection of Scientific Apparatus, ca. 1855 The University of Mississippi Museum, Oxford, Mississippi 
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10.5 Area and Arc Length in Polar Coordinates 

(a) 

(b) 
Figure 10.49 

@ Find the area of a region bounded by a polar graph. 

@ Find the points of intersection of two polar graphs. 

i@f Find the arc length of a polar graph. 

@ Find the area of a surface of revolution (polar form). 

Area of a Polar Region 

The development of a formula for the area of a polar region 

parallels that for the area of a region on the rectangular 

coordinate system, but uses sectors of a circle instead of 

rectangles as the basic elements of area. In Figure 10.48, 

note that the area of a circular sector of radius r is 50r?, 

provided @ is measured in radians. 6 

Consider the function r = f(6), where f is continuous 
and nonnegative on the interval a < 6 < B. The region 

bounded by the graph of f and the radial lines 6 = a and The area of a sector of a 

6 = Bis shown in Figure 10.49(a). To find the area of this circle is A = 46r. 

region, partition the interval [@, 8] into n equal subintervals Figure 10.48 

r 

OPE OS GIO I HMI o) VEGI 2: 

Then approximate the area of the region by the sum of the areas of the n sectors, as 

shown in Figure 10.49(b). 

Radius of ith sector = f(@,) 

Central angle of ith sector = B = c= Ab 

“Ay n af 5 

a~S (5) selva 
Taking the limit as n > co produces 

. Ld 
A= Hs [£(6,) > Ae 

ima ; ae [ [F(a] do 
which leads to the next theorem. 

THEOREM 10.13 Area in Polar Coordinates 

| If fis continuous and nonnegative on the interval [a, B],0 < B — a < 27, —SS 

then the area of the region bounded by the graph of r = f(6) between the | 

radial lines 6 = a and 6 = Bis 

1 B 

a=3] ores | 
1 B 

[ rae 0<B-a<2r 
a 

You can use the formula in Theorem 10.13 to find the area of a region bounded by 

the graph of a continuous nonpositive function. The formula is not necessarily valid, 

however, when f takes on both positive and negative values in the interval [a, f]. 
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EXAMPLE 1 Finding the Area of a Polar Region 

see [> See LarsonCalculus.com for an interactive version of this type of example. 

Find the area of one petal of the rose curve r = 3 cos 30. 

7 Solution In Figure 10.50, you can see that the petal on the right is traced as 6 
= | increases from — 77/6 to 7/6. So, the area is 

B 1/6 
| > | ) } a for < ‘d i A=- dbs = (3 cos 36)? do Use formula for area in 

2. ie PEAS i: polar coordinates. 

ov 77/6 

0 fi 9 © 1 + cos 68 A419 Power-reducing 

De | we 2 formula 

2 le ‘ sin Sow 

4 6 —7/6 

The area of one petal of the rose curve = a2 ai 4 

that lies between the radial lines 4\6 6 
6 = —7/6 and 0 = 7/6 is 37/4. au 

Figure 10.50 net a 

To find the area of the region lying inside all three petals of the rose curve in 

Example 1, you could not simply integrate between 0 and 27. By doing this, you would 

obtain 97/2, which is twice the area of the three petals. The duplication occurs because 

the rose curve is traced twice as @ increases from 0 to 277. 

Finding the Area Bounded by a Single Curve 

Find the area of the region lying between the inner and outer loops of the limagon 

r= lis 2 sim 6. 

tb 
2 
| 

The area between the inner and outer 

loops is approximately 8.34. 

Figure 10.51 

Solution In Figure 10.51, note that the inner loop is traced as @ increases from 77/6 

to 57/6. So, the area inside the inner loop is 

1 57/6 , 

A,=-c (1 — 2sin 6) dé 
2 1/6 

l 57/6 

=3{ (1 — 4sin 6 + 4 sin’ 6) do 
2 1/6 

57/6 = 

-3( [ - asin 9 + 4420828 eal 
2 Jae 2 

l 5717/6 

~3| (3 — 4sin 6 — 2 cos 6) dé 
2 7/6 

1 57/6 

= 3|36 + 4cos 6 — sin 20] 
2 1/6 

1 
= 5(20 = 3/3) 

Ei e| 
Seed [uae es ae Fs 

p) 

Use formula for area in 

polar coordinates. 

Power-reducing 

formula 

Simplify. 

In a similar way, you can integrate from 57/6 to 1377/6 to find that the area of the 

region lying inside the outer loop is A, = 27 + (3 J 3/2): The area of the region lying 

between the two loops is the difference of A, and A,. 

3 3 
a=ay~ a= (20+ 393) —(@— 38) = ye ayia | 



Limagon: r= | — 2 cos 6 

Three points of intersection: (1, 7/2), 
(—1, 0), and (1, 37/2) 

Figure 10.52 

10.5 Area and Arc Length in Polar Coordinates 727 

Points of Intersection of Polar Graphs 

Because a point may be represented in different ways in polar coordinates, care must 

be taken in determining the points of intersection of two polar graphs. For example, 

consider the points of intersection of the graphs of 

i) | ACOSIOMmmANG mara al 

as shown in Figure 10.52. As with rectangular equations, you can attempt to find the 

points of intersection by solving the two equations simultaneously, as shown. 

Ta Me 21COSN0 First equation 

1=1-—2cosé0 Substitute r = 1 from 2nd equation into Ist equation. 

cos 6 = 0 Simplify. 

d= ue au Solve for 6. 
PEM 2 

The corresponding points of intersection are (1, 7/2) and (1, 37/2). From Figure 
10.52, however, you can see that there is a third point of intersection that did not show 

up when the two polar equations were solved simultaneously. (This is one reason why 

you should sketch a graph when finding the area of a polar region.) The reason the third 

point was not found is that it does not occur with the same coordinates in the two 

graphs. On the graph of r = 1, the point occurs with coordinates (1, 7), but on the 
graph of 

ea COSIO 

the point occurs with coordinates (—1, 0). 

In addition to solving equations simultaneously and sketching a graph, note that 

because the pole can be represented by (0, 6), where @ is any angle, you should check 
separately for the pole when finding points of intersection. 

You can compare the problem of finding points of intersection of two polar graphs 

with that of finding collision points of two satellites in intersecting orbits about Earth, 

as shown in Figure 10.53. The satellites will not collide as long as they reach the points 

of intersection at different times (6-values). Collisions will occur only at the points of 

intersection that are “simultaneous points”—those that are reached at the same time 

(6-value). 

The paths of satellites can cross without 

causing a collision. 

Figure 10.53 

il FOR FURTHER INFORMATION For more information on using technology to 

find points of intersection, see the article “Finding Points of Intersection of 

Polar-Coordinate Graphs” by Warren W. Esty in Mathematics Teacher. To view this 

article, go to MathArticles.com. 
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—— N/a 

Circle: | aes 

r=—6cos @ r=2-—2cos@ 

Figure 10.54 

Conics, Parametric Equations, and Polar Coordinates 

EXAMPLE 3 Finding the Area of a Region Between Two Curves 

Find the area of the region common to the two regions bounded by the curves. 

r= —6cos 0 Circle 

and 

eC OSTO: Cardioid 

Solution Because both curves are symmetric with respect to the x-axis, you can 

work with the upper half-plane, as shown in Figure 10.54. The blue shaded region lies 

between the circle and the radial line 

27 
g=—. 

5) 

Because the circle has coordinates (0, 77/2) at the pole, you can integrate between 7/2 

and 27r/3 to obtain the area of this region. The region that is shaded red is bounded by 

the radial lines 6 = 2277/3 and @ = zrand the cardioid. So, you can find the area of this 

second region by integrating between 27r/3 and 7. The sum of these two integrals gives 

the area of the common region lying above the radial line 0 = 7. 

Region between circle Region between cardioid and 

and radial line 6 = 27/3 radial lines 9 = 27/3 and 6 = 7 

SS SS SSS FSS SS 

27/3 7 

$3] (608 240 +4] (2 2cos 6)2 de 
2 2 a/2 2ar/3 

2a/3 T 

=18 | cox? a+ 3 | (4 — 8cos 6 + 4 cos? 6) d0 
1/2 2 27/3 

27/3 7 

-o| (1+ eos 20)40 + | (3 — 4cos 6 + cos 26) d6é 

: 27/3 : T 

= of + ne + 30-4 sin o-+ S78) 
2 a/ D 27/3 

QT ae Tv 8 
SO ee = iy fe of 5 i z) (30 Ian + 2/3 7 

_ 5a 
» 

Finally, multiplying by 2, you can conclude that the total area is 

Sar al ae Area of region inside circle and cardioid 

To check the reasonableness of this result, note that the area of the circular region 1s 

ar = Oar, Area of circle 

So, it seems reasonable that the area of the region lying inside the circle and the 

cardioid is 57. wi 

To see the benefit of polar coordinates for finding the area in Example 3, consider 

the integral below, which gives the comparable area in rectangular coordinates. 

~3/2 0 

VJ2/S1 — 2x — x? — 2x +2dx + / —x? — 6x dx 
—4 —3/2 

A _ 
2 

Use the integration capabilities of a graphing utility to show that you obtain the same 

area as that found in Example 3. 



eee . When applying 

the arc length formula to a polar 

curve, be sure that the curve is 

traced out only once on the 

interval of integration. For 

instance, the rose curve 

r = cos 361s traced out once 

on the intervalO <= 6S 7, 

but is traced out twice on the 

interval O <= @ S 277. 

4+$— tra 

Figure 10.55 
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Arc Length in Polar Form 

The formula for the length of a polar arc can be obtained from the arc length formula 

for a curve described by parametric equations. (See Exercise 85.) 

Arc Length of a Polar Curve 

Let f be a function whose derivative is continuous on an interval a < @ < B. 

The length of the graph of r = f(6) from 6 = ato 0 = Bis 

B B 

= [ MTAOP + TPP a0 = | 

Finding the Length of a Polar Curve 

Find the length of the arc from 6 = 0 to 6 = 27 for the cardioid 

r= (0) =2— 2cos 6 

as shown in Figure 10.55. 

Solution Because f(9) = 2 sin 6, you can find the arc length as follows. 

B 

s= I JL F(A)? + | f'(6)\? a0 Formula for arc length of a polar curve 

27 

= [ /(2 — 2 cos 6)? + (2 sin 6)? da 
0 

2a 

= 2/2 | J/1 — cos dé Simplify. 

Sy 7 cal Resin = 5 db Trigonometric identity 

<4) sin 5 do sin5 > O for 0 < @< 2m 
0 

fa) QT 

= 3| COS Al 

8(1 + 1) 

iG 

Using Figure 10.55, you can determine the reasonableness of this uy by 

comparing it with the circumference of a circle. For example, a circle of radius 3 5 has a 

circumference of 

Sp A NS Th 

Note that in the fifth step of the solution, it is legitimate to write 

2 sin? 5 as PD sin 5 = 

rather than 

sin = 
/ 6 

j 2—- = 2 sin 5 af) 5 

because sin(@/2) => Ofor0 < 6 < 27. wa 
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When using 

Theorem 10.15, check to see 

that the graph of r = f(@) is 

traced only once on the interval 

a = @ = B. For example, the 

circle r = cos @ is traced only 

once on the interval0 < 6 < a. 

Area of a Surface of Revolution 

The polar coordinate versions of the formulas for the area of a surface of revolution can 

be obtained from the parametric versions given in Theorem 10.9, using the equations 

x = rcos @and y = rsin 0. 

Area of a Surface of Revolution 

Let f be a function whose derivative is continuous on an intervala < @ < B. 

The area of the surface formed by revolving the graph of r = f(@) from 6 = @ 

to 6 = B about the indicated line is as follows. 

B 

1 S= 2m | f(0) sin ov FOP iF [ £0) P do About the polar axis 

B 
eS 2m | f(0) cos OV[ f(A) |? + [ £0) ]? de About the line @ = = 

EXAMPLE 5 Finding the Area of a Surface of Revolution 

Find the area of the surface formed by revolving the circle r = f(0) = cos @ about the 

line 6 = 7/2, as shown in Figure 10.56. 

1 

2 

S| 

Nia 

0 
I 

0 

Pinched 

torus 

(a) (b) 

Figure 10.56 

Solution Use the second formula in Theorem 10.15 with f(@) = —sin 6. Because 

the circle is traced once as @ increases from 0 to 7, you have 

B 
= 2 y 2 Formula for area of a surface of S =n i f(0) cos OV[FOL + [P/O] de seapee. 

= 2m | cos @(cos 6)/cos? 6 + sin? 6d0 
0 

= 2m | cos? 6d0 Trigonometric identity 
0 

= | (1 + cos 26) do Trigonometric identity 
0 

sin 26 |” = 70+ 76 5 |, 
= 47 | 
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1 0 a 5 Exe rcises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Area of a Polar Region In Exercises 1-4, write an integral Finding Points of Intersecti In Exercises 25-32, find 
that represents the area of the shaded region of the figure. Do the points of intersection of the graphs of the equations. 
not evaluate the integral. 

25. r= 1+ cos 6 26. r = 3(1 + sin 6) 
— i a 129) 

1. r= 4sin 6 2. r = cos 26 fale COS), r= 3(1 = sin @) 
1 1 

2 2 ze ud 7 1 2 2 
i 

| 2 is letCOsae, 

4 7= lb Cos 6 r=1-—sin@ 

x Uo 1 
2 D 5 

29. r= 4 —5sin 0 30. r= 3 + sin 6 

Finding the Area of a Polar Region In Exercises 5-16, r=3sin 8 fag uae Y 
find the area of the region. a, 92 ; 32. 9= z 

5. Interior of r = 6 sin 6 6. Interior of r = 3 cos 0 
r=2 r=2 

7. One petal of r= 2cos36 8. One petal of r = 4 sin 30 

9. One petal of r = sin 20 10. One petal of r = cos 50 Fy Writing In Exercises 33 and 34, use a graphing utility to 
graph the polar equations and approximate the points of 

a Tn intersection of the graphs. Watch the graphs as they are traced 

12. Interior of r = 1 — sin 6 (above the polar axis) in the viewing window. Explain why the pole is not a point of 
13. Interior of r = 5 + 2 sin @ intersection obtained by solving the equations simultaneously. 

14. Interior of r= 4 — 4cos 0 33 57a— COStO 34. r=4sin 0 

15. Interior of 7? = 4 cos 20 r=2-—3sin0 r = 2(1 + sin 0) 
; Dee 

ee Ose EB Finding the Area of a Polar Region Between Two 

flo Finding the Area of a Polar Region In Exercises 17-24, Curves In Exercises 35-42, use a graphing utility to graph 

use a graphing utility to graph the polar equation. Find the the polar equations. Find the area of the given region 
area of the given region analytically. analytically. 

17. Inner loop of r = 1 + 2 cos 0 35. Common interior of r = 4 sin 26 and r = 2 

18. Inner loop of r = 2 — 4.cos 0 36. Common interior of r = 2(1 + cos @) and r = 2(1 — cos 8) 

19. Inner loop of r = 1 + 2 sin 6 

20. Inner loop of r = 4 — 6 sin 0 

37. Common interior of r = 3 — 2 sin 0andr = —3 + 2sin 0 

38. Common interior of r = 5 — 3 sin @and r = 5 — 3 cos 0 

21. Between the loops of r = 1 + 2cos 6 39. Common interior of r = 4 sin 6 and r = 2 

; fei Oe ee yan 
22. Between the loops of r = 2(1 + 2 sin 0) 40. Common interior of r = 2 cos @ and r = 2 sin @ 

41. Inside r = 2 cos 6 and outside r = 1 

42. Inside r = 3 sin 6 and outside r = 1 + sin 0 

23. Between the loops of r = 3 — 6sin 0 

24. Between the loops of r = ; BeCOSaO 
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Narr 
ivwvoO 

In Exercises 43-46, find the area of the region. 

43. Inside r = a(1 + cos 8) and outside r = acos 0 

44, Inside r = 2a cos @ and outside r = a 

45. Common interior of r = a(1 + cos 6) and r = asin 0 

46. Common interior of r = acos @and r = asin 0, where a > 0 

e ¢ 47. Antenna Radiation 

The radiation from a 

transmitting antenna is 

not uniform in all 

directions. The intensity 

from a particular 

antenna is modeled by 

r = acos? 6. 

(a) Convert the polar 

equation to 

rectangular form. 

(b) Use a graphing utility to graph the model for a = 4 and 

a= 6. 

(c) Find the area of the geographical region between the two 

curves in part (b). 

48. Area The area inside one or more of the three interlocking 

circles 

r= 2acos 6, r=2asin@, and r=a 

is divided into seven regions. Find the area of each region. 

49. Conjecture Find the area of the region enclosed by 

r = acos(né) 

for n = 1,2,3,. . .. Use the results to make a conjecture 

about the area enclosed by the function when n is even and 

when n is odd. 

50. Area Sketch the strophoid 

Citi T 

eS = . —2 } r = sec 0 cos 0 5 5 

Convert this equation to rectangular coordinates. Find the area 

enclosed by the loop. 

Finding the Arc Length of a Polar Curve In Exercises 
51-56, find the length of the curve over the given interval. 

Polar Equation Interval 

51. r= 8 0s 60s27 

52. r=a OSGi ar 

53. r = 4sin 0 ORS, 

54. r = 2acos 0 Tees 

55. r= 1 smd OSS 27, 

56. r = 8(1 + cos 0) 0<60s27 

Conics, Parametric Equations, and Polar Coordinates 

el tinn tha Awn I ar 
aed Finding the Arc Ler gth of a Polar Curve In Exercises 

57-62, use a graphing utility to graph the polar equation over 

the given interval. Use the integration capabilities of the 

graphing utility to approximate the length of the curve 

accurate to two decimal places. 

Polar Equation Interval 

57. r= 20 Nes 

58. r = sec 0 Ca = 

59. r= 3 ms 05277 

60. r = e? <6< 

61. r = sin(3 cos 6) EMSs 

62. r = 2 sin(2 cos 6) 0<@6< 

Finding the Area of a Surface of Revolution In 
Exercises 63—66, find the area of the surface formed by revolving 

the curve about the given line. 

Polar Equation Interval Axis of Revolution 

63. r = 6cos 0 Q0O<é@< - Polar axis 

64. r = acos 6 Weave g=5 

65. r =o? Oat ance. 

66. r = a(1 + cos 0) 0<0<a7 Polar axis 

EB Finding the Area of a Surface of Revolution In 
Exercises 67 and 68, use the integration capabilities of a graphing 

utility to approximate, to two decimal places, the area of the 

surface formed by revolving the curve about the polar axis. 

Gh P= Ae 20, O = is #19 
68 r=60, 0= CS FF 

WRITING ABOUT CONCEPTS 

69. Points of Intersection Explain why finding points of | 
intersection of polar graphs may require further analysis 

beyond solving two equations simultaneously. 

. Area of a Surface of Revolution Give the integral | 
formulas for the area of the surface of revolution formed | 

when the graph of r = f(6) is revolved about 

(a) the polar axis. 

(b) the line 6 = 77/2. 

. Area of a Region For each polar equation, sketch its 
graph, determine the interval that traces the graph only | 

once, and find the area of the region bounded by the graph 

using a geometric formula and integration. 

(a) r= 10cos 8 (b) r= 5 sin 6 

BESTWEB/Shutterstock.com 



10% HOW DOYOU SEE IT? Which graph, traced 
out only once, has a larger arc length? Explain 

your reasoning. 

(a) (b) x 
2 

th i 

73. Surface Area of a Torus Find the surface area of the 
torus generated by revolving the circle given by r = 2 about 

the line r = 5 sec 0. 

74. Surface Area of a Torus Find the surface area of the 
torus generated by revolving the circle given by r = a about 

the line r = b sec 0, where 0 < a < b. 

75. Approximating Area Consider the circle r = 8 cos 0. 

(a) Find the area of the circle. 

(b) Complete the table giving the areas A of the sectors of the 

circle between 6 = 0 and the values of @ in the table. 

@| 02 | 04 | 06 | o8 | 1.0 12 | 14 | 

nn pee 
(c) Use the table in part (b) to approximate the values of @ for 

which the sector of the circle composes i, 5, and of the 

total area of the circle. 

(d) Use a graphing utility to approximate, to two decimal 

places, the angles 6 for which the sector of the circle 

composes x > and 3 of the total area of the circle. 

(e) Do the results of part (d) depend on the radius of the 

circle? Explain. 

76. Approximating Area Consider the circle r = 3 sin 0. 

(a) Find the area of the circle. 

(b) Complete the table giving the areas A of the sectors of the 

circle between 8 = 0 and the values of 6 in the table. 

(c) Use the table in part (b) to approximate the values of 0 for 

which the sector of the circle composes . i, and 5 of the 

total area of the circle. 

BP (a) Use a graphing utility to approximate, to two decimal 

places, the angles 6 for which the sector of the circle 

composes a i; and - of the total area of the circle. 

77. Conic What conic section does the polar equation 
r = asin 6 + bcos @ represent? 

10.5 Area and Arc Length in Polar Coordinates 733 

78. Area Find the area of the circle given by 

r= sin @ + cos 6. 

Check your result by converting the polar equation to 

rectangular form, then using the formula for the area of a circle. 

79. Spiral of Archimedes The curve represented by the 

equation r = a@, where a is a constant, is called the spiral of 

Archimedes. 

(a) Use a graphing utility to graph r = 6, where 6 = 0. 

What happens to the graph of r = a@ as a increases? What 

happens if 6 < 0? 

(b) Determine the points on the spiral r = a@ (a > 0, 6 = 0), 

where the curve crosses the polar axis. 

(c) Find the length of r = @ over the interval 0 < @ < 27. 

(d) Find the area under the curve r = @ for 0 < @ < 27. 

80. Logarithmic Spiral The curve represented by the 

equation r = ae’®, where a and b are constants, is called a 

logarithmic spiral. The figure shows the graph of r = e°/°, 

—27 < 0 S 27. Find the area of the shaded region. 

i iL 
2 2 

+ 

| + >0 0 
ime / 3. 

Figure for 80 Figure for 81 

81. Area The larger circle in the figure is the graph of r = 1. 

Find the polar equation of the smaller circle such that the shaded 

regions are equal. 

82. Folium of Descartes A curve called the folium of 
Descartes can be represented by the parametric equations 

3t ees She 

1+2 as 
x= 

(a) Convert the parametric equations to polar form. 

(b) Sketch the graph of the polar equation from part (a). 

Pe (c) Use a graphing utility to approximate the area enclosed by 

the loop of the curve. 

True or False? In Exercises 83 and 84, determine whether 

the statement is true or false. If it is false, explain why or give 

an example that shows it is false. 

83. If f(0) > 0 for all 6 and g(@) < 0 for all 6, then the graphs of 
r = f(@) and r = g(8@) do not intersect. 

84. If f(0) = 2(0) for 6 = 0, 7/2, and 37/2, then the graphs of 
r = f(@) and r = g(@) have at least four points of intersection. 

85. Arc Length in Polar Form Use the formula for the arc 
length of a curve in parametric form to derive the formula for 

the arc length of a polar curve. 
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10.6 ede) clam sel UE-) a (ol al-wre) mi Orel al (er-mr-Vale Ml @:) ¢) (=) cw mre \ites 

Exploration 

Graphing Conics Seta 

graphing utility to polar 

mode and enter polar 

equations of the form 

eee Nee 
[Ee bICOsiO 

or 

3S Oe 
1+bsin@ 

As long as a # 0, the graph 

should be a conic. What 

values of a and b produce 

parabolas? What values 

produce ellipses? What 

values produce hyperbolas? 

l@ Analyze and write polar equations of conics. 

@ Understand and use Kepler’s Laws of planetary motion. 

Polar Equations of Conics 

In this chapter, you have seen that the rectangular equations of ellipses and hyperbolas 

take simple forms when the origin lies at their centers. As it happens, there are many 

important applications of conics in which it is more convenient to use one of the foci as 

the reference point (the origin) for the coordinate system. For example, the sun lies at 

a focus of Earth’s orbit. Similarly, the light source of a parabolic reflector lies at its 

focus. In this section, you will see that polar equations of conics take simpler forms 

when one of the foci lies at the pole. 

The next theorem uses the concept of eccentricity, as defined in Section 10.1, to 

classify the three basic types of conics. 

Bcisecification ee Conic, By. Eerentneitys 

Let F be a fixed point (focus) and let D be a fixed line (directrix) in the plane. 

Let P be another point in the plane and let e (eccentricity) be the ratio of the 

distance between P and F to the distance between P and D. The collection of 

all points P with a given eccentricity is a conic. 

1. The conic is an ellipse for 0 < e < 1. 

2. The conic is a parabola for e = 1. 

3. The conic is a hyperbola for e > 1. 

A proof of this theorem is given in Appendix A. 

See LarsonCalculus.com for Bruce Edwards's video of this proof. 

In Figure 10.57, note that for each type of conic, the pole corresponds to the fixed 

point (focus) given in the definition. 

us ay 
Directrix 2 Directrix 2 Directrix 

i Yo : | tee O+- ay 
t > (0) - } — — us > (0) 

Pee F = (0,0) 

OF 

Ellipse: 0 < e < | Parabola: e = 1 Hyperbola: e > | 

PF IE IPB 
| PF =P ae 1 PO ~ Q PQ” PQ’? 

Figure 10.57 

The benefit of locating a focus of a conic at the pole is that the equation of the conic 

becomes simpler, as seen in the proof of the next theorem. 



Figure 10.58 

(0,0) | 

| Directrix 

(a) (b) 
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Polar Equations of Conics 

The graph of a polar equation of the form 

ed ed 
OL el — 

1 + ecos 0 1+ esin@ 

is a conic, where e > 0 is the eccentricity and |d] is the distance between the 
focus at the pole and its corresponding directrix. 

Proof This is a proof for r = ed/(1 + e cos @) withd > 0. In Figure 10.58, consider a 

vertical directrix d units to the right of the focus F = (0, 0). If P = (r, 6) is a point on 

the graph of r = ed/(1 + e cos 6), then the distance between P and the directrix can 

be shown to be 

Lo s 6 ; 
PQ = |d ~ x] = |d ~ reos | = | EOE) — 605 6] = [4 

Because the distance between P and the pole is simply PF = |r|, the ratio of PF to PQ is 

tad = ella = le| ys 

PO —trfe| 

and, by Theorem 10.16, the graph of the equation must be a conic. The proofs of the 

other cases are similar. 

See LarsonCalculus.com for Bruce Edwards’s video of this proof. Pe | 

The four types of equations indicated in Theorem 10.17 can be classified as 

follows, where d > 0. 

, : ~ ed 
a. Horizontal directrix above the pole: r= ie ateg 

: : : ed 
b. Horizontal directrix below the pole: eae 

i= esing 

vericandiecmasanhe ree ree ee: ——— c. Vertical directrix to the right of the pole: r = > 

: ; ; ed 
dad. Vertical directrix to the leit.of the pole; 7 = ———__— 

=e, COs) @. 

Figure 10.59 illustrates these four possibilities for a parabola. Note that for 

convenience, the equation for the directrix is shown in rectangular form. 

y D y 
A A r 

1 

Directrix Directrix | 
Lae! x=—d 1 

1 

i 

t 

1 

i] 

1 

! 

! 

° > XxX —e- ; > x 
i] 

I 

1 

I 

1 

i 

1 

a ed 

1+ecos@ 

(c) (d) 

ee ed 

l1—ecosé 

The four types of polar equations for a parabola 

Figure 10.59 
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Ld ae 
(eS et 

3-2 cos @ | 
ran] — eee 

! 
1 
t 
1 
1 
1 

! 

1 
! 
1 
f 
1 
1 
1 
Directrix 

The graph of the conic is an ellipse 

with e = = 

Figure 10.60 

The graph of the conic is a hyperbola 

with e = > 

Figure 10.61 

Conics, Parametric Equations, and Polar Coordinates 

EXAMPLE 1 Determining a Conic from Its Equation 

15 
Sketch the graph of the conic r = 20 Gan 

Solution To determine the type of conic, rewrite the equation as 

15 

ESOT ord 
Write original equation. 

= 5 Divide numerator and 

1 (2/3) cos 6; denominator by 3. 

So, the graph is an ellipse with e = z, You can sketch the upper half of the ellipse by 

plotting points from @ = 0 to 6 = a, as shown in Figure 10.60. Then, using symmetry 

with respect to the polar axis, you can sketch the lower half. | 

For the ellipse in Figure 10.60, the major axis is horizontal and the vertices lie at 

(15, 0) and (3, 77). So, the length of the major axis is 2a = 18. To find the length of the 

minor axis, you can use the equations e = c/a and b? = a? — c? to conclude that 

Ellipse 

Because e = z, you have 

p= or — B= 45 
which implies that b = 45 = B/S) So, the length of the minor axis is 2b = 6/5. 

A similar analysis for hyperbolas yields 

Hyperbola 

EXAMPLE 2 Sketching a Conic from Its Polar Equation 

tee. > See LarsonCalculus.com for an interactive version of this type of example. 

ay 

3+ 5sin 0 
Sketch the graph of the polar equation r = 

Solution Dividing the numerator and denominator by 3 produces 

4 32/3 
~ 1 + (5/3) sin 6 

r 

Because e = : > 1, the graph is a hyperbola. Because d = =e the directrix is the line 

y= 2. The transverse axis of the hyperbola lies on the line @ = 7/2, and the vertices 

occur at 

(r, 6) = (4, 2) and (r, 0) z (- 16, 37) 

Because the length of the transverse axis is 12, you can see that a = 6. To find b, write 

eee = 6'|(3)° 3 1 = 64, 

Therefore, b = 8. Finally, you can use a and b to determine the asymptotes of the 

hyperbola and obtain the sketch shown in Figure 10.61. wi 



JOHANNES KEPLER (1571-1630) 

Kepler formulated his three laws 
from the extensive data recorded 
by Danish astronomer Tycho 
Brahe, and from direct 

observation of the orbit of Mars. 
See LarsonCalculus.com to read 

more of this biography. 

2 

Sun 

™ ~ 0 

Earth 

Halley's 

comet 

3a 
2 Not drawn to scale 

Figure 10.62 
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Kepler’s Laws 

Kepler’s Laws, named after the German astronomer Johannes Kepler, can be used to 

describe the orbits of the planets about the sun. 

1. Each planet moves in an elliptical orbit with the sun as a focus. 

2. A ray from the sun to the planet sweeps out equal areas of the ellipse in equal times. 

3. The square of the period is proportional to the cube of the mean distance between 

the planet and the sun.* 

Although Kepler derived these laws empirically, they were later validated by Newton. 

In fact, Newton was able to show that each law can be deduced from a set of 

universal laws of motion and gravitation that govern the movement of all heavenly 

bodies, including comets and satellites. This is shown in the next example, 

involving the comet named after the English mathematician and physicist Edmund 

Halley (1656-1742). 

EXAMPLE 3 Halley’s Comet 

Halley’s comet has an elliptical orbit with the sun at one focus and has an eccentricity 

of e ~ 0.967. The length of the major axis of the orbit is approximately 

35.88 astronomical units (AU). (An astronomical unit is defined as the mean distance 

between Earth and the sun, 93 million miles.) Find a polar equation for the orbit. How 

close does Halley’s comet come to the sun? 

Solution Using a vertical axis, you can choose an equation of the form 

ed 

FE GP sin 8) 

Because the vertices of the ellipse occur when 6 = 7/2 and 6 = 37/2, you can 

determine the length of the major axis to be the sum of the r-values of the vertices, as 

shown in Figure 10.62. That is, 

3 USE 0.967d 
aa P20 067 ni 0.S6r 

35.88 ~ 29.79d. 2a ~ 35.88 

So, d ~ 1.204 and 

ed ~ (0.967)(1.204) ~ 1.164. 

Using this value in the equation produces 

Ss 1.164 

1 + 0.967 sin 6 
r 

where r is measured in astronomical units. To find the closest point to the sun (the 

focus), you can write 

c = ea = (0.967)(17.94) = 17.35. 

Because c is the distance between the focus and the center, the closest point is 

fab = SSS 

OD9:AU! 

=~ 55,000,000 miles. wi 

v a, G 

ul 

* Tf Earth is used as a reference with a period of | year and a distance of | astronomical 

unit, then the proportionality constant is 1. For example, because Mars has a mean distance 

to the sun of D ~ 1.524 AU, its period P is D*? = P. So, the period for Mars is P ~ 1.88. 

The Granger Collection, NYC — All rights reserved. 
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Apollo 

Figure 10.64 

TT 
er 

© Earth 

oa ll 
v= D 

Conics, Parametric Equations, and Polar Coordinates 

Kepler’s Second Law states that as a planet moves about the sun, a ray from the sun 

to the planet sweeps out equal areas in equal times. This law can also be applied to 

comets or asteroids with elliptical orbits. For example, Figure 10.63 shows the orbit of 

the asteroid Apollo about the sun. Applying Kepler’s Second Law to this asteroid, you 

know that the closer it is to the sun, the greater its velocity, because a short ray must be 

moving quickly to sweep out as much area as a long ray. 

~~ 
_—> 

A ray from the sun to the asteroid Apollo sweeps out equal areas in equal times. 

Figure 10.63 

The Asteroid Apollo 

The asteroid Apollo has a period of 661 Earth days, and its orbit is approximated by the 

ellipse 

1 9 

~ 1+ (5/9)cos@ 9+ 5cos @ 
r 

where r is measured in astronomical units. How long does it take Apollo to move from 

the position 6 = — 7/2 to 6 = 77/2, as shown in Figure 10.64? 

Solution Begin by finding the area swept out as 0 increases from — 77/2 to 7/2. 

1 B 

A= 3 | r> do Formula for area of a polar graph 
a 

a/2 I 2 
= + Cae do 

2J—2/2 \9 + 5 cos 6 

Using the substitution u = tan(6/2), as discussed in Section 8.6, you obtain 

81 | =S6Ho al iste eat 
ca, i ae FT CLAN ee ce 

~ 1121-9 fsicosie.| hse 14 ERS 
—7/2 

Because the major axis of the ellipse has length 2a = 81/28 and the eccentricity is 

e = 5/9, you can determine that 

9 
eae) eS 
eT TIE 

So, the area of the ellipse is 

81 9 
Area of ellipse = arab = 7 (2) =~ 5.46507. 56/\ /56 

Because the time required to complete the orbit is 661 days, you can apply Kepler’s 

Second Law to conclude that the time t required to move from the position 6 = — 7/2 

to 0 = 7/2 is 

t _ areaofelliptical segment _ 0.90429 

661 area of ellipse 5.46507 

which implies that t ~ 109 days. | 
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1 ) 2 6 Exe rcises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

Fe Graphical Reasoning In Exercises 1-4, use a graphing 

utility to graph the polar equation when (a) e = 1, (b) e = 0.5, 

and (c) e = 1.5. Identify the conic. 

(f) n 

2€ 2e 1 - [ ( >0 
i 2.2 yee 2 

1+ ecos 6 1 — ecos @ \ ON y; 

2e 2e {el SSE 
4 = oS : 

"~ 1=esin 6 a 1 + esin@ BE 

Fe 5. Writing Consider the polar equation uit eels 2 
F ie —acos 6 een econo 

i) = =e 
3 2 1 + esin 0 9, r = ————_ 1023 

i il = 2) sii (2 1 + sin @ 

(a) Use a graphing utility to graph the equation for ee 0.1, ies 6 sie 2 

e = 0.25, Cie 0.5, e= 0.75, and e = 0.9. Identify the of Dacia i = Dee cone 

conic and discuss the change in its shape as e > |” and 

a 0%. Sketching and Identifying a Conic In Exercises 13-22, 
(b) Use a graphing utility to graph the equation for e = 1. find the eccentricity and the distance from the pole to the 

Identify the conic. directrix of the conic. Then sketch and identify the graph. Use 

(c) Use a graphing utility to graph the equation for e = 1.1, a sraphing-ulility, to conten your tea 

= 1.5, and e = 2. Identify the conic and discuss the change 1 6 
Sse 14. r in its shape as e > 1* ande — oo. rican a) Aen p 

6. Writing Consider the polar equation 3 4 
13.0 =e eae 1657 = 2 

4 2 => Sein 1 + cos 6 

i? = Sa re 
1 — 0.4 cos 0 ees 2 ne 2 

ware aol 2.cosie ele 5 + 4sin 6 
(a) Identify the conic without graphing the equation. 6 ZG 

(b) Without graphing the following polar equations, describe DD. r= 2+ cos 0 20. r= 34+ 7sin @ 

how each differs from the polar equation above. 300 \ 

4 4 aL Sie sind Cat = STEREPT 
"~1+04cos0 " 1—OAsiné ay _ : 

Identifying a Conic In Exercises 23-26, use a graphing 

(c) Verify the results of part (b) graphically. utility to graph the polar equation. Identify the graph and find 

its eccentricity. 
Matching In Exercises 7-12, match the polar equation with 

the correct graph. [The graphs are labeled (a), (b), (c), (d), (e), ay wis 3 ”4.r= fs 2 
and (f).] —4+ 2sin 0 2+ 8sin 8 

= 10) 6 

(a) 3 (b) 35 er te coal Co: GME aeog B 
/ \ 

a 0 Pe Comparing Graphs In Exercises 27-30, use a graphing 

3 utility to graph the conic. Describe how the graph differs from 

the graph in the indicated exercise. 

27 d (See Exercise 16.) 3% by gees re : 
os 1 + cos(@ — 7/3) 

10 : 
(d) 28. r= Sedgin(6 2/4) (See Exercise 18.) 

6 . 
.r= Exercise 19. 29. r OE cas nO) (See Exercise 19.) 

=6 < 
= se 20. 30. r 5 7 gino 42/3) (See Exercise 20.) 
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Sil Write the equation for the ellipse rotated 

77/6 radian clockwise from the ellipse 50. HOW DOYOU SEE IT? Identify the conic in 

the graph and give the possible values for the 

ae 8 eccentricity. 
8 + 5cos 6 

(a) z (b) 
2 la Write the equation for the parabola L 

rotated 7/4 radian counterclockwise from the parabola 

9 
a ao 

1 + sin 6 

inding a Polar Equation In Exercises 33-44, find a polar ue 

Se hs for the conic with its focus at the pole. (For + a= 

convenience, the equation for the directrix is given in rectangular 

form.) (c) 5 ey 

Conic Eccentricity Directrix 

33. Parabola e=1 x= 53 . 

34. Parabola e=1 y=4 tp 4 Ee 3 4 

35. Ellipse e=5 y=1 

36. Ellipse e=5 y=-2 

37. Hyperbola e=2 x= 1 

38. Hyperbola e= 3 See . 
2 2 

Conic Vertex or Vertices 51. Ellipse Show that the polar equation for a + a = lis 

39, Parabola (1 -2) re 
i (uae : Ellipse 

40. Parabola (5, 77) a 
: ey 

41. Ellipse (2,0), (8, 7) 52. Hyperbola Show that the polar equation for = e = lis 

ii 377 
2. Elli = = 42. Ellipse ( 2), (4 =) Aa 2 si 

Ror ™3ar | =-e2 00820 ape 
43. Hyperbola > alos =) 

44. Hyperbola (2,0), (10, 0) Finding a Polar Equation In Exercises 53-56, use the 

ve results of Exercises 51 and 52 to write the polar form of the 

45. Finding a Polar Equation Find a polar equation for equation of the conic. 
‘ : Geo mil : : 

the Tt ae focus (0,0), eccentricity 5, and a directrix at 53. Ellipse: focus at (4, 0); vertices at (5, 0), (5, 7) 

r=A4sec 0. 

46. Finding a Polar Equation Find a polar equation for the 54. Hyperbola: focus at (5, 0); vertices at (4, 0), (4, 7) 
hyperbola with focus (0, 0), eccentricity 2, and a directrix at 55 xy Lu 

r= —8csc 0. Omen G 

2 
56. — + y*7 = 1 

WRITING ABOUT CONCEPTS 4 

47, Eccentricity Classify the conics by their eccentricities. fy Aced of & Roni In Exercises £760 the intel 
r gion In Exercises 57-60, use the integration 

capabilities of a graphing utility to approximate, to two 48. Identifying Conics Identify each conic. 

ae 5 ee 5 decimal places, the area of the region bounded by the graph of 

ta 1 — 2cos 0 PB a 10 — sin 0 the polar equation. 

5 5 a 9 
1 Se d)r= = = = 

ONT Le ee we 1 — 3 sin(@ — 7/4) a 2 — cos 6 S877 A cos 6 

Wictann: : Z 2 
49. Distance Describe what happens to the distance ey ae p= = 

ee OIE Os Lex Gate between the directrix and the center of an ellipse when the 

foci remain fixed and e approaches 0. 
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61. Explorer 18 On November 27, 1963, the United States 

launched Explorer 18. Its low and high points above the surface 

of Earth were approximately 119 miles and 123,000 miles (see 

figure). The center of Earth is a focus of the orbit. Find the 

polar equation for the orbit and find the distance between the 

surface of Earth and the satellite when 6 = 60°. (Assume that 

the radius of Earth is 4000 miles.) 

e 67. Planetary fh 

In Exercise 65, the polar 

equation for the elliptical 

orbit of Neptune was 

found. Use the equation 

and a computer algebra 

system to perform each 

of the following. 90° 

Explorer 18 (a) Approximate the 

area swept out by a 

ray from the sun to the 

planet as @ increases from 0 to 77/9. Use this result to 

determine the number of years required for the planet to 

move through this arc when the period of one revolution 

around the sun is 165 years. 
ss —— 

=~ (=e = By trial and error, approximate the angle a such that the 

area swept out by a ray from the sun to the planet as 0 

increases from 7 to @ equals the area found in part (a) 

(see figure). Does the ray sweep through a larger or 

smaller angle than in part (a) to generate the same area? 

Why is this the case? 

Not drawn to scale 

62. Planetary Motion The planets travel in elliptical orbits 
with the sun as a focus, as shown in the figure. 

NIA 

SS SS 

a 
Not drawn to scale 

(c) Approximate the distances the planet traveled in parts 

(a) Show that the polar equation of the orbit is given by (a) and (b). Use these distances to approximate the 
average number of kilometers per year the planet 

p= > ear traveled in the two cases. 

ae COSTU 

ere ce Cie eveeninicty, 68. Comet Hale-Bopp The comet Hale-Bopp has an elliptical 
(b) Show that the minimum distance (perihelion) from the sun orbit with the sun at one focus and has an eccentricity 

to the planet is r = a(1 — e) and the maximum distance of e ~ 0.995. The length of the major axis of the orbit is 
(aphelion) is r = a(1 + e). approximately 500 astronomical units. 

Planetary Viotion In Exercises 63-66, use Exercise 62 to (a) Find the length of its minor axis. 

find the polar equation of the elliptical orbit of the planet, and (b) Find a polar equation for the orbit. 

the perihelion and aphelion distances. (c) Find the perihelion and aphelion distances. 

= 8 hk 

aes wig Sa Eccentricity In Exercises 69 and 70, let ry represent the 
e = 0.0167 distance from a focus to the nearest vertex, and let r, represent 

64. Saturn a = 1.427 x 10° kilometers the distance from the focus to the farthest vertex. 

e = 0.0542 69. Show that the eccentricity of an ellipse can be written as 

65. Neptune a = 4.498 x 10° kilometers Se ae a are ee 
Tr, ate To Toh) la xe 

e = 0.0086 
ie ie 

66. Mercury a = 5.791 x 10’ kilometers 70. ane par ae eccentricity % a PRaB ee can be written as 

on 1G 0 wa peamey oh e = 0.2056 @ =. hay Then show that Rar eT 

NASA 
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- Review Exercises 

Conics, Parametric Equations, and Polar Coordinates 

See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 

In Exercises 1-6, match the equation with the 

correct graph. [The graphs are labeled (a), (b), (c), (d), (e), and (f).] 

(a) y (b) y 
A 

4-- 
ui 

ome 

1-2 4 
-2+ 

ee Ae 

(c) (d) , 

1- pte iether isc 
-4 a a em Ser Oi 

A 
f—4 

1. 4x2+ y2 = 22 4x? ya 4 

y2 = —4yx 4, y? —_ 4x2 = 4 

x2 + 4y7=4 6. x? = 4y 

identifying a Conic In Exercises 7-14, identify the conic, 
analyze the equation (center, radius, vertices, foci, eccentricity, 

directrix, and asymptotes, if possible), and sketch its graph. 

Use a graphing utility to confirm your results. 

7. N6X=-t 1 Oy? = 16504) — 3 =") 

8. y7 — 12y —"8x + 20 = 0 

Ora —2y7 Ax Dy + 24 — 0 

10. 5x2 + y?— 20x + 19 =0 
Ue ey el Oe le a= a () 

12. 12x? — 12y? — 12x + 2y — 45 = 0 
13 — Oc Sy ale —0 

14, 9x 25" > 18k — 100 — 116 =0 

quation of a Parabola In Exercises 15 and 

16, find an equation of the parabola. 

Finding an E 

15. Vertex: (0, 2) 16. Vertex: (2, 6) 

Directrix: x = —3 Focus: (2, 4) 

Finding an g Equation of an Ellipse In Exercises 17-20, 
find an equation of the ellipse. 

17. Center: (0, 0) 

Focus: (5, 0) 

Vertex: (7, 0) 

18. Center: (0, 0) 

Major axis: vertical 

Points on the ellipse: 

(152), 2.0) 

19. Vertices: (3, 1), (3, 7) 20. Foci: (0, +7) 

Eccentricity: 4 Major axis length: 20 

Finding an Equation of aHyperbola In Exercises 21-24, 

find an equation of the hyperbola. 

21. Vertices: (0, +8) 22. Vertices: (+2, 0) 

Asymptotes: y = +32x 

24. Center: (0, 0) 

Vertex: (0, 3) 

Focus: (0, 6) 

Asymptotes: y = +2x 

23. Vertices: (+7, —1) 

Foci; (£9, —1) 

25. Satellite Antenna A cross section of a large parabolic 
antenna is modeled by the graph of 

x2 

i a 

The receiving and transmitting equipment is positioned at the 

focus. 

(a) Find the coordinates of the focus. 

(b) Find the surface area of the antenna. 

2 2 
26. Using an Ellipse Consider the ellipse 2 ae a = 1 

(a) Find the area of the region bounded by the ellipse. 

(b) Find the volume of the solid generated by revolving the 

region about its major axis. 

Using Parametric Equations In Exercises 27—34, sketch 

the curve represented by the parametric equations (indicate 

the orientation of the curve), and write the corresponding 

rectangular equation by eliminating the parameter. 

27.x=1+ 8, y=3-4t Wx=t-6, y=? 

295 = el ayere 30h iSe4 y=t es" 

31. x = 6cos 0, y = 6sin 8 

32.) COS ayaa ae 2 sinie 

33. x = 2+ sec 0, y=3 + tan dO 

34. x = 5 sin? 6) y= 5.cos? 0 

ll 

Finding Parametric Equations In Exercises 35 and 36, 

find two different sets of parametric equations for the 

rectangular equation. 

35. y=4x +3 36. ye x 2 



ad 37. Rotary Engine The rotary engine was developed by Felix 

Wankel in the 1950s. It features a rotor that is a modified 

equilateral triangle. The rotor moves in a chamber that, in two 

dimensions, is an epitrochoid. Use a graphing utility to graph 

the chamber modeled by the parametric equations 

x = cos 36 + 5cos 6 

and 

y = sin36 + 5 sin 6. 

38. Serpentine Curve Consider the parametric equations 

x = 2 cot 6and y = 4sin @cos 6,0 < 0< a. 

ad (a) Use a graphing utility to graph the curve. 

(b) Eliminate the parameter to show that the rectangular 

equation of the serpentine curve is (4 + x?)y = 8x. 

Finding Slope and Concavity In Exercises 39-46, find 

dy/dx and d*y/dx?, and find the slope and concavity (if possible) 
at the given value of the parameter. 

Parametric Equations Parameter 

Boe 2a Of y= 1 —4t t=3 

Await — 6, y= =o 

al. x =~, y=2t+3 (pl 

1 
42. x=—, y=P f= =2 

5 7 
43.x=5+cos#, y=3+4sin@ Cae 

: 7 
44. x = 10 cos 6,- y= 10 sin 0 ar 

3 7 
45. x=cos?0, y=4sin’ 6 Oe: 

46.x=e, y=e' t= 1 

Fy Finding an Equation of a Tangent Line In Exercises 47 
and 48, (a) use a graphing utility to graph the curve represented 

by the parametric equations, (b) use a graphing utility to find 

dx/d0, dy/d0, and dy/dx at the given value of the parameter, (c) 
find an equation of the tangent line to the curve at the given 

value of the parameter, and (d) use a graphing utility to graph 

the curve and the tangent line from part (c). 

Parametric Equations Parameter 

: 7 
47. x=cot@, y= sin26 hrs 

] : Ou 
48. x = 7 tan 6, y = 6sin 0 eee 

Horizontal and Vertical Tangency In Exercises 49-52, 
find all points (if any) of horizontal and vertical tangency to the 

curve. Use a graphing utility to confirm your results. 

a9ex=5-—t, y= 20 

een —i+2, y= — 2t 

Review Exercises 743 

See = 22 sin Oy => cos 

52. x =2—2cos0@, y=2sin20 

Ar gth_ In Exercises 53 and 54, find the arc length of the 

curve on the given interval. 

Parametric Equations Interval 

Shh Sie sel, We ae 8 OS iow 

54. x =6cos 6, y=6sin@ US OSS oe 

Surf race | \rea_ In Exercises 55 and 56, find the area of the 

surface generated by revolving the curve about (a) the x-axis 

and (b) the y-axis. 

55a — a Ona a) 

56. x 2cos@#, y=2sin0, 0S O6< 
aE) 

Area In Exercises 57 and 58, find the area of the region. 

57. x = 3 sin 0 58. x = 2cos 0 

y = 200s 0 y = sin 0 

7 oe 0<0<7 

3 

3+ ae 

i ,_ ae 
sine 2 i 2 3  eeseaesr es. x alee 

23,2), =e 12 peal 

-2> ey 

Polar-to-Rectangular Conversion In Exercises 59-62, 

plot the point in polar coordinates and find the corresponding 

rectangular coordinates of the point. 

37 1 w, (5.27 alc) 
61. (3, 1.56) 62. (—2, —2.45) 

Rectangular-to-Polar Conversion In Exercises 63-66, 

the rectangular coordinates of a point are given. Plot the point 

and find two sets of polar coordinates of the point for 

0< 0< 27. 

64. (0, -7) 
66. (— /3, - V3) 

63. (4, —4) 

G52 (—9123) 

Rectangular-to-Polar Conversion In Exercises 67-72, 
convert the rectangular equation to polar form and sketch its 

graph. 

O71" a Wa 29 68. x2 -y=4 

09. yi 70. x =6 

71. x? = 4y 72. 2+ y*-— 4x =0 
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In Exercises 73-78, 

convert the polar equation to rectangular form and sketch its 

graph. 

73. r=3cos 0 74. r= 10 

TSO SING 16. 7 = 3.csc¢ 0 

37 
Tle f= =2 SeGOitan: 6 138. 0 = 7 

In Exercises 79-82, use a 

Seanhine utility to hia the polar equation. 

apning a rola 

3 

80. r = 2 sin 6 cos? 0 

81. r = 4 cos 20 sec 0 

82. r = 4(sec 6 — cos 8) 

79. r= 

Horizontal and Vertical Tangency In Exercises 83 and 84, 

find the points of horizontal and vertical tangency (if any) to 

the polar curve. 

$3. 7 = 1 —cos@é 84. r = 3 tan 0 

Tangent Lines at the Pole In Exercises 85 and 86, sketch 
a graph of the polar equation and find the tangents at the pole. 

85. r = 4sin 36 86. r = 3 cos 40 

Sketching a Polar Graph In Exercises 87-96, sketch a 
graph of the polar equation. 

87. r = 6 88. 6= 77 

89. r = —sec 0 90. r = S5csc 0 

91. r? = 4 sin? 20 92. r= 3 —4cos 0 

93. r= 4— 3cos 0 94. r= 40 

95. r = —3 cos 20 96. r = cos 50 

Finding the Area of a Polar Region In Exercises 97-102, 
find the area of the region. 

97. One petal of r = 3 cos 50 

98. One petal of r = 2 sin 60 

99. Interior of r = 2 + cos 0 

100. Interior of r = 5(1 — sin @) 

101. Interior of r? = 4 sin 20 

102. Common interior of r = 4 cos 6 and r = 2 

Finding the Area of a Polar Region In Exercises 
103-106, use a graphing utility to graph the polar equation. 

Find the area of the given region analytically. 

103. Inner loop of r = 3 — 6 cos 0 

104. Inner loop of r = 2 + 4 sin 6 

Conics, Parametric Equations, and Polar Coordinates 

105. 

106. Between the loops of r = 2 + 4 sin @ 

3.6 cos 0 ll Between the loops of r 

Findin In Exercises 107 and 108, 

find the! intl of intersection of the graphs of the equations. 

oints of Inte rsection 

107. r= 1 — cos 6 108. , = 1 + sin 9 

r=1+sin6é r= 3sin 6 

Finding the Arc Length of a Polar Curve In Exercises 

109 and 110, find the feneth of the curve over the given interval. 

Polar Equation Interval 

109. r = Scos 0 SEES 

110. r = 3(1 — cos 8) 0<@0<7 

MM Finding the Area of a Surface of Revolution In 

Exercises 111 and 112, write an integral that represents the 

area of the surface formed by revolving the curve about the 

given line. Use the integration capabilities of a graphing utility 

to approximate the integral accurate to two decimal places. 

Polar Equation Interval Axis of Revolution 

111. r= 1+ 4cos 6 OR os Polar axis 

112. r = 2sin 0 0<9<5 6=5 

Sketching and Identifying a Conic In Exercises 
113-118, find the eccentricity and the distance from the pole to 

the directrix of the conic. Then sketch and identify the graph. 

Use a graphing utility to confirm your results. 

6 2) 

LIS Wy Bijeamciane LR. cost 

6 4 

LTS Oe Cae EO atcatt 

A 8 

lM ewesitns tee LAR er isla emp 

Finding a Polar Equation In Exercises 119-124, find a 
polar equation for the conic with its focus at the pole. (For 

convenience, the equation for the directrix is given in rectangular 

form.) 

Conic Eccentricity Directrix 

119. Parabola e=1 x=4 

120. Ellipse e= ; y=-2 

121. Hyperbola e=3 y=3 

Conic Vertex or Vertices 

122. Parabola (2, 2) 

123. Ellipse (5, 0), (1, 77) 

124. Hyperbola (1, 0), (7, 0) 



as 

. Using a Parabola 

. Using a Parabola 

PS. Problem Solving 

Consider the parabola x7 = 4y and the 

focal chord y = ax ical 

(a) Sketch the graph of the parabola and the focal chord. 

(b) Show that the tangent lines to the parabola at the endpoints 

of the focal chord intersect at right angles. 

(c) Show that the tangent lines to the parabola at the endpoints 

of the focal chord intersect on the directrix of the parabola. 

Consider the parabola x? = 4py and one 

of its focal chords. 

(a) Show that the tangent lines to the parabola at the endpoints 

of the focal chord intersect at right angles. 

(b) Show that the tangent lines to the parabola at the endpoints 

of the focal chord intersect on the directrix of the parabola. 

Proof Prove Theorem 10.2, Reflective Property of a 

Parabola, as shown in the figure. 

a 

> X 

Flight Paths _ An air traffic controller spots two planes at the 
same altitude flying toward each other (see figure). Their flight 

paths are 20° and 315°. One plane is 150 miles from point P 

with a speed of 375 miles per hour. The other is 190 miles from 

point P with a speed of 450 miles per hour. 

(a) Find parametric equations for the path of each plane where 

t is the time in hours, with t = 0 corresponding to the time 

at which the air traffic controller spots the planes. 

(b) Use the result of part (a) to write the distance between the 

planes as a function of f. 

EB () Use a graphing utility to graph the function in part (b). 

When will the distance between the planes be minimum? If 

the planes must keep a separation of at least 3 miles, is the 

requirement met? 

Xt) = 

. Finding a Rectangular Equation 

7. Cornu Spiral 

P.S. Problem Solving 745 

See CalcChat.com for tutorial help and 
worked-out solutions to odd-numbered exercises. 

The curve given by the parametric equations 

N — 

ei 

> t(1 — #2) 
) a d Aft SS a 

ge) ae ~ 

is called a strophoid. 

(a) Find a rectangular equation of the strophoid. 

(b) Find a polar equation of the strophoid. 

(c) Sketch a graph of the strophoid. 

(d) Find the equations of the two tangent lines at the origin. 

(e) Find the points on the graph at which the tangent lines are 

horizontal. 

Find a rectangular 

equation of the portion of the cycloid given by the parametric 

equations x = a(@ — sin 6) and y = a(1 — cos @),0 < @ < 7, as 
shown in the figure. 

26s 

Consider the cornu spiral given by 

x(t) = [eo() du and y(t) = [ sin) du. 
0 2 0 2 

ad (a) Use a graphing utility to graph the spiral over the interval 

4 Si Sone 

(b) Show that the cornu spiral is symmetric with respect to the 

origin. 

(c) Find the length of the cornu spiral from t = 0 to t= a. 

What is the length of the spiral from tf = —atot = 7? 

8. Using an Ellipse Consider the region bounded by the 
ellipse x2/a2 + y?/b? = 1, with eccentricity e = c/a. 

(a) Show that the area of the region is tab. 

(b) Show that the solid (oblate spheroid) generated by revolving 

the region about the minor axis of the ellipse has a volume 

of V = 477b/3 and a surface area of 

2 + 
= 27a" + (=) in( ‘) 

e l=e 

Show that the solid (prolate spheroid) generated by 

revolving the region about the major axis of the ellipse has 

a volume of V = 47rab7/3 and a surface area of 

(c wa 

Si = 27102 2n( 2) arcsin é. 
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oh 

10. 

11. 

12. 

133 

Chapter 10 

Let a and b be positive constants. Find the area of the 

region in the first quadrant bounded by the graph of the polar 

equation 

ab 
r= <= , We Ws 

(asin 0 + bcos @) Sr 

Consider the right triangle 

a 

| sec” 6d0. 
0 

(c) Use part (b) to derive the formula for the derivative of the 

tangent function. 

ng a Right Triangle 

shown in the figure. 

wile 
(a) Show that the area of the triangle is A(a) = 

(b) Show that tana = i sec? 6 dé. 
0 

Figure for 10 Figure for 11 

Finding a Polar Equation Determine the polar equation 

of the set of all points (r, @), the product of whose distances 

from the points (1, 0) and (— 1, 0) is equal to 1, as shown in the 

figure. 

Are Length A particle is moving along the path described 

by the parametric equations x = 1/t and y = (sin ?)/t, for 
1 < t < oo, as shown in the figure. Find the length of this 

path. 

y 

“t 

= 

Finding a Polar Equation Four dogs are located at the 
corners of a square with sides of length d. The dogs all move 

counterclockwise at the same speed directly toward the next 

dog, as shown in the figure. Find the polar equation of a dog’s 

path as it spirals toward the center of the square. 

14. 

15. 

PE 16. 

Conics, Parametric Equations, and Polar Coordinates 

Using a Hyperbola Consider the hyperbola 

ee 
oda amid 
G2 aD 

with foci F, and F,, as shown in the figure. Let T be the 
tangent line at a point M on the hyperbola. Show that 

incoming rays of light aimed at one focus are reflected by a 

hyperbolic mirror toward the other focus. 

y 

h 

| 
| 

Figure for 14 Figure for 15 

Cissoid of Diocles Consider a circle of radius a tangent 
to the y-axis and the line x = 2a, as shown in the figure. Let A 

be the point where the segment OB intersects the circle. The 

cissoid of Diocles consists of all points P such that OP = AB. 

(a) Find a polar equation of the cissoid. 

(b) Find a set of parametric equations for the cissoid that does 

not contain trigonometric functions. 

(c) Find a rectangular equation of the cissoid. 

Butterfly Curve Use a graphing utility to graph the curve 
shown below. The curve is given by 

r = eS ® — 2 cos 46 + sin? = 

Over what interval must @ vary to produce the curve? 

@ FOR FURTHER INFORMATION For more information on 

this curve, see the article “A Study in Step Size” by Temple H. Fay 

in Mathematics Magazine. To view this article, go to 

MathArticles.com. 

AB 17. Graphing Polar Equations Use a graphing utility to 
graph the polar equation r = cos 56 + ncos @for0 < 0< 7 

and for the integers n = —5 to n = 5. What values of n 

produce the “heart” portion of the curve? What values of n 

produce the “bell” portion? (This curve, created by Michael 

W. Chamberlin, appeared in The College Mathematics 

Journal.) 
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A Proofs of Selected Theorems 

For this edition, we have made Appendix A, Proofs of Selected Theorems, 

available in video format at LarsonCalculus.com. When you navigate to that 

website, you will find a link to Bruce Edwards explaining each proof in the text, 

including those in this appendix. We hope these videos enhance your study of 

calculus. The text version of this appendix is available at CengageBrain.com. 

Proofs of Selected Theorems sample 

at LarsonCalculus.com 

2.2 Basic Differentiation Rules and Rates of Change 107 

The Power Rule 

Before proving the next rule, it is important to review the procedure for expanding a 

binomial. 

(x + Ax)? = x? + 2vAx + (Ax)? 

(x + Ax)? = x3 + 3x2Ax + 3x(Ax)? + (Ax)® 

(x + Ax)? = x4 + 4x3 Ax + 6x7(Av)? + 4x(Ax)> + (Ax)* 

(x + Ax)® = x5 + SxtAx + 1008(Ax)?? + 2 3 te 5 4 5 

1 3 CALCULUS 

7 
This binomial expansion is used in proving as 

The general binomial expansion for a positive 

n(n = 
(eb Axes yb xt? (Ay) 

Chapter2  v Section 2 

? Worked-out Solutions 

THEOREM 2.3. The Power Rule 

If n is a rational number, then the function f 
EE, Calculus Videos 

d 
—[x"] = nxt!" 
ax ] 

sere eee ewe rere neee For f to be differentiable atx = 0, n must bi 

A From Example 7 on an interval containing 0. Hit Interactive Examples 

in Section 2.1, you know that inet linha attic 

the function f(x) = x'/? is hon : : () Rotatable Graphs 
defined at x = 0, but is not Proof [If # is a positive integer greater than | 

differentiable at. x = 0. This 
Sea d _. Ot AY — ‘ 

is because x~2/> is not defined [] = lim ——————— th Printable Graphs 
; ; dx Ayo Ax 

on an interval containing 0. 
Ht pyri aln = 4, DataD Bvt ete pene (AG) en «%y Data Downloads 

= lim 
Ayo 

" 3) Math Articles 
= ee nin — Ux" s 

Se) TT Ui SN a a | 
Ared 2 

=x"! +O04+-+-4+0 é Biographies Chapter 2 > Section 2 > Proof: The Power Rule 

= nx! 
p 2 Credits Privacy Terms of Use 

This proves the case for which n is a positive inte: Copyright © Larson Texis inc. All Rights Reserved 

the case for 7 = |. Example 7 in Section 2.3 proves iS ries 

integer. In Exercise 71 in Section 2.5, you are asked to prove t ‘or which 7 is 

rational. (In Section 5.5, the Power Rule will be extended to co’ ‘ational values of 1.) 

See LarsonCalculus.com for Bruce Edwards’s video of this proof. w Bruce Edwards's 

When using the Power Rule, the case for which n = | is best thought of as a Proof of the Power Rule 

separate differentiation rule, That is, at LarsonCalculus com 
. 

dia Power Rule when n= 1 

The slope of the line y = xis | This rule is consistent with the fact that the slope of the line y = x is 1, as shown in 

Figure 2.15 Figure 2.15. 

| 
| 
| | 

A2 



B Integration Tables 

Forms Involving wu” 

n+] 

1 | udu =— +.C, we] ale Inju| + C 
nk u 

Forms Involving a + bu 

a ! ul ye 
SF == = : se | 
|. ni, du alas alnja + bul) vhe 4 Iz + bu? du 2 (- 7 + Inja + bu *- 

; : i al = es ; Jre # 1,2 . CG —s 

(a + bu)" DEN Tite 22) ADU) tre cual (GT ts) ih Na 

? | we) 
6. Jars “dy = Eee = bu) a? Inia bu|| cree 

a+ bu b> 

7 w= 1 (6 2a Inja + bul) + C 
yea. + =P as Tm io abe a 

1 2a a + Inla + bul | + 
: iota + buy Sees a + bu) lg bu | c 

i 2a a> 
: al ae + ie 4 or + buy otf aoe a — Na + buy? ean eRe al er 

1 1 | 1 i i u a. =n = + “ 
Ny lPeesote Aare S a Presa 1( +n 1} C 

u 

at bu 
re 1 Wylde u 1 (hl) @ear Day 2b . | su = --(- + = + .| =o = - SS +7] 

a la + bu) a a(2 a a a+ =| C 12 u-(a + bu)? ae 45: + bu) a " 

Forms Involving a + bu + cu, b? # 4ac 

=D 2 2cu 
=> arctan ———— + b? < 4ac 

14 1 ier J/4ac — b? aaa J/4ac — b? G 

“ }at but cw i [ce tb = V bP = 4ac AW hese: 

b> — 4ac  |2cu + b + /b? — 4ac 4 

_ Sa eee 2 l 15. | peat Flinle + d+ b| ea 

Forms Involving a + bu 

16. | uw'J/a + budu = |" + bu)3/2 — na | u"~!/a + bu au 
b(2n + 3) 

a gs es ale ian 

7 i i oh Ja Ja+ but /a 

‘J uva + bu 2 agi DHS Pe, 
fa an — A 

I —-1 [Vat bu , (Qn - 3)b I | du = ee | ue 
p: lz: + bu ae a(n — 51 fie! 2 u"—1/a + bu A pial 

A3 



A4 Appendix B_ Integration Tables 

" Sa + bu = | 
19. | —— du = 2a + bu + a) — Se Hh 
| u I= + bu 

| Ja + bu —] |‘ + bu)? coo — 5)k B | J/at+ bu 
du = au | n += 1 

ph an —-1)\. 
20. Ta | yr! 

iG ae DU 3b- 

2) 
nn + a 

Dip te | TaoR 2 Va bu na eee du) 

Forms Involving a? + u?, a > 0 

=a = lau 
a1. | = a LN aay sf NA 

23. i ee EG 
a a sae Te 

1 = 

24. | ia = i 5 du = —In) ——| + C 
ee = le (GP le 2a |W ria 

| i u .| ou = I a (eae Te nice ea ae au te 

Forms Involving \/u? + a”, a > 0 

1 
26. [ ve + a* du = 5 luli a 4a" In|u + Su? + |) +C 

4 [ eve Soi lulu? deed N) eee Inu ee) a e|| +C 

Gh ar Ju + a 

u 

/y2 + ) 

28, [FE iu = SFE - ain +C 

7 
29, | ERE ay = JP eP ~ a accel lec 

[2 + q2 fe a 

20. | 3 da = al eta ve ceee | 

1 
31. | pee = Inu + Su? + o| +C eae 

1 —] l 1 |u| 
De = ; (= — He a 3 i ee du A In 33 ae du * arcsec i @ 

2 
34. |e = sue sbiat ea In|u aE aay Ue |) “F 

I 1 =e - 2) So es = SS Yt 
zr lee a; aa au a 0 iF + a?)3/2 ae ape ae © 

Forms Involving /a* — u?, a > 0 

] 
37. | Jat — udu = Au Ja* — uw* + a” arcsin +) +C 

C 

9) 5) a) l # 2 i. 38. [uz Ja? — u2 du = 4 wu — a’) /a* — u? + a‘ arcsin “| + C 
a 



39. I i ae du 
u 

I 
Se 
! 0 Gate ey 

45. - 

We 

[FD 2 
(OSE eT bag 

a 

=e du 

u 

mat! 
= arcsin— + C 

= dU — a ae (CG 
2 a*/a* — u? 

Forms Involving sin uv or cos u 

46. ‘= I COSt naan OG 

48. 

50. 

52. 

54. 

56. 

ss { 
Forms Involving tan u, cot u, sec u, or csc u 

1 
ie 
J 
J 
| 

xu = SsiIkiCOs 1)n-+ a. 

sine 'y cos u 

n 

i = Al 

n 

Bsinu aw = sinw— uwcosu = C 

uv" sin udu = =u cosu + nf u"-* cos du 55. 

l 

sin u COS 

59. | tan u du 

61. 

62. 

63. 

65. 

67. 

69. 

70. 
—. es eee 

sec u du 

7, dH = tanu + secu + C 

u 

=In|cos ule C 

du = \n|tan u| + C 

In|sec u + tanu| + C 

47. 

49. 

| sin"? u du 51. 

Se 
+ cos me 

n 

53. [ cos du = cos + usinu + ¢ 

Appendix B_ Integration Tables A5 

aln a iei RS ge +C 40 | = = ae du = — fe Ea arcsin — + Gg 
Uu 4 u a 

42. | - eet = eee ve Se 

= 1(-u@ — wv? + a’ arcsin “) + C 44. [as a — pe a ue +C 

COSmdw = sintw +16 

1 
cos? udu = 5 ul + sinucosu) + C 

2 COS's  Wsin ¢ ee a m4 
cos” u du = SF cos” - udu 

n 

u" cos u du = u" sin u — n| u"—'sin u du 

SC OLR CSCi mate Ot 

60. [ covu a = In|sin u| + C 

esc u du = In|cscu — cotu| + Cor | excuau = —In|cse u + cotu| + C 

tan? u du 

sec? u du 

tan” u du 

sec” u du 

esc” u du 

=) 4° tan wt sie (C 

(any ar (€ 

tan”! u 

= Ml 

sec”? u tan u 

ig = Il 

csc"~2 u cot u 

i= 

= Pe 

— [ tan 2u du nl 

p= Il 

it, = 2 

al 

64. [ co#®w du = —u—cotu+C 

66. [ ese ua = —cotu+C 

68. [oor udu= — 

| sec”—-2u du, n # 1 

[ er tudu nal 

cot” 1 u 

Tel 
= [ teotr-*1 du, n #1 



A6 Appendix B_ Integration Tables 

il Meets lin COSvigeetaes tinny) mata OS . Wh. | du 72, 
[Peartani7 

CL a COE CS Cibetan © 

Forms Involving Inverse Trigonometric Functions 

TY arcsin u du = warcsinu + /1 — uw2+C 

77. uarctanu — In/l + u2+C arctan u du 

79. = warcsec u — in|u + Suz — i +C arcsec u du 
a 

Forms Involving e” 

81. [era=ers C 

83. [uve du = u"e" — n| aes au 

au 

2 apt sin bu — bcos bu) + C 85. i e* sin bu du = 86. 

Forms Involving In u 

87. [tnd = w= tlh wu) =< C 

yer! 

89. [. Inu du = Gar i (1) ie el 

91 90. J nwa = u[2 —21nu + (Inu)?] + C 

Forms Involving Hyperbolic Functions 

92. feos udu = sinhu + C 93; 

94. [soot udu = tanhu + C 95: 

96. [sccm u tanh udu = —sechu + C 97. 

74. 

76. 

78. 

80. 

82. 

84. 

88. 

| 

1 + cotu 2 du = lu + In|sin uw + cos u|) + C 

| 
bi = Pf — jen 22 Gee wi se (C 

il Se Cem 

arccos u du = uarccosu — /1 — u2+C 

arccot udu = uarccotu + In/1 + u2+C 

arccsc u du = uarccsc u + In|u + Sy? — i +C 

ue"an = (u— lieia C 

1 

ll se 
du=u-In(lt+ey)+C 

u 

au 

CoE COSI DING ae 
a+ b? 

(a cos bu + b sin bu) + C 
S, See ess ——— 

2 
[ vinudu="-1 4210) +c 

[am u)” du = u(ln u)" — n | uy di 

| sinn du = cosh + € 

[sor udu = —cothu+C 

[eson ucoth udu = —cschu + C 

Forms Involving Inverse Hyperbolic Functions (in logarithmic form) 

du 
Wier In(u + Je + &) ae (CE 

SE isiaa oe (0 kee 

oY: vs { 
= 2 ae 2 100. | bes = | in a ein a iil +¢ 

WESC es a (Le a |u| 

du 
rs 

el, Qa 

2a J a a u 



Answers to Odd-Numbered Exercises 

Answers to Odd-Numbered Exercises A7 

Chapter P 47. 

Section P1 (page 8) 

1. b Bia. 

(a) y~ 1.73 (b) x= —4 
CL-9X T 59. 

17. (0, -5), (3,0) 19. (0, =2), (2, 0), (1, 0) 63. 
mao. 0), (4,0), (—4, 0)” 23. (0; 2); (4, 0) 25. (0; 0) 67. 

27. 

29. 

31. 

ake 

Si 

So: 

43. 

Sh 

2. d 

Symmetric with respect to the y-axis 

Symmetric with respect to the x-axis 

Symmetric with respect to the origin 

Symmetric with respect to the origin 

Symmetric with respect to the y-axis 

i 41. 

33. No symmetry 

Sk 

SEL 

69. 

71. 

Hs 

Hide 

i 49. i 
ae i 

: 44 
a 

x t+} + + > 
468 

3-4 mi 

=nee He 

Symmetry: origin Symmetry: origin 
y y 

53: i 

ii 6+ 

we 

(—9, 0) 

\ 
x + {+ x 

—-10 2 

£7 (0,3) 

-44 

-64 

Symmetry: y-axis Symmetry: x-axis 

i CWA ER SY) 
at 
ad 
2+ (0, 72) 

; (6,0) 
+ Stat + x 

= |, es Cael 

27 (0,-V2) 
=k 

—-4+ 

Symmetry: x-axis 

esse. TE ey) al Oh) 

Cis) One 1s 65-2.) 3 4/3) 
(a) y = 0.0057 + 0.27t + 2.7 
(b) 16 

0 30 

0 

The model is a good fit for the data. 

(c) $21.5 trillion 

4480 units 

(a) k=4 (b) k= -3 
(c) All real numbers k (d) k = 1 

Answers will vary. Sample answer: y = (x + 4)(x — 3)(x — 8) 

(a) Proof (b) Proof 

Symmetry: none 77. False. (4, —5) is not a point on the graph of x = y* — 29. 

i 45. 79. True 

Section P2 (page 16) 

C5.9) | 0,9) a oe 1. a ee Has 
t 

=o) 1 

Symmetry: none Symmetry: none 



A8 Answers to Odd-Numbered Exercises 

(4, 6) 

Jw kU a 

+ 

m is undefined. 

m=1 

m = 

13. Answers will vary. Sample answers: (0, 2), (1, 2), (5, 2) 

15. Answers will vary. Sample answers: (0, 10), (2, 4), (3, 1) 

17. 3x —4y 4:12 =0 19. 2x — 3y=0 
y y 

(b) 10/10 ft 23°) 

25. m= 4,(0,-3) 27. m= —3,(0,4) 
29. m is undefined, no y-intercept 

31 ; 33 
plas 

1+ 

it ete 
Sd as | HID PEAK, eS) 

= ets 

Ae + +—> x 

=2 2 
= Spat 

Oar 

SS: A Sie 

41. 8x + 3y — 40 =0 

A 

t 

mo 
a 

nv Te nweuanrae \ rie 

it 

45. 22x — 4y +3 

8+ (6, 8) 

6+ 

44 
(6, 3) +— 

25 SN 

+ — it 

47. x = 3230 9 49. 3x 4 2y — 6 —0 “51x yee 

33.17 Veen 0S S268)! 0 if = 0) (D) yi 

570 (@) a Veto Ol (D) ext a nO) 

39:4) 205 Viaro = Ab)ex. + 2yi— 4 = () 

61. (a) 40x — 24y -9=0 (b) 24x + 40y — 53 = 0 

63. V = 250t + 1350 =65. V = — 1600r + 20,400 

67. Not collinear, because m, # m, 

69. 

TS 

BS 

We 

2c 

(a) The line is parallel to the x-axis when a = 0 and b # 0. 

(b) The line is parallel to the y-axis when b = 0 anda # 0. 

(c) Answers will vary. Sample answer: a = —5 and b = 8 

Sie a ee 2 2 (0. a+b “) “AL (0.2 =) 

Cc 

(d) Answers will vary. Sample answer: a = 5 and b = 2 

(e) a = 3andb =3 

SF = 9 —s160'= 0272 222° 

(a) Current job: W = 2000 + 0.07s 

Job offer: W = 2300 + 0.05s 
(b) 3500 

(15,000, 3050) 

2 -} 20,000 
1500 

You will make more money at the job offer until you sell 

$15,000. When your sales exceed $15,000, your current 

job will pay you more. 

(c) No, because you will make more money at your current 

job. 

79. (a). x = (1530 sp) 15 

81. 

87-91. Proofs 

(b) 50 (c) 49 units 

0 1600 

0 

45 units 

12y + 5x-169=0 83. (5/2)/2 85. 22 
93. True 95. True 



Section P3 

eae) et 

(2) eS 

5 (yal 

~ 3x7 + 3x Ax+ (Ax)?, Ax #0 

(¥e=1- x + 1)@ - 2-1] 
11. 

13. 

15. 

17. 

19. 

Senn wpe 

21. 

23. 

25. 

27. 

29. 

31. 

37. 

41. 

43. 

47. 

51. 

Shy 

55. 

(page 27) 

(b) -25 (c) 7b-4 (d) 7x—-11 
60 @1 @44+27-2 
(b) 0 (c) -4 (dd) 1 

Domain: (— 00, oo); Range: [0, co) 

Domain: (—oo, oo); Range: (—oo, co) 

Domain: [0, 00); Range: [0, co) 

Domain: [—4, 4]; Range: [0, 4] 

Domain: All real numbers ft such that t # 4n + 2, where n is 

an integer; Range: (—0o, —1] U [1, co) 

Domain: (—oo, 0) U (0, co); Range: (— oo, 0) U (0, co) 

Domain: [0, 1] 

Domain: All real numbers x such that x # 2nz, where n is an 

integer 

Domain: (—co, —3) U (—3, oo) 

@) = @) 2 (©) 6 @) Aes 4 

Domain: (— 00, 00); Range: (— oo, 1) U[2, co) 

(eae (b) LON (Cc) 2) ae 

Domain: (— 00, co); Range: (—0o, 0] U[1, 00) 

sky 
345 

i) t 

Domain: [6, co) 

Range: [0, co) 

Domain: (— oo, co) 

Range: (—©o, oo) 

—2+ 

34 

Domain: [—3, 3] Domain: (—©o, 00) 

Range: [0, 3] Range: [—3, 3] 

The student travels 5 mile/minute during the first 4 minutes, is 

stationary for the next 2 minutes, and travels 1 mile/minute 

during the final 4 minutes. 

yis nota function of x. 45. y is a function of x. 

y is not a function of x. 49. y is not a function of x. 

Horizontal shift to the right two units 

y=Vx-2 
Horizontal shift to the right two units and vertical shift down 

one unit 

pate 2)? 01 
Gee SOW) 957. Ge B58siael oD ver 608g 

61. 

63. 

65. 

67. 

69. 

71. 

73. 

TS 

Tide 

79. 

81. 

Oy BS Se SNe atl) 

Answers to Odd-Numbered Exercises A9 

(a) (b) 

a > x gia 

(c) (d) 

i > xX 

(e) (f) 
> xX 

: > x 

(g) (h) i 

+-—> x + +m \ 

6 ne 

(a) 3x (b) 3x-8 (Cc) 12x-16 (d) 3x-1 

(@) O= )10@) 1 Sa) 15 
(e) Vx? —1 (f) x-—1@ = 0) 

(f° g)(x) = x; Domain: [0, co) 

(g °f)(x) = |x|; Domain: (—©o, oo) 

No, their domains are different. 

(Pega) 3 [Gis l); 
Domain: (—oo, —1) U(—1, 1) U(, co) 

(g °f)(x) = (9/x2) — 1; Domain: (—oo, 0) U (0, co) 

No 

(a) 4 (b= 2 
(c) Undefined. The graph of g does not exist atx = —5. 

(@) 3 (@)2 

(f) Undefined. The graph of f does not exist at x = —4. 

Answers will vary. 

Sample answer: f(x) = x; g(x) = x — 2; A(x) = 2x 

(a) 3.4) (&) G.-4) 
fis even. g is neither even nor odd. h is odd. 

Even; zeros: x = —2, 0,2 

7 y 7 

Odd; zeros: x = 0, ms + na, where n is an integer 

85. y= —V/=x 



A10 Answers to Odd-Numbered Exercises 

87. Answers will vary. 89. Answers will vary. 

Sample answer: Sample answer: 
y 

A 

yer hour) 
Sf 

Speed (in mil 
D . " 

Number of sneakers sold 

Time (in hours) Price (in dollars) 

c= 25 

93. (a) T(4) = 16°C, TIS) = 23°C 

(b) The changes in temperature occur | hour later. 

(c) The temperatures are 1° lower. 

95. (a) i (b) A(25) ~ 443 acres/farm 

500 +- 

400 +- 

300 

200 +- 

Average number of 
acres per farm 

100 +- 

10 20 30 40 50 60 

Year (0 © 1960) 

Disp == 2). 5 = 

97. f(x) = |x| + fo 2| = 42, Orr 2 
=e ce 2. 3c SO 

2x 2 

99-101. Proofs 103. L = x? + E = ;| 

105. False. For example, if f(x) = x’, then f(—1) = f(1). 

107. True 

109. False. f(x) = 0 is symmetric with respect to the x-axis. 

111. Putnam Problem Al, 1988 

Section P4 

1. (a) and (b) 

(page 34) 

(c) $790 

A 

1000 +- 

900 =- 

800 +- 

700 +- 

600 +- 

Dy 
900 1050 1200 1350 

3. (a) d = 0.066F 
(b) 10 

d=0.066F 

0 110 

0 

The model fits well. 

(c) 3.63 cm 

5. (a) y = 0.122x + 2.07, r =~ 0.87 

(c) Greater per capita energy consumption by a country tends 

to correspond to greater per capita gross national product 

of the country. The three countries that differ most from 

the linear model are Canada, Italy, and Japan. 

(d) y = 0.142x — 1.66, r ~ 0.97 

7. (a) S = 180.89x? — 205.79x + 272 
(b) 25.000 

- 

0 14 
0 

(c) When x = 2, S ~ 583.98 pounds. 

(d) About 4 times greater 

(e) About 4.37 times greater; No; Answers will vary. 

9. (@) y= 1.8060? 1458x7164 10 

(b) 300 (c) 214 hp 

0 ze 
0 

11. (@) y, = —0.01726 + 0.305 — 0.87: 4 7.3 

y, = — 0.0387 + 0.45t + 3.5 

y3 = 0.00638 — 0.0727 + 0.02t + 1.8 
(b) 20 

yy + Yo of Y3 

0 

About 15.31 cents/mi 

13. (a) Yes. At time f, there is one and only one displacement y. 

(b) Amplitude: 0.35; Period: 0.5 

(c) y = 0.35 sin(4at) + 2 

a 

(0.125, 2.35) 

(0.375, 1.65) 

0 

The model appears to fit the data well. 

15. Answers will vary. 17. Putnam Problem A2, 2004 

Review Exercises for Chapter P 

1. (8,0), (0,-8) 3. (3,0), (0,3) 5. Not symmetric 

7. Symmetric with respect to the x-axis, the y-axis, and the origin 

(page 37) 



Symmetry: none 

15) (2.3) 

19. 

oe 2S: A 
att 

ofl 
4+ 

3-F 

a+ 

vil 
tt+4+44+-++4> « 

Bere |) feo 3 

29. x — 4y = 0 

33. V = 12,500 — 850t; $9950 

aoa) 4..(b) 29 (c) —11 

Symmetry: origin 

47. 

17; 8(—2,15),.(8;,8) 

Sie 

39. 

41. 

43. 

49. 

51. 

53. 

Answers to Odd-Numbered Exercises A111 

8x + 4 Ax, Ax #0 

Domain: (—oo, oo); Range: [3, 00) 

Domain: (— 00, co); Range: (—co, 0] 

‘ 45. 

Sa aa to 
8 10 12 14 5 

Function Not a function 

(iG) = 2 = Be 

@ie@)=—=e 3x) 1 

(b) e@) = @ — 2)? — 3@ — 2)? 41 

(a) i (b) 

-4 4 /\ 10 

—25 —100 

(c) 200 

Sit 10 

-—800 

(a) y = —1.204x + 64.2667 

(b) 

(c) The data point (27, 44) is probably an error. Without this 

point, the new model is y = — 1.4344x + 66.4387. 

(a) Yes. For each time ¢, there corresponds one and only one 

displacement y. 

(b) Amplitude: 0.25; Period: 1.1 (c) y ~ 4.cos(5.7t) 

31. (a) 7x — 1l6y + 101 = 0 (ie The model appears to fit 

(b) 5x — 3y + 30 =0 (1.1, 0.25) the data. 

(c) 4x — 3y + 27 =0 
(d) x +3 =0 roe nas) 

—0.5 

PS. Problem Solving (page 39) 

1. (a) Center: (3, 4); Radius: 5 
3 te) 9 (b) y=-3x @y=itx-7 @ GB,-4) 

(d) Sis 9 



Al2 Answers to Odd-Numbered Exercises 

3. y 
Ms 
=| 

l 

—————} Ss eee 

4 3 2 * 1 2 3 4 

i 
(a) h (b) j 

4 4+ 

3-4 

1 1+ oo 

———t _—— x x 
<4 a= 21, jim Sea), il UO EW 

SS aA 
= Bias = 3 

—4-+ -4+ 

(c) ; (d) A 
ah ah 

a= - S)se 

1+ ——— 

x + - 98 x 
—4 -3 -2 -1 kote Steed =f) 3) 2) =i Ie ye mye ah 

-1 1 

Oats —2 

Ze Li 
At =-44+ 

11. 

(a) aSaess 

. (a) A(x) = x[(100 — x)/2]; Domain: (0, 100) 

(b) 1600 Dimensions 50 m x 25 m 

yield maximum area of 

1250 m?. 

0 110 

0 

(c) 50 m X 25 m; Area = 1250 m? 

Tx) = [2/442 + JO —x + 1/4 
(b) 3, greater (c) 4.1, less 

(d) 4+ h (e) 4; Answers will vary. 

(a) Domain: (—oo, 1) U (1, co); Range: (—0o, 0) U (0, o0) 

OG ee 
Domain: (—co, 0) 

(c) FFU) == 
Domain: (—0co, 0) U (0, 1) U (1, co) 

The graph is not a line 

because there are holes at 

x = Oandx = 1. 

U (0, 1) U C1, co) 

13. (a) x = 1.2426, —7.2426 

b) @+ 3)? + y = 18 

15. Proof 

(V2, 0) 

= (0;,0) 

ye 

Chapter 1 

Section 1.1 (page 47) 

1. Precalculus: 300 ft 

3. Calculus: Slope of the tangent line at x = 2 is 0.16. 

5. (a) Precalculus: 10 square units 

(b) Calculus: 5 square units 

7. (a) 
y 3.5 

(b) 13953 
(c) 2. Use points closer to P. 

9. Area ~ 10.417; Area ~ 9.145; Use more rectangles. 

Section 1.2 (page 55) 

0.2041 | 0.2004 | 0.2000 

4.001 | 4.01 41 

0.1996 | 0.1961 

4 t= i 
lim er x lim =e GEN 0.2000 (Actual limit is 5 ) 

«EE 0.5013 | 0.5001 ee 

[on Poor [or 
0.4999 | 0.4988 | 0.4881 

: ve ae ll = ll Nh dete 
lim = = (1.5000 | Actual limit is > 
x0 



15. 

19. 

21. 

23. 

0 : rE = = . 0.1 | 0.01 | —0.001 

| Fo) 0.9983 | 0.99998 | 1.0000 | 

: 0.001 | 0.01 0.1 | 

¢(x) | 1.0000 | 0.99998 | 0.9983 | 

lim “"~ ~ 1.0000 (Actual limit is 1.) 

0.9 0.99 0.999 I 

0.2506 | 0.2501 ? 

lim en 
x>1X 

wf IO) ae = & 

= 0.6666 (Actua limit is = 

t—=—6 

x 

Kee © 

=i 4) Oxon 

F(x) 1.9867 | 1.9999 

Limit does not exist. The function approaches 1 from the right 

side of 2, but it approaches — 1 from the left side of 2. 

Limit does not exist. The function oscillates between | and — | 

2 

as x approaches 0. 

(a) 2 

(b) Limit does not exist. The function approaches | from the 

right side of 1, but it approaches 3.5 from the left side of 1. 

(c) Value does not exist. The function is undefined at x = 4. 

(d) 2 

in 2x 
lim Sin * ~~ 2.0000 (Actual limit is 2.) 
x 

= | 17. 

= —(.1250 (Actuat limit is -1) 

Answers to Odd-Numbered Exercises A13 

lim f(x) exists for all points 

on the graph except where 

e=4. 

295 0403156 = =, 0091 
33. L = 8. Let 6 = 0.01/3 ~ 0.0033. 

35. L = 1. Let 6 = 0.01/5 = 0.002. Sine ays = 2) 

41. 3 43. 0 45. 10 47. 2 49, 4 

51. os 53. 

—0,1667 

lim f(x) = 6 lim f(x) = 6 
Domain: [—5, 4) U (4, co) ieee [0, 9) U (9, co) 

The graph has a hole The graph has a hole 

atx = 4. atx = 9. 

55.5 (a)e 

(b) 

12.36 

fe 36 | 37 4 
ji 

@m) 12.36) 12360 | 12:36 
———— 

Jim C() = 12.36 

(c) pSmieas 

10.78 | 11.57 | 11.57 | 11.57 

+ = . 12.36 | 12.36 | 12.36 
jae 

The limit does not exist because the limits from the right 

and left are not equal. 

57. Answers will vary. Sample answer: As x approaches 8 from 

either side, f(x) becomes arbitrarily close to 25. 



A14 Answers to Odd-Numbered Exercises 

The values of f increase 

or decrease without 

bound as x 

approaches c. 

59. (i) The values of f approach (ii) 

different numbers as x 

approaches c from different 

sides of c. 

4 1 
! 

a7 ' 

i - =, ] 
cs ! 

1 
1 

st eae ! 
=i ok ! Bic A ' 

—|+ nl 

ne x 

y a4 5 
—34+ i} 

2 ! 
=Aic- AP af 

(iii) The values of f oscillate between two fixed numbers as x 

approaches c. 

61. (a) r= = =~ 0.9549 cm 

(b) oy Sip oe 2 or approximately 0.8754 < r < 1.0345 
27 =e 

(c) ee 2ar = 6; € = 0.5; 6 ~ 0.0796 

0.00001 | 0.0001 | 0.001 

2.7183 | 2.7181 | 2.7169 

65. 67. False. The existence or 

nonexistence of f(x) at 

x = c has no bearing on 

the existence of the 

limit of f(x) as xc. 

be (1.999, 0.001) 

‘ (2.001, a 

2.002 

6 = 0.001, (1.999, 2.001) 

69. False. See Exercise 17. 

71. Yes. As x approaches 0.25 from either side, /x becomes 

arbitrarily close to 0.5. 

73. ia 
x90 yh 

79. Putnam Problem B1, 1986 

=n 75-77. Proofs 

Section 1.3 (page 67) 

1. 3s 

(a) 0 M(b) ie (a) 0 (b) About 0.52 or 77/6 

5.8 He ll oh ili, 7 lis 2 153 

oe 2) 19. 1/5 Pile I 23. (a) 4 =(b) 64—s (c) 64 

MS (@) 3 (oO) 2 (@) 2 Milo Mi ID) Wf alll, || 

68), y/Z 355=1 377 (a) 10°) 5° 9 ©) '6 Waa 

3950 (a) OA en (b)) ee (C) (CL) 

24 
41. f(x) = ge and g(x) = x + 3 agree except at x = 0. 

lim f(x) = = g(x).= 3 

oat 
43. f(x) = i He g(x) = x — | agree except atx = —1. 

Jim f) = Jim, g(x) = —2 

45. 

47. 

Sie 

67. 

TES 

f@)= s =F and g(x) = x2 + 2x + 4 agree except at x = 2. 

lim f(x) = lim g(x) = 12 
x2 x2 

=1 49. 1/8 | 5105/6. 6.53 1/6.., 55, ine 
1/9 se), 2 6122 63. 1/5 65. 0 

0 69. 0 Hike A 1s By2 
2 

The graph has a hole at x = 0. 

=e 3 

=2 

Answers will vary. Sample answer: 

20.1 | 20.012 0.001 

0.358 | 0.354 | 0.354 0.353 | 0.349 

lim Vxt2= V2 0.354: Actual limit is = oe 
x0 x DMD 4 

The graph has a hole at x = 0. 

=2 

Answers will vary. Sample answer: 

—=0)2630) |e = 02a =():250 

x : , 

(010) I) OKAY I ays 

[1/(2 + x)] = (1/2) _ 
lim —0.250; Actual limit is m 
x30 5 4 



81. 

D5: 

97. 

101. 

105. 

5 oe 85. 2x — 4 

The graph has a hole at t = 0. 

~0.01 ) 0 | 0.01 | 0.1 | 

2.9996 | ? | 2.9996 | 2.96 | 

Sin BY 
lim = = 3.0000; Actual limit is 3. 
i> 

F 

; \ The graph has a hole at x = 0. 
| 

Qa 20 

=] 

Answers will vary. Sample answer: 

—0.001 | 0 | 0.001 | 0.01 

= 0; Actual limit is 0. 
x>0 X 

87. —i/(x+3)2 89. 4 
6 93, 0.5 

ne 
—27 Px a -0.5 0.5 

‘, 

-6 -0.5 

0 0 

The graph has a hole at 

x=0. 

(a) fand g agree at all but one point if c is a real number such 

that f(x) = g(x) for all x # c. 

qe = 1 

‘retell 

at all points except x = 1. 

If a function f is squeezed between two functions h and g, 

h(x) < f(x) S g(x), and h and g have the same limit 

Las x—c, then lim f(x) exists and equals L. 

(b) Sample answer: f(x) = and g(x) = x + | agree 

The magnitudes of f(x) and g(x) 
are approximately equal when x is 

close to 0. Therefore, their ratio is 

approximately |. 

— 64 ft/sec (speed = 64 ft/sec) 103. —29.4 m/sec 

Let f(x) = 1/x and g(x) = —1/x. 

lim f(x) and lim g(x) do not exist. However, 

lim [/() + g(x)] = tim E ‘ ( 4)| im 00 
x30 

and therefore does exist. 

107-111. Proofs 

113 

115. 

117. 

119. 

121. 

123. 

Se 

1. 

3. (a) 0 

11. 

13. 

21. 

23. 

25. 

27. 

29. 

31. 

35. 

37. 

39. 

41. 

43. 

Answers to Odd-Numbered Exercises A15 

AN se 2x0) 
5 este AeA) = et f(x) be 

x<0 

lim |f(x)| = lim 4 = 4 
x0 x0 

Tim f(x) does not exist because for x < 0, f(x) = 

for x = 0, f(x) = 4. 

False. The limit does not exist because the function 

approaches 1 from the right side of 0 and approaches — 1 

from the left side of 0. 

True. 

—4 and 

False. The limit does not exist because f(x) approaches 

3 from the left side of 2 and approaches 0 from the right side 

of 2. 

Proof 

(a) Allx 40,5 +n 

The domain is not obvious. The hole at x = 0 1s not 

apparent from the graph. 

1 ©O5 Ws 

ction 1.4 (page 79) 

(b) 3 
(b) 0 

(2) ieee (DIES 

Discontinuity at x = 2 

(a3 (c) 3; f(x) is continuous on (— 0, 00). 

(c) 0; Discontinuity at x = 3 

(c) Limit does not exist. 

als 9 JE 
+ 16 * 10 
Limit does not exist. The function decreases without bound 

as x approaches —3 from the left. 

| LE be LSP 19. 2 

Limit does not exist. The function decreases without bound 

as x approaches 7 from the left and increases without bound 

as x approaches 77 from the right. 

8 

Limit does not exist. The function approaches 5 from the left 

side of 3 but approaches 6 from the right side of 3. 

Discontinuities at x = —2 and x = 2 

Discontinuities at every integer 

Continuous on [—7, 7] 33. Continuous on [—1, 4] 

Nonremovable discontinuity at x = 0 

Continuous for all real x 

Nonremovable discontinuities at x = —2 and x = 2 

Continuous for all real x 

Nonremovable discontinuity at x = 1 

Removable discontinuity at x = 0 

. Continuous for all real x 

. Removable discontinuity at x = —2 

Nonremovable discontinuity at x = 5 

. Nonremovable discontinuity atx = —7 

. Continuous for all real x 

. Nonremovable discontinuity at x = 2 



A16 Answers to Odd-Numbered Exercises 

. Continuous for all real x 

. Nonremovable discontinuities at integer multiples of 7/2 

. Nonremovable discontinuities at each integer 

61. a=7 63. a= 2 65.a=—1, b=1 

67. Continuous for all real x 

69. Nonremovable discontinuities at x = 1 and x = —1 

71. Continuous on the open intervals 

eiciline Sora sr) 3 (cae aT, arr) i aa IT) ee 

IBY We 

=3 \ 3 

-1.5 

Nonremovable discontinuity | Nonremovable discontinuity 

at each integer atx = 4 

77. Continuous on (— oo, co) 79. Continuous on [0, co) 

81. Continuous on the open intervals . . . , (—6, —2), (—2, 2), 

(226).2 ae. 

83. Continuous on (— 0d, co) 

85. S The graph has a hole at x = 0. The 

graph appears to be continuous, but 

the function is not continuous on 

= * [4,4]. It is not obvious from the 
graph that the function has a 

ae discontinuity at x = 0. 

87. Because f(x) is continuous on the interval [1,2] and 
f(1) = 37/12 and f(2) = —8/3, by the Intermediate Value 
Theorem there exists a real number c in [1,2] such that 

fo =0. 
89. Because f(x) is continuous on the interval [0, 7] and 

f(0) = —3 and f(z) ~ 8.87, by the Intermediate Value 
Theorem there exists a real number c in [0, z] such that 

ela 
91. 0.68, 0.6823 93. 0.56, 0.5636 

95. f(3) = 11 97. f(2) =4 

99. (a) The limit does not exist at x = c. 

(b) The function is not defined at x = c. 

(c) The limit exists, but it is not equal to the value of the 

function at x = c. 

(d) The limit does not exist at x = c. 

101. If f and g are continuous for all real x, then so is f + g 

(Theorem 1.11, part 2). However, f/g might not be continuous 

if g(x) = 0. For example, let f(x) = x and g(x) = x? — 1. 
Then f and g are continuous for all real x, but f/g is not 

continuous at x = +1. 

103. True 

105. False. A rational function can be written as P(x)/O(x), where 

P and Q are polynomials of degree m and n, respectively. It 

can have, at most, n discontinuities. 

107. The functions differ by 1 for non-integer values of x. 

0.40, ORS —aAl0 

109. C = 40.40 + 0.05|¢ — 9], ft > 10, ¢ is not an integer 

0.40 + 0.05(t — 10), +t > 10, tf is an integer 

1 There is a nonremovable 

07-7 oe discontinuity at each integer 
06+ oon greater than or equal to 10. 
OS=- Cou 

04——_—_—_————e 

0.3 + 

0.2 -- 

0:0-+- 

fe 
2 "4! 7678) 10) 10 14 

111-113. Proofs 

117. (a) i 

115. Answers will vary. 

>! (St 
De LOR IS 200 25530) 

(b) There appears to be a limiting speed, and a possible 

cause 1s air resistance. 

119. c= (-1 + J5)/2 
121. Domain: [—c?, 0) U (0, 00); Let f(0) = 1/(2c) 

123. h(x) has a nonremovable discontinuity at every integer 

except 0. 

125. Putnam Problem B2, 1988 

Section 1.5 (page 88) 

1. tim, 21 | =<, lim 2|5~ | = 02 
x—>-2F Be are x -27- x*—4 

(a [0 c 

Jim, FO) = —00; Jim f(a) = 00 



11. 

13. 

19. 

23. 

27. 

29. 

31. 

33. 

43. 

49. 

She 

Sos 

Sis 

59. 

x 355 | all | 3.01 | = S00 |) 3 

x» | 38 | 16 | isi | 1501 | ? f) 

BG =D) | =298 

f(x) — 1499 — 149 

Jim | fo) = —0o; tim: fibol = eo 

x=0 15. 4 = =2 17. No vertical asymptote 

21. x =0,x =3 

No vertical asymptote 

x=-2,x=1 

25. x = n, is an integer. 

t = n7, n 1S a nonzero integer. 

Removable discontinuity atx = —1 

Vertical asymptote atx = — | 

oe) 35. oo SM 5 39 Oo 41. —co 

(oe) 45. 0 47. co 

3 

lim f(x) = co 
x1 

Answers will vary. 

x= 3 
Answers will vary. Sample answer: f(x) = aay tar py 

' 
\ 
' 
\ 
\ 
\ 
f 
f 
\ 

+ + t T [> 4 
| 
1 
f 
\ 
I 
\ 

Om 1 0.5 0.2 0.1 

fe) | 0.1585 | 0.0411 | 0.0067 | 0.0017 

0.01 

poe) ~ 
0.5 

15 KS 1.5 

=0.25 

UNE 
im 

x—0T x 

Answers to Odd-Numbered Exercises 

(b) E ie all abies | 0.2 0.1 

| F) 0.1585 | 0.0823 | 0.0333 | 0.0167 

x 0.01 | 0.001 | 0.0001 

| fen 0.0017 | =o | <0 

0.1646 | 0.1663 

0.001 | 0.0001 

0.1667 | 0.1667 

-1.5 1.5 

—0.25 

lim ~—+“ = 0.1667 (1/6) 
x0 Xe 

OF | 1 0.5 

fe) | 0.1585 | 0.3292 | 0.8317 | 1.6658 

x 0.01 | 0.001 | 0.0001 | 

foe) | 16.67 | 166.7 1667.0 | 

1.5 

18 eee S 15 

—1.5 

lj x sinx _ 

au xt 

x — Sinx _ 
For n > 3, lim : 

x30* ie 

3 
61. (a) 5 filsec (b) 9 tt/sec 

DES 
inde 

OD) eas 

A17 
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63. (a) A = 50 tan 8 — 506; Domain: (0, 7/2) 

(6) | 4 | 0.3 | 0.6 | 0:9» |, mo mulias 

f() | 0.47 | 4.21 | 18.0 | 68.6 | 630.1 

(c) lm A= ©o 
0 7/2 

65. False; let f(x) = (x? — 1)/(x — 1) 

67. False; let f(x) = tan x 

1 | see 
69. Let f(x) = 2 and g(x) = Pr and let c = 0. lim Ga and 

2 | lim = roomed ;) = tim (? ; )=-c0 #0 
x x x0 ae x0 x0 Xx 

71. Given lim f(x) = 00, let g(x) = 1. Then lim 2 8) _ 9 by 
xc c f(x) 

Theorem 1.15. 

73. Answers will vary. 

Review Exercises for Chapter 1 (page 97) 

1. Calculus ue Estimate: 8.3 

-9 9 

= 

Re 
x 2.9 2.99 2.999 3 

f(x) —0.9091 | —0.9901 — 0.9990 2 

ne = 8) 

bore eae ee 
5; (a) 45) (b)e5 Tk, SRBC D3: Pioot 11. 36 

13. /6~245 15.16 17.3 19 =; (21.5 
23.0 25.0, 27. ./3/2.— 29° sls 
33. 1 

The graph has a hole at x = 0. 

—0.001 

0.3334 

ig A $3: 

The graph has a hole at x = —5. 

—4,999 —4,.99 | —4,9 | 

74.99 | 74.85 | B51 | 

lim net es) =~ 75.00; Actual limit is 75. 
sae 

37. —39.2m/sec 39.5 41.5% ° 43.0 
45. Limit does not exist. The limit as ¢ approaches | from the left 

is 2, whereas the limit as t approaches | from the right is 1. 

47. 3 49. Continuous for all real x 

51. Nonremovable discontinuity at x = 5 

53. Nonremovable discontinuities at x = —1 andx = 1 

Removable discontinuity at x = 0 

So € = -} 57. Continuous for all real x 

59. Continuous on [4, oo) 

61. Removable discontinuity at x = | 

Continuous on (—oo, 1) U (1, co) 

63. Proof 6550(@) Renee) et 

67. x = 0 69. x= +3 71. x = +8 

75.3 77.-0o 79.2 81. c 
83. (a) $14,117.65 — (b) $80,000.00 

(d) oo 

(c) Limit does not exist. 

35 

(c) $720,000.00 

(page 93) 

1. (a) Perimeter APAO = 1+ /(2 — 17? +22 + (4+ 2 

Perimeter APBO = 1 + /x*-+ (@ = 1)? + x72 

4 2 

PS. Problem Solving 

(b) 

Perimeter APAO 33.0166 | 9.0777 

Perimeter APBO So.) eae 952 

0.9777 | 0.9461 

3. (a) Area (hexagon) = (3 J3)/2 =~ 2.5981 

Area (circle) = 7 ~ 3.1416 

Area (circle) — Area (hexagon) ~ 0.5435 

(b) A, = (n/2) sin(27/n) 

-E 2.5981 | 3.0000 

3.1416 or 7 



5 (QD) = -¥ oy = x < ae 
= YN = 72 se LP 

@) i, = 5 pee 

(d) > It is the same as the slope of the tangent line found in (b). 

7. (a) Domain: [—27, 1) U (1, co) 

(b) Be Om, @) 3 
wa 

|- 
nN 

—30 12 

—-0:1 

The graph has a hole at x = 1. 

9. (a) 81,8, (b) 8, (€) 81,83 8 

11. A 

The graph jumps at every integer. 

@ fi) =0, 70 =0, fG)=-1, f(-2.7=-1 

(b) lim f(@%) = —1, Jim, f@) = —1, lim, fC) all 

(c) There is a discontinuity at each integer. 

13. (a) A (b) (i) lim, Pale) =] 

Qa- (i) lim Pe =0 

(ued) Minas, 7 p(x) = 0 
1+ oe x—b* 7 

(iv) lim. P,,(x) = 1 

a b ; 

(c) Continuous for all positive real numbers except a and b 

(d) The area under the graph of U and above the x-axis is 1. 

Chapter 2 

Section 2.1 (page 103) 

1. m, = 0,m, = 5/2 

3. (a)—(c) y= LOO = efaxtl 

n=3 11. fG)=0 13.76) =—10 
on (s)=% 17. f{@)=2x 41° | 19. f@) = 3x? -'12 

pat 1 ne 1 ay (x) = @a iF 23. f(x) Ss 

25. 

29. 

33. 

Sis 

Bos 

41. 

43. 

45. 

Answers to Odd-Numbered Exercises 

(a) Tangent line: 

= eee 

(a) Tangent line: 
1 

yp = pesr 5 

Answers will vary. 

Sample answer: y = —x 

A19 

27. (a) Tangent line: 

y = 12x — 16 

(b) 

31. (a) Tangent line: 
5 

yi x2 

(b) 

Bx VBS Xa, 

The slope of the graph of fis 1 for 

all x-values. 

The slope of the graph of fis 

negative for x < 4, positive for 

x > 4, and 0 atx = 4. 

The slope of the graph of f is 

negative for x < 0 and positive for 

x > 0. The slope is undefined at 

x= 0. 

47. (4) =5; 24) = -3 

— 2 
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35. y= ies Ly eae 

For this function, the slopes of 

the tangent lines are always 

distinct for different values of x. 

(b) 
For this function, the slopes of 

the tangent lines are 

sometimes the same. 

59. (a) s 

Mar LF CK= 2 

ES 2) eee 

61. 3 

g(x) ~ f(x) 

63. f(2) = 4; f(2.1) = 3.99: f(2)~-0.1 65.6 67.4 
69. g(x) is not differentiable at x = 0. 

71. f(x) is not differentiable at x = 6. 

73. h(x) is not differentiable at x = —7. 

7S. (cons) S600) 77. (—oo, —4) U(—4, oo) 

79. (1, co) 

81. 

85. 

87. 

89. 

91. 

O35 

The derivative from the left is — 1 and the derivative from the 

right is 1, so fis not differentiable at x = 1. 

The derivatives from both the right and the left are 0, so 

f'() =0. 

fis differentiable at x = 2. 

@d = (3|m 4 1|)/Vm= +1 

(b) 5 
patel Not differentiable at m = —1 

oe 

-4 o 4 

-1 

(OTE) 
False. The slope is im, 7 

95. False. For example, f(x) = |x|. The derivative from the left 
and the derivative from the right both exist but are not equal. 

97. Proof 

Section 2.2 (page 114) 

1G) oa ie 0 Saxe) 27. — 5x8 
9. 1/(5x4/5) 1 13347 3 15322 

1 17. 322+ 10-3 19. 5 608 @+sin@ 21. 2x + > sinx 

1 
23a a ee OLCOS-0 2 

Function Rewrite Derivative Simplify 

eet ee (ee e's aa 25) yee eS DB Se aos > ae 

6 6 18 18 
9) "6 = = — =3 CS = —4 CS 

ye 5a ans oe pLtee nes 125x4 
ve I I 

= — = xy —1/2 P— = y=3/2 _— ———_ 29. y ‘: yx y 4* ay 9x3/2 

Si =2 33. 0 35. 8 ah 3 39. 2x + 6/x? 

41. 2¢ + 12/t* 43. 8x + 3 45: (x2 —'8)/x2 

i | 2 3 ; 
AW Bn sr Il a ae aL ee 

53. (@)) 20EE y= 2 — 10 55. (a) 3x + 2y— ie nG 

(b) (b) z 

(1,2) 

. (1, 0) f -2 7 

Sis 

61. 

69. 

TA 

(= 182) (0) 3), (1, 2) . 

(ar, 7) 63. k = —8 

59. No horizontal tangents 

65. k = 3 67. k = 4/27 
y 

> Xx 

810) = £ Oy 4 Bs 83) SFG) 



The rate of change of f is constant, 

and therefore f’ is a constant 

function. 

72 c)i— 3 + cosx #0 for all x: 81. x —4y +4=0 

83, 36 
f (\) appears to be close to — 1. 

Dia 

0.77 (deedxa-i 

3.33 

(4, 8) 

12 

(b) a 

The slope (and equation) of the secant line approaches that 

of the tangent line at (4, 8) as you choose points closer and 

closer to (4, 8). 
20 

a 

-2 = 12 

=2 

The approximation becomes less accurate. 

(d) 

85. ( 

(3.9, 7.7019), 

S(x) = 2.981x — 3.924 

f(4 + Ax) 8.302 | 9.546 | 11.180 | 14.697 | 18.520 

forse fost fe [7 | 
87. False. Let f(x) = x and g(x) =x + 1. 

89. False. dy/dx = 0 91. True 

93. Average rate: 4 95. Average rate: 5 

Instantaneous rates: Instantaneous rates: 

PU) = 470) = F() = 1572) =3 

Answers to Odd-Numbered Exercises A21 

97. (a) s(t) = —162? + 1362; v(t) = —32t (b) —48 ft/sec 

(c) s(1) = —32 ft/sec; s(2) = —64 ft/sec 

/ ‘1362 
(d).t = aa war = 9.226 sec (e) —295.242 ft/sec 

99. v(S) = 71 m/sec; v(10) = 22 m/sec 

101. i 103. ik 

Zz 60 +- eE==" = 10=- 

3 50-- 1 1 = ml 

Sg 407 ; 5 (10, 6) 

& 20+ : ! i sl 4a 
S wal a (8, 4) 

ey a 
A Gu 8) 6 0.0 t t t t +> 1 

Time (in minutes) ey Fs fabian 1 
Time (in minutes) 

105. V6) = 108 cm3/cm 

107. (a) R(v) = 0.417 — 0.02 

(b) Biv) = 0.0056v? + 0.001y + 0.04 

(c) T(v) = 0.0056? + 0.418v + 0.02 

(@) & (e) Tv) = 0.0112v + 0.418 

T (40) = 0.866 

T (80) = 1.314 

T (100) = 1.538 

0 

(f) Stopping distance increases at an increasing rate. 

109. Proof 11. ye exe ao oe ee 1 

113. 9x +y=0,9x+4y+27=0 115.a=4,b=-4 
117. f,(x) = |sin x| is differentiable for all x # nz, n an integer. 

f,(x) = sin|x| is differentiable for all x # 0. 
119. Putnam Problem A2, 2010 

Section 2.3 (page 125) 

1. 2(2x3 — 6x2 + 3x-6) 3. (1 — 512)/(2Vi) 
52 xs cos x asin 2) A SE ee ame 

9, (1 - 5x3)/[2 x3 + 1)] TAA Gecoste— i 2isints))/ x2 

13. f(x) = Ge + 4x)(6x + 2) + Bx? + 2x — 5)Bx? + 4) 

= 15x* + 8x3 + 21x? + 16x — 20 

#0) = —20 

=f ee 17. f(x) = cosx — xsinx 

7] == 1 7 cy = V2 — r= -t r(2)=Fa- 
Function Rewrite Differentiate Simplify 

oe lie Bence! 2 3 PX 
} = = a ‘= — + — = 19. y 7 y= ax =F qe Yogrte y 7 

pe = Ol opie Wee hed ad 
qe Tx eat 2 se BN oe cal Gir 73 

Ane e 2 
23. y= SW Velen = 2x2 (a ay * y Xx y X My ie 

2s 0) pei) 

256 eae x #1 27. (x? +:6x— 3)/- 3)? - 2 

29. (3x + 1)/(2x3/2) 31. 6s2(s? = 2) 

33. —(25-— 2x 3)/[x4e — 3)" | 

3p (0c sk — 21 — 10x a0) 

37. Laas ee 39. t(t cos t + 2 sin 2) 
ee) 
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41. —(tsint + cos t)/t? 43. —1 + sec*x = tan?x 

| B 
45. Apr ~ 6 csc t cot t 47. 5 sec x(tan x — sec x) 

49. cos x cot? x 51. x(x sec2x + 2 tan x) 

53. 4x cos x + (2 — x’) sinx 

= 2 eal 1 = sin 6+ @cos 6 

ye G27 . (1 — sin 6)? 

59. ae POKES oukg 4/3 

; (1 = esc x)? 

61. h(t) = sec t(¢tant — 1)/2?, 1/2 

63a) y= Soa 1 65. (a) y = 4x + 25 

67. 

TAL 

Ik 

79. 

83. 

85. 

87. 

89. 

(b) : 

(1, -4) 

-6 

(a) 4x —-2y —-7 +2=0 

(b) 

-4 

Dy 2 eet Op— 

Tangent lines: 2y + 

T3R (iy NETS: 
=7;2ytx=-1 

(0, 0), (2, 4) 

ae 

fie) 22 = 30) 9 Sle@) pi) = Oa 1/3 
(18¢ + 5)/(2/t) cm2/sec 
(a) —$38.13 thousand/100 components 

(b) —$10.37 thousand/100 components 

(c) —$3.80 thousand/100 components 

The cost decreases with increasing order size. 

Proof 

(a) AG) = 112-4¢-F 1332 

p(t) = 2.9t + 282 
(b) 3000 

UW 2 4p S32 

DOT 282 

A represents the average health care expenditures per 

person (in thousands of dollars). 

91. 

97. 

105. 

107. 

115. 

117. 

119. 

121. 

123. 

HAC3) SG =e 

27,834 

8.417? + 1635.6t + 79,524 

A(t) represents the rate of change of the average health 
care expenditures per person for the given year t. 

(d) A(t) = 

127i loxa6 93. 3/-/x 95. 2K — 1) 
2cosm—wsinx 99.25" 101 1/-/x 10350 
= 10) 

Answers will vary. 109. 7 

Sample answer: 

113. 

v(3) = 27 m/sec 

a(3) = —6 m/sec? 

The speed of the object is decreasing. 

pe fost 
The average velocity on [0, 1] is 57.75, on [1, 2] is 41.25, on 

[2, 3] is 24.75, and on [3, 4] is 8.25. 

f(x) = n(n — 1)(n — 2)--- (2)0) = 2! 
(a) f’(x) = g(x)h"(x) + 2¢’(x)h'(x) + g(x)h(x) 

f(x) = glx)h(x) + 3g(x)h"(x) + 
3g"(x)h'(x) + g(x)h(a) 

FOX) = g(x\hO(x) + 4gh’(x) + 68’(x)h"(x) + 
4e"(x)h(x) + g(x)h(x) 

() Ma) = gM) + Og 
ge” (x)A@-(x) + Ch bee + 

(x)he— V(x) + 

n! 

2'(n — 2)! 

n! 
Git Yah (x) + g™(a)h(a) 

n= 1: f(x) =x cos x + sinx 

n= 2: f(x) = x* cosx + 2x sinx 

n= 3: f(x) = x? cosx + 3x? sinx 

n= 4: f(x) =x*cosx + 4x3 sin x 

General rule: f(x) = x" cos x + nx@— sin x 



Posey = — 1 xt oy = 2/x?, 

x3y” + 2x2y’ = x3(2/x3) + 2x2(—1/x2) 

= 2 = 2:10 

127. y’ = 2cos x, y”= —2 sinx, 

ae ey tee SINE ISIN oh — 

129. False. dy/dx = f(x)g (x) + g(x)f(x) 131. True 

133. True 135. f(x) = 2|x|; f’(O) does not exist. 

137. Proof 

Section 2.4 (page 136) 

y = f(e(x)) u = g(x) y =f) 
evi (5% — 8)4 u=5x-8 y=u4 

So i — 7 u=x-T7 y= Ju 

5. y = csc? x u = csc x y= 

7. 12(4x- 1)? 9. -108(4-—9x)3 = 1. -1/(2/5 — 2) 
13. 4x/3/(6x2 + 1)? 15, —x/2/(9 = x2)3 

faeyG 2 19. -2/G= 3) 
Oi 0/1 2~/ (3x + 5)>| 23. 2x(x — 2)3(3x — 2) 

25 1 = 2x2 l 

eet — x2 : Ge 4b IE 

PG 5)(x2 4 10x — 2) Eie=on 29, pecliSalne 
: (2 +23 fa ETN 

aee2oxx> + 3)? + 2(x2 + 3)° + 20x20? $13)* + Ox 

35. (1 — 3x2 — 4x3/2)/[2 /x(x2 + 1)?] 

The zero of y’ corresponds to the 

point on the graph of the function 

where the tangent line is horizontal. 

y’ has no zeros. 

39. —[2x sin(arx) + cos(arx) + 1]/x? 

The zeros of y’ correspond to 

the points on the graph of the 

function where the tangent lines 

are horizontal. 

41. (a) | = (b) 2; The slope of sin ax at the origin is a. 

43. —4 sin 4x 45. 15 sec? 3x 47. 27? x cos(mx)? 

49. 2 cos 4x 51. (=1 = cos’ x)/sin® x 

53. 8 sec’ x tan x 55. 10 tan 50@ sec? 50 

in(at — | 1. GSOESEUS eee ae ee al 
D cos*(at — 1) 

61. we + 2x cos(2x)? 63. 2 sec? 2x cos(tan 2x) 

ieee a 5 ake 3 
65. y’ = Ee a3 67. f(x) = (=o is 

103. 

105. (a) 1.461 (b) —1.016 

Answers to Odd-Numbered Exercises A23 

‘3 = s ; 
C= Gane =5 Ty, = — 12sec" 4x tan 4x, 0 

TSS) E85G Dy" () EE (a) 24x +y + 23 =0 

81. 3x + 4y — 25 =0 
8 

(3, 4) 

-4 

83. (224), (= 8) (32, 0} 85. 2940(2 — 7x)? 
Gia 6 2 

2) 
87. Gena 89. 2(cos x? — 2x? sin x?) 

91. h(x) = 18x + 6, 24 

93. f’(x) = —4x? cos(x?) — 2 sin(x?), 0 

The zeros of f’ correspond 

to the points where the graph __ to the points where the graph 

of fhas horizontal tangents. _ of f has horizontal tangents. 

99. The rate of change of g is three times as fast as the rate of 

change of f. 

The zeros of f” correspond 

101. (a) g(x) =f(x)  (b) A’) = 2f') 

Cir G) = —3 7 (= 3x) sa) = flo 2) 

2 it 
3 a3 

2 1 
3 Se 

a 2 
3 io 

Set 

(b) s(5) does not exist because g is not differentiable at 6. 

107. 0.2 rad, 1.45 rad/sec 



A24 Answers to Odd-Numbered Exercises 

109. (a) 10 

The model is a good fit. 

(c) T(t) ~ 13.25 cos(0.48t — 1.86) 
20 

—20 

(d) The temperature changes most rapidly around spring 

(March—May) and fall (Oct.—Nov.) 

The temperature changes most slowly around winter 

(Dec.—Feb.) and summer (Jun.—Aug.) 

Yes. Explanations will vary. 

111. (a) O bacteria per day (b) 177.8 bacteria per day 

(c) 44.4 bacteria per day  (d) 10.8 bacteria per day 

(e) 3.3 bacteria per day 

(f) The rate of change of the population is decreasing as time 

passes. 

113. (a) Ff’) = Bos Bx 

f(x) = — B sin Bx 

Fx) = —B? cos Bx 
f(x) = B* sin Bx 

(b) f(x) + B’F(x) = — 6’ sin Bx + B*(sin Bx) = 0 
(c) FO") = (—1)F p* sin Bx 

ifiks 1)(x) = (- Bae cos Bx 

1152) 71) =09M Ob) 94) = 
117. (a) and (b) Proofs 

119. g(x) = | x#2 

121. h(x) = —|x|sinx + 3 ad x #0 

123. (a) P,(x) = 2(x — w/4) + 

P,(x) = 2(x — 77/4)? + a = 7/4) + 1 

(c) P, 

es 

(d) The accuracy worsens as you move away from x = 77/4. 

125. False. If y = (1 — x)'/2, then y’ = (1 — x)~!/2(—1). 

127. True 129. Putnam Problem Al, 1967 

Section 2.5 (page 145) 

1 = s/y 3. —/y/x BB (Go shel (Gay — Sa) 

13. 

15. 

17. 

19. 

21. 

25. 

29. 

Sis 

41. 

43. 

47. 

51. 

53. 

ear Aer ph 

6xVi— 3x" =e y-)/ 4 vee xe) 

y cos(xy)]/[1 — x cos(xy)] 

( 

( 
(cos x — tan y — 1)/(x sec? y) 

Ly 
(a) y, = V64 — x75 y, = —V64 — x? 

(b) A 

12-- y,= V 64 — x? 

(AX ad 

t + +t +» x 

=i) -4 4 12 

=12+| 32 =- 64-x 

x x 
a fe = — d (= 

Ane ee 
J/x* + 16 —/x* + 16 

(a) y, = Doh 
4 4 

(b) i 
an 

foray 
—— es 

— + at {+ x 

ee Bate 

~6+ 

BENG 58 X 
S ‘= = d ae 

O Saceesie nono 8.2 4 16 
why: wel. was 8 ety ance 23: ya? + 49)” Undefined 

yly + 2x) —- Ss | <= 2 ah = x(x + 2y)" 27. =sin?(x + ‘y) or 

-5 31. 06 9 33.ay 9a 

y = x/3%/6 + 8~/3/3 

(a) y= —2x 

cos? y, 22 
2 

—36/y3 

Kw< 

39. y= -7 30 
1x +7] 

+4 (b) Answers will vary. 

2G 1 Sy — 010) 
9 

sal 

At (4, 3): 

(9, 4) 

ea ees 
2° 1+ x2 

49. (3x)/(4y) 

Tangent line: 4x + 3y — 25 = 0 

Normal line: 

At (—3, 4): 

3x — 4y = 0 

Tangent line: 3x — 4y + 25 = 0 

Normal line: 4x + 3y = 0 

45. —4/y 

(-3, 4) 

2 

x ls 

11. cos/[4 sin(2y)] 

0 

352 y= — aa 

(4, 3) 



55. x? + y? = r*=> y’ = —x/y = y/x = slope of normal line. 
Then for (Xo, yo) on the circle, x» #0, an equation of the 

normal line is y = (yo/x,)x, which passes through the origin. 
If x) = 0, the normal line is vertical and passes through the origin. 

57. Horizontal tangents: (—4, 0), (—4, 10) 

Vertical tangents: (0,5), (—8, 5) 

59. 2x7 + y7=6)4 y2=4x 61. 

At (1, 2): 

Slope of ellipse: —1 

Slope of parabola: 1 

AE (ll, — 2): 

Slope of ellipse: 1 

Slope of parabola: — 1 

63. Derivatives: ws ei i gy ait 
dx ge abe 

At (0, 0): 

Slope of line: —1 

Slope of sine curve: | 

65. Answers will vary. In the explicit form of a function, the 

variable is explicitly written as a function of x. In an implicit 

equation, the function is only implied by an equation. An 

example of an implicit function is x* + xy = 5. In explicit 

form, it would be y = (5 — x?)/x. 

Use starting point B. 

69. (a) re 

(b) 

yi = 5[(V7 + 7)x + (8V7 + 23)] 
[(-V7 + 7)x — (23 - 8v7)| 

Sano fen 
y, = ~3[(V7 + 7)x - (87 + 23)] 

Answers to Odd-Numbered Exercises A25 

[A [> J3 J3 " 
71. Proof 73. y= ae¥e + 2/3,y = 7 2/3 

1EE @) ay =] se = 

(b) On Ghar cl) 

Section 2.6 (page 153) 

.(a)3 (6) 20 3.(a)-2 (2 

. (a) —8cm/sec (b) Ocm/sec (c) 8 cm/sec 

. (a) 12 ft/sec (b) 6ft/sec (c) 3 ft/sec 

. Ina linear function, if x changes at a constant rate, so does y. 

However, unless a = 1, y does not change at the same rate as x. 

11. (a) 64acm?/min = (b) 2567 cm?/min 

13. (a) 9727 in.3/min; 15,5527 in.2/min 

(b) If dr/dt is constant, dV/dt is proportional to r?. 

15. (a) 72cm?/sec (b) 1800 cm?/sec 

17. 8/(405x) f/min 19. (a) 12.5% 
Dike (@) -$ ft/sec; —3 ft/sec; —#8 ft/sec 

(b) 42 ft/sec  (c) rad/sec 

23. Rate of vertical change: i m/sec 

Rate of horizontal change: — /3/15 m/sec 

25. (a) —750mi/h (b) 30 min 

OF ~ 50/85 ~ —5, 42 ft/sec 
29. (a) 2 > ft/sec (b) = 2 f¢/ sec 

SI) eZisecu(b) + /3 3m 

dV : 
33. Evaporation rate proportional to S => pre k(4ar7) 

Sen n-= 

(b) a m/min 

(c) 57/120 m/sec 

4 dv dr dr 
V= ($)zr aa = 4rr? Fe Sok = aa 

qv, LOr d6 d0_ ov 2 dv 
35. 0.6 ohm/sec 37. mad a sec? OT ae ie T6r° os 07 

Deve 
ah SSS ~ =~ (0.017 rad/sec 

41. (a) I ft/sec (b) 20077 ft/sec 

(c) About 427.43 zr ft/sec 

43. About 84.9797 mi/h 

dy dx : 
45. (a) Pas ot means that y changes three times as fast as x 

changes. 

(b) y changes slowly when x ~ 0 or x ~ L. y changes more 

rapidly when x is near the middle of the interval. 

47. —18.432 ft/sec? 49. About — 97.96 m/sec 

Review Exercises for Chapter 2. (page 157) 

lef BNF) Son — Ass 
the 4 one l at all x # 3. 9. 0 if Pet ek 

4 
ie 15. 38 17574" — cos 7 

19. —3 sin 6 — (cos 6)/4 Al; Al 2320 

25. (a) 50 vibrations/sec/Ib (b) 33.33 vibrations/sec/Ib 



A26 Answers to Odd-Numbered Exercises 

27. (a) s(t) = —16f — 30r + 600 

pig) = —324 — 30 

(b) —94 ft/sec 

(c) v1) = —62 ft/sec; v(3) = —126 ft/sec 

(d) About 5.258 sec (e) About — 198.256 ft/sec 

29. 4(5x3 — 15x2 — 1lx — 8) 31. /xcosx + sin x/(2 J/x) 
(eo & bea 1 eR 33. " f 35. 4x? COS x x* sin x 

(Ga — ie cos? x 

37. 3x? sec x tanx + 6x sec x 39. —xsinx 

4. y=4r+10 43. y=—-8x+1 45. —48¢ 
47. 223 /x 49. 6 sec? @ tan 0 

51. v(3) = 11 m/sec: a(3) = —6 m/sec? 

De 

59. 5(1 — cos2x) =sin?x 61. (36x + 1)(6x + 1)4 
3 = 352 8x 

2 @+p" +)” 65. Sr =e =) 67. WEP Te ‘a pe 

69. —csc 2x cot 2x; 0 71. 384(8x + 5) TBMOICSC= COUN 

75. (a) —18.667°/h (b) —7.284°/h 
(c) —3.240°/h (d) —0.747°/h 

x yiy> — 3x7) es igh arrears 

83. Tangent line: 3x + y — 10=0 

Normal line: x — 3y = 0 
4 

53. 28x 3)? 

ahh 57.. —45 sin(9x + 1) 

D) 

ysinx + sin y 

* cosx — xcosy 

(3, 1) 

4 

85. (a) 2\/2 units/sec 

87. 4507 km/h 
(b) 4units/sec  (c) 8 units/sec 

PS. Problem Solving (page 159) 

1. @) r=5 2+ -3) =] 
(b) Center: (0, >). yee 3)? =] 

3. pix) = 2 + 4x7 — 5 

5 @) y= 40-4 Oy a 
(c) Tangent line: y= 0  (d) Proof 

Normal line: x = 0 

1 ys (2a? — x2) 

; as separate equations. 
Sn ee ee) 

Vo x (a x ) 
a 

7. (a) Graph 

(b) Answers will vary. Sample answer: 

The intercepts will always be (0, 0), (a, 0), and (—a, 0), 

and the maximum and minimum y-values appear to be + 5a. 

A EA: nf “<a Gx) 2a el a 

ao ay Neel © Sian wal 

11. 

13. 

15. 

. (a) When the man is 90 ft from the light, the tip of his shadow 

is | 125 ft from the light. The tip of the child’s shadow is 

1] 3 ft from the light, so the man’s shadow extends if ft 

beyond the child’s shadow. 

(b) When the man is 60 ft from the light, the tip of his shadow 

is 75 ft from the light. The tip of the child’s shadow is sit ft 

from the light, so the child’s shadow extends » ft beyond 

the man’s shadow. 

(c) d= 80ft 

(d) Let x be the distance of the man from the light, and let s be 

the distance from the light to the tip of the shadow. 

If 0 < x < 80, then ds/dt = —50/9. 

If x > 80, then ds/dt = —25/4. 

There is a discontinuity at x = 80. 

(a) v(t) = —Zt+ 27 ft/sec  (b) 5 sec; 73.5 ft 

ate -7 ft/sec? 

(c) The acceleration due to gravity on Earth is greater in 

magnitude than that on the moon. 

Proof. The graph of L is a line passing through the origin (0, 0). 

(a) 7 would be the rate of change of acceleration. 

(b) 7 = 0. Acceleration is constant, so there is no change in 

acceleration. 

wa 

(c) a: position function, d: velocity function, 

b: acceleration function, c: jerk function 

Chapter 3 

Section 3.1. (page 167) 

1f0)=0 3. f(@2)=0 5. f(—2) is undefined. 

7. 2, absolute maximum (and relative maximum) 

D, 

11. 

17. 

21. 

25. 

29. 

31. 

o3: 

37. 

41. 

1, absolute maximum (and relative maximum); 

2, absolute minimum (and relative minimum); 

3, absolute maximum (and relative maximum) 

x=0,x=2 13. t= 8/3 15. x = 7/3, a, 52/3 

Minimum: (2, 1) 19. Minimum: (2, —8) 

Maximum: (1, 4) Maximum: (6, 24) 

23. Minimum: (0, 0) 

Maximum: (— 1, 5) 

27. Minimum: (1, — 1) 

Maximum: (0, 5) 

Minimum: (- 1, —3) 

Maximum: (2, 2) 

Minimum: (0, 0) 

Maxima: (- It. t) and (1, 4) 

Minimum: (—1, —1) 

Maximum: (3, 3) 

Minimum value is —2 for —2 < x < —1l. 

Maximum: (2, 2) 

Minimum: (37/2, —1) 

Maximum: (57/6, 1/2) 

(a) Minimum: (0, —3): 

Maximum: (2, 1) 

(b) Minimum: (0, —3) 

(c) Maximum: (2, 1) 

(d) No extrema 

8 

35. Minimum: (7, —3) 

Maxima: (0, 3) and (27, 3) 

39. (a) Minimum: (1, — 1); 

Maximum: (— 1, 3) 

(b) Maximum: (3, 3) 

(c) Minimum: (1, — 1) 

(d) Minimum: (1, —1) 

Minimum: (4, 1) 



ae —/3+1 3 
Minima: (il) and 

‘V3 +13 
a Petal 

Maximum: (3, 31) 

(b) Minimum: 

(0.4398, — 1.0613) 

(0.4398, — 1.0613) 

f’(3/—10 + /108)| = £’( V3 — 1) ~ 1.47 

49. Maximum: | f(0)| = 37 

51. Answers will vary. Sample 

answer: Let f(x) = 1/x. fis 
continuous on (0, 1) but does 

not have a maximum or 

minimum. 

=2 

47. Maximum: 

53. Answers will vary. 

Sample answer: 
y 

A 
5 

4 

3+ 

2 

1 

55. (a) Yes (b) No 

59. Maximum: P(12) = 72; No. P is decreasing for J > 12. 

61. 6 = arcsec \/3 ~ 0.9553 rad 

57. (a) No (b) Yes 

63. True 65. True 67. Proof 

69. Putnam Problem B3, 2004 

Section 3.2. (page 174) 

1. f(—1) = f(1) = 1; fis not continuous on [= 1, 1]. 

3. f(0) = f(2) = 0; fis not differentiable on (0, 2). 

5, (2,0), (—1, 0); f’(4) = 7. (0, 0), (—4, 0); ¢(—8) = 

9. #’(3) =0 1 i=) ao SA) oo 

13. Not differentiable atx = 0 15. f(-2 + /5) =0 

17: Az) = 0; (2) =0 19, (2) =0 

21. Not continuous on [0, 7] 

23. L Dey pus 

= 1 —0.25 0.25 

=A —0.75 

Rolle’s Theorem does not 

apply. 

Rolle’s Theorem does not 

apply. 

27. (a) f(1) = f(2) = 38 
(b) Velocity = 0 for some t in (1, 2); t = 3 sec 

29. 

SH 

53. 

Se) 

51. 

53. 

55. 

Sie 

59. 

61. 

Answers to Odd-Numbered Exercises A27 

Tangent line 

(c,, f{e,)) 

‘ f 

—<intline \ (b, f(b)) 
i rte, )) ? 

a Ti. 
Tangent line 

The function is not continuous on [0, 6]. 

The function is not continuous on [0, 6]. 

(a) Secant line: x +y-—3=0 (b) c=4 
(c) Tangent line: 4x + 4y — 21 = 0 

le 9. f(1/V3) = 3, f(-1/V3) = 
Gil 43. fis not differentiable at x = —}. 
fi a/2)= 

- (a)-(c) = a(x = il) 

= (2x + 5 — 2/6) 

(b) y=4xt] 
© y=axt1 

9 

(a) —14.7m/sec (b) 1.5 sec 

No. Let f(x) = x2 on[=1; 2]. 

No. f(x) is not continuous on [0, 1]. So it does not satisfy the 
hypothesis of Rolle’s Theorem. 

By the Mean Value Theorem, there is a time when the speed of 

the plane must equal the average speed of 454.5 miles/hour. The 

speed was 400 miles/hour when the plane was accelerating to 

454.5 miles/hour and decelerating from 454.5 miles/hour. 

Proof 

(a) 

-27 

(b) Yes; yes 

(c) Because f(—1) = f(1) = 0, Rolle’s Theorem applies on 

[—1, 1]. Because f(1) = 0 and f(2) = 3, Rolle’s Theorem 
does not apply on [1, 2]. 

(d) dim f(x) = 0; iim, fQ= 



Answers to Odd-Numbered Exercises 

65-67. Proofs 

TS. 

69. f(x) =5 
False. f is not continuous on [— 1, 1]. 

The WG) = ae — Il 

75. True 

77-85. Proofs 

Section 3.3 

- (a) (0, 6) 
. Increasing on (3, 00); Decreasing on (— 90, 3) 

. Increasing on (—oo, —2) and (2, oo); Decreasing on (—2, 2) 

. Increasing on (— oo, — 1); Decreasing on (—1, 00) 

. Increasing on (1, 00); Decreasing on (— 00, 1) 

. Increasing on (-2V2, 2/2): 

en nw = 

13. 

15. 

LIZ 

19, 

21. 

23. 

25. 

27. 

29. 

(page 183) 

(b) (6, 8) 

Decreasing on (—4, —2./2) and (on/2: 4) 

Increasing on (0, 77/2) and (37/2, 277); 

Decreasing on (7/2, 37/2) 

Increasing on (0, 77/6) and (1177/6, 27); 

Decreasing on (77/6, 1177/6) 

(a) Critical number: x = 2 

(b) Increasing on (2, co); Decreasing on (— co, 2) 

(c) Relative minimum: (2, —4) 

(a) Critical number: x = 1 

(b) Increasing on (—co, 1); Decreasing on (1, 00) 

(c) Relative maximum: (1, 5) 

(a) Critical numbers: x = —2, 1 

(b) Increasing on (— co, —2) and (1, 00); 

Decreasing on (—2, 1) 

(c) Relative maximum: (—2, 20): 

Relative minimum: (1, —7) 

(a) Critical numbers: x = aaa i 

(b) Increasing on (—c0, —3), (ites): 

Decreasing on (—3, 1) 

(c) Relative maximum: {— 258). 

Relative minimum: (1, 

(a) Critical numbers: x = 

(b) Increasing on (—oo, — 1) and (1, 00); 
Decreasing on (—1, 1) 

(c) Relative maximum: (- 1 a); Relative minimum: lie —2) 

(a) Critical number: x = 0 

(b) Increasing on (— oo, 00) 

ee) 

mS » 

(c) No relative extrema 

(a) Critical number: x = —2 

(b) Increasing on (—2, 00); Decreasing on (— oo, — 2) 

(c) Relative minimum: (—2, 0) 

(b) Increasing on (— oo, 5); Decreasing on (5, 00) 

) 

. (a) Critical number: x = 5 

) 

) (c) Relative maximum: (5, 5) 

ABE 

35. 

Sis 

So: 

41. 

43. 

45. 

47. 

49. 

Critical numbers: x = +/2/2; Discontinuity: x = 0 

Increasing on (—oo, — /2/2) and (./2/2, 00): 

Decreasing on (— of 2/2: 0) and (0, J 2/2) 

Relative maximum: (— = I —2,/2); 

Relative minimum: (272: 2/3.) 

Critical number: x = 0; Discontinuities: x = +3 

— (a 

(b ma 

Se (c 

YH (a 

(b) Increasing on (— oo, —3) and (—3, 0); 

Decreasing on (0, 3) and (3, co) 

(c) Relative maximum: (0, 0) 

(a) Critical number: x = 0 

(b 

(c) Relative maximum: (0, 4) 

(a) Critical number: x = 1 

(b) Increasing on (—oo, 1); Decreasing on (1, 00) 

(c) Relative maximum: (1, 4) 

(a) Critical numbers: x = 7/6, 57/6; 

Increasing on (0, 77/6), (57/6, 277); 

Decreasing on (7/6, 57/6) 

(b) Relative maximum: (7/6,(7 + 6/3)/12); 

Relative minimum: (52/6, (57 — 6/3)/12) 

(a) Critical numbers: x = 7/4, 57/4; 

Increasing on (0, 77/4), (57/4, 27); 

Decreasing on (7/4, 57/4) 

(b) Relative maximum: (7/4, 2): 

Relative minimum: (57/4, — /2) 

(a) Critical numbers: 

x = 1/4, w/2, 30/4, 7, 5277/4, 3277/2, 7117/4; 

Increasing on (7/4, 77/2), (3727/4, 7), (5277/4, 37/2), 

(77/4, 277); 

Decreasing on (0, 77/4), (27/2, 3727/4), (a, 52/4), 

(32/2, 77/4); 

(b) Relative maxima: (7/2, 1), (a, 1), (37/2, 1); 

Relative minima: (7/4, 0), (37/4, 0), 

(52/4, 0), (77/4, 0) 

(a) Critical numbers: 7/2, 7277/6, 37/2, 1177/6; 

Increasing on (0, 27/2), (7277/6, 3277/2), (1177/6, 277); 

Decreasing on (7/2, 77/6), (37/2, 1177/6) 

(b) Relative maxima: (7/2, 2), (37/2, 0); 

Relative minima: (77/6, — 1/4), (1177/6, —1/4) 

Ay fa) = 20 = 2 OF 

(b) i 

Increasing on (— oo, 0); Decreasing on (0, oo) ma 

(c) Critical numbers: 

x = +3/2/2 

i} 

1 

1 
| 
1 

(d) f’ > 0on(—3-/2/2, 3/2/2): 
f’ < 0 on (—3, —3/2/2), (3./2/2, 3) 
fis increasing when f’ is positive and decreasing when f’ is 

negative. 



51. (a) f(t) = tt cost + 2 sin 2) 

(b) A (c) Critical numbers: 

all ? t = 2.2889, 5.0870 

(d) f’ > 0 on (0, 2.2889), (5.0870, 27); 

f’ < 0 on (2.2889, 5.0870) 

fis increasing when f’ is positive and decreasing when f’ is 

negative. 

Ssem(a))jk(0) ==" COS) (06/3) 

(c) Critical numbers: 

x = 32/2, 97/2 

37 97 
(d) fig > 0 on (32, 27) 

a ; 3am\ (97 
f’<0on (0 5 )( 5 67] 

f is increasing when f’ is 

positive and decreasing when f” 

is negative. 

55. f(x) is symmetric with ST. ; 
respect to the origin. i 

Zeros: (0, 0), (+ 5h 0) + 
2+ 

¥ = we 

mt ttt 
a.) =A 35 Sligo hn 
al ae 

3=- — 

1,2) 

g(x) is continuous on (— 0, oo), 

and f(x) has holes at x = 1 

andx = —1. 

61. 

63. g(0) < 0 65. g(—6) < 0 67. g(0) > 0 

69. Answers will vary. Sample answer: 

Answers to Odd-Numbered Exercises A29 

71. (5, f(5)) is a relative minimum. 

7Ssa(a)) , 

(b) Critical numbers: x ~ —0.40 and x ~ 0.48 

(c) Relative maximum: (0.48, 1.25): 

Relative minimum: (—0.40, 0.75) 

75. (a) s(t) = 9.8(sin O)t; speed = |9.8(sin 6)¢| 

(b) 

6 0 7/4 1/3 

soe 0 | 4.9./2t | 4.9.3 

The speed is maximum at 6 = 77/2. 

77. (a) 

t=2.5h 
(b) 928 

Haxiraura 
Q |#=e.3H11015 _¥=.17637789 2/3 

10} 

~ 2.38h 
19 ORS 

81. (a) v(t) =6—2r (b) [0,3) 
C8) (@)) a) = 2? = 11h ae 4 

(b) [0, (5 — V13)/3) and ((5 + V13)/3, 00) 

a (: sue +43) i ee 

(c) t= 2.38h 

(c) Gc) @rt=3 

85. Answers will vary. 

87. (a) Minimum degree: 3 

(b) a;(0)? + a,(0)? + a,(0) + ay = 0 

a,(2)? --a,(2)2 Fa, Q)i+ ay 2 

3a,(0)? + 2a,(0) + a, = 0 

3a,(2)? + 2a,(2) + a, = 0 

OU @a sae 
89. (a) Minimum degree: 4 

(b) a,(0)* + a,(0)? + a,(0)? + a,(0) + ay = 0 

eas Q)? as)? + a,(2)i ay 4 

a,(4)* + a,(4)? + a,(4)? + a,(4) + a) = 0 

4a,(0)? + 3a,(0)? + 2a,(0) + a, = 0 

4a,(2)3 + 3a,(2)? + 2a,(2) + a, = 0 
4a,(4)> + 3a,(4)? + 2a,(4) + a, = 0 

(c) f(x) = 9x4 — 23 + 42 
91. True 93. False. Let f(x) = x°. 

95. False. Let f(x) = x°. There is a critical number at x = 0, but 

not a relative extremum. 

97-99. Proofs 101. Putnam Problem A3, 2003 
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Section 3.4 (page 192) 

ie ONO) 3. Concave upward: (—©o, oo) 

5. Concave upward: (—oo, 2); Concave downward: (2, co) 

—I . Concave upward: (—oo, —2), (2, co); 

Concave downward: (—2, 2) 

9. Concave upward: (—oo, —1), (1, co); 

Concave downward: (—1, 1) 

11. Concave upward: (—2, 2); 

Concave downward: (— oo, —2), (2, co) 

13. Concave upward: (— 7/2, 0); Concave downward: (0, 77/2) 

15. Point of inflection: (2, 8); Concave downward: (—oo, 2); 

Concave upward: (2, 00) 

17. Points of inflection: (—2, —8), (0 

Concave upward: (—oo, —2), (0, 

Concave downward: (—2, 0) 

19. Points of inflection: (2, — 16), (4, 0); 

Concave upward: (— 00, 2), (4, 00); 

0); >] 

oo); 

Concave downward: (2, 4) 

21. Concave upward: (—3, 00) 

23. Points of inflection: (- Ras) (73/3, 3); 

Concave upward: (—00, a /3/3), (3/3, oo) 

Concave downward: (— /3/3, /3/3) 

25. Point of inflection: (27, 0); 

Concave upward: (27, 47); Concave downward: (0, 27) 

27. Concave upward: (0, 77), (27, 377); 

Concave downward: (2, 27), (37, 47) 

29. Points of inflection: (77, 0), (1.823, 1.452), (4.46, — 1.452) 

Concave upward: (1.823, 7), (4.46, 277) 

Concave downward: (0, 1.823), (a, 4.46) 

31. Relative maximum: (3, 9) 

33. Relative maximum: (0, 3); Relative minimum: (2, — 1) 

35. Relative minimum: (3, — 25) 

37. Relative minimum: (0, —3) 

39. Relative maximum: (—2, —4); Relative minimum: (2, 4) 

41. No relative extrema, because f is nonincreasing. 

43. (a) f(&%) = 0.2x% — 3)*(5x = 6); 

f(x) = 0.4 — 3)(10x? — 24x + 9) 

(b) Relative maximum: (0, 0); 

Relative minimum: (1.2, — 1.6796); 

Points of inflection: (0.4652, — 0.7048), 

(1.9348, — 0.9048), (3, 0) 

fis increasing when f’ is 

positive and decreasing when 

f’ is negative. fis concave 

upward when f” is positive and 

concave downward when f” is 

negative. 

45. (a) f(x) = cosx — cos 3x + cos 5x; 

Fx) = —sinx + 3 sin 3% — 5 sin'5x 

(b) Relative maximum: (7/2, 1.53333); 

Points of inflection: (7/6, 0.2667), (1.1731, 0.9637), 

(1.9685, 0.9637), (57/6, 0.2667) 

A 
02 Vs pe 8 . . 

a (iM I ‘ f is increasing when f” is 
[eee oe : 

2+ oy DD ie positive and decreasing when 
Tek ’ ; ae aye Pen . v1 1 ky: aad) if as negative. fis concave 

eee } Pi Nel upward when f” is positive 
" ib fj and concave downward when 

Sfctte \ j 5 
a foxes! f’ is negative. 
8+ \y 

47. (a) 1 (b) h 

4+ 4+ 

3+ 34 

a+ 

oe 1 

3 + + {+#—> x + = + +-—- x 

1 2 3 4 | 2 3 4 

49, Answers will vary. Sample answer: f(x) = x*; f”(0) = 0, but 

(0, 0) is not a point of inflection. 

y 

59. (a) f(x) = (x — 2)" has a point of inflection at (2, 0) if n is 
odd and n = 3. 

6 6 

-9 = 9 

-9 eet 9 

} ae a Point of 
inflection 

(b) Proof 



61. f(x) = 5x3 — 6x 2 oy — 24 

63. (a) f(x) = px ar 32 (b) Two miles from touchdown 

65. x = 100 units 

67. (a) 

Peet < 2 

(b) 3000 

t= 1.5 

BoP) = 2/2 

P,(x) = 2/2 — J2(x — 17/4) 
The values of f, P,, and P, and -2n 

their first derivatives are equal 

when x = 77/4. The approxima- 
tions worsen as you move away 

from x = 7/4. 

Peet) = 1 x/2 

PAs) =) —x/2 —x7/8 

The values of f, P,;, and P, and 

their first derivatives are equal 

when x = 0. The approximations 

worsen as you move away from 

x= 0. 

75. True 

77. False. f is concave upward at x = cif f’(c) > 0. 

79. Proof 

Section 3.5 (page 202) 

me 2c  3.d Se be 6.Le 

[aco ce 

as PeT 
f(x) 2.0000 | 2.0000 

Answers to Odd-Numbered Exercises A31 

x | 10° 10! | 10° | 103 

— 2.9814 | = LMNs) a — 3.0000 

104 10° 10° | 
— 

—3.0000 | —3.0000 — 3.0000 | 

lth. ares ie 
aes WA 

11. z 
x | 10° | 10! 10 103 | 

f(x) | 4.5000 | 4.9901 | 4.9999 | 5.0000 

10° | 
5.0000 

“, Sa ae | +) il — 

1 (s xe + 7 = 

=i 8 
0 

135 (a) soo™ (bh) Sai)i0 

17.;@) OF) 
25.-co §=6.27. - 1 

15. (a)0 ()1 (oc 
Cet co W194 e214 Wh 22320 

29 NSIS 33. 00 

10° 10° 10° 

0.479 | 0.500 | 0.500 | 0.500 | 0.500 | 0.500 | 0.500 

The graph has a hole at x = 0. 

-2 2 i a 1 i 
im ; — 

paey ial ae 
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53. As x becomes large, f(x) approaches 4. 

55. Answers will vary. Sample answer: Let 

—6 (ete aS Batiy te Del 

Sena) eo ae) ee 

71. A BS: i 

79. 

y=sin(1) 

(c) us 

—80 80 

: -70 

(b) Proof Slant asymptote: y = x 

85. 100% 87. lim M(t) = +00; lim E(t) =c 

(b) Yes. lim S = = 100 
t>co 

be. 4 => 2e 

€ 

4-2 4 —2e 
(c) (ds x 

93. (a) Answers will vary. M = ove 95-97. Proofs 

(b) Answers will vary. M = a 

Bian 3) 
99. (a) d(m) = ere si 

(b) 8 (c) lim d(m) = 3; 
m—>oo 

lim d(m) = 3; 
m—>—co 

a6 ie As m approaches +00, 
the distance approaches 3 

= 

101. Proof- 
DD 

103. False. Let f(x) = . f(x) > 0 for all real numbers. 
oe ED 

Section 3.6 (page 212) 

fl, @! Dac sh Al 4. b 

5, 

(274, 0) |s ig, 
ta 

6 Sa 

4 Te 

arcs 
pa 

4\ 12) 4 Gye 

if -4+ 220] 



13: + I SS 

oe a Fo ue 

N il * | i) 

ss ~) I =) 

i) 31. 

Minimum: (— 1.10, —9.05); 

Maximum: (1.10, 9.05): 

Points of inflection: 

(— 1.84, — 7.86), (1.84, 7.86); 

Vertical asymptote: x = 0; 

Horizontal asymptote: y = 0 

Point of inflection: (0, 0); 

Horizontal asymptotes: y = +2 

Relative minimum: 

ay Qa 

e 3 v3); 
Relative maximum: 

Sa 107 
SS, Se Cee 

Points of inflection: (0, 0), 

(a, 27), (27, 477) 

5 
Relative minimum: (x. -*), 

Points of inflection: 

(2 2), (%. -2) 

SY. ate fiche Aah aR akan 

Answers to Odd-Numbered Exercises A33 

Vertical asymptotes: x = 0, 

3 ts TT le 
Relative minimum: (z, ANS 3); 

mw]3 

35. f is decreasing on (2, 8), and therefore f(3) > f(5). 

= 

41. 3 

i; aha i. 

=1 ; 

43. s 

i oa : 

Sil 

45. 3 

; See | 
53 

47. as ] 

4 —— | 
=4 

49. 

The zeros of f’ correspond to the 

points where the graph of f has 

horizontal tangents. The zero of 

f’ corresponds to the point 

where the graph of f’ has a hori- 

zontal tangent. 

The graph crosses the horizontal 

asymptote y = 4. 

The graph of a function f does 

not cross its vertical asymptote 

= c because f(c) does not 
exist. 

The graph has a hole at x = 0. 

The graph crosses the horizontal 

asymptote y = 0. 

The graph of a function f does 

not cross its vertical asymptote 

x = c because f(c) does not 

exist. 

The graph has a hole at x = 3. 

The rational function is not 

reduced to lowest terms. 

The graph appears to approach 

the line y = —x + 1, which is 

the slant asymptote. 

The graph appears to approach 

the line y = 2x, which is the 

slant asymptote. 
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9] o*) 

Sy 

Die 

59. 

61. 

63. 

65. 

The graph has holes at x = 0 

and at x = 4. 

Visually approximated critical 
ip Sey Soa 

numbers: 5, 1, 5, 2,5, 3,5 

% —xcos*(7x) — 2a sin(ax) cos(zx) | 
OE) Se: 137 aa 

Approximate critical numbers: A 0.97, 2. 1.98, 3 psNes is 

The critical numbers where maxima occur appear to be 

integers in part (a), but by approximating them using f’, 

you can see that they are not integers. 

Answers will vary. Sample answer: y = 1/(x — 3) 

Answers will vary. 

Sample answer: y = (3x? — 7x — 5)/(x — 3) 

Oyeepssncs (Oso (yen as (€) X5, x3 

(a)-(h) Proofs 

Answers will vary. Sample answer: The graph has a vertical 

asymptote at x = b. If a and b are both positive or both 

negative, then the graph of f approaches oo as x approaches b, 

and the graph has a minimum at x = —b. If a and b have 

opposite signs, then the graph of f approaches —oo as x 

approaches b, and the graph has a maximum at x = —b. 

y= 4x, y= —4x 67. Putnam Problem 

13(i), 1939 

Section 3.7 (page 220) 

1. (a) and (b) 

Second 

Number 

HAD = A) 

LOR 0 

First 

Number, x 
Product, P 

10(110 — 10) = 1000 

20(110 — 20) = 1800 

30(110 — 30) = 2400 

40(110 — 40) = 2800 

50(110 — 50) = 3000 

0 eal 60(110 — 60) = 3000 

70 70(110 — 70) = 2800 

80(110 — 80) = 2400 

90(110 — 90) = 1800 

100(110 — 100) = 1000 

The maximum is attained near x = 50 and 60. 

(Cae = Oss) 

Gd (e) 55 and 55 
(55, 3025) 

Sans) 2randas/2) 5. 21 and 7 7. 54 and 27 

9 = = 20m ele ta te et SL 

15. @ V3) 
17. Dimensions of page: (2 + \/30) in. x (2 + 30) in. 

19. 700 x 350m 

21. Rectangular portion: 16/(a + 4) x 32/(a + 4) ft 

4 
3. @) b= fe+4+ 2 4b Sl 

reat be i? 
(b) 10 

Minimum when x ~ 2.587 

(2.587, 4.162) 

(¢) 

(c) (0, 0), (2, 0), (0, 4) 
25. Width: 5./2/2; Length: 5/2 

27. (a) thy f 

| 

fe ° | 

[i ee re | 

(b) 

2/a (100 — 10) | (10)(2/7)(100 — 10) ~ 573 

20)(2/m)(100 — 20) ~ 1019 

2/7 (100 — 30) 30)(2/7)(100 — 30) = 1337 

0 

0 

oes 2/ a (100 — 40) | (40)(2/7)(100 — 40) ~ 1528 

) 

2 

3 

4 

50 2/m (100 — 50) | (50)(2/7)(100 — 50) ~ 1592 

2/ a (100 — 60) | (60)(2/7)(100 — 60) ~ 1528 

The maximum area of the rectangle is approximately 1592 m?. 

(c) A = 2/m(100x — x”), 0 <x < 100 

(d) es = 2 (100 — 2x) (yee 
dx 7 (50, 1591.6) 

= 0 when x = SO; 

The maximum value is 

approximately 1592 
0 100 

when x = 50. 

PAY, Meh 26 IE Sk Sho sia: 

31. No. The volume changes because the shape of the container 

changes when it is squeezed. 

33. r = ¥/21/(27) ~ 1.50 (h = 0, so the solid is a sphere.) 

10/3 30 
35. Sidevof square, ————» S10. tan 1 re 

re eSB) Py aoe 

37. w = (20V3)/3 in., h = (20/6)/3 in. 

So 



39, Oil well 

— 4- ze Refinery 

V3 V3 

The path of the pipe should go underwater from the oil well to 

the coast following the hypotenuse of a right triangle with leg 

lengths of 2 miles and 2/\/3 miles for a distance of 

4/./3 miles. Then the pipe should go down the coast to the 

refinery for a distance of (4 — 2//3) miles. 

41. One mile from the nearest point on the coast 

43. i (a) Origin to y-intercept: 2; 

aul Origin to x-intercept: 7/2 

(b) d= Vx? + (2 — 2 sin x)? 

sla Nia 

0.7967. (c) Minimum distance is 0.9795 when x ~ 

45. About 1.153 radians or 66° 47. 8% 

fe ss S ~ 6lmi” 151. y = 753; S, = 4.50 mi 
§3. Putnam Problem Al, 1986 

Section 3.8 (page 229) 

In the answers for Exercises | and 3, the values in the tables have 

been rounded for convenience. Because a calculator and a computer 

program calculates internally using more digits than they display, 

you may produce slightly different values from those shown in the 

tables. 

L(,) . Al [> [ro] 
| 1 | 2.2000 | ~0.1600 4.4000 | —0.0364 | | 0.0364 | 2.2364 | 2.2364 | 

Bea 2.2364 | 0.0015 | 4.4728 | 0.0003 | 2.2361 

oo —0.0292 | —0.9996 0.0292 | | 1.5708 | 

5, = Tate 7. 0.682 9. 1.250, 5.000 

11. 0.900, 1.100, 1.900 13. 1.935 15. 0.569 

17. 4.493 19. (a) Proof  (b) /5 = 2.236: R/ Teme 2.646 

f(x) = 0 23. 0.74 25. Proof 

27. (a) 4 
(iy) SAN (©) Peasy 

-~4 S 

Answers to Odd-Numbered Exercises A35 

x-intercept of y = —3x + 4 is + 

x-intercept of 

Y= 1-3 13a 43156 

is approximately 2.404. 

y=-1.313x + 3.156 

(e) If the initial estimate x = x, is not sufficiently close to the 

desired zero of a function, then the x-intercept of the 

corresponding tangent line to the function may 

approximate a second zero of the function. 

29. Answers will vary. Sample answer: 

If f is a function continuous on 

[a, b] and differentiable on (a, b), 

where c € [a, b] and f(c) = 0, 4 
then Newton’s Method uses 

tangent lines to approximate c. 

First, estimate an initial x, close 

to c. (See graph.) Then determine 

X_ using x, = x, — f(x,)/f’(x,). Calculate a third estimate x, 
using x, = x, — f(x,)/f’(x,). Continue this process until 
|x, — X,4 | iS within the desired accuracy, and let x, , , be the 
final approximation of c. 

31. (1.939, 0.240) 33. x ~ 1.563 mi 

xl 
35. False; let f(x) = 37. True 39. 0.217 

Section 3.9 (page 236) 

1. Tx) = 4% — 4 

= 1.99 2.01 

3.960 | 4 | 4.040 | 4.410 

| 3.960, | 4.040 | | 4.400 | 

Sh ING) = ale = AS 

fs [is (af Ta 
| ESE 

oe oe (cos:2)(a;=*2), +.sin 2 

19 | 1.99 2.01 

0.909 | 0.905 

7. Ay =0.331;dy=0.3 9. Ay = —0.039; dy = —0.040 
11. 6x dx 13. (x sec? x + tan x) dx 

13 =X 
/ eh tl —————— 15 Ox = 1) x Wpriey 19. (3 — sin 2x) dx 
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21. (a) 0:9 (b) 1.04 Wh (ey COBY — (o) 1/25 

25. (a)+>in.? —(b) 0.625% 

27. (a) +10.75 cm? ~=(b) about 1.19% 

29. (a) +20.25in2 (b) +5.4in2 (c) 0.6%; 0.4% 

31. 27.5 mi; About 7.3% 33. (a) 1% (b) 216 sec = 3.6 min 

35. 6407 ft 

SAN a eel ; 
a7) =f dy = Waa 

| 
(99.4) =~ /100 + —0.6) = 9.97 f(99.4) 5 Tage ) 

Calculator: 9.97 

‘ | 
39, f(x) = 4x, dy = gan 

i 
DN SDS ap ee) Sh f(624) ~ Y6 625 1) = 4.998 

Calculator: 4.998 

41. y — f(0) = f(O)( — 0) 
Vea as 

y=24+x/4 

43. The value of dy becomes closer to the value of Ay as Ax 

decreases. 

1 
45. f(x) = Vx; dy = ——= ax f(x) hear 

1 1 
A022) 4 (0:02) = 2a (0102 f(4.02) ~ JA + (0.02) = 2+ 3 (0.02) 

47. True 49. True 

Review Exercises for Chapter 3 (page 238) 

1. Maximum: (0, 0); 3. Maximum: (4, 0); 

Minimum: (—3, —2) Minimum: (0, —2) 

5. Maximum: (3, 3); 7. Maximum: (27, 17.57); 

Minimum: (-3, —2) Minimum: (2.73, 0.88) 

17. 

19. 

21. 

23. 

25. 

27. 

- £0) # f(4) 11. Not continuous on [—2, 2] 

p (2S) = : 15. fis not differentiable at x = 5. 

FO) 
No; The function has a discontinuity at x = 0, which is in the 

interval [—2, 1]. 

Increasing on (-3, 00): Decreasing on (—00, —3) 

Increasing on (— 00, 1), (2, 00); Decreasing on (1, 4) 

Increasing on (1, 00); Decreasing on (0, 1) 

(a) Critical number: x = 3 

(b) Increasing on (3, co); Decreasing on (— 00, 3) 

(c) Relative minimum: (3, —4) 

(d) 

29. 

31. 

33. 

35. 

ails 

39. 

41. 

43. 

45. 

47. 

51. 

(a) Critical number: t = 2 

(b) Increasing on (2, co); Decreasing on (— oo, 2) 

(c) Relative minimum: (2, — 12) 

(d) 

(a) Critical number: x = —8; Discontinuity: x = 0 

(b) Increasing on (—8, 0); 

Decreasing on (—oo, —8) and (0, 00) 

(c) Relative minimum: (—8, —i) 

(d) é 

~10 5] 5 

-2 

San Thay 
itical bers — (a) Critical numbers: x TESA 

(b) Increasing on (22 7) 44 
Decreasing on (0. 2) and (2 2m) 

4 4 

; as 3%r 
(c) Relative minimum: aces 21 

Relative maximum: ( 4 

(d) 2 

-2 

(3, —54); Concave upward: (3, co); 

Concave downward: (—oo, 3) 

No point of inflection; Concave upward: (—5, 00) 

(1/2, 1/2), (3727/2, 37/2); Concave upward: (2/2, 32/2); 

Concave downward: (0, 77/2), (37/2, 277) 

Relative minimum: (—9, 0) 

Relative maxima: (ae 1/2), (- POR 1/2); 

Relative minimum: (0, 0) 

Relative maximum: (—3, — 12); Relative minimum: (3, 12) 

i 49. Increasing and concave down 
: 
ell 

| (5, f(5)) 

(a) D = 0.0018814:= 0.1273 + 2.6727 — 7.811 nea 
(b) 800 

0 40 

0 

(c) Maximum in 2010; Minimum in 1970 = (d) 2010 



Bese S5eeai i) 57. =o 59.00) 061.76 

Tee 50 fi and y = = ft 
81. 14.05 ft 83. 32mr3/81 Ch = SB, =OSMI, asi 

87. —2.182, —0.795 89. —0.755 

91. Ay = 0.03005; dy = 0.03 
93. dy = (1 — cosx + x sin x) dx 95. (a) +8.1acm? 

(b) +1.87cm?  (c) About 0.83%; About 0.56% 

(page 241) 

79. (0, 0), (5, 0), (0, 10) 

PS. Problem Solving 

1. Choices of a may vary. 

(a) One relative minimum at (0, 1) 

fora 2 0 

(b) One relative maximum at 

(0, 1) fora < 0 

(c) Two relative minima for 

a < Owhenx = +/-a/2 

(d) Ifa < O, then there are three 

critical points; if a = O, then 

there is only one critical point. 

3. All c, where c is a real number 5. Proof 

7. The bug should head towards the midpoint of the opposite side. 

Without calculus, imagine opening up the cube. The shortest 

distance is the line PQ, passing through the midpoint as shown. 

Za 

Answers to Odd-Numbered Exercises A37 

Oa 0b — 1 eS 2 11. Proof 

J3 3 SEES 
13. Greatest slope: ergs Least slope: ee Al 

15. Proof 17. Proof; Point of inflection: (1, 0) 

19. (a) Px) =x- x 

Chapter 4 

Section 4.1 (page 251) 

1. Proof Bayi SiC = 25/2 +C 

Original 

Integral Rewrite Integrate Simplify 
-4/3 3 

ie 3 Xx i x 1/3 b Mies + = SAS 
[x dx [ dx 473 G re tae 

9, [ace [e a a OX = IC 

We. 5x2+7x+C 13. 2x5+x4+C 

15. 3x52 +92 4+x4+C 17. 2x53 4C 
19. —1/(4x4)+C 21. $x3/2 + 12x12 + € 

23. x3 +5x2-2x+C 25. Ssinx —4cosx+C 

Pfs hae (ESO ae CE 29. tan @ + cos8+ C 31. tany + C 

33. Answers will vary. Sample answer: 

f@)=4x4+2 

35. f(x) = 3x7 + 8 

39. f(x) =x? +x4+4 

Shh, ld) = Bie ae Si = lal 

41. f(x) = —4/x + 3x 
x 7 

; = — = 8 (b) ) gills 43. (a) Answers will vary. 

Sample answer: 

(c) 



A38 

47 

49. 

71. 

lide 

Section 4.2 

25. 

27. 

29. 

31. 

Answers to Odd-Numbered Exercises 

. When you evaluate the integral [ f(x) dx, you are finding a 

function F(x) that is an antiderivative of f(x). So, there is no 

difference. 

. (a) A(t) = 372 + 5t + 12 (b) 69 cm SB O22) iii 

. (a) t= 2.562 sec (b) v(t) = —65.970 ft/sec 

» Vo ~ 62.3 m/sec 59. 320 m; —32 m/sec 

. (a) v(t) = 34? — 12¢ + 9; a(t) = 6t — 12 

HHO (355) (ors 

. a(t) = —1/(223/2); x(t) = 2/4 + 2 

. (a) 1.18 m/sec? (b) 190m 

. (a) 300 ft (b) 60 ft/sec ~ 41 mi/h 

. False. fhas an infinite number of antiderivatives, each differing 

by a constant. 

ae 16 
—— 4x + = ih rue 5 3 73. tinue 75. f(x) = 

Proof 

(page 263) 

158 LU 
oe 3 a 5. 4c Th a 

fees 
17. 2470 

i 
a! 
3 

ihe >) (2) - (=) 13. 84 

19. 12,040 1 

. (n + 2)/n 23. [2(n + 1)(n — 1)]/n? 

n 

Sie )) Ax 
i=1 

n 

i=1 

n 

= S[G- 1I)2/n)]2/n) 
i=] 

n 

Dyce) Ax = S'L[i(2/n)](2/n) 
i=1 

0 
o[as 

n 

50 

(f) lim S[@ — 1)(2/n)](2/n) = 2; 
MACE) re 

lim S\[i(2/n)](2/n) = 2 
n—- co i=1 

45.A=3 47.A=% 

n 

ll 

NOR =a» 

100: S = 1.02 

1000: S = 1.002 

10,000: S = 1.0002 

n= 10: S = 1.98 

n= 100: S = 1.9998 

n = 1000: S = 1.999998 

n = 10,000: S = 1.99999998 

13 < (Area of region) < 15 

55 < (Area of region) < 74.5 

0.7908 < (Area of region) < 1.1835 

The area of the shaded region falls between 12.5 square units 

and 16.5 square units. 

33. A = S = 0.768 35. A = S = 0.746 

A~s =~ 0.518 A=s = 0.646 

37. lim jee =12 
noo n 

. 1/2n? — 3n?2? +n i 

a Bas Al ide 3 

al, tim [Ge = 1)/nl = 3 
43. (a) ” (b) Ax = (2 —0)/n = 2/n 

A 69 
61. 63. 0.345 65. b 



67. You can use the line y = x The sum of the areas of the 

bounded by x = aand x = b. circumscribed rectangles in 

The sum of the areas of the the figure below is the 

inscribed rectangles in the upper sum. 

figure below is the lower sum. 4 

The rectangles in the first graph do not contain all of the area 

of the region, and the rectangles in the second graph cover 

more than the area of the region. The exact value of the area 

lies between these two sums. 

69. (a) 3 

S(4) = 45 
(d) Proof 

(e) 

15 

Ca] s |» [oe [oe = 

| (n) | 19.403 LO DOI OATS Te Os sy OMS 

(f) Because f is an increasing function, s(7) is always increasing 
and S(n) is always decreasing. 

71. True 

73. Suppose there are n rows andn + 1 columns. The stars on the left 
total 1 + 2 +- - - + n, as do the stars on the right. There are 

n(n + 1) stars in total. So, 2[1 +2+--- +n] =n(n + 1) 
andl +2+--- +n=[n(n + 1)]/2. 

+1” 

75. For n odd, (254) blocks; 

2n 2 n 
For n even, blocks 

77. Putnam Problem B1, 1989 

Answers to Odd-Numbered Exercises A39 

Section 4.3. (page 273) 

12/3 = 3464. 3.32 45.0, 7, 2 
ty 3 7 4 

9. | (3x + 10) dx 11. [ Sx? + 4 dx 13. [ 5 dx 
al 0 0 

5 4 

15. i (4—|x|)dx 17. | (25-2) dx 
—4 -5 
1/2 2 

19. [ cos x dx ae [ y? dy 
0 0 

pa 25. > 

+ Triangle 

7 

\ \ 
2 ' Rectangle 1 

\ 

1 f | 

| \ 

a | t >t | a 
1 02%, $30 £4 55 ‘i 

A= 12 A=8 

27. i 29. y 

Triangle 

Trapezoid 

1 
f 
I 
| 
1 x 
| 

A= 4 . Aa 
31. i 33.0. 0 35. 48 ath AP 

12+ 

10+ 

8+ Semicircle 

6 

4+ 

eal 
— ii > x 

-8-6-4-2 | 2 4 6 8 

4 

A =497/2 
S96 Ae (a)e eb) ea (C) 0 (a) e380 

4 351(2)) Oe ((O)) ele (CG) eet (cl) SO) 45. —48, 88 

47. (a) —7 (b)4 (©) -G+2n) (3-27 

(CRS eee (23) ar, 

49. (a) 14 (b) 4 (c) 8 (d) 0 51. 40 Re a 55.-d 

57. No. There is a discontinuity at x = 4. 

59.a=-—2, b=5 

61. Answers will vary. Sample answer: a = 7, b = 277 

[sin Vida—a) 

2 
65. True 67. False. [» a= =2 

0 

63. True 



A40 Answers to Odd-Numbered Exercises 

69. 272 71. Proof 

73. No. No matter how small the subintervals, the number of both 

rational and irrational numbers within each subinterval is 

infinite, and f(c,;) = 0 or f(c;) = 1 

75. a = —1 and b = | maximize the integral. ile z 

Section 4.4 (page 288) 

ite 3: 

Positive 

Sie Tee Oo 11s) 6 13.580 15.5 
7-4. N97 el. = 223. Ss, S 
Paks Gap ae 2 29. 7/4 31..25/3/3 33. 0 35. : 

BYRMIM, eR TRS ies 
45. 33/2/2 ~ 1.8899 47. 2./3 ~ 3.4641 
49, +arccos 7/2 ~ +0.4817 
51. Average value = 6 53. Average value = : 

x=+/3 ~+1.7321 x = ¥2/2 ~ 0.6300 
55. Average value = 2/7 57. About 540 ft 

x = 0.690, x = 2.451 

59. (a) 8 (b) 3 (c) Sif dx = 20; Average value = 0 

61. (a) F(x) = 500sec2x (b) 1500./3/m ~ 827N 
63. About 0.5318 L 

65. (a) v = —0.00086r? + 0.07822? — 0.208 + 0.10 

(b) ae (c) 2475.6 m 

—10 hes 70 

-10 

67. F(x) = 2x? — 7x 69. F(x) = —20/x + 20 

F(2) = —6 FZ) =10 

F(5) = 45 F(5) = 16 

F(8) = 72 F(8) == 
71. F(x) = sinx — sin 1 

F(2) = sin2 — sin 1 ~ 0.0678 

F(5) = sin 5 — sin1 ~ —1.8004 

F(8) = sin 8 — sin 1 ~ 0.1479 

73. (a) g(0) = 0, g(2) ~ 7, g(4) ~ 9, 2(6) ~ 8, 2(8) ~ 5 
(b) Increasing: (0, 4); Decreasing: (4, 8) 

(c) A maximum occurs at x = 4. 

(dye? 

75.4x7+2x 77.3x4/3-—12 79. tanx—1 
Sie 83. B 44] 85. x cos x 87. 8 

89. cos x./sin x 91) 3x sin x° 

} 95. (a) 3 ft to the right 
13 

2+ (b) 10 ft 

An extremum of g occurs 

atx = 2. 

97. (a)Oft (b) & (a) 2 ft to the right (b) 2 ft 
101. 28 units 103. 8190 L 

105. f(x) = x7 has a nonremovable discontinuity at x = 0. 

107. f(x) = sec? x has a nonremovable discontinuity at x = 7/2. 

109. 2/7 ~ 63.7% 111. True 

l | 1 70) = -+)+ = 
ED ae (Ui ( =) yee ° 

Because f’(x) = 0, f(x) is constant. 

115. (a) 0 (b) 0 (©) xf) + ff dt (d) 0 

Section 4.5 (page 301) 

[r (g(x))g (x) dx u = g(x) du = g(x) dx 

1. | we + 1)?(16x) dx 8x2 + 1 16x dx 

3. | tan? x sec? x dx tan x sec? x dx 

13. 

17. 

21. 

25. 

29. 

31. 

BE 

35. 

Sie 

3B), 

41. 

45. 

47. 

49. 

.5(1 + 6x5 + C 7. $(25 — 2)/2 + 
11. (x3 — 15+ C 

H(2+2)9/2+C 15. -BU - x2)4384+C 
1/[40 — x77] 4+ C 19. —1/[30 +3) +C 

-J/1—x?+C 23. -}(1 + 1/)4*+C 
J2x+C 27. 2x7 - 4/16 — x7 + C 
=1/(2(a? + 2x —3)] 4+°C 

(a) Answers will vary. (b) y= -3(44 - 29/2 42 

Sample answer: e 

plxt + 33+ C 

—cos(ax) + C 

1 Joos yh g| (0s 8x)(8) dx = esin Sori. 

in (1/@) +°C 

i sin? Dee ae (COs —} cos? 2x + Cy Olas cos 4x + (e.. 

+ tan? x + Cors sec?x+C, 43. f(x) = 2 cosi72ymaee 

FQ) = ae — 10)3- 8 
2(x + 6)5/2 — A(x + 63/2 + C=2(x + 63/%(x —4)+C 
—a - 93? - 40 — x92 +201 — 72) 4+ C= 
—7o5 (1 — x)3/2(15x? + 12x + 8) + C 



51. 

SRE 

Sb 

63. 

69. 

75. 

Wk 

79. 

81. 

83. 

85. 

87. 

89. 

at: 

95: 

22x — 1)9/2 + 42x — 19? — 62x - 1)'7] +4 C= 
(/2x — 1/15) (3x? + 2x — 13) + C 
—x-1-2JVx+1+Cor—(x+2Ve41)+ ©, 
Oe 5712-22 59.2 6f-; 
Fe=OeF12+3 65.°1209/28 _ 67. 2(./3 = 1) 
-— 71.£ 73. (a) = s o) 8 (© -Y @ 64 

3 

2 (4x2 — 6) dx = 36 
0 

If u = 5 — x?, then du = —2x dx and 

IHS = 22E ake = —47(5 —X) (—2x) dx = —tfu3 du. 

(a) [eve STalivdocumen((D) [eono sec? (3x) dx 

$340,000 

(a) 102.532 thousand units 

(c) 74.5 thousand units 

(a) Po50,0.25 ~ 35.3% 
(a) 

(b) 102.352 thousand units 

(b) b ~ 58.6% 

(b) g is nonnegative, because 

the graph of fis positive 

at the beginning and 

generally has more 

positive sections than 

negative ones. 

(c) The points on g that correspond to the extrema of f are 

points of inflection of g. 

(d) No, some zeros of f, such as x = 7/2, do not correspond 

to extrema of g. The graph of g continues to increase after 

x = 17/2, because f remains above the x-axis. 

(e) ¢ 
The graph of h is that of g 

0 on shifted 2 units downward. 

-4 

(a) and (b) Proofs 

False. | (2x + 1)? dx =4(2x + 13 +C 93. True 

97-99. Proofs True 101. Putnam Problem Al, 1958 

Section 4.6 (page 310) 

Trapezoidal Simpson’s Exact 

1. 2.7500 2.6667 2.6667 

3. 4.2500 4.0000 4.0000 

5. 20.2222 20.0000 20.0000 

7. 12.6640 12.6667 12.6667 

AUS Ry 0.3334 0.3333 

Trapezoidal Simpson’s Graphing Utility 

eS 2833 3.2396 3.2413 

13. 0.3415 0.3720 0.3927 

15. 0.5495 0.5483 0.5493 

ijn 0.0975 =0:0977 — 0.0977 

19. 0.1940 0.1860 0.1858 

21. Trapezoidal: Linear (1st-degree) polynomials 

Simpson’s: Quadratic (2nd-degree) polynomials 

23. (a) 1.500 (b) 0.000 25. (a); (b) 
27. (a) n= 366 ()n=26 29.(a)n=77 (b)n=8 

31. (@)n=130 b)n=12 3B. @n=643 (n= 48 

3Re 

41. 

Review Exercises for Chapter 4 

—_ 

mn 

15. 

17. 

25. 

29. 

35. 

39: 

43. 

51. 

Sie 

593 

65. 

De 
See Oxaata Gs 3. 

ie) 2 4 a Ts 

. (a) Answers will vary. 

Answers to Odd-Numbered Exercises A41 

(a) 24.5 (b) 25.67 

10,233.58 ft-lb 

37. 0.701 39. 89,250 m? 

43. 3.1416 45. 2.477 47. Proof 

(page 312) 

ae | 2 3x 7 37 ee ar. She Se (C 

x? + 9cosx+C 

11. f(x) = 4 — 5x -— 3 

(b) y =x? — 4) — 2 

y= 1 — 3x? 

Sample answer: 

| 
} 
i 
ae 
L 
7 
ok -—6 | 

(a) 3sec; 144 ft (b)#sec (c) 108 ft 
10 

21S, sa pono 240 ft/sec 
3n 

19. 60 
n=1 

420 Pail, SB)iN0) 

9.038 < (Area of region) < 13.038 

33. A = 12 

0 

a v7. | (2x + 8) dx 
—4 

? 41. (a) 17 

2+ (c) 9 

(a) 7 

(d) 84 

Triangle 

fe 25 

i” 422 56 45.0 47.92 49, (¥2+2)/2 
~cos2+1~1416 53.30 55.4 
Average value = 2 x= 25 

y 

Wi 
x2/1 + x3 61. x2 + 3x +2 63. xt+34+C 

| ate) ed) 
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Gig Siler 695 2 sin 6 ie 

7A eat + seg ax) ee 
377 

73. (a) Answers will vary. (b) y= —3(9 = x) /2 FS 

Sample answer: 

15. Tene T9.. 2877/15 1 81.42 80 83.. > 
85.) 6) % @2 @ —-32 
87. Trapezoidal Rule: 0.285 

Simpson’s Rule: 0.284 

Graphing Utility: 0.284 

89. Trapezoidal Rule: 0.637 

Simpson’s Rule: 0.685 

Graphing Utility: 0.704 

PS. Problem Solving (page 315) 

ik @) a0) =O (a) L4G) = be JEM) = il 

(c) x ~ 2.718  (d) Proof 

RONG? 9 2864 2 Be 3. (a) lim 2 aco BeSy P| 
(b) (16n* — 16)/(15n4) — (c) 16/15 

5 nt 

(b) f 
1.00 +- 

0.75 + 

0.25 

+ + + bo eae a! ee) 

1 v2 v3 2 V5 V6 V72V23 

=0.25 +- 

(c) Relative maxima at x = a), /6 

Relative minima at x = 2, De) 

(d) Points of inflection at x = 1, 3. e/a, 

dea) 

wa 

(c) x = 4,8 (d) x =2 

1S: 

17. 

19. 

~ = io) e) eh = —_ WI 

1 

i321 = | J/1 +x dx <= /2 
0 

0.2 04 0.6 O08 1.0 

(b) (0, 0.4) and (0.7, 1.0) (c) 150 mi/h? 

(d) Total distance traveled in miles; 38.5 mi 

(ce) Sample answer: 100 mi/h? 

(a)—(c) Proofs 

(a) R(n), I, T(n), L(n) 

(b) 5(4) = 3Lf) + 4f(1) + 2f(2) + 4f(3) + f(4)] ~ 5.42 

Chapter 5 

Section 5.1 

13. 

(page 325) 

45 

. (a) 3.8067 =(b) In 45 - | * at = 3.8067 
1 

0.8 
i 

(a) 02231 Si(b)elmiOrS =| ae = 022231 
1 

co) @@d Ba the 

i 1H ey, 

pee 

153 

Domain: x > 3 Domains x > )— 2 

17. (a) 1.7917 (b) —0.4055 (c) 4.3944 (d) 0.5493 

19. Inx — In4 PH olives se lint pAb 

230) Int + An(x2 + 5) 25. S[In(x — 1) — Inx] 

ee, 
C 16 6 = F P29) Me Ping =D) 29 leer 5 

x(x + 3)? 9 
ile lin 3 63 en ——— 31. In maa 3. In Seat 

37. 

(b) f(x) = In* = Inx? —In4 

=2lInx —1In4 

= g(x) 

—co 39, In4d~1.3863 41. 1/x 4. 2/x 



71. 

TBE: 

Tk 

79, 

81. 

83. 

85. 

87. 

91. 

95, 

97. 

99 

101 

@y=x- 1 

(b) 4 

1 
(1, 0) 

2 

2xy CS) 

aa Dy" i] ae ay 

fey = a2 /x*) + -(2/x) =.0 

Relative minimum: (1, 5) 

Relative minimum: (e~', —e~!) 

Relative minimum: (e, e); Point of inflection: (e7, e?/2) 

P(x) =x -1;P,(~) =x-1-43(- 1) 

The values of f, P,, and P, and 

5 their first derivatives agree at 

x=1. 

$9. (2774-1) /Aae ea 

3x3 + 15x? — 8x 93 (2x2 + 2x — 1)V/x- 1 

(x + 1)3/3x — 2 : Gide 1)? 
The domain of the natural logarithmic function is (0, oo), and 

the range is (— 00, oo). The function is continuous, increasing, 

and one-to-one, and its graph is concave downward. In 

addition, if a and b are positive numbers and n is rational, 

then In(1) = 0, In(a- b) = Ina + Inb, In(a") = n Ina, and 
In(a/b) = Ina — Inb. 

(a) Yes. If the graph of g is increasing, then g(x) > 0. 
Because f(x) > 0, you know that f(x) = g(x)f(x) and 
thus f(x) > 0. Therefore, the graph of f is increasing. 

(b) No. Let f(x) = x? + 1 (positive and concave up), and 
let g(x) = In(x? + 1) (not concave up). 

False. Inx + In 25 = In 25x 

x = 0.567 

d 
False. 7 is a constant, so en a| = 0. 

103 

105. 

Answers to Odd-Numbered Exercises A43 

- (a) au (b) 30 yr; $503,434.80 

(c) 20 yr; $386,685.60 

(d) When x = 1398.43, dt/dx ~ —0.0805. When 

x = 1611.19, dt/dx ~ —0.0287. 

(e) Two benefits of a higher monthly payment are a shorter 

term and a lower total amount paid. 
(a) 350 

(b) T(10) ~ 4.75°/Ib/in2 lim Tp) =0 
poco 

T’(70) = 0.97°/1b/in.? Answers will vary. 

107. (a) * : (b) When x = 5, 

dy/dx = —/3. 
When x = 9, 

dy/dx = —/19/9. 

» aby 0 10 —_ = 

® (c) an dx : 

109. (b) Fe 
g 

Fi 

0 20,000 

Section 5.2 

ib 
7. 5 In|x2 — 3] + C 

11. 
15. 
19. 
23. 
25. 
OTe 

29. 

333 

Sie 

41. 

45. 

For x > 4, g(x) > f’(x). 

g is increasing at a faster 

rate than f for large values 

of x. 

For x > 256,9’(x) > f’(x). 

g is increasing at a faster 

rate than f for large values 

of x. 

f(x) = In x increases very slowly for large values of x. 

(page 334) 

3. Infx +1) +C 5. 5Inl2x+5|/+C 
a oe eC 

13. 4 In|x3 + 3x2 + 9x] + C 
17. $x3 + 5 In|x — 3] +C 
21. }(Inx3 + C 

5 In|x| + -C 

Key 2) een ee ee 

Sx? — 4x + 6In|[x + 1/+C 
$x3 —2x+InJ/x27+2+C 

—FInjl — 3Vx| + C 
2 In|x — 1| — 2/(@@- 1) + 
won = In| eee 25k C 

xt+6Jx+18In|/x-3|+C 31. 3In sin 5 +C 

35. $sin30-0+C 
39. Injseoxr— La G 

43. y = In|x? — 9] + C 

—}In|cse 2x + cot 2x| + C 

Int esta || AG 
eeei= 6 ln|2 ==) 4G 

Fie) = = 2 in xP 3x = 2 



A44 

47. 

79. 

87. 

89. 

91. 

Answers to Odd-Numbered Exercises 

Sa cin 2 
(b) y= in 5 ae il (a) 

517 . 3In 13 ~ 4.275 53, —In3 ~ —1.099 

ene 57. 2| /x — In(1 + Vx)] + 

vel 2 sn oan C612 Inl/2 1) = S— = 0.174 

5 IEE 65. 1/x 

. 2+ 8in2 ~ 13.045 

. Trapezoidal Rule: 20.2 

Simpson’s Rule: 19.4667 

81. Log Rule 

2a Sin 2 
In = 1.929 

67. 6In3 69. $n 
73. (12/m)In(2 + /3) ~ 5.03 

77. Trapezoidal Rule: 5.3368 

Simpson’s Rule: 5.3632 

Power Rule 83. d 85. x = 2 

Proof 

—In|cos x| + C = In|1/cos x| + C = In|sec x] + C 
2 2 

sec* x — tan* x 
In|seox + tanx| + C = ln|———_—— 

sec x — tan x 

= —In|seox — tan x|"- C 
93.1 95. 1/(e — 1) ~ 0.582 
97. P(t) = 1000(12 In|1 + 0.25¢| + 1); PG) ~ 7715 
99, About 4.15 min 

C1) a (a) A=3In2-% 
| (DOR Sra 

(Cpa 5(m —Inm — 1) 

PSs 
5 10 

103. False. 5Inx =Inx'/2 105. True 107. Proof 

Section 5.3 (page 343) 

1. ay fe) = Sie — 1) Sa ee 

g(f(x)) = [(Sx + 1) — 11/5 =x 

(b) 1 

3. (a) f(g(x)) = (3 x) =) = ag 

(b) f 

17. 

21. 

23. 

27. 

31. 

ah 

Sk 

Sa 
2 

-1 -1.5 

One-to-one, inverse exists Not one-to-one, 

inverse does not exist. 

1 19. 2 
-4 8 a 

—1 5 

27 25 

One-to-one, inverse exists. 

One-to-one, inverse exists. 

25. Inverse does not exist. 

29. f(x) = 2G —4) > 00n (4705) 

Inverse exists. 

Inverse exists. 

f(x) = —8/x3 < 0on (0, 00) 

f(x) = —sinx < 0on (0, z) 

(aig PG) Nees) (2 
(b) i (c) fand f~! are symmetric 

vin about y = x. 

iL (d) Domain of f and f~!: 
(fas all real numbers 

. Range of f and f~!: 
all real numbers 
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49. (a) Proof 

(c) fand f~! are symmetric (b) y= (80 — x) 

about y = x. x: total cost 

(d) Domain of fand f~!: y: number of pounds of the less expensive commodity 
all real numbers (c) [62.5,80]  (d) 20Ib 

; Range of f and f~!: 51. One-to-one 53. One-to-one 
all real numbers f(x) =x2+2 x2=0 fl) 2 =e PEO 

55. Sample answer: f—!(x) = /x +3, x20 

57. Sample answer: f~'(x) =x —3, x=0 

59. Inverse exists. Volume is an increasing function, and 
=1 " 1 : 5 . : : (c) f and f~" are symmetric therefore is one-to-one. The inverse function gives the time t 

“ab about y = x. corresponding to the volume V. 
fo! (d) Domain of fand f~': 61. Inverse does not exist. 63. —1/6 65. 1/17 

x= 0) 6792/3 ao 
Range of fand f~': y = 0 71. (a) Domain of f: (—o0, 00) (b) Range of f: (—o0, 00) 

Domain of f~': (—00,00) Range of f~!: (—o, co) 

1 2 3 

; j (d) (t) = 3 Shy ee ce 

41. (@) f"@) = J4-#, 05x82 FE=R0 YG) =5 
(be (c) f and f~! are symmetric 

about y = x. 

ii (d) Domain of f and f~!: 
OS 

Range of f and f~!: 

Osy=s2 73. (a) Domain of f: [4, co) (b) Range of f: [0, 00) 

ee Domain of f~!: [0. co) Range of f~!: [4, 00) 

ea 
43. (a) f(x) = +1 ot ee 

(b) » (c) f and f~! are symmetric 10-4 | 

about y = x. 8 / 

(d) Domain of f and f~!: wip 
all real numbers nd ii 

Range of f and f—!: a as ake 
all real numbers Qt ae GR cio) 12 

OPOkerdi) =2 
75.32 77.600 79. (gc ef-)(@)= 4°1)/2 

AS, (a) f 1x) = Jix/V1 —x?, -1l<x<1 81. (fog)-'a) = (x + 1)/2 

(b) A ko)af sands fate ssymumetnic 83. Let y = f(x) be one-to-one. Solve for x as a function of y. 
sac about y = x. Interchange x and y to get y = f '(x). Let the domain of f~! 

: f (d) Domain of f: all real be the range of f. Verify that f(f~'(x))=x and 
numbers fof(x)) = x. 

Domain of f': Sample answer: f(x) = x3; y = x3;x =37/y; y = 3/x; 
Si eee I fox) = Yx 

Range of f ~I<y< 1 85. Many x-values yield the same y-value. For example, 
Range of f~!: all real f(m) =0=f(0). The graph is not continuous at 

numbers [(2n — 1)]/2, where n is an integer. 

87.4 89. False. Let f(x) = x”. 91. True 

93. (a) 90 (b) c=2 

=45 

f does not pass the horizontal line test. 

95-97. Proofs 99. Proof; concave upward 

101. Proof; /5/5 
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L pe, be 

103. (a) Proof (b) f-'(x%) = pee 
CX = 4 

(c) a= —-d,orb=c=0, a=d 

Section 5.4 (page 352) 

ie 3. x = 2.485 Sou) Th, oe = 0 ailil 

9. x = 8.862 11. x = 7.389 13. x ~ 10.389 

15. x ~ 5.389 

Ly. ‘ 19. j 

t + {+} x 

=3. -2, =1 i 2 3 

(b) 2 
i 

=2 4 

a 
-3 

Reflection in the x-axis 

and a vertical shrink 

Translation two units 

to the right 

Reflection in the y-axis 

and a translation three 

units upward 

33. 2e2* 35. ev*/(2/x) 37. e439, e( + In :) 

41. e(x3 + 3x’) 43. 3(e* + e')2(e* — e*) 

45. Ze (hee) a7. —2et > 6“ /(e* en 

49. —2e*/(e& — 1)? 51. 2e* cos x 53. cos(x)/x 

55. y= 22 + 1 57. y= =x $2 59, = (ex — We 

lla 
61. y= xf Ole. yu i. (Se= yet 

67. 

69. y 

Tle 

TBS 

TE 

Ws 

83. 

85. 

Relative minimum: (0, 1) 

Relative maximum: 

(2, 1/ /27) 
Points of inflection: 

—0.5 0 

(eS ae 
LAT; ati 

Relative minimum: (0, 0) 

Relative maximum: (2, 4e 7) 

Points of inflection: 

(2+ /2,(6 + 4/2)e-2+#v2)) 

Relative maximum: 

Cian e) 

Point of inflection: (0, 3) 

A = 

(5, e) 

(a) 20,000 (b) When t = 1, 

dV 
ae — 5028.84. 

When t = 5, 

a 4 LET a) 
dt 

(c) 20,000 

Sea 

0 

(a) 2 (b) P = 10,957.7e~0-1499h 

ny nN Ls) 

0 

In P = —0.1499h + 9.3018 

(aes (d) h=55-776 

0 See tes 
0 



erg led oe Fo =I +x 45x? 

The values of f, P;, and P, and 

their first derivatives agree at 

x= 0. 

89. 12! = 479,001,600 
Stirling’s Formula: 12! ~ 475,687,487 

91.6% +C 93.4e%14+C 95. Fe +C 
97. 2eY* + C 
wore imne 4 1) 49C, or inl +e) ) = C, 

101. —(1 — e*)/2+C 103. Inlew—e*|+C 
105. —3e°2*+e*+C 107. Incose*| + C 
109. (e? — 1)/(2e7) 111. (e — 1)/(2e) 

isan(e/3)(e2 —"1) 115. n( +e) 

117. (1/2)[esin(r"/2) ie 1] 

119. (a) y (b) oy = hee 
6 

fea) 1/ (2a) le" + C 

125.0c2 — | = 147.413 
150 

123. f(x) = (eX + e*) 
127. 2(1 — e~3/2) = 1.554 

SS 

0 6 
0 -3 

129. Midpoint Rule: 92.190; Trapezoidal Rule: 93.837; 

Simpson’s Rule: 92.7385 

131. The probability that a given battery will last between 

48 months and 60 months is approximately 47.72%. 

133. a = In3 

135. f(x) = e* 
The domain of f(x) is (—00, 00), and the range of f(x) is 
(0, co). f(x) is continuous, increasing, one-to-one, and 
concave upward on its entire domain. 

lim e* = Oand lim e* = co 
xy — CO x—- co 

137. (a) Log Rule (b) Substitution 

139. I eat = | dives —mieenxnen =. ll tore 0) 
0 0 

141. (a) t= are! 
DNs TAN 

(b) x”(t) = k(Ae + Be~™), k? is the constant of proportion- 

ality. 

143. Proof 

Section 5.5 (page 362) 

1, =3 oa0 (b) log;(1/3) = —1 

7. (a) 10°? = 0.01 

5. (a) log, 8 = 3 

(b) (3) °=8 

15. 

19. 

23. 

29. 

3b 

AYE 

43. 

47. 

Sik 

55. 

ay). 

61. 

65. 

67. 

71. 

Ss 

1 

85. 

87. 

Answers to Odd-Numbered Exercises A47 

ie 

d 16. c 17. b 18. a 

@ae=es(b)sr=— to 21 ea eee 
(aie — 12 (>) : 7, Ses) If, Ao rheys) 

A253 31. 33.000 33. +11.845 

yf 
3\=- if 

g& 

+ if + {—_> x 
-1 Ah 3 

= lit 

(In4)4* 39. (—41n5)5-4* 41. (XIN 9 + 1) 
f2"(Cin 22) 45. —2-9[(In 2) cos 76 + asin 76] 

5/[(in4)(5x + 1)] 49. 2/f(in 5)(t — 4)] 
Nin S)re a) 53. (x — 2)/[(In 2)x(x — 1)] 

(3x — 2)/[(2x In 3)(x — 1)] 57. 5(1 — Int)/(t? In 2) 

VS as Na A 

y= | 1 / Opin) Se 1/3 63. 2(1 — Inx)x@/9-? 

(x — 2)**"[(x + 1)/(x — 2) + In@ — 2)] 

= COs € 
y=x 69. y= Ve COS) Cacigel 

Dh 

In 2 

77. In(32* + 1)/(2In3) + C 

$1. 4/in5 — 2/in3 83. 26/In 3 

(b) 10° (c)3<f@) <4 

(e) 10 = (f) 100” 

(b) C’(1) ~ 0.051P, C’(8) ~ 0.072P 

2 4 12 

$1414.78 | $1416.91 | $1418.34 

Continuous 

$1419.04 $1419.07 

Being =e C 73. 3H = +C 

[—1/(21n 5)](5-*") + C 
7/(2 In 2) 

ewe 10 

(dO at 
(a) $40.64 
(c) In 1.05 
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a1. 2 | 4 12 

A | $4321.94 | $4399.79 | $4440.21 | $4467.74 

n 365 Continuous 

A | $4481.23 $4481.69 

| 10 | 20 | 30 

P | $95,122.94 | $60,653.07 | $36,787.94 | $22,313.02 

$13,533.53 $8208.50 | 

>: t | 10 20 30 

P | $95,132.82 | $60,716.10 | $36,864.45 | $22,382.66 

cy $13,589.88 | $8251.24 

Mls 

99. (a) 6.7 million ft?/acre 

dV dV 
(b) t = 20: ia 0.073; ¢ = 60: a 0.040 

TKDE (@)) eee (b) 10,000 fish 

10) 40 
0 

(c) 1 month: About 114 fish/mo 

10 months: About 403 fish/mo 

(d) About 15 mo 

103. (a) y, = —40x + 743, y, = 968 — 265.5 In x, 

y, = 836.817(0.9169)*, y, = 1344.8884x~0568 
(b) 700 700 

300 300 

(c) The number of pancreas transplants is decreasing by 

about 40 transplants each year. 

(d) y,/(8) = —40.04, y,’(8) = —33.18, y’(8) = —36.27, 

y,’(8) = —29.30; y, is decreasing at the greatest rate. 

105. y = 1200(0.6') 107. e 109. e? 

111. False. e is an irrational number. 113. True 115. True 

117. (a) . SNES 9h) (ay 

2 =? = 510 
(b) No./ ‘(x) = (ek = x and g(x) = x 

(c) f(x (x) x(x + 2x In x) 

o') = (in x)? 

119. Proof 

dy oy = yxlny 

ie 

+ xinx 1] 

eS aa Fas 5 Ca ag 
(b) @) 1 when c # 0,c # e 

(ii) —0.3147 

Kc) Mexe) 
123. Putnam Problem B3, 1951 

Section 5.6 (page 372) 

1. (—/2/2, 3/4), (1/2, 77/3), (V3/2, 77/6) 
5.7/3 7.7/6 9. —a/4 11. 2.50 

13. arccos(1/1.269) ~ 0.66 15.x 17. JI — x2/x 
19. 1/x #21. (a) 3/5) 5/3 

23. (a) -V3. (bo) -Bo5—=. 1 — 4? 

Dilan) Xe — aby lag 29.5) x? = O/ SS SL. 2/2 ee 

33. x = qsin($) + a] ~ 1.207 35. x=4 
37. (a) and (b) Proofs 39. 2//2x — x? 
Mls By 2 43. e*/(1 + e%) 

45, (3x — VI — 9x? arcsin 3x)/(x2/T — 9x2) 
AT, = t/ 7 1 49. 2 arccos x 51) iia 

53. arcsin x Reb 32/6 = 32 Bis DG ae we 

59 (4. /3x — 2/3 + 7) 61. y = 4x + (4 — 2)/4 

63. y= Qr — 4) +4 

65. P(x) = x 

(ii) —3.1774 

3. 17/6 

P(x) = x 

69. Relative maximum: (1.272, — 0.606) 

Relative minimum: (— 1.272, 3.747) 

71. Relative maximum: (2, 2.214) 



TEE 

77. 

TE 

81. 

83. 

‘ 7 : l 
Maximum: (2, z) Maximum: (-5, n| 

ae 7 ies 1 
Minimum: | 0, a Minimum: 50 

Point of inflection: (1, 0) Asymptote: y = 2 

= = Dagar a) se tl ae ae se AN) 

) ae ae /2 

If the domains were not restricted, then the trigonometric 

functions would have no inverses, because they would not be 

one-to-one. 

(a) arcsin(arcsin 0.5) ~ 0.551 

arcsin(arcsin 1) does not exist. 

(b) sin(—1) < x < sin(1) 

85. False. The range of arccos is [0, 7]. 

87. True 89. True 

91. (a) 6 = arccot(x/5) 

(b) x = 10: 16 rad/h; x = 3: 58.824 rad/h 

93. (a) h(t) = —162? + 256; t = 4 sec 

(b) ¢ = 1: —0.0520 rad/sec; t = 2: —0.1116 rad/sec 

95. 50./2 ~ 70.71 ft 97. (a) and (b) Proofs 

99. (a) ‘ 

| (b) The graph is a horizontal 

; 7 
ee line at > 

; (c) Proof 

z a: 
101. c = 2 103. Proof 

Section 5.7 (page 380) 

1. 

Shs 

9. 

1. 

17. 

19: 

23. 

27. 

32. 

Si. 

41. 

ne 05 
ALeSiMie= 1 C 3 Se arcsec|2x| + C 

arcsin(x + 1) + C Wf + arcsin t?+C 

1 ‘a 1 f 
— eS «ae LX + 0 arctan 5 +.G 11 4 arctan (e2*/2) + C 

aresin( 2) aie (C 15. 2 arcsin\/x + C 

5 In(x2 +1) — 3 arctanx + C 

8 arcsin[(x — 3)/3] — /6x — x2 +C 

n/6 25. S arctan 3 ~ 0.108 
arctan — 7/4 ~0.588 29. 7/4 31. 427? ~ 0.308 
1/2 S5,-Intxa On al 3 | —t,arctan|(xyt'3)/2)r 1G 

arcsin[(x + 2)/2]+C 39. 4-2/3 + im ~ 1.059 
5 arctan(x? +1)+C 

21. 7/6 

Sh 

61. 

67. 

69. 

71. 

us: 

79. 

- aandb 

. No. This integral does not correspond to any of the basic 

- (a) 

Answers to Odd-Numbered Exercises A49 

. 2Ve' — 3 — 2/3 arctan(/e’ — 3/3) + C 45. 7/6 

49. a,b, andc 

integration rules. 

. y =arcsin(x/2) + 

: 2 x 
A (b) y = =arctan— + 2 : 3 3 

4 5 

fe 

a/3 63. 77/8 65. 37/2 

(a) A (b) 0.5708 

al Ke) (Gar 3¥2)/2 

(a) F(x) represents the average value of f(x) over the interval 

[x, x + 2]. Maximum at x = —1 

(b) Maximum at x = —1 

dx I |3x| 
False. = arcsec sete! 

\—<2 —16 12 4 

True 75-77. Proofs 
1 

1 
(a) [ nee pu (b) About 0.7847 

1 
(c) Because i dt = ~ you can use the Trapezoidal 

Rule to approximate a Multiplying the result by 4 gives 

an estimation of 7. 

Section 5.8 (page 390) 

1. @) 10.018 %b) —0.964 3. (a)= (®)as 
Soa) es 107 eb) 02962 7-13. Proofs 

15. 

ilyh. 

ZO 

31. 

aMh 

ab) 

cosh x = \/13/2; tanh x = 3/13/13; csch x = 2/3; 

sech x = 2./13/13; coth x = /13/3 

co 19. 0 Palle Il 23.5 COS Sx 

— 10x{sech(5x?)tanh(5x7) ] 27. cothx 29. sinh?x 

sech t 33.2 y= 2 2 She) = hehe 

Relative maxima: (+7, cosh 7); Relative minimum: (0, — 1) 

Relative maximum: (1.20, 0.66); 

Relative minimum: (— 1.20, —0.66) 



A50 

43. 

47. 

51. 

Sila 

63. 

69. 

IES 

Ik) 

81. 

87. 

89. 

91. 

95. 

99-107. Proofs 

Review Exercises for Chapter 5 

1. 

17. 

23. 

Answers to Odd-Numbered Exercises 

(b) 33.146 units; 25 units 

(c) m = sinh(1) = 1.175 

45. —}cosh(1 — 2x) + C 
49. In|sinh x| + C 

BB, egelal /a9) se C 

61. Answers will vary. 

5 sinh 2x + C 

¥ cosh3(x —1)+C 

=coth(x2/2)) -- G 

tin3 59. 7/4 

65. 3//9x* = 1 67. 

—2csch !x 
oe ee bee eres 

Rf, 1+ J3x 5 
——— SSS || AE a ee |) = 36 -4F spe geet aC aelT7. infect bl) ana C 

2 sinh-! /x + C = 2In( Vx + JI +x) 4+ C 

1. |x-4 3+ /5 In7 
ri 5 85. 12 

55. In(5/4) 

| 

2./x(1 — x) 

73a esi 4(250) 

cosh x, sech x 

ape 83. nl 

“ls = I 
+ see 

x2 10. |jx—5 

ee ey 
8 arctan(e2) — 27 ~ 5.207 93. F In( 17 + 4) ~ 5.237 

O75 (a) =~ a-) 2/0) Proof 

109. Putnam Problem 8, 1939 

(page 393) 

1 
a arsin( 

[+c 

52 
a1 kg 

Domain: x > 0 

. $[In(2x + 1) + In(2x — 1) — In(4x? + 1)] 

. In(3./4 — x2/x) 

11. 

7.1/(2x) 9. (1 + 2Inx)/(2V/in) 

a *— 3.y=-x+1 15, 5 In| Tx — 2| +-C 

—Injl + cosx|+C, 19.3+In2 21. In(2 + V3) 
(a) f-(x) = 2x + 6 
(b) 1 (c) Proof 

Sy Aci 

(d) Domain of f and f~!: all real numbers 

Range of f and f~!: all real numbers 

25. 

27. 

29. 

OSs 

32: 

43. 

49. 

53. 

ie 

59. 
63. 

67. 

69. 

TB 

Wk 

$1. 

85. 

87. 

91. 

95. 

i (c) Proof 
f 1 

4-> 

Sar if 

t Pie 

—2 -l 1 2) 3} 4 
= 

(d)_ Domam offi = —t; Domain of f>':-x = 0 
Range of f: y = 0; Range of fo! y = —1 

(a) fe oe et 

(b) N A (c) Proof 

(d) Domain of f and f~!: all real numbers 

Range of f and f~!: all real numbers 

1/|3(9/—3)]~ 0.160 31.3/4 33. x= 1.134 
e* — 1 = 53.598 37. te*(t + 2) 

(Caremen)y AVN x(2 = x)/e* 

y=6x+ 1 45. —y/[x(2y + In x)| 47, —je1-P + C 

(c= = 3e" > 3)/Ce) aC 51. (1 — e~3)/6 = 0.158 

In(e? + e + 1) = 2.408 55. About 1.729 

6 

3 

4 

3 

a2 
34) 332) i 1 203/94 

37 ins yl 61s A In eal) 
—1/[In3(2 — 2x)] 65. 5@*/(21n 5) + C 

(a) Domain: 0 = h < 18,000 

(b) 100 7 (c) t=0 

—2,000 20,000 

—20 

Vertical asymptote: h = 18,000 

(a) 1/2 (b) Y3/2 ~—-7i1. (1 — x?)~3/2 

Wer + arcsec x 75. (arcsin x)? 

Sarctan(e) + C 79, 5 arcsinx? + C 

‘Tarctan (x/2)P + Cc 83. iar + /3 — 2 = 1.826 

y’ = —4sech(4x — 1) tanh(4x — 1) 

4 

/16x* + 1 
93. In|tanh x| + C 

‘= — 16x csch?(8x”) 89. y’= 

tanh x + C 

1 B + 2x 

y 

1 
3 

a 1G 
12" | =a 



PS. Problem Solving (page 395) 

la= eas c= —5 

FONE il Se gD) 

il = 39/2 

3. (a) 2 (b) 1 (c) Proof 

y = 0.5* and y = 1.2* 

intersect the line y = x; 

0<a<elle 

Wane — 1 

9. (a) Area of region A = (/3 — /2)/2 ~ 0.1589 
Area of region B = 77/12 ~ 0.2618 

(b) 4[3a7V2 — 12(/3 — V2) — 2a] ~ 0.1346 
(c) 1.2958 (d) 0.6818 

11. Proof ‘13. 2 In3 ~ 0.8109 
15. (a) (i) 

2 PAG 
(b) Pattern: Amie el es 

x3 2. wae ets 
(C)muhematternumpbestthates sl Ss 

Ns eae sil 

Answers to Odd-Numbered Exercises A5d1 

Chapter 6 

Section 6.1 (page 403) 

1-11. Proofs 13. Not a solution 15. Solution 

17. Solution 19. Solution 21. Not a solution 

23. Solution 25. Not a solution 27. Not a solution 

29. y = 3e-*/2 31. 4y? = x3 

33. 

35. y=3e-2* 37. y = 2 sin 3x — }cos 3x B y= -2ethe al. 28 +c 
43. y=FIn(l+x2)+C 45. y=x-—Inx? +C 
47. -3 COS 2aiG, 

49. y = 20-692 + 4-672 +C Sl y=her +C 
< 

II 

Saab 58. c 59. d 60. a 

63. (a) and (b) 

(c) Asx 00, y> — 00; 

as Xx — 00, y—> — 00 

(c) As x00, y — 00; 

as x > — 00, y —0O 



ASE —. Con) —> CO 

67. (a) and (b) 

Td 

y(x) 
; 3.0000 5.1840 | 6.2208 
(h = 0.2) 

As x00, y00 sis) | 

69. (a) and (b) (h =n) 3.0000 5.3147 | 6.4308 

Answers to Odd-Numbered Exercises 

79. 

G 0 0.2 0.4 0.6 0.8 1 

y(x) 
(exact) 

3.0000 | 3.6642 | 4.4755 | 5.4664 | 6.6766 

y(x) 
(exact) 

83. (a) y(1) = 112.7141°; y(2) = 96.3770°; y(3) = 86.5954° 

(b) y(1) = 113.2441°; y(2) = 97.0158°; y(3) = 87.1729° 

(c) Euler’s Method: y(1) = 112.9828°; y(2) = 96.6998°; 
y(3) = 86.8863° 

Exact solution: y(1) = 113.2441°; y(2) = 97.0158°; 

y(3) = 87.1729° 

The approximations are better using h = 0.05. 

85. The general solution is a family of curves that satisfies the 

differential equation. A particular solution is one member of 

the family that satisfies given conditions. 

87. Begin with a point (x9, yo) that satisfies the initial condition 

y(Xo) = yo. Then, using a small step size h, calculate the point 
(x1, ¥,) = (xo + A, Yo + AF (Xo, Yo)). Continue generating the 
sequence of points (x, + h, y, + hF(%,»y,)) OF (%n41>Yn41): 

89. False. y = x? is a solution of xy’ — 3y = 0, buty = x7 + 1 

0.35 0.4 

1.569 | 1.464 

is not a solution 

91 ae 

0.5 93. ( 

a EC eC 
6 ly | 4 2.6813 | 1.7973 | 1.2048 | 0.8076 | 0.5413 

2) 

Mate pale | [ 1.6384 | 1.0486 | 0.6711 | 0.4295 

1.339 

ok 0.1213 | 0.1589 | 0.1562 | 0.1365 | 0.1118 

e 0 | 0.2813 | 0.3573 | 0.2308 | 

| 0.4312 | 0.4447 

(b) If h is halved, then the error is approximately halved 

because r is approximately 0.5. 

(c) The error will again be halved. 



95. (a) A (b) lim IK) = 

3+ 7 
| 
| 
| 
} >I 

=3+ 

97. w = +4 99. Putnam Problem 3, Morning Session, 1954 

Section 6.2 (page 412) 

Wet 3e 4+ C3. y= Ce*— 3 
Bae \5k = 7. y= CeO 9. y= Cll + x?) 

11. dO/dt = k/t? 

OR —Kt+ C 

13. (a) (b) y=6-—6e*/2 
‘ore e 

pana 

=6 6 

=4 

15. y = 412 + 10 17. y = 10e-*/2 
16 16 

(0, 10) oe 

=4 4 =A 10 

= =4 

19. 8102 1-5 = (1/2)el(n 10)/S}t ~ (1/2)e9-4605« 

D3 = 5(5/2)!/4elin(2/5)/4}¢ = 6.2872¢e70:2291t 

25. C is the initial value of y, and k is the proportionality constant. 

27. Quadrants I and III; dy/dx is positive when both x and y are 

29. 

31. 

33. 

ABE 

SH 

32. 

41. 

43. 

45. 

49. 

51. 

SBE 

Sky 

Sie 

positive (Quadrant I) or when both x and y are negative 

(Quadrant III). 

Amount after 1000 yr: 12.96 g; 

Amount after 10,000 yr: 0.26 g 

Initial quantity: 7.63 g; 

Amount after 1000 yr: 4.95 g 

Amount after 1000 yr: 4.43 g; 

Amount after 10,000 yr: 1.49 g 

Initial quantity: 2.16 g; 

Amount after 10,000 yr: 1.62 g 

95.76% 

Time to double: 11.55 yr; Amount after 10 yr: $7288.48 

Annual rate: 8.94%; Amount after 10 yr: $1833.67 

Annual rate: 9.50%; Time to double: 7.30 yr 

$224,174.18 47. $61,377.75 

(a 1024 yr (O) 9:93 yr" (©) 9.90lyr 

(yee 2 liens Oo! a (b)F 2.08 million 

(c) Because k < 0, the population is decreasing. 

(a) P = 33.38¢e°°  (b) 47.84 million 

(c) Because k > 0, the population is increasing. 

(a) N = 100.1596(1.2455)’ (b) 6.3h 

tae = SOL =e; OP") | (b) 036 days 

(d) 9.90 yr 

wn \o 

Answers to Odd-Numbered Exercises Abd3 

. (a) Because the population increases by a constant each 

month, the rate of change from month to month will 

always be the same. So, the slope is constant, and the 

model is linear. 

SG Although the percentage increase is constant each month, 

the rate of growth is not constant. The rate of change of y 

is dy/dt = ry, which is an exponential model. 

61. (a) P,; = 106e%9!487' = 106(1.01499): 

(b) P, = 107.2727(1.01215) 

(c) 350 (d) 2029 

63. (a) 20dB (b) 70dB  (c) 95dB_~ (d) 120dB 

65. 379.2°F 

67. False. The rate of growth dy/dx is proportional to y. 

69. 

Section 6.3 

False. The prices are rising at a rate of 6.2% per year. 

(page 421) 

il, 4 ar? = Sh BE ae Dre © Be ip = (Cates 

Ty = Ce 2)? 92 = GC — 8 cos x. 

11. y = -1V/1 Shy se€ 13. y = Cellnx)?/2 

15. y2=4e°+5 = 17. y= e7 +24)/2 
19M ae 2 3. P= Pee 
25, 47 0? = 16 1 2tay asx 29. fx) = Cer? 
31. 

33 

34 

35) 

36 

37 

39 

y 

y= $x? ae 

. (a) dy/dx = ky — 4) (b) a (c) Proof 

. (a) dy/dx = k(x — 4) (b) b (c) Proof 

. (a) dy/dx = ky(y — 4) (b) c  (c) Proof 

. (a) dy/dx = ky? (b) d~ (c) Proof 

- 97.9% of the original amount 

- (a) w= 1200" 1140es” 

(b) Ww =.1200)— 11402 °*" w= 1200 — 11406 ° 
1400 1400 

0 10 0 10 

0 0 

w = 1200 — 1140e™ 
1400 

0 10 

0 

(c) 1.31 yr; 1.16 yr; 1.05 yr (d) 1200 Ib 



Ab4 Answers to Odd-Numbered Exercises 

41. Circles: x? + y?=C 43. Parabolas: x7 = Cy 

Lines: y = Kx Ellipses: x? + 2y? = K 

Graphs will vary. Graphs will vary. 

45. Curves: y*? = Ce 

Ellipses: 2x2 + 3y? = K 

Graphs will vary. 

47. d 48. a 49. b 50. c 

51. (a) 0.75 = =(b) 2100 =(c) 70) =—(d) 4.49 yr 

e) dP/dt = 0.75P(1 — P/2100) 

SRE (ENS (b) 100 

(c) AERTS (d) 50 

0 

55. y = 36/(1 + 8e~") 57. y = 120/(1 + 14e~°**) 

200 
59. (a) P= Td 7e- 026401 (b) 70 panthers (c) 7.37 yr 

(d) dP/dt = 0.2640P(1 — P/200); 65.6 (e) 100 yr 

61. Answers will vary. 63. Proof 

65. (a) v = 20(1 — e7 1386) 

(bys = 208 14 43(e- 8s 1) 

67. Homogeneous of degree 3 69. Homogeneous of degree 3 

71. Not homogeneous 73. Homogeneous of degree 0. 

15.0l%| = CG =) TUR Pam Ohne ell Peta 

79. y = Ce 7/4) 

81. False. y’ = x/y is separable, but y = 0 is not a solution. 

83. True 

Section 6.4 (page 428) 

1. Linear; can be written in the form dy/dx + P(x)y = Q(x) 

3. Not linear; cannot be written in the form dy/dx + P(x)y = Q(x) 

SE Se etn OY) G Gls 3) = 1S AE (Ce? 

9. y = —1 + Cesnx 11, y = (x? — 3x + C)/[3@ — 1)] 

13. y=e"(x + ©) 
15. (a) Answers will vary. (b) y= S(e* ee) 

A (c) : 

is 
-6 6 

+ $+—}> x 

~4 4 as 

17. y= 1 + 4/e™= 19. y =sinx + («+ 1) cosx 

21.xy=4 23. y= —2+xIn|x| + 12x 

25. P= —N/k + (N/k + P,)e™ 

) $4,212,796.94 

pan 

(b) $31,424,909.75 

(bD) aN =s/aea Cone 

(c) N = 75 — 55.9296e~ 9.0168: 

31 @)i = — 15947 ie 2200) 159747 ft/sec 

Eo 
seh = + Ce7RV/L 35. Proof 

37. (a) Q = 25e-/ ~— (b) —20 In(2) ~ 10.2 min (c) 0 

39. Answer (a) + P(x)y = O(x); u(x) = e!PQ) ax 

43. c 

47. (a) 

-4 

(b)at= 

49, 

(by Ula) yin cose asim) cse-x— 2, conx 

(3, 1): y = (2.cos3 — sin 3)'esc x — 2 cot x 

Bil, De? ob 2 = CC SS. y= Ce 

55. y = [e*@ — 1) + Cl/x2 57. y = By + C/x 

59, 1/y2 = Ce + 61. y = 1/(Cx — x?) 

63, 1) y= 25 Ce 65. y2/3 = 2e* + Ce2x/3 

67. False. y’ + xy = x? is linear. 

Review Exercises for Chapter 6 

1. 

is 

11. 

(page 431) 

5. y= sin2x+C Yes 3. y=9x+72x+C 

a eS ee te 

(a) and (b) 

(2) A 
te 5 



15. y= —-38 +24+C 
ies 3 — 1 /(x = C) 19: y= Ce*/(24 x)? 

dy k k 3 . See Ee oes sy ae coms 21 7 ap € 23. y ~ 7 

7) = e(t/2)In(10/3)t 27. About 7.79 in. 

29. About 37.5 yr 

Sia ys = 3067 17918/2 
(c) 30 

(b) 20,965 units 

0 40 
0 

Boe nox tC 

ary 10x — 8 39. yt = 

35y= Cee 

ea 

Graphs will vary. 

4x27 +y=C 

Asa) 0155 (6b) 5250 (c) 150 @) 641 yr 

dP P 
(e) ae 0.55 = +) 

80 

oF 1 + 9e* 

20,400 
AT. (a) P(t) = T+ 160-0553 (b) 17,118 trout (c) 4.94 yr 

49. y = —10 + Ce* 51. y= enl(ex + C) 

53. y=(x+ O/(x-2) 55. y= pet + Be™ 

(page 433) 

1. (a) y = 1/(1 — 0.011); +7 = 100 

fjey = Ly I() rs ket | Explanations will vary. 

B. (a) y= Le 

PS. Problem Solving 

(c) As t>00, y OL, the carrying capacity. 

Answers to Odd-Numbered Exercises Abd5 

(d) yy = 500 = 5000e~¢ 
7000 

e = 10 => C=1n10 

The graph is concave upward on (0, 41.7) and downward 

on (41.7, oo). 

5. 1481.45 sec = 24 min, 41 sec 

7. 2575.95 sec ~ 42 min, 56 sec 

OS (@)) Gey Bail = eo Ok 

(c) As #—00, Ce °° 50, 
5A SOG i \ and s > 184.21. 

11. (a) C = 0.6e°°?* (b) C = 0.6e7075" 

0.8 0.8 

0 4 0 4 
0) 0 

Chapter 7 

Section 7.1 (page 442) 

6 
1. -| (x? = 6x) dx 

0 
1 

5. of (x? =x) idx 
0 

3 
Re | (—2x? + 6x) dx 

0 

13. d 

152 G@) =O), 
(c) Integrating with respect to y; Answers will vary. 

125 



A56 Answers to Odd-Numbered Exercises 

(Gs) 
(0, 0) Lo ! — 

x 

l 

(1/2)(1 — 1/e) ~ 0.316 

Nwho 

2(1 — In 2) = 0.614 

43. (a) 3 

(3, 0.155 

(b) 4 (b) About 1.323 

47. (a) S 49. (a) 5 

= 4 =3) 3 

= -1 

(b) The function is difficult (b) The intersections are 

to integrate. difficult to find. 

(c) About 4.7721 (c) About 6.3043 

51. F(x) = 42 + x 

(a) F(0) = 0 (b) F(2) = 3 
y 

6 

5 

44 

3 

2 

Shea) 33. (a) 
‘ 

Oye (b) 8 2 | 

t (a Steen ee 

55a) GLO, 5. ‘pe eee 

53. F(a) = (2/7m)[sin(aa/2) + 1] 

(a) F(-1) = 0 (b) F(0) = 2/7 ~ 0.6366 

1 

(b) 7/2 — 1/3 ~ 1.237 

4a ~ 12.566 



(c) F(1/2) = (V2 + 2)/m ~ 1.0868 

— 

55. 14 S75 16 

59. Answers will vary. Sample answers: 

(a) About 966 ft? (b) About 1004 ft? 

61. I bea Ox — 2) ax = a 
=2 

1 
| 1 

: a Sax + = 0, 63 [ Fes ( ae 1) | a 0.0354 

65. Answers will vary. 

Premple; x — 2x? + 1 = 1 —x* on[i—1)1] 

2 4 2 Ugh) [t SoXe) Ke Oye al an is 

67. (a) The integral ie [v,(t) — v,(t)] dt = 10 means that the first 
car traveled 10 more meters than the second car between 0 

and 5 seconds. 

The integral f° [v,(t) — v,(t)] dt = 30 means that the first 
car traveled 30 more meters than the second car between 0 

and 10 seconds. 

The integral Lis Lv,() — v,(t)] dt = —5 means that the 
second car traveled 5 more meters than the first car 

between 20 and 30 seconds. 

(b) No. You do not know when both cars started or the initial 

_ distance between the cars. 

(c) The car with velocity v, is ahead by 30 meters. 

(d) Car | is ahead by 8 meters. 

69. b = 9(1 — 1/3/4) ~ 3.330 71. a= 4-22 ~ 1.172 
73. Answers will vary. Sample answer: Z 

a: 
0.2 04 06 0.8 1.0 

(0, 0) 

75. R,; $11.375 billion 

71.4a) y = 0.0124x? — 0.385x + 7.85 

(b) h (c) h 

Percents of total income Percents of total income x 

20 40 60 80 100 

Percents of families 

20 40 60 80 100 

Percents of families 

(d) About 2006.7 
79. (a) About 6.031 m2 (b) About 12.062 m> 
$1. /3/2 + 77/24 + 1 ~ 2.7823 $3. True 

(c) 60,310 Ib 

Answers to Odd-Numbered Exercises Ab7 

85. False. Let f(x) = x and g(x) = 2x — x?. f and g intersect at 

(1, 1), the midpoint of [0, 2], but 
b 2 = 

[ fx) — g(x)] dx = sh Ix = (Ox = Ald =S = 0. 
a ( 5 

87. Putnam Problem Al, 1993 

Section 7.2. (page 453) 

4 : 
1. a (Sse se WF abs => 3. a (/x)? dx = as 

- l 
4 

0 

l ae 4 
5. ar] [?)? = &°?] de = oe 7. 7 (/y)? dy = 87 

0 aie 0 
1 

9. | (y3/2)2 dy == 
| ee ah 

11. (a) 92/2 (b) (367 V3)/5 
(d) (847/3)/5 

13. (a) 3270/3 (b) 640/315. 1877 

(c) (249 /3)/5 

17. 7(48 In2 — 2) = 83.318 19. 1247/3 
21. 8327/15 23. riIn5 25. 27/3 
27. (w/2)(1 — 1/e2) ~ 1.358 29. 2777/33. 87 
33. 72/2 ~ 4.935 35. (2/2)(e2 — 1) ~ 10.036 
37. 1.969 39, 15.4115 41. 7/3 43. 207/15 
45. 7/2 47. 7/6 

49. A sine curve on [0, 7/2] revolved about the x-axis 

51. The parabola y = 4x — x? is a horizontal translation of the 

parabola y = 4 — x’. Therefore, their volumes are equal. 

53. (a) This statement is true. Explanations will vary. 

(b) This statement is false. Explanations will vary. 

55.2/2 57. V=$n(R?2 — 7?)3/2 59, Proof 
61. arh[1 — (h/H) + h?/(3H7)| 
63. 0.5 

0 2 

—0.25 

7/30 

65. (a) 607 = (b) 507 
67. (a) V = m(4b2 — Sb + 512) 

(py cies (c) b =* = 267 

cea al 

0 4 
0 

b = 2.67 
69. (a) ii; right circular cylinder of radius r and height h 

(b) iv; ellipsoid whose underlying ellipse has the equation 

(x/b)? + (y/a)? = 
(c) iii, sphere of radius r 

(d) i; right circular cone of radius r and height h 

(e) v; torus of cross-sectional radius r and other radius R 

W12(@) ie (bie 73. or 
75. (a) 3r3_—_(b) r3 tan 0; As 090°, V-00. 



A58 Answers to Odd-Numbered Exercises 

Section 7.3. (page 462) 
s ; : 

1 2m x? dx = ot 3. 2n| xJ/x dx = ae 

167 
4 2 

S) 2n| =< dx = 327 ah 2n| x(4x — 2x?) dx = as 
0 ~ 

8a 

4 

128 
11. 2n| week = 

: 15 

13. 2m ae") = Joa 1 - 5 ~ 0.986 
0 J 277 Je 

15. 2n| y(2 — y)dy= Sa 
0 3 

1/2 1 

17. 2n| | y dy +| (2 = i) ay -2 
0 yey SNM 2 

7687 
8 

19. 2n| y= 
0 7 

2u 2m y(4 — 2y) dy = 1627/3 23. 8% 25. 16a 
0 

27. Shell method; it is much easier to put x in terms of y rather 

than vice versa. 

29. (a) 1287/7 = (b) 6477/5 (c) 9677/5 

31. (a) ma2/15.— (b) -a3/15.— (c) 4773/15 

33a) (b) 1.506 
y= (1 —x43)3/4 

(b) 187.25 

y= Va 2x — 6) 

37. (a) The rectangles would be vertical. 

(b) The rectangles would be horizontal. 

39. Both integrals yield the volume of the solid generated by 

revolving the region bounded by the graphs of y = /x — 1, 

y = 0, and x = 5 about the x-axis. 

41. a,c,b 

43. (a) Region bounded by y = x7, y = 0,x = 0,x = 2 

(b) Revolved about the y-axis 

45. (a) Region bounded by x = /6 — y,y = 0,x = 0 

(b) Revolved about y = —2 

47. Diameter = 2./4 — 2./3 = 1.464 49. 477? 

512) (a) Proof (by Gy) V — 27a aoa 53. Proof 

55. (a) R,(n) =n/(n +1) (b) lim R,(n) = 1 

(OVS wee inl DE a) = ee 
(d) lim R,(n) = 1 

(e) AS 7 — oo, the graph approaches the line x = b. 

57. (a) and (b) About 121,475 ft 59.c=2 

61. (a) 6477/3 (b) 20487/35 —(c) 81927/105 

Section 7.4 

1. 

Ue 

11. 

13. 

NW 

21. 

25. 

27. 

29. 

ak 

SBy 

37. 

au). 

41. 

43. 

45. 

47. 

49. 

(page 473) 

(a)and(b) 17 3.25. 3(2,/2 — 1) = 1.219 
5/5 — 2/2 ~ 8.352 9, 309.3195 
In|( 2 + 1)/( 2 — 1)] = 1.763 
S(e2 — 1/e2) ~ 3.627 15. 2 
(a) i 19. (a) ‘ 

4 = 1 2S 

ee 1 
(b) | ets =e 

i x 

(c) About 2.147 

23. (a) h 

2 

(b) i af Weta dx 
0 

(c) About 4.647 

(a) i 

7 y) 

(b) [ VAL FE COS a che (b) [ Res idy 
0 0 

‘Ue I 
= ia Ils ae 

(c) About 2.221 
1 2 O) 

(a) i (b) [ ch 1+(25) dx 

3.0 

ah = (c) About 1.871 
2.0 +- Pt 

(c) About 3.820 

1.0 -- 

= t + ne 
-0.5/ OS 1.0) 15: 2:0 

(a) 64.125  (b) 64.525 (c) 64.666 

20[sinh 1 — sinh(—1)] ~ 47.0m 

3 aresin 5 =)2,1892 
3) 

Qa sevi + x4 dx = 5 (82/82 — 1) = 258.85 
0 

2/3 2 ay IL Wee 1 41a 
— + —|[— +—]|dr == ~9. 2a (= ae sts) ax 16 9.23 

1 

2m 2dx = 8m = 25.13 
=i 

8 

2a x, [i+ eax = Zs id — 10/10) ~ 199.48 
1 

2 2 

2m 1 Sets = 3 ll6v2 - 8) ~ 15.318 
0 

14.424 

A rectifiable curve is a curve with a finite arc length. 

(d) 64.672 

33. About 1480 



51. The integral formula for the area of a surface of revolution is 

derived from the formula for the lateral surface area of the 

frustum of a right circular cone. The formula is § = 27rL, 

where r = 3(r, + r,), which is the average radius of the 
frustum, and L is the length of a line segment on the frustum. 

The representative element is 27 f(d;) /1 + (Ay,/Ax,)? Ax,. 

53. (a) i (D) Wy. Ya, V3 Ya 

5+ (©) Si, = DOB i = D/P 
+f S3 — 3.916; 5, = 6.063 

55.207 57. 6n(3 — J/5) ~ 14.40 
59. (a) Answers will vary. Sample answer: 5207.62 in? 

(b) Answers will vary. Sample answer: 1168.64 in.* 

(c) r = 0.0040y? — 0.142y? + 1.23y + 7.9 
20 

=1, 19 

= 

(d) 5279.64 in.?; 1179.5 in.? 
b 

61. (a) z(1 — 1/b) A Beaten ly gzacixc 
1 

(c) Jim Ve Jim. a(1 — a = 

(b) 27 

Ge sae, an 
(d) Because ————— = ms > 0on[1, d], 

aoe b b ae 

yOu nove [| ET ae ee, ue = jin. =Inb 
1 1 

[EE 

and jim In bc. So, jim ai, Ee = 
—0o l 

63. Fleeing object: 5 > unit 

1f!x+1 4 (2) 
Pursuer: dx ==> =2(- 

2Jo Vx 3 
65. 3847/5 67-69. Proofs 

Section 7.5 (page 483) 

1. 48,000 ft-lb 3. 896 N-m_5. 40.833 in.-Ib ~ 3.403 ft-lb 
7. 160 in.-lb ~ 13.3 ft-lb 9. 37.125 ft-lb 

11. (a) 487.805 mile-tons ~ 5.151 x 10? ft-lb 

(b) 1395.349 mile-tons ~ 1.473 x 10!° ft-lb 

13. (a) 2.93 x 10* mile-tons ~ 3.10 x 10!! ft-lb 

(b) 3.38 x 10* mile-tons ~ 3.57 x 10!! ft-lb 

15. (a) 2496 ft-lb = (b) - 9984 ft-lb 17. 470,4007 N-m 

19. 2995.27 ft-lb 21. 20,217.67 ft-lb 23. 245777 ft-lb 

25. 600 ft-lb 27. 450 ft-lb 29. 168.75 ft-lb 

31. If an object is moved a distance D in the direction of an applied 

constant force F, then the work W done by the force is defined 

as W = FD. 

33. The situation in part (a) requires more work. There is no work 

required for part (b) because the distance is 0. 

35. (a) 54 ft-lb (b) 160 ft-lb (c) 9ft-lb (d) 18 ft-lb 

37. 2000 In(3/2) ~ 810.93 ft-lb 39. 3249.4 ft-lb 

Answers to Odd-Numbered Exercises Abd9 

41. 10,330.3 ft-lb 

43. (a) 16,0007 ft-lb 

(c) F(x) = 

(b) 24,888.889 ft-lb 

— 16,261.36x4 + 85,295.45x3 — 157,738.64x2 

+ 104,386.36x — 32.4675 
25,000 

(d) 0.524 ft (e) 25,180.5 ft-lb 

Section 7.6 (page 494) 

Veg 30 S45.) a Se Oe 
7.x=6ft 9@y=(2-3) 11. &y=(2,8) 

13. M, = p/3,M, = 49/3, (&, ¥) = (4/3, 1/3) 
15. M, = 4p, M, = 64p/5, (%, y) = (12/5, 3/4) 
17. M, = p/35,M, = p/20, (%, 5) = (3/5, 12/35) 
19. M, = 99p/5,M, = 27p/4, (%, y) = (3/2, 22/5) 
21. M, = 192p/7, M, = 96p, (%, ¥) = (5, 10/7) 
23. M, = 0, M, = 256p/15, (%,¥) = (8/5, 0) 
25. M, = 27p/4,M, = —27p/10, (&,¥) = (—3/5, 3/2) 
27, 29. 

-50 

&, y) = G.0, 126.0) eS) hiss (0, 16.2) 

Syl, 33. i 

x 

ED oil Wo a4 

@5) = (0,9) 

39. 1287/3 ~ 134.04 

41. The center of mass (x, y) is ¥ = M, /mand y = 

- + m,, is the total mass of the system. 

M,,/m, where: 

Ls =), > M, 

2. M, = mx, + m,x, +-- 

the y-axis. 

3..Mr= mp © Mao to 4 
the x-axis. 

- + m_x, is the moment about 
nn 

-+m,y,, 18 the moment about 

45. (x,y) = (2 <) 

ate (Gore a ab 47. (x,y) = (‘< ab) Slab) ) 
(0, 4b/(377)) 

43. See Theorem 7.1 on page 493. 

49. (x, y) = 



A60 

D5: 

Die 

Section 7.7 

il. 

9. 748.8 Ib 

15. 

21. 

29. 

31. 

aRe 

Review Exercises for Chapter 7 

1. 

Answers to Odd-Numbered Exercises 

(b) ¥ = 0 by symmetry 

Vb 

(c) M, = | _x(b — x”) dx = 0 because x(b — x”) is an odd 
— Vb 

function. 

(d) y > b/2 because the area is greater for y > b/2. 

(ec) y = G/5)b 
s (aye) = (0, 12.98) 

(b) y=" 1.02 10) x* = 10.00 19x 7-29.28 

(c) @, y) = (0, 12.85) 

(x, ¥) = (0, 2r/7) 
wah ely ap ag dl 

Gy) = (2 ane 2 

toward the line segments y = 0 forO = x S 1 and x = 1 for 

1 
OrSty.241; @9) (1,4) 

} As n—oco, the region shrinks 

(page 501) 

3. 4992 Ib 

11. 1064.96 lb 

2,381,400 N 17. 2814 lb 19. 6753.6 lb 

94.5 lb 23-25. Proofs 27. 960 Ib 

Answers will vary. Sample answer (using Simpson’s Rule): 

3010.8 Ib 

3./2/2 ~ 2.12 ft; The pressure increases with increasing depth. 

Because you are measuring total force against a region 

between two depths 

1497.6 Ib 5. 748.8 lb Tell 2321p 

13. 117,600 N 

(page 503) 

NI 
ba) 

i) 
+ 

1 
6 

15. (a) 9920 ft? (b) 10,4135 ft 
17. (a) 97 = (b) 18a) O(c) OS (dd) 36 —Ss«d9. 2/4 
91. 2arln 2.5 = 51757. © 23. 1.958 ft 
25. £(1 + 6/3) ~ 6.076 27. 4018.2 ft 29. 15a 
31. 62.5 in.-lb ~ 5.208 ft-lb 
33. 122.9807 ft-lb ~ 193.2 foot-tons 35. 200 ft-lb 

37.a=15/4 39.36 41. @,y) = (1,2) 
__. (29m + 49) 

43. (x,y) = Gas 0) 0 45. 3072 Ib 

47. Wall at shallow end: 15,600 Ib 

Wall at deep end: 62,400 Ib 

Side wall: 72,800 Ib 

PS. Problem Solving (page 505) 

193 3. y = 02063z 
. 5/20 

5. ? : 

0.5 7 

0.25 +- 

“OR -1.5 Si 

—0.25 + 

-0.5 

7. V=2nld +4/w + Pllw 
9. f(x) =2ev/2-2 11. 89.3% 

= oi (a) (X,Y) = (2, 0) 

= psc atar Sb baad) 
(0) Gy) = (aH + b+ 

Ati (3 0) 

15. Consumer surplus: 1600; Producer surplus: 400 

17. Wall at shallow end: 9984 Ib 

Wall at deep end: 39,936 lb 

Side wall: 19,968 + 26,624 = 46,592 lb 



Chapter 8 

Section 8.1 (page 512) 

1. b sh fe 

du du 
5. | udu | — Oh || = 2 
| Uu i Jat — wv 

a 4 w= 1 = 2x (is 

11. [ si u du 13} fe du 15. 2(x — 5)’ + C 

et? u = sinx 

17. —7/[6(<-— 10)]}+C 19. 4v?- 1/[63v —-1)2]+C 
21. —FIn|-—2 + 9+ 1) +C 
23. 5x2 +x+Inlx-1]+C 25. n(lt+e)+C 

27. —(48x4 + 200x2+ 375) + C 29. sin(2arx2)/(4n) + C 
i) 

31. —2/cosx+C 33. 2in(lt+e)+C 
Satine) + CG 37. —In\cse a. + cot a] + In|sn a| + C 
39. —+ arcsin(4t +1)+C 41. 5 In|cos(2/t)| +C 

43. 6 arcsin[(x — 5)/5] + C 45. 4 arctan[(2x + 1)/8] + C 

47. (a) i (b) 4 arcsin t? — 5 
| aaee eae Ss pearly 5 0.8 

4 WN {WN 4 WN 

51. y=4e% + 10eX + 25x+C 53. r= 10 arcsine’ + C 
55. y= + arctan(tan x/2)+C Sle 3 

59. 5(1—e')~0.316 61.8 63. 7/18 
G5 18./6/5 ~ 8.82 67. 5 ~ 1.333 
69. * arctan|4+(x =f 2)| ae 

Graphs will vary. 

Example: 

The (ea) —= eae 

Graphs will vary. 

Example: 
6 

7 

One graph is a vertical 

translation of the other. 

One graph is a vertical 

translation of the other. 
n+l 

iil 
WY Power Rute: | w" du = Osu ln 3 

75. Log Rule: {# = Injul + Chu=x? +1 

eed = ./2,b =F fee eso(x +2) + cof(x +2} ap C. | 
oe 

Ni 79, a= 

81. 

83. 

85. 

87. 

89. 

91. 

D5: 

OTe 

Answers to Odd-Numbered Exercises A61 

(a) They are equivalent because 

Gee Se SieX 2 eC = Ce (C= 6S, 

(b) They differ by a constant. 

seca Cy tan x > 1) eC, = tan? xs eC 

a 

@) ty) A [y=v2a] 

el 

= r 

¥ > x a3 

(c) 

> mI 2 

(a) (1 — e~!) ~ 1.986 

307 b) b=1i/ 1 = 0, (b) b (=?) 0.743 

In(/2 + 1) ~ 0.8814 
(877/3)(10./10 — 1) ~ 256.545 
About 1.0320 

(a) } sin x(cos?.x + 2) 

(b) = sin x(3 cos* x + 4 cos? x + 8) 

(c) fs sin x(5 cos® x + 6 cos* x + 8 cos? x + 16) 

93. 5 arctan 3 ~ 0.416 

(d) [eossxa = fo — sin? x)’ cos x dx 

You would expand (1 — sin? x)’. 

99. Proof 

Section 8.2 (page 521) 

ends e24dx ah = (hie ay = ake 

5. dv = sec ax We gx(4Inx — 1) +C 

] 1 1 — sin 3x — = a (4e + 1) + 9. 9 sin 3x 3% COs 3x + C 11 loom 4X 1)+C 

13. 

15), 

19. 

23. 

25. 

27. 

29. 

abt 

exo — 3x7 + 6x — 6) + C 

*[2(e2 — 1) Ine + 1] —22+24)+C = 17. 3(Inx3 + C 
ex/[A(2x + 1)]+C 21. (x — 5)3/2(3x + 10) + C 
Se Gilg? ap COSse ar (C 

(6x — x3)cos x + (3x? — 6)sinx + C 

x arctan x — $In(1 + x2) + C 

—2e-3 sin 5x — He cos5Sx+C 31. xInx—x+C 

8r ee: ; 
p= =P —— BRS a(S Sp)? y 5 34 5t 7503 + 5t) 875° 5t) ( 

2 
= Sew 3 + = 200 240. 625 Baier ) 



Answers to Odd-Numbered Exercises 

49. 

Ail 

Sah 

55: 

57. 

59. 

61. 

65. 

67-71. Proofs ae 

IES 

WI: 

Th): 

83. 

85. 

. [7/0m)](1 — e-47) = 0.223 

. (1 — 3/3 + 6)/6 ~ 0.658 

. S[e(sin 1 — cos 1) + 1] ~ 0.909 

. 8 arcsec 4 + /3/2 — 15/2 — 22/3 ~ 7.380 

(e2*/4) (2x2 — 2x + 1) + C 

Gx? — 6)'sina)— G2 — 6x) cosa. C 

xian + injcosa|-+ C 
2(sin Vx — ./x cos J/x) iG 

Sater — 2x7e" + 2e°) + C 

(a) Product Rule 

(b) Answers will vary. Sample answer: You want dv to be the 

most complicated portion of the integrand. 

(a) No, substitution (b) Yes, u = Inx, dv = x dx 

(c) Yes, u = x*,dv = e-** dx —_(d) No, substitution 

l 1h 
(e) Yes, u = x and dy = Wea dx (f) No, substitution 

i J4 + (x2 — 8) +C 
n=0: xInx—1)+C 

a= ile 4x2(2 Inx — 1)+cC 

= OE eras 1) + 

n= 3: ox (4x 1) AG 

n=4: see (5Inx-1)+C 
xntl 

[ xine = a Ganreet ttl) ney Hee 

= COS Gin SIN Gh COS oe: 

46x(6 In x 1) = (G 

e >*(—3 sin 4x — 4 cos 4x) 
+ 

25 S 
1 81. : 

-1 ve 

0 1S} 
4 0 

2 toe 1.602 = (+ 1) ~ 0.395 
e VV aaTeNe 

(a) 1 (b) mle — 2) = 2.257 (c) 4ar(e? + 1) ~ 13.177 
2 ay 

(d) (a ane 7 *) ~ (2.097, 0.359) 

In Example 6, we showed that the centroid of an equivalent 

region was (1, 7/8). By symmetry, the centroid of this region 

is (7/8, 1). 

89. $931,265 

91. 

UE, 

97. 

99, 

Section 8.3 

1. 

Ss 

Te 

. 75(6x + sin 6x) + C 
: 4 (2x? = 2x sini2x — cos 2x) + C 

. 637/512 

. (sec wx tan ax + In|sec wx + tan wx|)/(27) + C 

: + tan4(x/2) 

3h 

#4 

93. b, = [8h/(n7)*] sin(n7/2) 

(a) y= +(3 sin 2x SOC OSH 1s) 

(b) 

Proof 

(d) You obtain the following points. 2 

The graph of y = xsinx is below the graph of y= x on 

[0, 7/2]. 

For any integrable function, [f(x) dx = C + ff(x) dx, but this 
cannot be used to imply that C = 0. 

(page 530) 

3. 75 sin’ 2x + C 
—4cos3 x + teosix + C 

—+(cos 26)3/2 + (cos 26)7/2 + C 

1 
= COS tac, 

13 5 
17. 57/32 19. ¢ In|sec 4x + tan 4x| + C 

— tan?(x/2) — 2 ae [ic 

| Ee 2t sec? 2) |= _-“l+e¢ oeat 6 of 5 3 AE 546 (le Sm (C. 

1 . Fsec7x — Fsecdx + C 

« Iniset x +r tan 3) = Sin ta 
. (1276 — 8 sin 277@ + sin 4776)/(327) + C 

y = sec? 3x — 38sec 3x + C 



43. 

47. 

49. 

Sills 

oo: 

Se 

65. 

67. 

69. 

71. 

Uke 

83. 

85. 

87. 

45, 3(2 sin 26 — sin 46) + C 53 cos 2x — cos 6x) + C 

+(In|esc? 2x| — cot? 2x) + C 
—} cot 3x — § cot? 3x + C 

In|csc t — cot t| + cost + C 
Eitescx — cot x| + cosx + C Ssh f= Diging ar € 

7 59, 3(1 — In2) 61. In2 63. 4 

(a) Save one sine factor and convert the remaining factors to 

cosines. Then expand and integrate. 

(b) Save one cosine factor and convert the remaining factors 

to sines. Then expand and integrate. 

(c) Make repeated use of the power reducing formulas to 

convert the integrand to odd powers of the cosine. Then 

proceed as in part (b). 

(a) ¢sintx + C  (b) —;cos?x + C 

(c) 5 sin? x +E @) -} cos 2x + C 

The answers are all the same; they are just written in different 

forms. Using trigonometric identities, you can rewrite each 

answer in the same form. 

(a) 7g tan®3x + 7 tant 3x + C,, 7g sec® 3x — 75 sect 3x + C, 

(b) 0.05 (c) Proof 

—0.05 

Ty, Al 75. 2m(1 — 1/4) ~ 1.348 

a) w?/2 = (b) (%, y) = (7/2, 77/8) 79-81. Proofs 

+ cos x(3 sintx + 4 sin?x + 8) + C 

aE tan 22% sec 
67 5) 

(a) H(t) ~ 57.72 — 23.36 cos(at/6) — 2.75 sin(at/6) 

(b) L(t) ~ 42.04 — 20.91 cos(at/6) — 4.33 sin(at/6) 

(@) 2 The maximum difference is at 

t ~ 4.9, or late spring. 

> Wi 

2B 49) 4 ¢ 

89. Proof 

Section 8.4 (page 539) 

Lx=3tand 3.x=5sino 5. x/(16/16—x)+C 
7. 41n|(4— /16 — x2)/x| + /16— x2 + C 

25. 

29. 

31. 

33. 

So: 

ST 

39: 

41. 

43. 

45. 

47. 

49. 

51. 

53. 

SBr 

Die 

59. 

63. 

65. 

67. 

69. 

Wk 

We 

Section 8.5 

1. 

SE 

, In|x + Sx? — 25 

iW le 

13. 

le 

19. 

21. 

Answers to Odd-Numbered Exercises A63 

iG 

“(x2 — 25)3/2(3x2 + 50) + C 

= eae) eC 15, 5[arctan x + x/(1 + x2)] + C 

sx/9 + 16x? + 3 Infax + /9 + 16x2| + C 
2 arcsin(2x/5) + 5x25 — 4x2 +C 

arcsin(x/4) + C 23. 4 arcsin(x/2) + x/4 — x2 +C 

oe 2M at a | in J4x2 +943 

She 3 2G 

3/J/x7+34+C 

S(arcsin ex + ex /1 — e*) +C 

1 x/(x? + 2) + (1/2) arctan(x//2)| apne. 

he ALCSEO 2 + In|2x art 4x eh i| HG 

arcsin[(x — 2)/2] + C 

VxeerO 1293, lal 6x eta) 

(a) and (b) V3 — 7/3 ~ 0.685 
(a) and (b) 9(2 — V2) ~ 5.272 
(a) and (b) —(9/2) In(2./7/3 — 43/3 — \/21/3 + 8/3) 

+ 9./3 — 2/7 = 12.644 
(a) Let u = asin 0, a? — u* = acos 6, where 

—m/2< 6s 7/2. 

(b) Let u = atan 0, /a* + u? = asec 0, where 

90 2 <0. <Not) 2 

(c) Let u = asec 0, /u* — a? = tan Oif u > a and 

Juv — a = —tan 0if u < —a, where 0 < 0 < 7/2 

or 7/2 < 0< 7. 

(a) 5 In(x? + 9) + C; The answers are equivalent. 

(b) x — 3 arctan (x/3) + C; The answers are equivalent. 

a/3 

= [ cos 6dé@ 
0 

(c) r°. — 7/4) 

Uo} 

wi 

I 

Yt 

sal ©! 

True 

False “4 ade € 
Ak (1 + x2)3/2 

tab 

(a) 5/2 

677 61. | 

(b) 25(1 — 7/4) 

5(/2 +1) _ 
CaN + Jae - a= 4301 

Length of one arch of sine curve: y = sin x, y’ = cosx 
T 

L, = | w/ cos x'ax 
0 

Length of one arch of cosine curve: y = cos x, y’ = —sinx 
a/2 

L, = s/ lear sina dx, 
—77/2 

a/2 

J1 + cost(x — 2/2) dx, u = x — m/2, du = dx 
—n/2 

0 7 

i JTF sa du = | V1 + cos? udu = L, 
- 0 T 

(0, 0.422) 

(77/32) [102. /2 — in(3 + 2/2)] ~ 13.989 
(a) 187.27 1b = (b) 62.4 77d Ib 71. Proof 

12 + 9/2 — 25 arcsin(3/5) ~ 10.050 

Putnum Problem A5, 2005 

(page 549) 

Il 

Bx tC 

5 oe 8) 
7. inl{&/e 4] + °C 

AMUSE 
gh ge = eS 

é in|@ — 3)/@'+ 3)| + C 

Hey 
a 



A64 Answers to Odd-Numbered Exercises 

9. 5 Inlx = 2] = Inle 2) 3 lnkeleG 

11. x2 + $In|x — 4| — 5In|x + 2) + C 
13. fx Se daletee eG 

15.2 Ine 2) la 3 x 

17. lo|(? se 

19. Ain| (x — 2)/(x + 2)| + V2 arctan(x/ J2)) +C 

21. dale | V2 arctan| (x = 1)/ V2] iC 

23. In3. 25. 5 In(8/5) — a/4 + arctan 2 ~ 0.557 

PN) se 

tan x + 2 
27. In| rasecss| °C 29. | 

i sad "Ttanx + 3 
ree) 

Jx — 2 ] 

een oe Jx #2 

5-37. Proofs 39. First divide x* by (x — 5). 

1. (a) Substitution: uw = x2 + 2x — 8 

(c) Trigonometric substitution (tan) or inverse tangent rule 

43. 12 In(2) ~ 1.4134 45. 4.90 or $490,000 
47. V = 2n(arctan 3 — 4) ~ 5.963; (x, y) ~ (1.521, 0.412) 
49. x = nle@* DH — 1]/[n + e@t De] 51. 7/8 

Section 8.6 (page 555) 

1. —5x(10 — x) + 25InfS5tx)+C 3. -J1—x?/x+C 
5. 33(3x + sin 3x cos 3x + 2 cos} 3x sin 3x) + C 

7. —2Acot/x + cescVx) + C 9. x—4Fin(1 + 24) +C 
11. ex8(8Inx — 1) + C 
13. (a) and (b) e3*(9x? — 6x + 2) + C 
15. (a) and (6) dala 1)/2| — 1/x + ¢ 

if. M2 + 1) arcesc(x? + 1) + In(x? +1 4+ Sx4+ 2x?)| AG 

19. /x? = 4/(4x) + C 

21. #[In|2 — 5x] + 2/(2 — 5x] + C 
23. e* arccos(e*) — /1 — e2* + C 

25s 5 (x? + cot x? + csc x2) + C 

27. (/2/2) arctan| (I + sin 6)/ /2| +C 

29, —/2 + 9x2/(2x) + C 
31. +(2 In|x| — 3 In|3 + 2 In|x||) + C 
33. (3x — 10)/[2(x? — 6x + 10)] + 3 arctan(x — 3) + C 

35. 41n|x? - 3 + Vx? — 6x2 + 5(4+C 
37. 2/(1 + e*) — 1/[2(1 + e*)?] + Ind + ey) +C 

39. 5(e- 1) ~ 0.8591 41. 2in2 — 3 ~ 3.1961 

(B= || 
oe) 1 In ae (C |+e 33. 2./x + 21n 

Oe 

4 (b) Partial fractions 

43. 7/2 45. 13/8 — 3 + 6 ~ 0.4510 47-51. Proofs 

1 2 tan(6/2) — 3 — J/5 
53. In +C 55. 1n2 

a5) anu — 34/5 7 

57. 5In(3 —2cos@)+C 59. —2cos/6+C 61. 43 

63. (a) [<invac=$etInx — 4x? +C 

|? Inx dx = 3x3 Inx — 9x3 + C 

[x Inx dx = }x4Inx — 7gx*+C 

65. (a) Arctangent Formula, Formula 23, 

1 
i ee 
{a + | 

| 
(b) Log Rule: [ia u=e+1 

Uu 

(c) Substitution: u = x2, du = 2x dx 

Then Formula 81. 

(d) Integration by parts (e) Cannot be integrated 

(f) Formula 16 with u = e* 

67. False. Substitutions may first have to be made to rewrite the 

integral in a form that appears in the table. 

69. 1919.145 ft-lb 71. 3277 73. About 401.4 

Section 8.7 (page 564) 

a5 1 10 102 10° 104, Os 

f(x) | 0.9900 | 90,483.7 A 5ox 1018 

0 
5.2 Tae, 92? 411.4 - 413..0, 15. co, ee 

19. =e? 3 5205 | be 27.0.0 00 
31. Oe 33.n0 ie O50 Co 37.2 39,1 Aligoe 
43. (a) Not indeterminate 45. (a) 0° 00 

(b) co (b) 1 
(c) 3 (c) HS) 

ee Nh 
= -0.5 

47. (a) Not indeterminate 49. (a) co? 

(b) 0 (b) 1 

(c) = (c) : 

-0. a 

-0.5 -0.5 

Sil (@) 1 @) @ 53.4) OCD )a3 

(c) : (c) i 

—————___] 

=A 4 =6 6 

= =1 

55. (a) 0° (b) 1 57. (a) co - co = (b) —F 
(c) e (c) . 

of —7 5 

=A 8 



61. 

63. 

65. 

67. 

69. 

WB 

79. 

$1. 

83. 

85. 

87. 

95. 

97. 

105. 

111. 

113. 

115. 

+ oe 0 - co, 12°, 0°, co — co 

Answers will vary. Examples: 

Cee 9 25. e(x)i Sixt 5 
Be ie eal Xa) SX) ee 
CW —ee — 25. 2(x) = G&— 5)8 

0 0 oO 0 
(ANY. CS ota (|) NO fate (CN CS2 a (Gh) eS? = 

0 al oo) 0 

=| 
(e) No: GP (f) Yes: 0 

10* | 10° 108 O39 

4.498 | 0.720 | 0.036 | 0.001 | 0.000 

0 71. 0 Tk © 

Horizontal asymptote: 

y=1 

Relative maximum: (e, e!/¢) 

77. Horizontal asymptote: 

y=O 
Relative maximum: (1, 2/e) 

Limit is not of the form 0/0 or co/oo. 

Limit is not of the form 0/0 or co/co. 

BG ge ae Ml 
lim!) SS = lh = lim 

(a) 2s JSx2 +1 ieee 3% x00 x2 +] 

Applying L’H6pital’s Rule twice results in the original 

limit, so L’H6pital’s Rule fails. 

(b) 1 
(c) 1.5 

As x0, the graphs get closer 

together (they both approach 0.75). 

By L’Ho6pital’s Rule, 

SICOSe aE 

— x504cos4x 4 

a 3 cos 3x 
~ 4cos 4x : lle 

sin 3x 
im — 
x30 sin 4x 

y=32t+v) 89% Prof 9.c= 3 93.c= 7/4 
False. L’H6pital’s Rule does not apply because 

lim(x? +x -+ 1) + 0. 
x30 

True 99.2 101.3 103.a=1,b=+2 
Proof 107. (a) 0: co (b) 0 109. Proof 

(a)-(c) 2 

ta) cee (b) lim h(x) = 
(c) No 

-2 20 

0 

Putnam Problem Al, 1956 

Se 

ma ON WwW = 

15. 

19. 

27. 

SS: 

45. 

Sse 

59. 

63. 

65. 

71. 

73. 

WSs 

TRY 

81. 

83. 

85. 

89. 

91. 

Answers to Odd-Numbered Exercises A65 

ction 8.8 (page 575) 

. Improper; 0 = - <1 

. Not iinproper; continuous on [0, 1] 

. Not improper; continuous on [0, 2] 

. Improper; infinite limits of integration 

. Infinite discontinuity at x = 0; 4 

. Infinite discontinuity at x = 1; diverges 

. Infinite discontinuity at x = 0; diverges 

Infinite limit of integration; converges to | 17. 

Diverges 21. Diverges 23.2 25. 1/[2(In 4)?] 
w 29. 2/4 31. Diverges 33. Diverges 
0 Wee i 39. Diverges 41. 77/3 43. In3 
m/6 47. 276/349. p>1 51. Proof 
Diverges 55. Converges 57. Converges 

Diverges 

1 

In 

61. Converges 

An integral with infinite integration limits, an integral with an 

infinite discontinuity at or between the integration limits 

The improper integral diverges. 67. e 69. 7 

(2) een (D) ear 2een(© ear: 

Perimeter = 48 

-8 # (0, -8) 

872 77. (a) W = 20,000 mile-tons  (b) 4000 mi 

(a) Proof (b) P = 43.53% (c) E(x) =7 

(a) $757,992.41  (b) $837,995.15  (c) $1,066,666.67 

P= [2ani( Vr? er o\\/(krv r + c?) 

False. Let f(x) = 1/(« + 1). 87. True 

(a) and (b) Proofs 

(c) The definition of the improper integral i isnot lim | 

but rather that if you rewrite the integral that diverges, you 

can find that the integral converges. 
co 

(a) — dx will converge ifn > 1 and diverge ifn < 1. 
aE 

(c) Converges 

(b) About 0.2525 

(c) 0.2525; same by symmetry 

95. 1/s,s > 0 i Dish Se 99. s/(s? + a’), 5 > 0 

101. s/(s? — a’), s > |a| 

103. 1,r(6) = (b) Proof @ Et) = 2TQ)= 
(Sy 1G) (1)! 



A66 

105. c = 

107. 

109. 

Review Exercises for Chapter 8 

el oe’ Mm Ow SO Ue 

Ob 

ik, 

13. 

17-19. Proofs 21. 

alo 36) 
5 Vin se 

. 9e(3x — 1) +C 

. —3x? COSi2% = 5x sin 2x + i cos ee 

Answers to Odd-Numbered Exercises 

1: In(2) 

87[(In 2)?/3 — (In 4)/9 + 2/27] = 2.01545 
l 

| 2 sin(u2) du; 0.6278 111. Proof 

(page 579) 

+C 3. 4In|x2 — 49] + C 
+5~1.1931 7. 100 arcsin(x/10) + C 

11. 7e?*(2 Sip ou tS COSIOG) a G 

£[(8x? — j}) arcsin 2% =: 2x/1 — 4x| aC 

. sin(arx — 1)[cos2(arx — 1) + 2]/Ga) + C 

19. 

23s 

2s 

ai 

33. 

35, 

Sie 

39: 

43. 

45. 

49, 

Sis 

535 

Sh 

59. 

63. 

69. 

Title 

83. 

89. 

91. 

PS. 

= (2) ae 

Tb (ey) WZ 

2[tan3(x/2) + 3tan(x/2)] + C 21. tan@ + seco+C 
37/16 +5~ 1.0890 25. 3/4 —x2/x + C 
F(x? + 4)'/2(x2 - 8) + C —- 29. 256 — 62/17 ~ 0.3675 
(a), (b), and (c) $/4 + x(x? — 8) + C 
Gln|ashiS yas Ine 4). C 
4[6 In|x — 1| — In? + 1) + 6 arctan x] + C 

x — Sin|x + 8] + 7 In|x — 3) +C 
+[4/(4 + Sx) +Inf4+5x]]+C 41.1- 2/2 
5 In|x2 + 45t (8 libarctan| (= 2)/2) = C 

In|tan wx|/7+C 47. Proof 
<(sin De) = ONES AO) ae C. 

$[x3/4 — 3x1/4 + 3 arctan(x!/4)] + C 

2./1 — cosx + C 555 sine In(sinkx)) sinks. C 

> In\(x — 5)/(x + 5)| + C 
Dre tes conan Ae 61. + 

$(in4)?~0.961 65.7 67. +2 
(x, y) = (0, 4/(37)) Wile BI 23. 0 Iss ES 

1 79. 10000 ~ 1094.17 81. Converges; > 
Diverges 85. Converges; | 87. Converges; 77/4 

(a) $6,321,205.59 (b) $10,000,000 

(a) 0.4581 = (b) 0.0135 

(page 581) 

3. In3 5. Proof 

(b) n3—% (c) n3—-3 

Problem Solving 

= (b) Proof 

0 4 
0 

Area ~ 0.2986 

In3 — 4 ~ 0.5986 
(b) 0 ©) -3 

The form 0 + co is indeterminant. 

WANG : 1/42 

5 Gia 

About 0.0158 

(a) co 

1/10 

aol: 

111/140 

x+4 
About 0.8670 15. 

Chapter 9 

Section 9.1 

Me 

ie 

13; 

LS: 

(page 592) 

3, 9, 27, 81, 243 Sl Osea Ol By Pay ll 

3, 4, 6, 10, 18 LB 10. a ied 12. 

14, 17; add 3 to preceding term. 

Ni nj 

oO vin 

80, 160; multiply preceding term by 2. Ths igh ciel 

19. 

25. 

29. 

35. 

41. 

45. 

47. 

49. 

51. 

Bek 

ile 

61. 

63. 

65. 

67. 

69. 

71. 

1/[(2n + 1)(2n)] 21.5 
if 

0 

Diverges 

33. Converges to 5 

39. Converges to 0 

Converges to 4 

31. Diverges 

37. Diverges 

43. Converges to 0 

Converges to 0 

Converges to 0 

Converges to | 

Answers will vary. Sample answer: 6n — 4 

Answers will vary. Sample answer: n? — 3 

Answers will vary. Sample answer: (n + 1)/(n + 2) 

Answers will vary. Sample answer: (n + 1)/n 

Monotonic, bounded 55. Not monotonic, bounded 

Monotonic, bounded 59. Not monotonic, bounded 

(a) |7 +4] =7 => bounded 
GG — Monotonic 

So, {a,,} converges. 
(b) 10 

eC ccccccce Limit = 7 

le) 

(a) (1 = 4 = = => bounded 
3: alt 3 

da, < a,,, => monotonic 

So, {a,,} converges. 
(b) 0.4 

{a,,} has a limit because it is bounded and monotonic; because 
Dee ee ee eee 
(a) No. lim A,, does not exist. 

n—oo 

No. A sequence is said to converge when its terms approach a 

real number. 

(a) 103 
(b) Impossible. The sequence converges by Theorem 9.5. 

3n 

4n + 1 

(d) Impossible. An unbounded sequence diverges. 

(Cc) aaa 



73. (a) $4,500,000,000(0.8)” 

Ss 

Tide 

83. 

85. 

87. 

89- 

(b) 

$2,880,000,000 

Year 3 

Budget | $2,304,000,000 $1,843,200,000 

(c) Converges to 0 

1, 1.4142, 1.4422, 1.4142, 1.3797, 1.3480; Converges to | 

Proof 79. True 81. True 

(@) th, 1, 25 Be Sk Sh AIRY Spy tie 1M 

() Pe 255; 126667; 1:6; 1.6250) 16154; 1.6190, 

1.6176, 1.6182  (c) Proof 

@ep= (1'4./5)/2 ~ 1.6180 
(a) 1.4142, 1.8478, 1.9616, 1.9904, 1.9976 

Rae Oe (b) a, = 
(a) Proof 

CMa 

(c) lim a, = 2 
n—-oo 

(c) Proof 

29/20! 

20 
50/501 

= = 0.3897; 

107100! 

100 

(d) Proof 

(e) =~ 0.4152; 

= 0.3799 

91. Proofs 93. Putnam Problem Al, 1990 

Section 9.2 (page 601) 

1. 

Sf 

ai 

oA 

13. 

17. 

19. 

21. 

' IRR ERES 

1, 1.25, 1.361, 1.424, 1.464 

Bee led, 9.25, 4.875, 103125 

B94), 0.25, 5.625, 5.8125 7. Geometric series: r = Z all 

‘ee 11 elimi ae 10 
n—-co 

lim a, rare 0 15. Geometric series: r =? <a 
n—>co 

Geometric series: r = 0.9 < 1 

1/n — 1/(n + 1); Converges to 1. Telescoping series: a, = 

(d) The terms of the series 

decrease in magnitude 

relatively slowly, and the 

sequence of partial sums 

approaches the sum of the 

series relatively slowly. 

5, | 8.1902 13.0264 | 17.5685 | 19.8969 | 19.9995 

3h). 

45. 

51. 

Sil 

Soe 

61. 

65. 

67. 

69. 

71. 

TES 

Vik 

1h). 

81. 

83. 

85. 

87. 

89. 

91. 

93: 

EY 

Answers to Odd-Numbered Exercises A67 

) The terms of the series 

decrease in magnitude 

relatively slowly, and the 

sequence of partial sums 

approaches the sum of the 

series relatively slowly. 

sin(1) 
31. = 33 15 PAS Pay BP) 3. aN 

z 1 — sin(1) 

ail 221 
Sal 37. ( Ol)” (a) os 19 (0-1) (a) Di T00 (9-04) 

4 9 
b = —s (b) 9 (b) 7 

(0.01 (t 41. Diverges 3. Diverges (a) en ) ae (eee 66 41. Diverges 43. Diverges 

Converges 47. Diverges 49. Diverges 

Diverges 53. Diverges 55. See definitions on page 595. 

The series given by 

» area ard ar ate Gn Aes “Orn 
n=0 

is a geometric series with ratio r. When 0 < |r| < 1, the series 
ice) 

converges to the sum > ar" = 
n=0 eas 

The series in (a) and (b) are the same. The series in (c) is 

different unless a, = a, =~ * + = ais constant. 

i BG 
6 - . res A) Seu NA |x| < peor 63. 0 < x < 2;(« — 1)/(2 — x) 

-l<x<1;1/(1+) 

Gyn” by Fe) x), | <1 

(c) Answers will vary. 

The required terms for the two series are n = 100 and n = 5, 

respectively. The second series converges at a higher rate. 

160,000(1 — 0.95”) units 

3) 200(0.75); Sum = $800 million 75. 152.42 feet 

* n - 1/2 a 

ak AG, aes 
a i 

= = + = (a) 1+ $6) =- aie 1 1-1/2 1 

(b) No (c) 2 

(a) 126in.2 (b) 128 in? 

The $2,000,000 sweepstakes has a present value of 

$1,146,992.12. After accruing interest over the 20-year 

period, it attains its full value. 

(a) $5,368,709.11 (b) $10,737,418.23 

(a) $14,773.59 (b) $14,779.65 

(a) $91,373.09 (b) $91, id 32 

(c) $21,474,836.47 

1 
False. jim — = 0, but S- = Feces 

n=1 

False. Sor = (4) — a; The formula requires that the 
n=1 l =a 

geometric series begins with n = f 
97. Answers will vary. Las si Pie Gt) 

n=0 n=0 

True 
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99-101. Proofs 103. 2 

Section 9.3 (page 609) 

1. Diverges 3. Converges 5. Converges 

7. Converges 9. Diverges 11. Diverges 

13. Converges 15. Converges 17. Converges 

19. Diverges 21. Converges 

25. f(x) is not positive for x = 1. 

23. Diverges 

29. Converges 27. f(x) is not always decreasing. 

31. Diverges 

37. Converges 

33. Diverges 35. Converges 

The partial sums approach the 

sum 3.75 very quickly. 

The partial sums approach the 

sum 77/6 ~ 1.6449 more 

slowly than the series in part (a). 

0 

41. See Theorem 9.10 on page 605. Answers will vary. For example, 

convergence or divergence can be determined for the series 

S 1 

Derr n=1 

ioe) 1 
43. No. Because $= — diverges, > — also diverges. The 

na n=10,000 7 
convergence or divergence of a series is not determined by the 

first finite number of terms of the series. 

45. (a) h 

The area under the rectangles is greater than the area under 

the curve. Because | —= dx = [2Vx] = co diverges, 
co | ae 1 

> aye diverses: 
n=1 n 

Oe 

n 

si 1 2 3 4 

The area under the rectangles is less than the area under 

the curve. Because [Psa = )-| = | converges, i ee 

SS a converges (ana so does s + 
Ar : mn 

Veja SN GM jp SW Stipes 53. Proof 

55. S; = 1.4636 57. S,o ~ 0.9818 59. S, ~ 0.4049 

R; = 0.20 Rig = 0.0997 Ri = 5.6940e 

61. N27 ae N= 16 

65. (a) 3 ; converges by the p-Series Test because 1.1 > 1. 
n=2 Mt 

= i - 3 diverges by the Integral Test because I via 

diverges. 

(b) SS, aa = 0.4665 + 0.2987 + 0.2176 + 0.1703 
n=2 

a MOMISE) Se Oo 0 

> aa =i (72 WSi03034.5. 0 1803s Oseae 
=~ninn 

OLO93 0 Rea 

©) iw = 3A x iO 

67. (a) Let f(x) = 1/x. f is positive, continuous, and decreasing 
on[1, 00). 

S,-1<] =de=Inn 
1 * 

1 
n 

n+ | 

7 —ax =Inin - 1) 
1 oe 

So, In(7 7) See. Le ng. 

(b) Inv + 1) —Inn < S,—Inn<1 
Also, In(n + 1) — Inn > 0 forn = 1. So, 
0 < S, — Inn < 1, and the sequence {a,,} is bounded. 

(ra, — a3 7 = 15,c= lnm) Sp = nee 
n+1 7 1 

= = dx — > 0 
bre ioe ll 

So, a, 2 = Gy +1- 

(d) Because the sequence is bounded and monotonic, it 

converges to a limit, y. 

(e) 0.5822 

69. (a) Diverges (b) Diverges 

co 

(c) >; x!"" converges for x < 1/e. 
n=2 

71. Diverges 

77. Diverges 

73. Convyerges 

79. Diverges 

75. Converges 

81. Converges 



Section 9.4 (page 616) 

ay § 1. (a) | xs i 3 S| 
6 y ne sia k=1 k- 

pe 12) TN» @ 0-8 > 

at E io t ae = SORE 

4 h JA She +0.5 8+ nao 000 2 

ie » ay =-—$ = cae AION 

a 13243 4 oo SI al 

ah ras ) 2 BRs3 

= au ‘alli ey tee 
4 6 8 10 Ps 4 € 8 10 

(b) $ ; Converges 
n=1 

(c) The ae 8s of the terms are less than the magnitudes 

of the terms of the p-series. Therefore, the series converges. 

(d) The smaller the magnitudes of the terms, the smaller the 

magnitudes of the terms of the sequence of partial sums. 

3. Diverges 5. Diverges 7. Diverges 9. Converges 

11. Converges 13. Diverges 15. Diverges 

17. Converges 19. Converges 21. Diverges 

23. Diverges; p-Series Test 

é . en 
25. Converges; Direct Comparison Test with >) (2) 

n=1 

27s — nth-Term Test 29. Converges; Integral Test 

31. = lim na,; lim na, # 0, but is finite. 
n—-oco e n—->oco noo 

The series diverges by the Limit Comparison Test. 

33. Diverges 35. Converges 

: ae 1 St : 
Sie jim n le?) = 5 #0; So, >» 543 diverges. 

39. Diverges 41. Converges 

43. Convergence or divergence is dependent on the form of the 

general term for the series and not necessarily on the 

magnitudes of the terms. 

45. See Theorem 9.13 on page 614. Answers will eh For example, 
co 1 Viernes it /n 

——— diverges because lim = | and 
n=2VN — 1 noo oo 

1 
y —— diverges (p-series). oe EEN ) 

49. 

Ds 

67. 

EE ISSO EDO Si/ a leo Oe 2287s 23 Te 

Ke NOM2265 (dc) 0.0297 

False. Let a,, = 1/n3 and b, = 1/n?. 51. True 

ee jl Se il 
minis «55. Proot ESS = , “3-59-65. Proofs 

Putnam Problem B4, 1988 

Section 9.5 (page 625) 

il q | Sais 
1.0000 | 0.6667 | 0.8667 | 0.7238 | 0.8349 

rs 
0.7440 | 0.8209 | 0.7543 a 0.7605 

59: 

61. 

65. 

67. 

69. 

. Converges 

13. 

19. 

25. 

29. 

35: 

Sie 

41. 

45. 

49. 

SRE 

OS 

57. 

Answers to Odd-Numbered Exercises A69 

) The points alternate sides 

of the line 

y = 7/4 that represents 

the sum of the series. The 

between the 

successive points and the 

horizontal 

distances 

line decrease. 

(d) The distance in part ( 

of the next term of the series. 

c) is always less than the magnitude 

ed l 2 3 | 4 | 5 | 

S, | 1.0000 | 0.7500 | 0.8611 | 0.7986 | 0.8386 | 

n 6 | 7 

; 
(b) (c) The points alternate sides 

of the horizontal line 

y = 7°/12 that represents 
the sum of the series. The 

distances between the 

successive points and the 

line decrease. 

(d) The distance in part (c) is always less than the magnitude 

of the next term of the series. 

7. Converges 9. Diverges 11. Diverges 

Converges 15. Diverges 17. Diverges 

Converges 21. Converges 23. Converges 

Converges 27. 1.8264 = S$ S 1.8403 

1.7938 = S S 1.8054 31. 10 seh. 7/ 

7 terms (Note that the sum begins with n = 0.) 

Converges absolutely 39. Converges absolutely 

Converges conditionally 43. Diverges 

Converges conditionally 

Converges absolutely 

Converges absolutely 

47. Converges absolutely 

51. Converges conditionally 

An alternating series is a series whose terms alternate in sign. 

|S — Sy] = |Ryl € ayo fi 
ce) 

(a) False. For example, let a, = 

=¢) n 

se ) converges 
n 

Then Yia, = 

(=i n+1 

> 

ly2 
= » — diverges. 

n 

and SiG 

But, S'la, 

(b) True. For if $'|a,| converged, then so would Sia, by 

converges. 

Theorem 9.16. 

True 63. p > 0 

Proof; The converse is false. For example: Let a, = 1/n. 
co 1 co 

S) = converges, hence so does an 
oe n=1 n=1 

(a) No.a,,., < 4d, is not satisfied for all n. For example, 3 < = 

(b) Yes. 0.5 



Answers to Odd-Numbered Exercises 

71. Converges; p-Series Test 73. Diverges; nth-Term Test 

75. Converges; Geometric Series Test 

77. Converges; Integral Test 

79. Converges; Alternating Series Test 

81. The first term of the series is 0, not 1. You cannot regroup 

series terms arbitrarily. 

Section 9.6 (page 633) 

Ce I A 1-3. Proofs 5. d 

25.8468 | 25.9897 | 25.9994 

(d) 26 

(e) The more rapidly the terms of the series approach 0, the 

more rapidly the sequence of partial sums approaches the 

sum of the series. 

13. Converges 15. Diverges 

19. Converges 21. Converges 

25. Diverges 27. Converges 

31. Diverges 33. Converges 

37. Converges 39. Diverges 41. Converges 

43. Diverges 45. Converges 47. Converges 

49. Converges 51. Converges; Alternating Series Test 

53. Converges; p-Series Test 55. Diverges; nth-Term Test 

57. Diverges; Geometric Series Test 

17. Diverges 

23. Converges 

29. Converges 

35. Converges 

59. Converges; Limit Comparison Test with b, = 1/2” 

61. Converges; Direct Comparison Test with b, = 1/3” 

63. Diverges; Ratio Test 65. Converges; Ratio Test 

67. Converges; Ratio Test 69. aandc 71. aandb 

ont] 73. Ie: 75. (a) 9 (b) —0.7769 

: : Ant] 
77. Diverges; lim Sal 

n—-co a, 

a 
79. Converges; lim a4 <i 81. Diverges; lim a, # 0 

83. Converges 85. Converges $7. (3,3) 

89. (—2, 0] 91.x=0 

93. See Theorem 9.17 on page 627. 

SS 1 : 
95. No; the series 2 n + 10,000 diverges. 

99-105. Proofs 

(c) Converges 

97. Absolutely; by Theorem 9.17 

107. (a) Diverges  (b) Converges 

(d) Converges for all integers x = 2 

109. Putnam Problem 7, morning session, 1951 

Section 9.7. (page 658) 

1. d PLE ab 4. b 

P, is the first-degree Taylor 

polynomial forf at 4. 

= 

P, is the first-degree Taylor 

polynomial for f at 7/4. 

11. (b) f(0) = =1 P,X0) =e 
f%O) =1 PO) =1 
f(0) = -1 PO) = -1 

(c) f™(0) = P{”(0) 

13. 1 + 4x + 8x2 + Px3 + Bt 
15. 1 —3x+3rP-9x+ aux 

21.1 —-x+x2-x84+x-Y 

25.2 — 26 — 1) + 26 —1)? 86 

19. x +x? + 4x3 + bx4 

23. 1 + 5x? 

27. 2 + 4(x — 4) — Gx — 4) 

= Ss ees I aoe ee NS pai 

+ aa — 4) 

29. In2 +4(x — 2) —d@ — 2)? + 4@ — 2)3 - Ae — 24 
31. (a) P3(x) = a + a 

© 249 -t2qf-H)oan(e-BF ole d 
4 

—0.5 0.5 

0.2474 | 0.4794 | 0.6816 | 0.8415 

: 



41. 

47. 

53. 

Ske 

SY), 

61. 

63. 

65. 

67. 

(c) As the distance increases, 

the polynomial approxi- 

mation becomes less 

accurate. 

Nis 

- SS 

2.7083 43. 0.7419 45. R, < 2.03 x 107°; 0.000001 

R, < 7.82 x 1073; 0.00085 49. 3 sls 3) 

n = 9; In(1.5) ~ 0.4055 Sky =W390 <a < 0 

—0.9467 < x < 0.9467 

The graphs of the approximating polynomial P and the 

elementary function f both pass through the point (c, f(c)), and 
the slope of the graph of P is the same as the slope of the graph 

of f at the point (c, f(c)). If P is of degree n, then the first n 
derivatives of f and P agree at c. This allows the graph of P to 

resemble the graph of f near the point (c, f(c)). 

See “Definitions of nth Taylor Polynomial and nth Maclaurin 

Polynomial” on page 638. 

As the degree of the polynomial increases, the graph of the 

Taylor polynomial becomes a better and better approximation 

of the function within the interval of convergence. Therefore, 

the accuracy is increased. 

(a) f(x) ~ P4(x) = 1 + x + (1/2)x? + (1/6)x3 + (1/24)x4 
g(x) ~ Og(x) = x + x2 + (1/2)x3 + (1/6)x4 + (1/24)x5 

Q.(x) = xP,(x) 

(by g(x) = Po(x) = x? — x4/3! + 39/5! 

(c) g(x) = P,(x) = 1 — x?/3! + x4/5! 

(a) Q(x) = —1 + (972/32) @ 42)" 

fy Rs) = =I + (2/32) = 6) 

69. 

71. 

Answers to Odd-Numbered Exercises A71 

(c) No. Horizontal translations of the result in part (a) are 

possible only at x = —2 + 8n 

because the period of fis 8. 

Proof 

As you move away from x = c, 

becomes less and less accurate. 

(where n is an integer) 

the Taylor polynomial 

Section 9.8 (page 654) 

ON! leach SR i 7. R= 9 R= 0 
11. (—4, a: 13. (-—1,1] 15. (-co,co) 17x=0 
19. (—6,6) 21. (—5,13] 23. (0,2] 25. (0,6) 
27. (—3,4) 29. (-c0,00) 31. (-1,1) 33. x =3 
35.R=c 37.(—kk) 39. (—1,1) 

co yn foe) xen 

A. aa (a 1)! . x (Qn i)! 

45, (a) (3; 3) b) (853) (XO G88) (G33) 

47. a OPIy 6) O22) VON 2 e021 
49. A series of the form 

51. 

GEE 

55. 

Sie 

59- 

65. 

67. 

x4 (= eh = aya, (e — 6) Ga (% —=-)* ae 

min le (AA SE Bc 

is called a power series centered at c, where c is a constant. 

The interval of convergence of a power series is the set of all 

values of x for which the power series converges. 

You differentiate and integrate the power series term by term. 

The radius of convergence remains the same. However, the 

interval of convergence might change. 

Many answers possible. 

(a) $ (3 y Geometric: 
n=1 

cies n 

5 aia 2 

w $5 
n=1 

(c) SS (2x + 1)" Geometric: 
n=1 

es: => bay <0) 

@ $& 
n=1 

converses for = lias 

converges for —2 = x < 6 

(a) are ; Hicks co); For g(x): (— 00, 00) 

(b) Proof (c) Proof (d) f(x) = sin x; g(x) = cos x 

63. Proofs 

(a) Proof (b) Proof 

(c) g (d) 0.92 

-6 ( 6 

5 

(a) § (b) 73 
: 

0 6 0 6 
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(c) The alternating series converges more rapidly. The partial 

sums of the series of positive terms approach the sum from 

below. The partial sums of the alternating series alternate 

sides of the horizontal line representing the sum. 

(d) 
M 10 | 100 | 1000 | 10,000 

wis || 2 | 35 

69. 

F(x) = cos x fix) = U1 + x) 
73. False. Let a, = (—1)"/(n2”). 75; “Time 77. Proof 

19 a1 Oi) Shea te Gn Ch x*)/ (ha 8) 

81. Proof 

Section 9.9 (page 662) 

co x” co 4 —x n 

Ween Sel 
oo) (; Ne co * 5a n 

Ss y et th »y (3x) 9, ~9 > Ee oe 3) 
n= n=0 

(4) (S)) 3 

os (aay Fae a 1 

Lt: i 13. Tae eae 
n=0 4 sf » 3)" 

44 (-$,) (-1,1) 
ie Sas emaiaeeye WE DOS ee 

n=0 n=0 n=0 

1,2) rial) 
ee) co (oN ae eats 

me fey 19. » n(— 1)"x 2 a Pe 

(=1,1) Sigl 

VS Pte comme es SYM ihe ena 
n=0 n=0 

(1g) (-23) 

El | 
0.000 | 0.180 | 0.320 | 0.420 | 0.480 | 0.500 

Wr 
n(x + 1) | 0.000 | 0.182 | 0.336 | 0. ; } 

ll Ss IL al! 

(b) nzx,0<xs2,R=1 

(c) —0.6931 

(d) In(0.5); The error is 

approximately 0). 

35: Sy Nxt 1 I< 1 
n=1 

31. 0.245 SBE OMIA 

37. 3 (Qn + 1)x™, -1l<x<1 
n=0 

39. E(n) = 2. Because the probability of obtaining a head on a 

single toss is - it is expected that, on average, a head will be 

obtained in two tosses. 

| | : ; ; 
41. Because = substitute (— x) into the geometric 

l+x 1-(—x) 

series. 

5) 1 : ; 
ie s(; z= =) substitute (—x) into the 

geometric series and then multiply the series by 5 

45. Proof 47. (a) Proof (b) 3.14 

49. In3 = 0.4055; See Exercise 21. 

51. In 2 ~ 0.3365; See Exercise 49. 
53. arctan 5 = 0.4636; See Exercise 52. 

55. The series in Exercise 52 converges to its sum at a lower rate 

because its terms approach () at a much lower rate. 

57. The series converges on the interval (—5, 3) and perhaps also 
at one or both endpoints. 

59. /37/6 61. S, = 0.3183098862, 1/7 ~ 0.3183098862 

43. Because 

Section 9.10 ae ie 

XI a co (—1)n(nt1)/2 b 

2 Sat tee 
5. Sica > (apts = pr 

i eo ae 11. 1 + x2/2! + 5x4/4)+--- 

13-15. Proofs 17. > (—1)"(n + 1)x" 

19 ee NE: ee: -_ Gn — 1)x" 

S) (Wallis : x 4) 72h 
21: Al rs se igs =, (2n — 1)x 

(Sea eho Sina & 

23 eee eis 3 os (2n — 3)x" 

2 co (—])nt+]l]. . ~ 2 

25. 1 aa ae Wgeulis — (2n — 3)x 

eS eat hl Coe ( == i\t 2nt+1 
27. aa 29. oye ate betel at > cae 

ice) = \h Aart nner es fe \ Aran 

aust o ici 
co 2n+1 

‘ of 

a7 Sees 39. 3 + ee 

Co fae T\mere re og (— 1)" x2" 

41. a a 43. <> Qn+ Dt Resi 

45. Proof 

47. P(x) eae 5x2 _ xe 



SS. 

59. 

69. 

Th 

77. 

Bo. 

81. 

83. 

85. 

87. Proof 89.10 91. —0.0390625 93. » (Ee 
n=0 

95. Proof 

Review Exercises for Chapter 9 (page 676) 

fees, 25, 125, 625, 3125. 3. —b ame io (8 
hie. Ts des 8..b 
G) Converges to 5 

11. 

17. 

co = 1)! (n+ 1),2n+3 

>> i +3) 41! 27 06931 57. 7.3891 

0 61. | 63. 0.8075 65. 0.9461 67. 0.4872 

0.2010 71. 0.7040 73. 0.3412 

[21 2 Meee iene ae mie 

a 3 ea 

ayaa = a) 7a70(% = 1) P(x) = (x -— 1) — yx — 18 +33 

See “Guidelines for Finding a Taylor Series” on page 668. 

(a) Replace x with (—x).  (b) Replace x with 3x. 

(c) Multiply series by x. 

Proof 

(b) Proof 

() S 0x" = 0 ¥ fx) 
n=0 

t 
ek 5 al 2 3) 

13. Diverges 15. Converges to 0 Converges to 5 

Converges to 0 19a 25a 2 — “ie 
n(n! + 1) 

23. 

25. 

27. 

31. 

37. 

45. 

51. 

Sie 

63. 

67. 

69. P 

Wil 

WSs 

81. 

83. 

89. 

93° 

oie 

Answers to Odd-Numbered Exercises A73 

(@) n l 2 8 4 

A, | $8100.00 | $8201.25 | $8303.77 | 8407.56 
hee 

n 5 6 7 8 

| An | $8512.66 | $8619.07 | $8726.80 | $8835.89 

(b) $13,148.96 

Bh ds S552), Ones 

(a) 
n ) | 10 15 20 25 

6648.5 | 50,500.3 

—0.1 

#933550 35, Gy >, ©.09)0.01). (G7 
n=0 

Diverges 39. Diverges 41. 453 m 43. Diverges 

Converges 47. Diverges 49. Diverges 

Converges 53. Diverges 55. Converges 

Converges 59. Diverges 61. Diverges 

Converges 65. Diverges 

(a) Proof 

b 
© 5 Onn ae | rome 

S, | 2.8752 | 3.6366 | 3.7377 | 3.7488 | 3.7499 

(a) 378 

AA) lie Bib oe 3x3 

P,(x) =1-—3x+3x2-3 73. 3 terms 
(—10, 10) Ba eS 79. Converges only at x = 2 

n= 5; 5) 9) (= 5.5) (©) (555): l= 5,5) 

Proof 85. >: z(é ; 87. S (25 ny —2, 4) 
n= 0 3 n=0 

In? ~0.2231 91. el/2 = ie 

2 = cos 3 ~ 0.7859 2 2, A 4 
J/2 2 — 1 r+ /2 3q\n 

Bee (x - 37) 
so (x In 3)” 3 99. — - (x + 1)" 
n=0 n! n=0 



A74 Answers to Odd-Numbered Exercises 

101. 1 + x/5 — 2x?/25 + 6x3/125 — 21x*/625 +--: 

ee 3 (6x)" 
3. (a)-(c D6 ats Ge ata XS as 103. (a)-(c) 1 + 2x + 2x? + 32 105 ey * 

n 2n+1 

Seh | (=i) (O89) 
07. aT oe 109. 0 
ie A (On 2)! 

PS. Problem Solving (page 679) 

1. (a) | = (b) Answers will vary. Example: 0, 42 (c) 0 

Sp PrOor 5. (a) Proof (b) Yes (c) Any distance 

Say een l SON (ate lag 
al Ta aves eae ae OU 
Co ae + 2)n!’ 2 (6) » n! p n=0 n=0 

9. For a = b, the series converges conditionally. For no values 

of a and b does the series converge absolutely. 

11. Proof 13. (a) Proof (b) Proof 

15. (a) The height is infinite. | (b) The surface area is infinite. 

(c) Proof 

Chapter 10 

Section 10.1 (page 692) 

lia P4513 85 4. b Sb ai 6. d 

7. Vertex: (0, 0) 9. Vertex: (—5, 3) 

Focus: (—2, 0) Focus: (—7}, 3) 
Directrix: x = 2 Directrix: x = -¥ 

6 

5 

4 

3 

2 

1 

Tipp 
-14-12-10 -8 -6 —4 ao 

11. Vertex: (—1, 2) 13. Vertex: (—2, 2) 

Focus: (0, 2) Focus: (—2, 1) 

Directhix: x — 2 Directrix: y = 3 

+ 

15. °5- — 8y = 8x — 24 = 0 iy oe Py FE GO) = © 

19. x24 y—4=0 21. 5x? Ae One) 

23. Center: (0, 0) 25. Center: (3, 1) 

Foci: (0, + /15) 

Vertices: (0, +4) 

Bt A 

A 

Foci: (3, 4), G, =2) 

Vertices: (3, 6), (3, —4) 
3 

4 

_ (0, 0) 
-—T tai 

a =2 Ne a? pe 

27. 

29. 

31. 

33. 

353 

39. 

41. 

45. 

49. 

51. 

59. 

Center: (—2, 

Foci: (—2,3 + /5) 
Vertices: (—2, 6), (— 

eet SiS 

> / 360 ye) i 

(¢ = 3)2/9 te (1 — 5)2/16 = 
2/16 + Ty2/16 = 1 
Center: (0, 0) 

Vertices: (+5, 0) 

Foci: (+./41, 0) 

Asymptotes: y = + 

37. Center: (2, —3) 

Foci: (2 a5 ~/ Il(0), —3) 

Vertices: (1, —3), (3, —3) 

S 

nj o1S> 
u 

i 

els 

Degenerate hyperbola 

Graph is two lines: y = —3 + 4(x + 1), intersecting at (-1, —3). 

7/1 ye (25 = I 43. y2/9 = (x — 2)?/(9/4) = 

y?/4 — x7/12 = 1 47. (« —3)7/9 = (y= 2)? /4an 

(a) (6, V3): 2x — 3V3y -3 =0 
(6, —/3): 2x + 3\/3y —3 =0 

(b) (6, V3): 9x + 2V3y — 60 = 0 
(6, — V3): 9x — 2V3y — 60 = 0 

Ellipse 53. Parabola SSeGitcre 57. Hyperbola 

(a) A parabola is the set of all points (x, y) that are equidistant 

from a fixed line and a fixed point not on the line. 

(b) For directrix y = k — p: (x — h)? = 4p(y — k) 

For directrix x = h — p: (y — k)? = 4p(x — h) 

(c) If P is a point on a parabola, then the tangent line to the 

parabola at P makes equal angles with the line passing 

through P and the focus, and with the line passing through 

P parallel to the axis of the parabola. 



61. (a) A hyperbola is the set of all points (x, y) for which the 

absolute value of the difference between the distances from 

two distinct fixed points is constant. 

ase «(Oia k) a: 
(b) Transverse axis is horizontal: ——- = 

a“ b- 
| 

es (ys be (xe = 1h)? 
Transverse axis is vertical: ms pe? = ] 

a~ im 

(c) Transverse axis is horizontal: 

y=k+ (b/a)(« — h) andy = k — (b/a)(x — h) 

Transverse axis 1s vertical: 

y =k + (a/b) (x — h) and y = k — (a/b) (x — h) 

63. (a) Ellipse (b) Hyperbola  (c) Circle 

(d) Sample answer: Eliminate the y?-term. 

65. 2m 67. (a) Proof  (b) Point of intersection: (3, —3) 

As p increases, the graph of 

x? = Apy gets wider. 

71. [16(4 + 3/3 — 27]/3 ~ 15.536 ft? 
73. Minimum distance: 147,099,713.4 km 

Maximum distance: 152,096,286.6 km 

75. About 0.9372 77. e ~ 0.9671 

79. (a) Area= 2a (b) Volume = 87/3 

Surface area = [27 (9 + 4\/377)]/9 ~ 21.48 

(c) Volume = 1677/3 

4n[6 + V3 n(2 + V3) 
3 

$1. 37.96 83.40 85. (x — 62/9 — (y— 2)2/7=1 
87. x ~ 110.3 mi 89. Proof 

91. False. See the definition of a parabola 93. True 95. True 

97, Putnam Problem B4, 1976 

Section 10.2 (page 703) 

1. 

Surface area = =~ 34.69 

Answers to Odd-Numbered Exercises A75 

11. 

y = |x - 4/2 

15. 4 

i+ 

lee = 
Pest ee 

-—3- 

y=1/x, |x| 21 

21. zZ 



A76 

31. 

37. 

41. 

45. 

49, 

Ssh 

ie 

61. 

65. 

67. 

- (a) 

Answers to Odd-Numbered Exercises 

Each curve represents a portion of the line y = 2x + 1. 

Domain Orientation Smooth 

(4) =OOl <= < CON UID Yes 

: dx dy 
(bes Oscillates No, 6 we 

when 

(OE 7p, EPA Go 6 tc 

(ce). 0 <a <oo Down NES 

(d) O<x< oc Up Yes 

. (a) and (b) represent the parabola y = 2(1 — x?) for 

—| <x < 1. The curve is smooth. The orientation is from 

right to left in part (a) and in part (b). 

(b) The orientation is reversed. 

(c) The orientation is reversed. 

(d) Answers will vary. For example, 

= 2)sec t x = 2sec(—2) 

y = 5sint y = 5sin(—2) 

have the same graphs, but their orientations are reversed. 
2 =, jp Foe Cree ns? ea Wa | 

x= 4t 43. x = 3 + 2cos 0 

y=—-Tt y=1+2sin0 

(Solution is not unique.) (Solution is not unique.) 

x = 10cos @ 47. x =4sec 0 

y = 6sin 6 y = 3 tan 0 

(Solution is not unique.) (Solution is not unique.) 

x=t 5l.x=t 

y = 6t — 5; y=?; 

x=tt+1 x = tant 

y= 6t+ 1 y = tan?t 

(Solution is not unique.) (Solution is not unique.) 

x=t+3,y=2t4+1 55.x=ty=P 

B 59. > 

‘ 
—2 16 -—2 v 

4 = 

Smooth everywhere 

63. g 

-4 

Not smooth at 0 = Snr Smooth everywhere 

A plane curve C is a set of parametric equations, x = f(t) and 
y = g(t), and the graph of the parametric equations. 

A curve C represented by x = f(t) and y = g(t) on an interval 

/ is called smooth when f’ and g’ are continuous on J and not 

simultaneously 0, except possibly at the endpoints of J. 

69. 

13: 

75. 

d; (4, 0) is on the graph. 71. b; (1, 0) is on the graph. 

x = a0 — bsin 0; y =a — bcos 0 

False. The graph of the parametric equations is the portion of 

the line y = x when x = 0. 

Wk Minus 

79. (a) x= (= cos 6); y= 3 + (2 sin @)t Slope: 

(b) (2 

Not a home run Home run 

(d) 19.4° 

Section 10.3. (page 7117) 

il, =3/e & = 

Ni OC eae 
By ie Ae = 0; Neither concave upward nor concave 

downward 

7. dy/dx = 2t + 3, d*y/dx? = 2 

11. 

13. 

15. 

17. 

19. 

21. 

23. 

27. 

29. 

Att = —1, dy/dx = 1, d?y/dx* = 2; Concave upward 

. ady/dx = —cot 6, d*y/dx” = —(cst 6)?/4 

At 0 = 77/4, dy/dx = —1, d?y/dx? = —/2/2; 
Concave downward 

dy/dx = 2 csc 0, d*y/dx? = —2 cot? @ 

At 0 = 1/6, dy/dx = 4, d*y/dx? = —6,/3; 
Concave downward 

dy/dx = —tan 0, d*y/dx* = sec* @csc 6/3 

At 0 = 7/4, dy/dx = —1, d?y/dx? = 4./2/3; 
Concave upward 

(—2/./3, 3/2): 33x — 8y + 18 =0 
(0,2): y-2=0 
(2/3, 1/2): /3x + 8y — 10 = 0 
(0,0): 2y —x =0 

(308 aye lea) 

(= 3.3 ey 

(a) and (d) 

S (b) Atr= 1, dkv/atr— 63 

dy/dt = 2, and dy/dx = 1/3. 

ay (c) y= ix si 
-8 10 

-4 

(a) and (d) 

2 (b) Att= —1, ak/dt = 

uss dy/dt = 0, and dy/dx = 0. 

(ch. y= 2 
= 8 

= 

y=43x 25. y = 3x — Sandy = | 

Horizontal: (1,0), (—1, 7), (1, —27) 

Vertical: (7/2, 1), (—3a/2, —1), (57/2, 1) 

Horizontal: (4, 0) 31. Horizontal: (5, —2), (3, 2) 

Vertical: None Vertical: None 



S8h 

35. 

59: 

41. 

43. 

45. 

49. 

Shp 

Ske 

59. 

61. 

63. 

65. 

71. 

TES 

The 

THe 

85. 

Cig 

Horizontal: (0, 3), (0, —3) 

Vertical: (3, 0), (—3, 0) 

Horizontal:) (5; — 1), (5, —3) 

Vertical: (8, —2), (2, —2) 

Concave downward: 

37. Horizontal: None 

Vertical: (1, 0), (—1, 0) 

OO <a) 

Concave upward: 0 < t < co 

Concave upward: t > 0 

Concave downward: 0 < t < 7/2 

Concave upward: 7/2 <t< 7 

4/13 ~14422 47. /2(1 — e-*/?) = 1.12 
blin( /37 + 6) + 6/37] ~ 3.249 51. 6a ~~ 53. 8a 
@,= (b) 219.2 ft 

(c) 230.8 ft 

(a) 4 (b) (0, 0), (43/2/3, 4/4/3) 
(c) About 6.557 

-6 6 

LS 
-4 

(a) 3 3 

=7 37 70 3a 

= =i 

(b) The average speed of the particle on the second path is 

twice the average speed of the particle on the first path. 

(c) 4a 
4 

Sete) /10(% + 2) dt = 327/10 = 317.907 
0 

a/2 

S= 2 (sin @ cos 0/4 cos? 6 + 1) dO 
0 

EE \)ar 

i 6 
= 5.330 

(a) 277/13 (b) 187/13 67. 507 69. 127a?/5 

See Theorem 10.7, Parametric Form of the Derivative, on page 

706. 

6 
b 2 

ES 2oc i a(t) (4) if 

(b) S=20 { “fl (“) + 
Proof 79. 37/2 81. d 82. b 83. f 84. c 

a  86.e 87. (3,8) 89. 2887 
(a) dy/dx = sin 6/(1 — cos 6); d?y/dx? = —1/[a(cos @— 1)?] 

(b) y= (2 - J/3)[x = a( 77/6 4 | +t: a(1 = /3/2) 

(c) (a(2n + 1)7, 2a) 

(d) Concave downward on (0, 277), (277, 477), etc. 

(e) s = 8a 

Answers to Odd-Numbered Exercises 

93. Proof 

95. (a) 

A77 

(b) Circle of radius 1 and center at (0,0) except the point 

(—1, 0) 

(c) As f increases from — 20 to 0, the speed increases, and as 

t increases from 0 to 20, the speed decreases. 

se d*y atl f(t) f(dg"(t) — g (Hf) 
975 Falsey= — - Sa —— 

dx f(t) LAP 

Section 10.4 (page 722) 

ib : 3. zg 

e 32 + 3 re.) (4,22) 
e 

a + + t Se) t t +—}>—'0 

2 LANG f- 2 3s 
ale 

(0, 8) (2.2, 2a) = s0e8? 826) 

5. 7s z 
i 

t t +t +> 0 

1 (V2, 2.36) un eel 

+ + {+> 0) 

1 

Sa a C3 
(—4.95, —4.95) (— 1.004, 0.996) 

9 § (Nery 
ait 

all (45739) 2 e 
e (2, 2) 

- meas pte 14 
1 2; 3 4 D) 

if 4 eS 
alt 1 2 3 

13. 

e(-3,4) 4 

15. 

(2, 42/3), (—2, 2/3) 



A78 Answers to Odd-Numbered Exercises 

17. i 19. ij 

> nee 

+ 3) 

| Ss a ieee ea 
| il 

(3.606, —0.588) (3.052, 0.960) 

(—3.606, 2.554) (3105274502) 

21.@) 3 (b) 2 
4 (4, 3.5) 

e 

all + t t t t+ 0) 
1 

(4,35) ao 

45 + 

ee | 
1 2 3 4 

23. r=3 25. r=a 

0 + +> 0 

=} 
27. r= 8 csc 0 29. r 

t— NIA 

~ 3cos @— sin 6 

Nl 

35. x2 + y2 — 3y =0 

+—> 0 

+> 0 2 
6 

, 
A 

+> () PX 

37. /x* + y* = arctan (y/x) 
, 

> x 

S32 

SRE 

59. 

=—2 

OS 07/2 

Ge = A)2 tly = RR =k? tuk? 
Radius: /h? + k? 

Center: (h, k) 

J17 __57. About 5.6 
dy _ 2cos 0(3sin@ + 1) 

dx 6cos?@—2sin6@— 3 

(5, 2/2): dy/dx = 0 

(2, a): dy/dx = —2/3 

(—1, 3/2): dy/dx =0 
61. (a) and (b) (c) dy/dx = —1 

4 

-8 4 

63. (a) and (b) (c) dy/dx = —/3 
5 

ei 5 

5 

65. Horizontal: (2, 37/2), (, 1/6), G, 5 77/6) 

67. 

Vertical: (3, 77/6), (3, 1177/6) 

(5, 7/2), (1, 3277/2) 



69. 

We 

81. 

89. 

93. 

: TAR z 

t —>0 

t > 0) 

+> 0 
3 

1 

Wy . 

+ +> 0 + +> 0 
12 10 

al i 

us Xu 
9 83. Dy 

+ > 0) 
2 

SS SS | ee 
it 2 

1 T 5 87. 

-4 

The rectangular coordinate system is a collection of points of 

the form (x, y), where x is the directed distance from the y-axis 

to the point and y is the directed distance from the x-axis to the 

point. Every point has a unique representation. 

The polar coordinate system is a collection of points of the 

form (r, 6), where r is the directed distance from the origin O 

to a point P and @ is the directed angle, measured 

counterclockwise, from the polar axis to the segment OP. 

Polar coordinates do not have unique representations. 

Answers to Odd-Numbered Exercises A79 

95. Slope of tangent line to graph of r = f(0) at (r, @) is 

dy _ f(@)cos 6 + f(@)sin 6 

dx  —f(@)sin 80 + f@)cos 0 

If f(a) = 0 and f(a) # 0, then 6 = q is tangent at the pole. 

97. (a) 4 (b) 5 

t t+—> 0 

o 

i) 

99, Proof 

101. (a) r= 2 — sin(6 — 7/4) (D) ae costo, 

/2(sin 6 — cos 6) 72 
=?2- 

ie) 

(Cia 2 asin (d) r= 2-—cos@ 

4 4 

+-P-} : | 
~4 -4 

103. (a) a (b) 5 

} cn t—> 0 +—++ +> 0 

105. S 

| ao 

sS 

1 
i} ny 

So 

ao 

w = arctan; ~ 18.4° 



A80 Answers to Odd-Numbered Exercises 

109. 111. True 113. True 

—12 

ws = 77/3, 60° 

Section 10.5 (page 731) 

n/2 3/2 
il 3] sin? 0d0 3h | (3 — 2s 6)? de a), Dry 

0 ar/2 

WS aes 9. 77/8 11. 37/2 1327 75 15. 4 

17. 2 19. 

=2 

(2% — 3/3)/2 
21. 2 23. 

—10 

at 3/3 On + 27/3 
25. (1, 77/2), (1, 3277/2), (0, 0) 

An (2 — /2 22) (? + /2 27) foo) 
2 

29. (3, 2) (0, 0) 3172. 4)s(— 2, 4) 

4 |r=4sin 20 

(0, 0), (0.935, 0.363), $(4a — 3/3) 
(0.535, — 1.006) 

The graphs reach the pole 

at different times oe, 

-1.5 

1/3 + /3/2 

43. 57a*/4 45. (a?/2)(a — 2) 

AT. (a) @* 4)??? = ax 

(b) 

(c) 1577/2 

49, The area enclosed by the function is 7a?/4 if n is odd and is 
qa*/2 if n is even. 

51. 167 53. 47 

[b] co 

About 4.16 About 0.71 
61. 

=H 2 

=i 

About 4.39 

2/1 + a 63.1367) NOS Pe ea et  2c) O7.e 2a 

69. You will only find simultaneous points of intersection. There 

may be intersection points that do not occur with the same 

coordinates in the two graphs. 

71. (a) Circle of radius 5 (b) Circle of radius 5/2 

D 
Area = 257 Area = on 

5 ; 

> 0 

{ > Bie Sh 
ale A 1 2 3 

73. 4072 

75; a 16a 

Be 12.14 | 17.06 | 20.80 | 23.27 | 24.60 | 25.08 

(c) and (d) For +4 ‘ of area (4a ~ 12.57): 0.42 

For ; of area (8a ~ 25.13): 1.57(a/2) 

For 7 of area (12a ~ 37.70): 2.73 
(e) No. The results do not depend on the radius. Answers will 

vary. 

Vi Circle 



The graph becomes larger and more spread out. The graph 

is reflected over the y-axis. 

(b) (ana, nm), where n = 1,2,3,.. . 

(c) About 21.26 (d) 4/37 

81. r = /2 cos 0 

83. False. The graphs of f(@) = 1 and g(@) = —1 coincide. 

85. Proof 

Section 10.6 (page 739) 

8 

(a) Parabola 

(b) Ellipse 

(c) Hyperbola 

(b) 

(a) Parabola 

(b) Ellipse 

(c) Hyperbola 

5. (a) 

Ellipse Parabola 

As e—1_, the ellipse 

becomes more elliptical, 

and as e—0*, it becomes 

more circular. 

Hyperbola 

As e—1*, the hyperbola opens more slowly, and as 

é€— 06, it opens more rapidly. 

Ta G 8. f 9. a 10. e 11. b 12. d 

13. e=1 15. e =3 

Distance = | Distance 
(3 
2 

Parabola Hyperbola 

Answers to Odd-Numbered Exercises A81 

Whee 9) 19, e=s 
Distance = 5 Distance = 6 

| 

+ > () > 0 

4 \6 #8 

Hyperbola Ellipse 

We=, 
Distance = 50 

{1A | 

T 
40 

SW 12 

I 
-8 

4 

Parabola Rotated 7/3 radian 

e=1 counterclockwise. 

31. r= s 

8 +5 cos( 0 " 2) 

=3 

Rotated 77/6 radian clockwise. 

33. r = 3/(1 — cos 0) ab p= Wi se sin) 

37. r = 2/(1 + 2 cos @) 39. r = 2/(1 — sin 8) 

41. r = 16/(5 + 3 cos 6) 43. r= 9/(4 — 5 sin 6) 

45. r = 4/(2 + cos @) 

47. If 0 < e < 1, the conic is an ellipse. 

If e = 1, the conic is a parabola. 

If e > 1, the conic is a hyperbola. 

49. If the foci are fixed and e—0, then doco. To see this, 

compare the ellipses 

1/2 | 
—— —— = —* ] d 

ae rae (1/2)cos ag) d ea 

5/16 {5 = =-d=> 
<1 (1/4)cos &” ae a 4 

51. Proof 

9 1K) 
p= 55. 72 = : 

EDS PANEL RC ” * T= (25/9) cos? 0 
57. About 10.88 5953337 

61. ie! ; 11,015 mi 
1 — 0.9372 cos 0’ 
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63. 

67. 

69. 

Review Exercises for Chapter 10 

1. 

ie 

O). 

Nhs 

Answers to Odd-Numbered Exercises 

_ 149,558,278.0560 
"1 — 0.0167 cos 6 
Perihelion: 147,101,680 km 

Aphelion: 152,098,320 km 

4,497,667,328 

1 — 0.0086 cos 0 
Perihelion: 4,459,317,200 km 

Aphelion: 4,536,682,800 km 

Answers will vary. Sample answers: 

(a) 3.591 x 10!8 km?; 9.322 yr 

(b) a ~ 0.361 + 7; Larger angle with the smaller ray to 

generate an equal area 

(c) Part (a): 1.583 x 10° km; 1.698 x 10° km/yr 

Part (b): 1.610 x 10° km; 1.727 x 108 km/yr 

Proof 

(page 742) 

5a, 8 6 e Pe 35 13 4. d 

Circle 

Center: (5, —3) 

Radius: | 

i is) 

Hyperbola 

Center: (—4, 3) 

Vertices: (—4 + /2, 3) 

Foci: (—4 + /5, 3) 

3 
e= = 

2 

Asymptotes: 

J8 
y=3+—=( + 4); 

as 
y=3- (x + 4) a 
Ellipse 

Center: (2, —3) 

Vertices: (2, —3 + By PY) 

_ 

11s 

17. 

21. 

25. 

27. 

31. 

35s 

Bile 

Sy 

41. 

43. 

Parabola 15.52 = 4y 12x 4 0 

Vertex: (3, —1) 

learenise (3), 11) 

Directrix: y = —3 

e=1 

> xX Test it 
6 8 10 ee ez 

-4-+ 

-6-+ 

BE WE Ga a ae 
— += ., = 

49 24 be 5 cs 9 : 

ye +i _, 
64 16 * 49 82 

(a) (0,50)  (b) About 38,294.49 
y 

Aer 

sel 

59 PA) 7) (0) 

x? + y? = 36 2)? —=—(y=—"3) aa 

x=ty=4t+3;x=rt+1y=4t+7 

(Solution is not unique.) 
5 

7) 8 

-5 

ayo od Ediem 
dx Sy Gh 

dy 4 dy ; At t= ee eae ye t t= 3, ee 5° de 0; Neither concave upward or 

concave downward 

Dy in ee me ee Dh De = 4t 

Att = —1, ey = —2, a = —4: Concave downward 
dx dx 

Noel d*y _ 3 ren 4 cot 0, AeeT 4 csc? 0 

a dy dy 
At 0=—,— = —4,/3, —> = —32; Concave downward 

6° dx dx? 



45. 

47. 

49. 

535 

SEY 

BEL 

63. 

7K. 

ayy & Dye 6 TA, ee 4 tan 0, he 3 3° O csc 0 

a dy ay 128.74 
= = a 3}. = = 

Bo > A325 9 
(a) and (d) 

(b) dx/d@ = —4, dy/d@ = 1, dy/dx = —+ 
i 

(c) y= eel ps 

Horizontal: (5, 0) 

Vertical: None 

(1453/2 — 1) ~ 32.315 
Vertical: (4, 1), 

51. Horizontal: (2, 2), (2, 0) 

(0, 1) 

; Concave upward 

85. 

(a) s = 127/10 = 119.215 576 A=, Sai 

(b) s = 477/10 = 39.738 

= 61. 5 

i 

Sa a he 7 $ (3,156) 

Al 3 } } 

+(5-5) rs: 
Rectangular; (0, — 5) 

> 0 

Rectangular: (0.0187, 1.7320) 

Sy ee ae hy SB 

Answers to Odd-Numbered Exercises 

(Tle, 3) 

5 87. Circle 

> 0 

a 27 
Bb x =) == 6 0 = 0, 3743 

89. Line 91. Rose curve 

+ t hs >0 t 

( /10, 1.89), (— ./10, 5.03) ih 

.r=9esc 6 93. Limacon 95. Rose curve 

= 2 >0 ate t r 4 rae 

++ +—++-> 0 
2 AG 

T T 

r = 4tan @sec 0 Taek she = o_O) 97, 22 rier ate 101. 4 

i 103. 8 105. 

ot 

io i | 

= }—> x 
= aS) 

= ie 

—2+ -6 

i at NE) On + 21/3 

A83 



A84 Answers to Odd-Numbered Exercises 

J/2 3a Vein 5 107. (1 +S, a) (4 - Z),0, 0) 109, 

111. = 2n| (1 + 4cos @) sin 86./17 + 8 cos @d@ 
0 

= 3477,/17/5 = 88.08 
113. Parabola 115. Ellipse 

é = 1; Distance = 6; Cia e Distance = 3; 
ug 

fl +> 0 

—+— =|) 
Ae 2, 6 8 

ate 

117. Hyperbola 

C= 2. Distance = 4 
3 

9 
LS Te seg Me = eon a 

5 
ee MaRS, i 

PS. Problem Solving (page 745) 

1. (a) 3. Proof 

(b) and (c) Proofs 

5. (a) 97 = x7[(l—x)/ +) ] 
(b) r= cos 26: sec 8 

(c) NIA 

Generated by Mathematica 

(b) Proof 

(Cana a 

9,A=jab 11. r? =2cos20 
d 7 ee = AGO) =D 13. 7 We e mo) 4 

15. (a) r = 2a tan @sin 0 

(oa =Var (ter) 

y= 2ar ier 7) 

(c) y? = x3/(2a — x) 

IV 

n=0 

-6 

Zi 

4 4 

n=1 hes?) 

-6 6 —6 

-4 4 

4 

n=4 

-6 

-4 

n= 1, 2, 3,4,5 produce bells”; n = — 15 —2, 23) ae 

produce “hearts.” 



Index 

A 

Abel, Niels Henrik (1802-1829), 228 

Absolute convergence, 622 

Absolute maximum of a function, 162 

Absolute minimum of a function, 162 

Absolute value, 50 

derivative involving, 324 

function, 22 

Absolute Value Theorem, 588 

Absolute zero, 74 

Absolutely convergent series, 622 

Acceleration, 124 

Accumulation function, 283 

Additive Interval Property, 271 

Agnesi, Maria Gaetana (1718-1799), 198 

Algebraic function(s), 24, 25, 371 

derivatives of, 135 

Alternating series, 619 

geometric, 619 

harmonic, 620, 622, 624 

Alternating Series Remainder, 621 

Alternating Series Test, 619 

Alternative form 

of the derivative, 101 

of Log Rule for Integration, 328 

of Mean Value Theorem, 173 

Angle 

of incidence, 684 

of reflection, 684 

Antiderivative, 244 

of f with respect to x, 245 

finding by integration by parts, 515 

general, 245 

notation for, 245 

representation of, 244 

Antidifferentiation, 245 

of a composite function, 292 

Aphelion, 694, 741 

Apogee, 694 

Approximating zeros 

bisection method, 78 

Intermediate Value Theorem, 77 

Newton’s Method, 225 

Approximation 

linear, 231 

Padé, 395 

polynomial, 636 

Stirling’s, 517 

tangent line, 231 

Two-point Gaussian Quadrature, 315 

Arc length, 466, 467 

in parametric form, 709 

of a polar curve, 729 

Arccosecant function, 366 

Arccosine function, 366 

Arccotangent function, 366 

Archimedes (287-212 B.c.), 256 

Principle, 506 

spiral of, 717, 733 

Arcsecant function, 366 

Arcsine function, 366 

series for, 670 

Arctangent function, 366 

series for, 670 

Area 

found by exhaustion method, 256 

in polar coordinates, 725 

problem, 45, 46 

of a rectangle, 256 

of a region between two curves, 437 

of a region in the plane, 260 

of a surface of revolution, 471 

in parametric form, 710 

in polar coordinates, 730 

Astroid, 145 

Asymptote(s) 

horizontal, 196 

of a hyperbola, 689 

slant, 208 

vertical, 85 

Average rate of change, 12 

Average value of a function 

on an interval, 281 

Average velocity, 112 

Axis 

conjugate, of a hyperbola, 689 

major, of an ellipse, 685 

minor, of an ellipse, 685 

of a parabola, 683 

polar, 715 

of revolution, 446 

transverse, of a hyperbola, 689 

B 

Barrow, Isaac (1630-1677), 144 

Base(s), 321, 356 

of the natural exponential function, 356 

of a natural logarithm, 321 

other than e 

derivatives for, 358 

exponential function, 356 

logarithmic function, 357 

Basic differentiation rules for elementary 

functions, 371 

Basic equation obtained in a partial 

fraction decomposition, 544 

guidelines for solving, 548 

Basic integration rules, 246, 378, 508 

procedures for fitting integrands to, 511 

Basic limits, 59 

Basic types of transformations, 23 

Bernoulli equation, 430 

general solution of, 430 

Bernoulli, James (1654-1705), 702 

Bernoulli, John (1667-1748), 542 

Bessel function, 655 

Bifolium, 145 

Index A8&5 

Binomial series, 669 

Bisection method, 78 

Bose-Einstein condensate, 74 

Bounded 

above, 591 

below, 591 

monotonic sequence, 591 

sequence, 591 

Brachistochrone problem, 702 

Breteuil, Emilie de (1706-1749), 478 

Bullet-nose curve, 137 

Cc 

Cantor set, 679 

Cardioid, 720, 721 

Carrying capacity, 417, 419 

Catenary, 386 

Cauchy, Augustin-Louis (1789-1857), 75 

Cavalieri’s Theorem, 456 

Center 

of an ellipse, 685 

of gravity, 488, 489 

of a one-dimensional system, 488 

of a two-dimensional system, 489 

of a hyperbola, 689 

of mass, 487, 488, 489 

of a one-dimensional system, 487, 

488 

of a planar lamina, 490 

of a two-dimensional system, 489 

of a power series, 647 

Centered at c, 636 

Centroid, 491 

Chain Rule, 129, 130, 135 

and trigonometric functions, 134 

Change in x, 97 

Change in y, 97 

Change of variables, 295 

for definite integrals, 298 

guidelines for making, 296 

for homogeneous equations, 423 

Charles, Jacques (1746-1823), 74 

Charles’s Law, 74 

Circle, 145, 682, 721 

Circle of curvature, 159 

Circumscribed rectangle, 258 

Cissoid, 145 

of Diocles, 746 

Classification of conics by eccentricity, 734 

Coefficient, 24 

correlation, 31 

leading, 24 

Collinear, 17 

Combinations of functions, 25 

Common logarithmic function, 357 

Common types of behavior associated 

with nonexistence of a limit, 51 
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Comparison Test 

Direct, 612 

for improper integrals, 576 

Limit, 614 

Completeness, 77, 591 

Completing the square, 377 

Composite function, 25 

antidifferentiation of, 292 

continuity of, 75 

derivative of, 129 

limit of, 61 

Composition of functions, 25 

Compound interest formulas, 360 

Compounding, continuous, 360 

Concave downward, 187 

Concave upward, 187 

Concavity, 187 

test for, 188 

Conditional convergence, 622 

Conditionally convergent series, 622 

Conic(s), 682 

circle, 682 

classification by eccentricity, 734 

degenerate, 682 

directrix of, 734 

eccentricity, 734 

ellipse, 682, 685 

focus of, 734 

hyperbola, 682, 689 

parabola, 682, 683 

polar equations of, 735 

Conic section, 682 

Conjugate axis of a hyperbola, 689 

Constant 

Euler’s, 611 

force, 477 

function, 24 

gravitational, 479 

of integration, 245 

Multiple Rule, 109, 135 

differential form, 234 
Rule, 106, 135 
spring, 34 
term of a polynomial function, 24 

Continued fraction expansion, 679 
Continuity 

on a closed interval, 73 
of a composite function, 75 
differentiability implies, 102 
and differentiability of inverse 

functions, 341 

implies integrability, 268 
properties of, 75 

Continuous, 70 
ehetes oe) 740, 

on the closed interval [a, b], 73 
compounding, 360 
everywhere, 70 
on an interval, 820 
from the left and from the right, 73 
on an open interval (a, b), 70 

Continuously differentiable, 466 

Converge, 227, 585, 595 

Convergence 

absolute, 622 

conditional, 622 

endpoint, 650 

of a geometric series, 597 

of improper integral with infinite 

discontinuities, 571 

integration limits, 568 

interval of, 648, 652 

of Newton’s Method, 227, 228 

of a power series, 648 

of p-series, 607 

radius of, 648, 652 

of a sequence, 585 

of a series, 595 

of Taylor series, 666 

tests for series 

Alternating Series Test, 619 

Direct Comparison Test, 612 

geometric series, 597 

guidelines, 631 

Integral Test, 605 

Limit Comparison Test, 614 

p-series, 607 

Ratio Test, 627 

Root Test, 630 

summary, 632 

Convergent power series, form of, 664 

Convergent series, limit of nth term of, 599 

Convex limacgon, 721 

Coordinate conversion 

polar to rectangular, 716 

rectangular to polar, 716 

Coordinate system, polar, 715 

Coordinates, polar, 715 

area in, 725 

area of a surface of revolution in, 730 

converting to rectangular, 716 

Distance Formula in, 722 

Coordinates, rectangular, converting to 

polar, 716 

Copernicus, Nicolaus (1473-1543), 685 

Cornu spiral, 745 

Correlation coefficient, 31 

Cosecant function 

derivative of, 122, 135 

integral of, 333 

inverse of, 366 

derivative of, 369 

Cosine function, 22 

derivative of, 111, 135 

integral of, 333 

inverse of, 366 

derivative of, 369 

series for, 670 

Cotangent function 

derivative of, 122, 135 

integral of, 333 

inverse of, 366 

derivative of, 369 

Coulomb’s Law, 479 

Critical number(s) 

of a function, 164 

relative extrema occur only at, 164 

Cruciform, 145 

Cubic function, 24 

Cubing function, 22 

Curtate cycloid, 704 

Curvature, circle of, 159 

Curve 

astroid, 145 

bifolium, 145 

bullet-nose, 137 

cissoid, 145 

cruciform, 145 

equipotential, 418 

folium of Descartes, 145, 733 

isothermal, 418 

kappa, 144, 146 

lemniscate, 40, 143, 146, 721 

logistic, 419, 550 

piecewise smooth, 701 

plane, 696 

pursuit, 388 

rectifiable, 466 

rose, 718, 721 

smooth, 466, 701 

piecewise, 701 

Curve sketching, summary of, 206 

Cycloid, 701, 705 

curtate, 704 

prolate, 708 

D 

Darboux’s Theorem, 242 

Decay model, exponential, 408 

Decomposition of M(x)/D(x) into partial 
fractions, 543 

Decreasing function, 177 

test for, 177 

Definite integral(s), 268 
approximating 

Midpoint Rule, 262, 307 

Simpson’s Rule, 308 

Trapezoidal Rule, 306 

as the area of a region, 269 

change of variables, 298 

properties of, 272 
two special, 271 

Degenerate conic, 682 
line, 682 

point, 682 

two intersecting lines, 682 

Degree of a polynomial function, 24 
Demand, 18 
Density, 490 

Dependent variable, 19 
Derivative(s) 

of algebraic functions, 135 

alternative form, 101 
Chain Rule, 129, 130, 135 
of a composite function, 129 

Constant Multiple Rule, 109, 135 
Constant Rule, 106, 135 

of cosecant function, 122, 135 

of cosine function, 111, 135 



of cotangent function, 122, 135 

Difference Rule, 110, 135 

of an exponential function, base a, 358 

of a function, 99 

General Power Rule, 131, 135 

higher-order, 124 

of hyperbolic functions, 385 

implicit, 141 

of an inverse function, 341 

of inverse trigonometric functions, 369 

involving absolute value, 324 

from the left and from the right, 101 

of a logarithmic function, base a, 358 

of the natural exponential function, 348 

of the natural logarithmic function, 322 

notation, 99 

parametric form, 706 

Power Rule, 107, 135 

Product Rule, 118, 135 

Quotient Rule, 120, 135 

of secant function, 122, 135 

second, 124 

Simple Power Rule, 107, 135 

simplifying, 133 

of sine function, 111, 135 

Sum Rule, 110, 135 

of tangent function, 122, 135 

third, 124 

of trigonometric functions, 122, 135 

Descartes, René (1596-1650), 2 

Difference quotient, 20, 97 

Difference Rule, 110, 135 

differential form, 234 

Difference of two functions, 25 

Differentiability 

implies continuity, 102 

and continuity of inverse functions, 341 

Differentiable at x, 99 

Differentiable, continuously, 466 

Differentiable function 

on the closed interval [a, b], 101 
on an open interval (a, b), 99 

Differential, 232 

OLRN232, 

of y, 232 

Differential equation, 245, 398 

Bernoulli equation, 430 

doomsday, 433 

Euler’s Method, 402 

first-order linear, 424 

general solution of, 245, 398 

Gompertz, 433 

homogeneous, 423 

change of variables, 423 

initial condition, 249, 399 
integrating factor, 424 

logistic, 241, 419 

order of, 398 
particular solution of, 249, 399 

separable, 415 
separation of variables, 407, 415 

singular solution of, 398 

solution of, 398 

Differential form, 234 

Differential formulas, 234 

constant multiple, 234 

product, 234 

quotient, 234 

sum or difference, 234 

Differentiation, 99 

Applied minimum and maximum 

problems, guidelines for solving, 

216 

basic rules for elementary functions, 

Sri 

implicit, 140 

guidelines for, 141 

involving inverse hyperbolic functions, 

389 

logarithmic, 323 

numerical, 102 

of power series, 652 

Differentiation rules 

basic, 371 

Chain, 129, 130, 135 

Constant, 106, 135 

Constant Multiple, 109, 135 

cosecant function, 122, 135 

cosine function, 111, 135 

cotangent function, 122, 135 

Difference, 110, 135 

general, 135 

General Power, 131, 135 

Power, 107, 135 

for Real Exponents, 359 

Product, 118, 135 

Quotient, 120, 135 

secant function, 122, 135 

Simple Power, 107, 135 

sine function, 111, 135 

Sum, 110, 135 

summary of, 135 

tangent function, 122, 135 

Diminishing returns, point of, 223 

Dimpled limagon, 721 

Direct Comparison Test, 612 

Direct substitution, 59, 60 

Directed distance, 489 

Direction field, 251, 319, 400 

Directrix 

of a conic, 734 

of a parabola, 683 

Dirichlet, Peter Gustav (1805-1859), 51 

Dirichlet function, 51 

Discontinuity, 71 

infinite, 568 

nonremovable, 71 

removable, 71 

Disk, 446 

method, 447 

compared to shell, 459 

Displacement of a particle, 286, 287 

Distance 

directed, 489 

total, traveled on [a, b], 287 

Index A8&7 

Distance Formula, in polar coordinates, 722 

Diverge, 585, 595 

Divergence 

of improper integral with infinite 

discontinuities, 571 

integration limits, 568 

of a sequence, 585 

of a series, 595 

tests for series 

Direct Comparison Test, 612 

geometric series, 597 

guidelines, 631 

Integral Test, 605 

Limit Comparison Test, 614 

nth-Term Test, 599 

p-series, 607 

Ratio Test, 627 

Root Test, 630 

summary, 632 

Divide out like factors, 63 

Domain 

feasible, 215 

of a function, 19 

explicitly defined, 21 

implied, 21 

of a power series, 648 

Doomsday equation, 433 

Dummy variable, 270 

Dyne, 477 

E 

e, the number, 321 

limit involving, 360 

Eccentricity, 734 

classification of conics by, 734 

of an ellipse, 687 

of a hyperbola, 690 

Eight curve, 159 

Elementary function(s), 24, 371 

basic differentiation rules for, 371 

polynomial approximation of, 636 

power series for, 670 

Eliminating the parameter, 698 

Ellipse, 682, 685 

center of, 685 

eccentricity of, 687 

foci of, 685 

major axis of, 685 

minor axis of, 685 

reflective property of, 687 

rotated, 145 

standard equation of, 685 

vertices of, 685 

Elliptic integral, 311 

Endpoint convergence, 650 

Endpoint extrema, 162 

Epicycloid, 704, 705, 709 

Epsilon-delta, ¢-5, definition of limit, 52 

Equation(s) 

basic, 544 

guidelines for solving, 548 
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Bernoulli, 430 

of conics, polar, 735 

doomsday, 433 

of an ellipse, 685 

general second-degree, 682 

Gompertz, 433 

graph of, 2 

of a hyperbola, 689 

of a line 

general form, 14 

horizontal, 14 

point-slope form, 11, 14 

slope-intercept form, 13, 14 

summary, 14 

vertical, 14 

of a parabola, 683 

parametric, 696 

finding, 700 

graph of, 696 

primary, 215, 216 

related-rate, 148 

secondary, 216 

separable, 415 

solution point of, 2 

Equilibrium, 487 

Equipotential 

curves, 418 

Error 

in approximating a Taylor polynomial, 

642 

in measurement, 233 

percent error, 233 

propagated error, 233 

relative error, 233 

in Simpson’s Rule, 309 

in Trapezoidal Rule, 309 

Escape velocity, 94 

Euler, Leonhard (1707-1783), 24 

Euler’s 

constant, 611 

Method, 402 

Evaluate a function, 19 

Even function, 26 

integration of, 300 

test for, 26 

Everywhere continuous, 70 

Existence 

of an inverse function, 339 

of a limit, 73 

theorem, 77, 162 

Expanded about c, approximating 

polynomial, 636 

Explicit form of a function, 19, 140 

Explicitly defined domain, 21 

Exponential decay, 408 

Exponential function, 24 
to base a, 356 

derivative of, 358 
integration rules, 350 
natural, 346 

derivative of, 348 
properties of, 347 

operations with, 347 

series for, 670 

Exponential growth and decay model, 408 

initial value, 408 

proportionality constant, 408 

Exponentiate, 347 

Extended Mean Value Theorem, 241, 558 

Extrema 

endpoint, 162 

of a function, 162 

guidelines for finding, 165 

relative, 163 

Extreme Value Theorem, 162 

Extreme values of a function, 162 

F 

Factorial, 587 

Family of functions, 268 

Famous curves 

astroid, 145 

bifolium, 145 

bullet-nose curve, 137 

circle, 145, 682, 721 

cissoid, 145 

cruciform, 145 

eight curve, 159 

folium of Descartes, 145, 733 

kappa curve, 144, 146 

lemniscate, 40, 143, 146, 721 

parabola, 2, 145, 682, 683 

pear-shaped quartic, 159 

rotated ellipse, 145 

rotated hyperbola, 145 

serpentine, 126 

top half of circle, 137 

witch of Agnesi, 126, 145, 198 

Feasible domain, 215 

Fermat, Pierre de (1601-1665), 164 

Fibonacci sequence, 594, 604 

Field 

direction, 251, 319, 400 

slope, 251, 301, 319, 400 

Finite Fourier series, 532 

First Derivative Test, 179 

First-order differential equations 

linear, 424 

solution of, 425 

Fitting integrands to basic rules, 511 

Fixed point, 229 

Fluid(s) 

force, 498 

pressure, 497 

weight-densities of, 497 

Focal chord of a parabola, 683 

Focus 

of a conic, 734 

of an ellipse, 685 

of a hyperbola, 689 
of a parabola, 683 

Folium of Descartes, 145, 733 
Force, 477 

constant, 477 

exerted by a fluid, 498 

variable, 478 

Form of a convergent power series, 664 

Fourier, Joseph (1768-1830), 657 

Fourier series, finite, 532 

Fourier Sine Series, 523 

Fraction expansion, continued, 679 

Fractions, partial, 542 

decomposition of M(x)/D(x), into, 543 
method of, 542 

Fresnel function, 315 

Function(s), 6, 19 

absolute maximum of, 162 

absolute minimum of, 162 

absolute value, 22 

acceleration, 124 

accumulation, 283 

addition of, 25 

algebraic, 24, 25, 371 

antiderivative of, 244 

arc length, 466, 467 

arccosecant, 366 

arccosine, 366 

arccotangent, 366 

arcsecant, 366 

arcsine, 366 

arctangent, 366 

average value of, 281 

Bessel, 655 

combinations of, 25 

common logarithmic, 357 

composite, 25 

composition of, 25 

concave downward, 187 

concave upward, 187 

constant, 24 

continuous, 70 

continuously differentiable, 466 

cosine, 22 

critical number of, 164 

cubic, 24 

cubing, 22 

decreasing, 177 

test for, 177 

defined by power series, properties of, 

652 

derivative of, 99 

difference of, 25 

differentiable, 99, 101 

Dirichlet, 51 

domain of, 19 

elementary, 24, 371 

algebraic, 24, 25 

exponential, 24 

logarithmic, 24 

trigonometric, 24 

evaluate, 19 
even, 26 

explicit form, 19, 140 
exponential to base a, 356 
extrema of, 162 

extreme values of, 162 

family of, 268 

feasible domain of, 215 



Fresnel, 315 

Gamma, 566, 578 

global maximum of, 162 

global minimum of, 162 

graph of, guidelines for analyzing, 206 

greatest integer, 72 

Gudermannian, 396 

Heaviside, 39 

homogeneous, 423 

hyperbolic, 383 

identity, 22 

implicit form, 19 

implicitly defined, 140 

increasing, 177 

test for, 177 

inner product of two, 532 

integrable, 268 

inverse, 337 

inverse hyperbolic, 387 

inverse trigonometric, 366 

involving a radical, limit of, 60 

jerk, 160 

limit of, 48 

linear, 24 

local extrema of, 163 

local maximum of, 163 

local minimum of, 163 

logarithmic, 318 

to base a, 357 

logistic growth, 361 

natural exponential, 346 

natural logarithmic, 318 

notation, 19 

odd, 26 

one-to-one, 21 
onto, 21 

orthogonal, 532 

point of inflection, 189, 190 

polynomial, 24, 60 

position, 32, 112 

product of, 25 

pulse, 94 

quadratic, 24 

quotient of, 25 

range of, 19 

rational, 22, 25 

real-valued, 19 

relative extrema of, 163 

relative maximum of, 163 

relative minimum of, 163 

representation by power series, 657 

Riemann zeta, 611 

signum, 82 

sine, 22 

sine integral, 316 

square root, 22 
squaring, 22 
standard normal probability density, 349 

step, 72 
strictly monotonic, 178, 339 

sum of, 25 
that agree at all but one point, 62 

transcendental, 25, 371 

transformation of a graph of, 23 

horizontal shift, 23 

reflection about origin, 2 

reflection about x-axis, 23 

reflection about y-axis, 2 

reflection in the line y = x, 338 

vertical shift, 23 

trigonometric, 24 

unit pulse, 94 

Vertical Line Test, 22 

zero of, 26 

approximating with Newton’s 

Method, 225 

Fundamental Theorem 

of Calculus, 277, 278 

guidelines for using, 278 

Second, 284 

G 

Galilei, Galileo (1564-1642), 371 

Galois, Evariste (1811-1832), 228 

Gamma Function, 566, 578 

Gauss, Carl Friedrich (1777-1855), 255 

Gaussian Quadrature Approximation, 

two-point, 315 

General antiderivative, 245 

General differentiation rules, 135 

General form 

of the equation of a line, 14 

of a second-degree equation, 682 

General harmonic series, 607 

General partition, 267 

General Power Rule 

for differentiation, 131, 135 

for Integration, 297 

General second-degree equation, 682 

General solution 

of the Bernoulli equation, 430 

of a differential equation, 245, 398 

Geometric power series, 657 

Geometric series, 597 

alternating, 619 

convergence of, 597 

divergence of, 597 

Global maximum of a function, 162 

Global minimum of a function, 162 

Golden ratio, 594 

Gompertz equation, 433 

Graph(s) 

of absolute value function, 22 

of cosine function, 22 

of cubing function, 22 

of an equation, 2 

of a function 
guidelines for analyzing, 206 

transformation of, 23 

of hyperbolic functions, 384 

of identity function, 22 

intercept of, 4 
of inverse hyperbolic functions, 388 

of inverse trigonometric functions, 367 

orthogonal, 146 

Index A89 

of parametric equations, 696 

polar, 717 

points of intersection, 727 

special polar graphs, 721 

of rational function, 22 

of sine function, 22 

of square root function, 22 

of squaring function, 22 

symmetry of, 5 

Gravitational, constant, 479 

Greatest integer function, 72 

Gregory, James (1638-1675), 652 

Gudermannian function, 396 

Guidelines 

for analyzing the graph of a function, 

206 

for evaluating integrals involving 

secant and tangent, 527 

for evaluating integrals involving sine 

and cosine, 524 

for finding extrema on a closed interval, 

165 

for finding intervals on which a function 

is increasing or decreasing, 178 

for finding an inverse function, 339 

for finding limits at infinity of rational 

functions, 198 

for finding a Taylor series, 668 

for implicit differentiation, 141 

for integration, 331 

for integration by parts, 515 

for making a change of variables, 296 

for solving applied minimum and 

maximum problems, 216 

for solving the basic equation, 548 

for solving related-rate problems, 149 

for testing a series for convergence or 

divergence, 631 

for using the Fundamental Theorem of 

Calculus, 278 

H 

Half-life, 356, 409 

Harmonic series, 607 

alternating, 620, 622, 624 

Heaviside, Oliver (1850-1925), 39 

Heaviside function, 39 

Herschel, Caroline (1750-1848), 691 

Higher-order derivative, 124 

Homogeneous of degree n, 423 

Homogeneous differential equation, 423 

change of variables for, 423 

Homogeneous function, 423 

Hooke’s Law, 479 

Horizontal asymptote, 196 

Horizontal line, 14 

Horizontal Line Test, 339 

Horizontal shift of a graph of a function, 

DS 
Huygens, Christian (1629-1795), 466 
Hypatia (370-415 A.p.), 682 

Hyperbola, 682, 689 



A90 Index 

asymptotes of, 689 

center of, 689 

conjugate axis of, 689 

eccentricity of, 690 

foci of, 689 

rotated, 145 

standard equation of, 689 

transverse axis of, 689 

vertices of, 689 

Hyperbolic functions, 383 

derivatives of, 385 

graphs of, 384 

identities, 384 

integrals of, 385 

inverse, 387 

differentiation involving, 389 

graphs of, 388 

integration involving, 389 

Hyperbolic identities, 384 

Hypocycloid, 705 

Identities, hyperbolic, 384 

Identity function, 22 

If and only if, 14 

Image of x under f, 19 

Implicit derivative, 141 

Implicit differentiation, 140 

guidelines for, 141 

Implicit form of a function, 19 

Implicitly defined function, 140 

Implied domain, 21 

Improper integral, 568 

comparison test for, 576 

with infinite discontinuities, 571 

convergence of, 571 

divergence of, 571 

with infinite integration limits, 568 

convergence of, 568 

divergence of, 568 

special type, 574 

Incidence, angle of, 684 

Increasing function, 177 

test for, 177 

Indefinite integral, 245 

pattern recognition, 282 

Indefinite integration, 245 

Independent variable, 19 

Indeterminate form, 63, 86, 197, 211, 

557, 560 

Index of summation, 254 

Inductive reasoning, 589 

Inequality 

Napier’s, 336 

preservation of, 272 

Infinite discontinuities, 568 

improper integrals with, 571 

convergence of, 571 

divergence of, 571 

Infinite integration limits, 568 

improper integrals with, 568 

convergence of, 568 

divergence of, 568 

Infinite interval, 195 

Infinite limit(s), 83 

at infinity, 201 

from the left and from the right, 83 

properties of, 87 

Infinite series (or series), 595 

absolutely convergent, 622 

alternating, 619 

geometric, 619 

harmonic, 620, 622 

remainder, 621 

conditionally convergent, 622 

convergence of, 595 

convergent, limit of nth term, 599 

divergence of, 595 

nth term test for, 599 

geometric, 597 

guidelines for testing for convergence 

or divergence of, 631 

harmonic, 607 

alternating, 620, 622, 624 

nth partial sum, 595 

properties of, 599 

p-series, 607 

rearrangement of, 624 

sum of, 595 

telescoping, 596 

terms of, 595 

Infinity 

infinite limit at, 201 

limit at, 195, 196 

Inflection point, 189, 190 

Initial condition(s), 249, 399 

Initial value, 408 

Inner product, of two functions, 532 ~ 

Inner radius of a solid of revolution, 449 

Inscribed rectangle, 258 

Instantaneous rate of change, 112 

Instantaneous velocity, 113 

Integrability and continuity, 268 

Integrable function, 268 

Integral(s) 

definite, 268 

properties of, 272 

two special, 271 

elliptic, 311 

of hyperbolic functions, 385 

improper, 568 

indefinite, 245 

involving inverse trigonometric 

functions, 375 

involving secant and tangent, 

guidelines for evaluating, 527 

involving sine and cosine, guidelines 

for evaluating, 524 

Mean Value Theorem, 280 

of p(x) = Ax? + Bx + GC, 307 

of the six basic trigonometric functions, 

333 

trigonometric, 524 

Integral Test, 605 

Integrand(s), procedures for fitting to 

basic rules, 511 

Integrating factor, 424 

Integration 

as an accumulation process, 441 

Additive Interval Property, 271 

basic rules of, 246, 378, 508 

change of variables, 295 

guidelines for, 296 

constant of, 245 

of even and odd functions, 300 

guidelines for, 331 

indefinite, 245 

pattern recognition, 292 

involving inverse hyperbolic functions, 

389 

Log Rule, 328 

lower limit of, 268 

of power series, 652 

preservation of inequality, 272 

rules for exponential functions, 350 

upper limit of, 268 

Integration by parts, 515 

guidelines for, 515 

summary of common integrals using, 

520 

tabular method, 520 

Integration by tables, 551 

Integration formulas 

reduction formulas, 553 

special, 537 

Integration rules 

basic, 246, 378, 508 

General Power Rule, 297 

Power Rule, 246 

Integration techniques 

basic integration rules, 246, 378, 508 

integration by parts, 515 

method of partial fractions, 542 

substitution for rational functions of 

sine and cosine, 554 

tables, 551 

trigonometric substitution, 533 

Intercept(s), 4 

x-intercept, 4 

y-intercept, 4 

Interest formulas, summary of, 360 

Intermediate Value Theorem, 77 

Interpretation of concavity, 187 

Interval of convergence, 648 

Interval, infinite, 195 

Inverse function, 337 

continuity and differentiability of, 341 

derivative of, 341 
existence of, 339 
guidelines for finding, 339 

Horizontal Line Test, 339 

properties of, 357 
reflective property of, 338 

Inverse hyperbolic functions, 387 
differentiation involving, 389 
graphs of, 388 



integration involving, 389 

Inverse trigonometric functions, 366 

derivatives of, 369 

graphs of, 367 

integrals involving, 375 

properties of, 368 

Isothermal curves, 418 

Iteration, 225 

ith term of a sum, 254 

J 

Jerk function, 160 

K 

Kappa curve, 144, 146 

Kepler, Johannes, (1571-1630), 737 

Kepler’s Laws, 737 

Kirchhoff’s Second Law, 426 

| 

Lagrange, Joseph-Louis (1736-1813), 

172 

Lagrange form of the remainder, 642 

Lambert, Johann Heinrich (1728-1777), 

383 

Lamina, planar, 490 

Laplace Transform, 578 

Latus rectum, of a parabola, 683 

Leading coefficient 

of a polynomial function, 24 

test, 24 

Least squares regression, 7 

Least upper bound, 591 
Left-hand limit, 72 

Leibniz, Gottfried Wilhelm (1646-1716), 

234 

Leibniz notation, 234 

Lemniscate, 40, 143, 146, 721 

Length 

of an arc, 466, 467 

parametric form, 709 

polar form, 729 

of the moment arm, 487 

L’HO6pital, Guillaume (1661-1704), 558 

L Ho6pital’s Rule, 558 

Limagon, 721 

convex, 721 

dimpled, 721 

with inner loop, 721 

Limit(s), 45, 48 

basic, 59 

of a composite function, 61 

definition of, 52 

e-6 definition of, 52 

evaluating 
direct substitution, 59, 60 

divide out like factors, 63 
rationalize the numerator, 63, 64 

existence of, 73 
of a function involving a radical, 60 

indeterminate form, 63 

infinite, 83 

from the left and from the right, 83 

properties of, 87 

at infinity, 195, 196 

infinite, 201 

of a rational function, guidelines for 

finding, 198 

of integration 

lower, 268 

upper, 268 

involving e, 360 

from the left and from the right, 72 

of the lower and upper sums, 260 

nonexistence of, common types of 

behavior, 51 

of nth term of a convergent series, 599 

one-sided, 72 

of polynomial and rational functions, 60 

properties of, 59 

of a sequence, 585 

properties of, 586 

strategy for finding, 62 

of trigonometric functions, 61 

two special trigonometric, 65 

Limit Comparison Test, 614 

Line(s) 

as a degenerate conic, 682 

equation of 

general form, 14 

horizontal, 14 

point-slope form, 11, 14 

slope-intercept form, 13, 14 

summary, 14 

vertical, 14 

moment about, 487 

at a point, 146 

parallel, 14 

perpendicular, 14 

radial, 715 

secant, 45, 97 

slope of, 10 

tangent, 45, 97 

approximation, 231 

at the pole, 720 

with slope 97 

vertical, 98 

Linear approximation, 231 

Linear function, 24 

Local maximum, 163 

Local minimum, 163 

Locus, 682 

Log Rule for Integration, 328 

Logarithmic differentiation, 323 

Logarithmic function, 24, 318 

to base a, 357 

derivative of, 358 

common, 357 

natural, 318 

derivative of, 322 

properties of, 319 

Logarithmic properties, 319 

Logarithmic spiral, 733 

Index AQ1 

Logistic curve, 419, 550 

Logistic differential equation, 241, 419 

carrying capacity, 419 

Logistic growth function, 361 

Lorenz curves, 444 

Lower bound of a sequence, 591 

Lower bound of summation, 254 

Lower limit of integration, 268 

Lower sum, 258 

limit of, 260 

Lune, 541 

M 

Macintyre, Sheila Scott (1910-1960), 

524 

Maclaurin, Colin, (1698-1746), 664 

Maclaurin polynomial, 638 

Maclaurin series, 665 

Major axis of an ellipse, 685 

Mass, 486 

center of, 487, 488, 489 

of a one-dimensional system, 487, 

488 

of a planar lamina, 490 

of a two-dimensional system, 489 

pound mass, 486 

total, 488, 489 

Mathematical model, 7 

Mathematical modeling, 33 

Maximum 

absolute, 162 

of fon J, 162 

global, 162 

local, 163 

relative, 163 

Mean Value Theorem, 172 

alternative form of, 173 

Extended, 241, 558 

for Integrals, 280 

Measurement, error in, 233 

Mechanic’s Rule, 229 

Method of partial fractions, 542 

Midpoint Rule, 262, 307 

Minimum 

absolute, 162 

of fon J, 162 

global, 162 

local, 163 

relative, 163 

Minor axis of an ellipse, 685 

Model 

exponential growth and decay, 408 

mathematical, 7 

Modeling, mathematical, 33 

Moment(s) 

about a line, 487 

about the origin, 487, 488 

about a point, 487 

about the x-axis 

of a planar lamina, 490 

of a two-dimensional system, 489 



A92 Index 

about the y-axis 

of a planar lamina, 490 

of a two-dimensional system, 489 

arm, length of, 487 

of mass 

of a one-dimensional system, 488 

of a planar lamina, 490 

Monotonic sequence, 590 

bounded, 591 

Monotonic, strictly, 178, 339 

Mutually orthogonal, 418 

N 

n factorial, 587 

Napier, John (1550-1617), 318 

Napier’s Inequality, 336 

Natural exponential function, 346 

derivative of, 348 

integration rules, 350 

operations with, 347 

properties of, 347 

series for, 670 

Natural logarithmic base, 321 

Natural logarithmic function, 318 

base of, 321 

derivative of, 322 

properties of, 319 

series for, 670 

Net change, 286 

Net Change Theorem, 286 

Newton (unit of force), 477 

Newton, Isaac (1642-1727), 96, 225 

Newton’s Law of Cooling, 411 

Newton’s Law of Universal Gravitation, 

479 

Newton’s Method for approximating the 

zeros of a function, 225 

convergence of, 227, 228 

iteration, 225 

Newton’s Second Law of Motion, 425 

Nonexistence of a limit, common types 
of behavior, 51 

Nonremovable discontinuity, 71 
Norm of a partition, 267 
Normal line at a point, 146 
Normal probability density function, 349 
Notation 

antiderivative, 245 

derivative, 99 

function, 19 
Leibniz, 234 
sigma, 254 

nth Maclaurin polynomial for f at c, 638 
nth partial sum, 595 
nth Taylor polynomial for f at c, 638 
nth term 

of a convergent series, 599 
of a sequence, 584 

nth-Term Test for Divergence, 599 
Number, critical, 164 
Number e, 321 

limit involving, 360 
Numerical differentiation, 103 

O 

Odd function, 26 

integration of, 300 

test for, 26 

Ohm’s Law, 237 

One-dimensional system 

center of gravity of, 488 

center of mass of, 487, 488 

moment of, 487, 488 

total mass of, 488 

One-sided limit, 72 

One-to-one function, 21 

Onto function, 21 

Open interval 

continuous on, 70 

differentiable on, 99 

Operations 

with exponential functions, 347 

with power series, 659 

Order of a differential equation, 398 

Orientation, of a plane curve, 697 

Origin 

moment about, 487, 488 

of a polar coordinate system, 715 

reflection about, 23 

symmetry, 5 

Orthogonal 

functions, 532 

graphs, 146 

trajectory, 146, 418 

Outer radius of a solid of revolution, 449 

P 

Padé approximation, 395 

Pappus 

Second Theorem of, 496 

Theorem of, 493 

Parabola, 2, 145, 682, 683 

axis of, 683 

directrix of, 683 

focal chord of, 683 

focus of, 683 

latus rectum of, 683 

reflective property of, 684 

standard equation of, 683 

vertex of, 683 

Parabolic spandrel, 495 

Parallel lines, 14 

Parameter, 696 

eliminating, 698 

Parametric equations, 696 

finding, 700 
graph of, 696 

Parametric form 

of arc length, 709 

of the area of a surface of revolution, 

710 
of the derivative, 706 

Partial fractions, 542 
decomposition of N(x)/D(x) into, 543 
method of, 542Partial sums, sequence 

of, 595 

Particular solution of a differential 

equation, 249, 399 

Partition 

general, 267 

norm of, 267 

regular, 267 

Pascal, Blaise (1623—1662), 497 

Pascal’s Principle, 497 

Pear-shaped quartic, 159 

Percent error, 233 

Perigee, 694 

Perihelion, 694, 741 

Perpendicular lines, 14 

Piecewise smooth curve, 701 

Planar lamina, 490 

center of mass of, 490 

moment of, 490 

Plane region, area of, 260 

Plane curve, 696 

orientation of, 697 

Point 

as a degenerate conic, 682 

of diminishing returns, 223 

fixed, 229 

of inflection, 189, 190 

of intersection, 6 

of polar graphs, 727 

moment about, 487 

Point-slope equation of a line, 11, 14 

Polar axis, 715 

Polar coordinate system, 715 

polar axis of, 715 

pole (or origin), 715 

Polar coordinates, 715 

area in, 725 

area of a surface of revolution in, 730 

converting to rectangular, 716 

Distance Formula in, 722 

Polar curve, arc length of, 729 

Polar equations of conics, 735 

Polar form of slope, 719 

Polar graphs, 717 

cardioid, 720, 721 

circle, 72 

convex limacon, 721 

dimpled limagon, 721 

lemniscate, 721 

limagon with inner loop, 721 

points of intersection, 727 

rose curve, 718, 721 

Rolex 

tangent lines at, 720 

Polynomial 

Maclaurin, 638 

Taylor, 159, 638 

Polynomial approximation, 636 
centered at c, 636 
expanded about c, 636 

Polynomial function, 24, 60 

constant term of, 24 

degree of, 24 
leading coefficient of, 24 
limit of, 60 



zero, 24 

Position function, 32, 112, 124 

Pound mass, 486 

Power Rule 

for differentiation, 107, 135 

for integration, 246, 297 

for Real Exponents, 359 

Power series, 647 

centered at c, 647 

convergence of, 648 

convergent, form of, 664 

differentiation of, 652 

domain of, 648 

for elementary functions, 670 

endpoint convergence, 650 

geometric, 657 

integration of, 652 

interval of convergence, 648 

operations with, 659 

properties of functions defined by, 652 

interval of convergence of, 652 

radius of convergence of, 652 

radius of convergence, 648 

representation of functions by, 657 

Preservation of inequality, 272 

Pressure, fluid, 497 

Primary equation, 215, 216 

Prime Number Theorem, 327 

Probability density function, 349 

Procedures for fitting integrands to basic 

rules, 511 

Product 

of two functions, 25 

inner, 532 

Product Rule, 118, 135 

differential form, 234 

Prolate cycloid, 708 

Propagated error, 233 

Properties 

of continuity, 75 

of definite integrals, 272 

of functions defined by power series, 

652 

of infinite limits, 87 

of infinite series, 599 

of inverse functions, 357 

of inverse trigonometric functions, 

368 

of limits, 59 

of limits of sequences, 586 

logarithmic, 319 

of the natural exponential function, 

319, 347 

of the natural logarithmic function, 319 

Proportionality constant, 408 

p-series, 607 

convergence of, 607 

divergence of, 607 

harmonic, 607 

Pulse function, 94 

unit, 94 

Pursuit curve, 388 

Q 

Quadratic function, 24 

Quotient, difference, 20, 97 

Quotient Rule, 120, 135 

differential form, 234 

Quotient of two functions, 25 

R 

Radial lines, 715 

Radian measure, 367 

Radical, limit of a function involving a, 60 

Radicals, solution by, 228 

Radioactive isotopes, half-lives of, 409 

Radius 

of convergence, 648 

inner, 449 

outer, 449 

Ramanujan, Srinivasa (1887-1920), 661 

Range of a function, 19 

Raphson, Joseph (1648-1715), 225 

Rate of change, 12 

average, 12 

instantaneous, 12, 112 

Ratio, 12 

golden, 594 

Ratio Test, 627 

Rational function, 22, 25 

guidelines for finding limits at infinity 

of, 198 

limit of, 60 

Rationalize the numerator, 63, 64 

Rationalizing technique, 64 

Real Exponents, Power Rule, 359 

Real numbers, completeness of, 77, 591 

Real-valued function f of a real variable 

3% 119) 

Reasoning, inductive, 589 

Rectangle 

area of, 256 

circumscribed, 258 

inscribed, 258 

representative, 436 

Rectangular coordinates, 

converting to polar, 716 

Rectifiable curve, 466 

Recursively defined sequence, 584 

Reduction formulas, 553 

Reflection 

about the origin, 23 

about the x-axis, 23 

about the y-axis, 23 

angle of, 684 
in the line y = x, 338 

Reflective property 
of an ellipse, 687 
of inverse functions, 338 

of a parabola, 684 

Reflective surface, 684 

Refraction, 223 

Region in the plane 

area of, 260 

between two curves, 437 

Index A93 

centroid of, 491 

Regression line, least squares, 7 

Regular partition, 267 

Related-rate equation, 148 

Related-rate problems, guidelines for 

solving, 149 

Relation, 19 

Relative error, 233 

Relative extrema 

First Derivative Test for, 179 

of a function, 163 

occur only at critical numbers, 164 

Second Derivative Test for, 191 

Relative maximum 

at (c, f(c)), 163 

First Derivative Test for, 179 

of a function, 163 

Second Derivative Test for, 191 

Relative minimum 

at (c, f(c)), 163 

First Derivative Test for, 179 

of a function, 163 

Second Derivative Test for, 191 

Remainder 

alternating series, 621 

of a Taylor polynomial, 642 

Removable discontinuity, 71 

Representation of antiderivatives, 244 

Representative element, 441 

disk, 446 

rectangle, 436 

shell, 457 

washer, 449 

Return wave method, 532 

Review 

of basic differentiation rules, 371 

of basic integration rules, 378, 508 

Revolution 

axis of, 446 

solid of, 446 

surface of, 470 

area of, 471, 710, 730 

volume of solid of 

disk method, 446 

shell method, 457, 458 

washer method, 449 

Riemann, Georg Friedrich Bernhard 

(1826-1866), 267, 624 

Riemann sum, 267 

Riemann zeta function, 611 

Right-hand limit, 72 

Rolle, Michel (1652-1719), 170 

Rolle’s Theorem, 170 

Root Test, 630 

Rose curve, 718, 721 

Rotated ellipse, 145 

Rotated hyperbola, 145 

S 

Secant function 

derivative of, 122, 135 

integral of, 333 



A94 Index 

inverse of, 366 

derivative of, 369 

Secant line, 45, 97 

Second derivative, 124 

Second Derivative Test, 191 

Second Fundamental Theorem of 

Calculus, 284 

Second Theorem of Pappus, 496 

Secondary equation, 216 

Second-degree equation, general, 682 

Separable differential equation, 415 

Separation of variables, 407, 415 

Sequence, 584 

Absolute Value Theorem, 588 

bounded, 591 

bounded above, 591 

bounded below, 591 

bounded monotonic, 591 

convergence of, 585 

divergence of, 585 

Fibonacci, 594, 604 

least upper bound of, 591 

limit of, 585 

properties of, 586 

lower bound of, 591 

monotonic, 590 

nth term of, 584 

of partial sums, 595 

pattern recognition for, 588 

recursively defined, 584 

Squeeze Theorem, 587 

terms of, 584 

upper bound of, 591 

Series, 595 

absolutely convergent, 622 

alternating, 619 

geometric, 619 

harmonic, 620, 622, 624 

Alternating Series Test, 619 

binomial, 669 

conditionally convergent, 622 

convergence of, 595 

convergent, limit of nth term, 599 

Direct Comparison Test, 612 

divergence of, 595 

nth term test for, 599 

finite Fourier, 532 

Fourier Sine, 523 

geometric, 597 

alternating, 619 

convergence of, 597 

divergence of, 597 

guidelines for testing for convergence 

or divergence, 631 
harmonic, 607 

alternating, 620, 622, 624 
infinite, 595 

properties of, 599 
Integral Test, 605 
Limit Comparison Test, 614 
Maclaurin, 665 
nth partial sum, 595 
nth term of convergent, 599 

power, 647 

p-series, 607 

Ratio Test, 627 

rearrangement of, 624 

Root Test, 630 

sum of, 595 

summary of tests for, 632 

Taylor, 664, 665 

telescoping, 596 

terms of, 595 

Serpentine, 126 

Shell method, 457, 458 

and disk method, comparison of, 459 

Shift of a graph 

horizontal, 23 

vertical, 23 

Sigma notation, 254 

index of summation, 254 

ith term, 254 

lower bound of summation, 254 

upper bound of summation, 254 

Signum function, 82 

Simple Power Rule, 107, 135 

Simpson’s Rule, 308 

error in, 309 

Sine function, 22 

derivative of, 111, 135 

integral of, 333 

inverse of, 366 

derivative of, 369 

series for, 670 

Sine integral function, 316 

Sine Series, Fourier, 523 

Singular solution, differential equation, 398 

Slant asymptote, 208 

Slope(s) 

field, 251, 301, 319, 400 

of the graph of fat x = c, 97 

of a line, 10 

of a tangent line, 97 

parametric form, 706 

polar form, 719 

Slope-intercept equation of a line, 13, 14 

Smooth 

curve, 466, 701 

piecewise, 701 

Snell’s Law of Refraction, 223 

Solid of revolution, 446 

volume of 

disk method, 446 

shell method, 457, 458 

washer method, 449 

Solution 

curves, 399 

of a differential equation, 398 

Bernoulli, 430 
Euler’s Method, 402 
first-order linear, 425 

general, 245, 398 
particular, 249, 399 

singular, 398 
point of an equation, 2 
by radicals, 228 

Some basic limits, 59 

Spandrel, parabolic, 495 

Special integration formulas, 537 

Special polar graphs, 721 

Special type of improper integral, 574 

Speed, 113 

Spiral 

of Archimedes, 717, 733 

cornu, 745 

logarithmic, 733 

Spring constant, 34 

Square root function, 22 

Squaring function, 22 

Squeeze Theorem, 65 

for Sequences, 587 

Standard equation of 

an ellipse, 685 

a hyperbola, 689 

a parabola, 683 

Standard form of the equation of 

an ellipse, 685 

a hyperbola, 689 

a parabola, 683 

Standard form of a first-order linear 

differential equation, 424 

Standard normal probability density 

function, 349 

Step function, 72 

Stirling’s approximation, 517 

Stirling’s Formula, 354 

Strategy for finding limits, 62 

Strictly monotonic function, 178, 339 

Strophoid, 745 

Substitution for rational functions of sine 

and cosine, 554 

Sum(s) 

ith term of, 254 

lower, 258 

limit of, 260 

nth partial, 595 

Riemann, 267 

Role LON35 

differential form, 234 

of a series, 595 

sequence of partial, 595 

of two functions, 25 

upper, 258 

limit of, 260 

Summary 

of common integrals using integration 

by parts, 520 

of compound interest formulas, 360 

of curve sketching, 206 

of differentiation rules, 135 

of equations of lines, 14 

of tests for series, 632 

Summation 
formulas, 255 
index of, 254 

lower bound of, 254 
upper bound of, 254 

Surface, reflective, 684 

Surface of revolution, 470 



area of, 471 

parametric form, 710 

polar form, 730 

Symmetry 

tests for, 5 

with respect to the origin, 5 

with respect to the point (a, b), 395 

with respect to the x-axis, 5 

with respect to the y-axis, 5 

T 

Table of values, 2 

Tables, integration by, 551 

Tabular method for integration by parts, 

520 

Tangent function 

derivative of, 122, 135 

integral of, 333 

inverse of, 366 

derivative of, 369 

Tangent line(s), 45, 97 

approximation of f at c, 231 

at the pole, 720 

problem, 45 

slope of, 97 

parametric form, 706 

polar form, 719 

with slope m, 97 

vertical, 98 

Tautochrone problem, 702 

Taylor, Brook (1685-1731), 638 

Taylor polynomial, 159, 638 

error in approximating, 642 

remainder, Lagrange form of, 642 

Taylor series, 664, 665 

convergence of, 666 

guidelines for finding, 668 

Taylor’s Theorem, 642 
Telescoping series, 596 
Terms 

of a sequence, 584 
of a series, 595 

Test(s) 

comparison, for improper integrals, 
576 

for concavity, 188 
for convergence 

Alternating Series, 619 
Direct Comparison, 612 
geometric series, 597 
guidelines, 631 

Integral, 605 

Limit Comparison, 614 
p-series, 607 
Ratio, 627 
Root, 630 
summary, 632 

for even and odd functions, 26 

First Derivative, 179 

Horizontal Line, 339 
for increasing and decreasing functions, 

FE 
Leading Coefficient, 24 

Second Derivative, 191 

for symmetry, 5 

Vertical Line, 22 

Theorem 

Absolute Value, 588 

of Calculus, Fundamental, 277, 278 

guidelines for using, 278 

of Calculus, Second Fundamental, 284 

Cavalieri’s, 456 

Darboux’s, 242 

existence, 77, 162 

Extended Mean Value, 241, 558 

Extreme Value, 162 

Intermediate Value, 77 

Mean Value, 172 

alternative form, 173 

Extended, 241, 558 
for Integrals, 280 

Net Change, 286 

of Pappus, 493 
Second, 496 

Prime Number, 327 

Rolle’s, 170 
Squeeze, 65 

for sequences, 587 

Taylor’s, 642 

Third derivative, 124 

Top half of circle, 137 
Torque, 488 

Torricelli’s Law, 433 

Total distance traveled on [a, b], 287 

Total mass, 488, 489 
of a one-dimensional system, 488 

of a two-dimensional system, 489 
Tractrix, 327, 388 

Trajectories, orthogonal, 146, 418 
Transcendental function, 25, 371 

Transformation, 23 

Transformation of a graph of a function, 23 
basic types, 23 
horizontal shift, 23 
reflection about origin, 23 
reflection about x-axis, 23 
reflection about y-axis, 23 

reflection in the line y = x, 338 

vertical shift, 23 
Transverse axis of a hyperbola, 689 
Trapezoidal Rule, 306 

error in, 309 

Trigonometric function(s), 24 
and the Chain Rule, 134 

cosine, 22 
derivative of, 122, 135 

integrals of the six basic, 333 

inverse, 366 

derivatives of, 369 
graphs of, 367 
integrals involving, 375 

properties of, 368 
limit of, 61 

sine, 22 

Trigonometric integrals, 524 
Trigonometric substitution, 533 

Two-dimensional system 
center of gravity of, 489 

Index A95 

center of mass of, 489 

moment of, 489 

total mass of, 489 

Two-Point Gaussian Quadrature 

Approximation, 315 

Two special definite integrals, 271 

Two special trigonometric limits, 65 

U 

Universal Gravitation, Newton’s Law, 

479 

Upper bound 

least, 591 

of a sequence, 591 

of summation, 254 

Upper limit of integration, 268 

Upper sum, 258 

limit of, 260 

u-substitution, 292 

V 

Value of f at x, 19 

Variable 

dependent, 19 

dummy, 270 

force, 478 

independent, 19 

Velocity, 113 

average, 112 

escape, 94 

function, 124 

instantaneous, 113 

potential curves, 418 

Vertéré, 198 

Vertex 

of an ellipse, 685 

of a hyperbola, 689 

of a parabola, 683 

Vertical asymptote, 85 

Vertical line, 14 

Vertical Line Test, 22 
Vertical shift of a graph of a function, 23 
Vertical tangent line, 98 
Volume of a solid 

disk method, 447 

with known cross sections, 451 

shell method, 457, 458 
washer method, 449 

W 

Wallis, John (1616-1703), 526 
Wallis’s Formulas, 526, 532 

Washer, 449 

Washer method, 449 
Weight-densities of fluids, 497 
Wheeler, Anna Johnson Pell (1883-1966), 

424 
Witch of Agnesi, 126, 145, 198 

Work, 477 
done by a constant force, 477 
done by a variable force, 478 



A96 Index 

X 

X-aXx1S 

moment about, of a planar lamina, 490 

moment about, of a two-dimensional 

system, 489 

reflection about, 23 

symmetry, 5 

x-intercept, 4 

/ 

y-axis 
moment about, of a planar lamina, 490 

moment about, of a two-dimensional 

system, 489 
reflection about, 23 

symmetry, 5 

y-intercept, 4 

Young, Grace Chisholm (1868-1944), 45 

LZ 

Zero factorial, 587 

Zero of a function, 26 

approximating 

bisection method, 78 

Intermediate Value Theorem, 77 

with Newton’s Method, 225 

Zero polynomial, 24 
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Factors and Zeros of Polynomials 

Let p(x) = a,x" + a,_,x""! +++ + + a,x + ay be a polynomial. If p(a) = 0, then a is a zero of the 
polynomial and a solution of the equation p(x) = 0. Furthermore, (x — a) is a factor of the polynomial. 

Fundamental Theorem of Algebra 

An nth degree polynomial has n (not necessarily distinct) zeros. Although all of these 

zeros may be imaginary, a real polynomial of odd degree must have at least one real zero. 

Quadratic Formula 

If p(x) = ax? + bx + c, and0O < b? — 4ac, then the real zeros of p are x = (—b wh tee 4ac) /2a. 

Special Factors 

= a* = (x — a)(x + a) x? — a? = (x — a)(x? + ax + a?) 

x? + a? = (x + a)(x? — ax + a?) x4 — at = (x? — a*)\(x? + a?) 

Binomial Theorem 
(a+ y)? = x? +-2xy + y? (x — y)? = x? = xy y? 

eee yy)? = x? + 3x2y + Sxy? + y? (x= y)? = x? — 3x2y +3xy? = y? 

(ee y)t = x* + Ax3y + 6x2y? + 4xy? + y4 (x — y)* = x4 — 4x%y + 6x2y? — 4xy? + y4 

eet! 
mn Nyn-2y2 455 9 0 46 nays ak y” 

mln ad ice 

een 

(x + yt =x" + nxtly + 

iy)? = x7 — nxt ly + yo oe ary l= ay" YY 

Rational Zero Theorem 
If p(x) = a,x" + a,_,x""1 +--+ ++ a,x + ay has integer coefficients, then every 
rational zero of p is of the form x = r/s, where r is a factor of ay and s is a factor of a,,. 

Factoring by Grouping 
acx? + adx? + bex + bd = ax?(cx + d) + b(cx + d) = (ax? + b)(cx + d) 

Arithmetic Operations 

ab + ac = a(b + c) 

a a) _ 2d 
c) be 

Exponents and Radicals 

@=1, a+0 (ab)* =a’*b* Ja = ail? 

n/qm = qm/n n/a = 2/q 2b 



Triangle 

h = asin 6 

Area = shh 

(Law of Cosines) 

c? = a2 + b* — 2abcos @ 

Right Triangle 

(Pythagorean Theorem) 

c? = qa? + b? 

Equilateral Triangle 

_ V3s 
D 

Area = wie 

Parallelogram 

Area = bh 

Trapezoid 
h 

a 

b h 

Circle 

Area = mr? 

Circumference = 27r 

Sector of Circle 

(6 in radians) 

Or? Area = —— ea 5 

s=rd 

Circular Ring 

(p = average radius, 

w = width of ring) 

Area = 7(R? — r?) 

27pw 

Sector of Circular Ring 

(p = average radius, 

w = width of ring, 

6 in radians) 

Area = 0pw 

Ellipse 

Area = arab 

2 de 2 

Circumference ~ 277, / = 5 p 

Cone 

(A = area of base) 

Volume = = 

Right Circular Cone 

ar-h 

3 

Lateral Surface Area = mr 

Volume = 

Frustum of Right Circular Cone 

a(r? + rR + R2)h 

3 
Lateral Surface Area = as(R + r) 

Volume = 

Right Circular Cylinder 

Volume = mr2h 

Lateral Surface Area = 2arh 

Sphere 

Volume = ear 

Surface Area = 47r? 

Wedge 

(A = area of upper face, 

B = area of base) 

A = Bsec 6 

© Brooks/Cole, Cengage Learning 



Index of Applications 

Business and Economics 

Annuities, 603 

Average sales, 289 

Break-even analysis, 37 

Break-even point, 9 

Capitalized cost, 577 

Compound interest, 361, 363, 364, 394, 

413, 432, 566, 593, 676, 677 

Consumer and producer surpluses, 506 

Cost, 138, 344 

Declining sales, 410 

Demand function, 240 

Depreciation, 18, 303, 353, 363, 394, 

602, 676 

Eliminating budget deficits, 444 

Energy consumption, 34 

Federal debt, 594 

Gross Domestic Product (GDP), 9 

Health Care Expenditures, 127 

Home mortgage, 327, 396 

Inflation, 363, 593 

Inventory cost, 239 

Inventory management, 81, 117 

Inventory replenishment, 126 

Investment growth, 428 

Manufacturing, 451, 455 

Marketing, 602 

Maximum profit, 223 

Median income, 38 

(continued from front inside cover) 

Minimum cost, 222 

Present value, 523, 603 

Profit, 444 

Revenue, 444 

Salary, 603 

Sales, 175, 303, 336, 432, 433 

Sales growth, 194, 239 

Value of a mid-sized sedan, 354 

Wages, 34 

Social and Behavioral 
Sciences 

Cellular phone subscribers, 9 

Crime, 230 

Health maintenance organizations, 36 
Learning curve, 413, 414, 428 
Memory model, 523 
Outlays for national defense, 239 

Population, 413 
of California, 349 

of Colorado, 12 

of United States, 16, 414 

Population growth, 428, 431 

Life Sciences 

Bacterial culture growth, 139, 361, 413, 422 

Blood flow, 289 
Carbon dioxide concentration, 7 

Concentration of a tracer drug in a fluid, 

434 

Endangered species, 422 

Epidemic model, 550. 

Forestry, 414 

Intravenous feeding, 429 

Pancreas transplants, 364 

Population, 556 

Population growth, 680 

of bacteria, 126, 252, 336 

of brook trout, 432 

of coyotes, 417 

of fish, 364 

of fruit flies, 410 

Respiratory cycle, 289, 314 

Trachea contraction, 185 

General 

Average typing speed, 194, 204 

Folding paper, 242 

Probability, 303, 355, 577, 602, 603, 

663, 674 

School commute, 27 

Sphereflake, 603 

Throwing a dart, 265 



INSTRUCTOR'S EDITION 

Internet Resources at LarsonCalculus.com 

100% FREE 

Worked-Out Solutions to all odd-numbered exercises at 
CalcChat.com 

Interactive Examples powered by Wolfram’s free CDF player 

Videos explaining the concepts of calculus 

Three-Dimensional Graphs that can be viewed and rotated 
using Wolfram’s CDF player 

Videos with Bruce Edwards explaining the proofs and 
theorems in the text 

Downloadable Worksheets for each graphing exercise 
at MathGraphs.com 

Editable Spreadsheets of the data sets in the text 

Downloadable Math Journal Articles at MathArticles.com 

Biographies of the men and women instrumental in 
developing the ideas of calculus 

\ t a BG * . bay Ag 

‘ + . 

y ? B ROO KS /COLE STUDENT Copy ISBN: 
a@ CENGAGE Learning 978-1-285-06028-6 

To learn more about Brooks/Cole, visit www.cengage.com/brookscole 

Purchase any of our products at your local college store or at our ISBN-13: 978-1-285-07804-5 
preferred online store www.cengagebrain.com ISBN-10: 1-285-07804-7 


